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PREFACE TO THE INSTRUCTOR 


This Instructor's Solutions Manual contains the solutions to every exercise in the 12th Edition of THOMAS' CALCULUS 
by Maurice Weir and Joel Hass, including the Computer Algebra System (CAS) exercises. The corresponding Student's 
Solutions Manual omits the solutions to the even-numbered exercises as well as the solutions to the CAS exercises (because 
the CAS command templates would give them all away). 


In addition to including the solutions to all of the new exercises in this edition of Thomas, we have carefully revised or 
rewritten every solution which appeared in previous solutions manuals to ensure that each solution 

e conforms exactly to the methods, procedures and steps presented in the text 
is mathematically correct 
includes all of the steps necessary so a typical calculus student can follow the logical argument and algebra 
includes a graph or figure whenever called for by the exercise, or if needed to help with the explanation 
is formatted in an appropriate style to aid in its understanding 

Every CAS exercise is solved in both the MAPLE and MATHEMATICA computer algebra systems. A template showing 
an example of the CAS commands needed to execute the solution is provided for each exercise type. Similar exercises within 
the text grouping require a change only in the input function or other numerical input parameters associated with the problem 
(such as the interval endpoints or the number of iterations). 


For more information about other resources available with Thomas' Calculus, visit http://pearsonhighered.com. 
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CHAPTER 1 FUNCTIONS 


1.1 FUNCTIONS AND THEIR GRAPHS 


10. 


11. 


12. 


13. 


14. 


domain — (—00, 00); range — [1, oo) 2. domain — [0, oo); range — (—oo, 1] 
domain = [—2, co); y in range and y = y 5x + 10 > 0 = y can be any positive real number = range = [0, оо). 
domain = (—оо, 0] О [3, oo); y in range and y = y x? — 3x > 0 — y can be any positive real number => range = [0, со). 


domain = (—co, 3) U (3, co); y in range and y = 35, now ift « 3 =3-t>0> 5, >0,orift > 3 


—3-t«02 51 < 0 = y can be any nonzero real number = гапве - (-оо, Dd (0. со). 


zs. now if t « ТЕ 70 таа > 0, or if 


-4<1<4->-16<8-16<0---%<2% те < 0, са 50 – 1620-2; И ыу N 


nonzero real number => range = (—oo, —3] U (0, оо). 


domain — (—oo, —4) U (—4, 4) U (4, oo); y in range and y = 


(a) Not the graph of a function of x since it fails the vertical line test. 
(b) Is the graph of a function of x since any vertical line intersects the graph at most once. 


(a) Not the graph of a function of x since it fails the vertical line test. 
(b) Not the graph of a function of x since it fails the vertical line test. 





base = x; (height)? + (х) = =x? > height = 48 x; area is a(x) = 4 (base)(height) = 4 (x) (x) = Уз x? 
perimeter is p(x) = x + X + X = 3х. 
s = side length => s? +8? = d? > s= 95 and area is a = 52 = а= 1 
Let D = diagonal length of a face of the cube and £ = the мэ. of an edge. Then /? -- D? — d? and 
AN 3/2 
2 __ 992 2 42 = 2722 — 942 3. (d adde. 
р = 21 Зе = а 2 A The surface area is 6£ — 2d* and the volume is £ -( a ) aga 


The coordinates of P are (x, 2 x) so the slope of the line joining P to the origin is m = yx = = vi (x > 0). Thus, 


(x, Vx) = (б а): 





2х +4у = 5 = у= –1х +; = (х – 0)? + (у – 0) = үх -( -ix + = үд+—3х+$@ 


— /5,2 _ 5, 4 25 — , [20x 20x +25 _ 20x? = 20x +25 
= үз 4Х + в = V 16 = 4 

















у= үх-3 = у2 +3 = х; = 4/(х – 4)2 + (у – 0)2 = \/(у? +3 - 4)? + у? = J(y - 2? ey? 
уу ТУ ууу 1 
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2 Chapter 1 Functions 


15. The domain is (—oo, oc). 16. The domain is (—oo, oo). 





17. The domain is (—oo, oc). 18. The domain is (—oo, 0]. 


y у 





19. The domain is (—oo, 0) U (0, oo). 20. The domain is (—oo, 0) U (0, oo). 


G(t) 





21. The domain is (—oo, —5) U (—5, —3] U [3, 5) U (5, oo) 22. 


23. Neither graph passes the vertical line test 
(b) 
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Section 1.1 Functions and Their Graphs 3 


24. Neither graph passes the vertical line test 











25. | х | 01112 26. | х | 01112 
х, OSxS1 у|1|0|0 


2-х, 1<х<2 












































Ја) = | 





_[1-х,0<х<1 


УЛ ла, ї«хєа 





29. (a) Line through (0, 0) and (1, 1): y = x; Line through (1, 1) and (2, 0): y= —x +2 


х, 0<х<1 

Bekaa 
(2, 0<x<1 
_ )0, 1<х<2 
AD): АЈ 2, 2<x<3 
0, 3<x<4 


7 


30. (a) Line through (0, 2) and (2, 0): y = —x +2 
Line through (2, 1) and (5, 0:m 2 2-3 33 2 -4,soy - - (x -2)-1- - ix  $ 
кво = | zt T 0<х<2 
—3X- 5, 2<x<5 
(b) Line through (—1, 0) and (0, —3): m = ЕШ = —3, зоу = —3х —3 
Line through (0, 3) апа (2, –1): т = 51-3 = =* = —2, so y = 2х + 3 
шон эн, -1<х<0 
—2х +3, 0<х< 2 


wile 
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31. 


32. 


33. 


34. 


35. 


36. 


(а) 


(b 


wm 


(a 


Хи 


(5) 


(а) 


|х) 


Chapter 1 Functions 


Line through (—1, 1) and (0, 0): y 2 —x 
Line through (0, 1) and (1, 1): y = 1 
Line through (1, 1) and (3, 0): m = 01 = 5 = –4, оу = —4(x— 1) +1 = - 2x 8 
—х —1<х<0 

f(x) = 1 0<х<1 

-ix-3  1«x«3 
Line through (—2, —1) and (0, 0): y = 4x [ах -2<х<0 
Line through (0, 2) and (1, 0): y = —2x + 2 f(x) = | —2х+2 0<х<1 
Line through (1, —1) and (3, 21): y = —-1 si HERES 





Line through (7, 0) апа (Т, 1): т = +150. = 2, ѕоу = 2(x—$)+0=2x-1 


T-(T/2) 
0,0<x<f 
код = | 2х—1 т 

T 2,2%, — 


f(x) = 2 


(-А 


|x| = 0 for x € [0, 1) (b) [x] 2 0 forx € (—1,0] 


( А, О<х<1 


7 
7 


= [x] only when x is an integer. 


For any real number x, n € x < п + 1, where n is an integer. Now: n < x < n + 1 => —(п+1) < -х < —п. Ву 
definition: [—x] = —n and |х| = р = - [x] 2 -n. So [7x] 7 - |x] forall x € R. 


To find f(x) you delete the decimal or y 


fractional portion of x, leaving only 
the integer part. 
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Section 1.1 Functions and Their Graphs 


37. Symmetric about the origin 38. Symmetric about the y-axis 
Dec: —oo < x < oo Рес: –оо < х < 0 
Inc: nowhere Inc: 0 < x < œ 








39. Symmetric about the origin 40. Symmetric about the y-axis 
Dec: nowhere Dec: 0 < x < oo 
Inc: -co « x « 0 Inc: -coo « x « 0 
О<х< оо 
y 
j 
Ї 
i ME 
YTT 
1 
x 
-2 | 2 
-1 
41. Symmetric about the y-axis 42. No symmetry 
Dec: -oo «x €0 Dec: oo «x € 0 
Inc: 0 < x « oo Inc: nowhere 
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43. 


45. 


47 


48. 


49 


52. 


53. 


54. 


55; 








Chapter 1 Functions 


Symmetric about the origin 44. No symmetry 
Dec: nowhere Dec: 0 € x « oo 
Inc: —-oo0 <х < oo Inc: nowhere 





No symmetry 46. Symmetric about the y-axis 
Dec: 0 < x < œ Dec: -oo «x €0 
Inc: nowhere Inc: 0 < x < oo 





Since a horizontal line not through the origin is symmetric with respect to the y-axis, but not with respect to the origin, the 
function is even. 


f(x) = x7 = 5 andf(-x) - ( х) = 1. = (=) = —f(x). Thus the function is odd. 





Since f(x) = x? + 1 = (—x)” + 1 = —f(x). The function is even. 


Since [f(x) — x? + x] 4 [f(—x) = (—x)” — x] and [f(x) = x? +x] ¢ [-f(x) = —(x)? — x] the function is neither even nor 
odd. 
Since g(x) = x? +x, g(—x) = —x? — x = —(x* + x) = —g(x). So the function is odd. 


g(x) =x*+3x?-1=( x)! + 3( x)? 1 = g(—x), thus the function is even. 





(х) = =ч = === = g(—x). Thus the function is even. 


X 


g(x) = т; 8(-х) = — >% = —g(x). So the function is odd. 





h(t) = 4; h(-t) = =+; -h(t) 2 t4. Since h(t) ¢ —h(t) and h(t) Z h(—t), the function is neither even nor odd. 
Since |? | 2 | (Ct)? |, h(t) — h(—t) and the function is even. 
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57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


h(t) 


odd. 


h(t) 


Section 1.1 Functions and Their Graphs 


= 2t+ 1, h(—t) = —2t 4- 1. So h(t) zZ h(—t). —h(t) 2 —2t — 1, so h(t) Z —h(t). The function is neither even nor 


— 2|t| - 1 and h(-t) 2 2| -t| + 1 2 2|t| - 1. So h(t) 2 h(—t) and the function is even. 





S 


kt — 25 180 





k(75) >" к=1 === #:60= =! 


K = c v? => 12960 = с(18): => с = 40 > K = 40v?; K = 40(10)” = 4000 joules 


24 —r s= = 





Eom xk 24;1]0= 2 3 


8 5 





к = 14.7 = туу > k = 14700 = P= 4%; 23.4 — 1809 — y — 2979 2; 6282 in? 





(a) 


(b 


Хи 


(а) 
(5) 
(с) 


(а) 
(b) 
(с) 


(а) 
(b) 
х» 


х < 


У И 1000 


f(x) = x(14 — 2x)(22 — 2x) = 4x3 — 72x? + 308x;0 <x <7. 


Let h = height of the triangle. Since the triangle is isosceles, AB? + АВ? = 2? > AB = \/2.So, 
2 
n+ P= (v2) = h = 1 > B is at (0, 1) > slope of AB = —1 => The equation of AB is 


y = f(x) = —x + 1; x € [0, 1]. 
A(x) = 2xy = 2x(—x + 1) = —2x? + 2x; x € [0, 1]. 


Graph h because it is an even function and rises less rapidly than does Graph g. 
Graph f because it is an odd function. 
Graph g because it is an even function and rises more rapidly than does Graph h. 


Graph f because it is linear. 
Graph g because it contains (0, 1). 
Graph h because it is a nonlinear odd function. 


From the graph, § > 1+ 4 = x € (—2,0)U(4, 00) y 
ž>1+ź > š-1-ź>0 


£T х2-2х-8 (х—4)(х+2) 
0: 5 X202 = 


=> x > 4since x is positive; 
0: 3-1-4305 38 
=> x < —2 since x is negative; 
sign of (x — 4)(x + 2) 
+ = + 
-2 4 
Solution interval: (—2,0) U (4, oo) 





-1-4>05 >0 


2 4 
g(x)= 1+ x 





<0 > (x—4)(x+2) 


2x 2x 


<0 
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68. 


69. 


70. 


71. 


72. 


1.2 


Chapter 1 Functions 












(a) From the graph, = < E -> хе(-оо,-5)0(-1,1) Y 
В) Сазех<—1: 2330-4. ® „2 ! 
(b) xl ue х-1 f(x) 2 3/(x-1) 


=> 3x+3< 2x-2 > x « —5. 


Thus, x Є (—oo, —5) solves the inequality. 


v 2 3(x+1) 
Case -1 <x <1: ел “ ХҮ => "epo 2 


=> 3x+3>2x—2 => x > —5 whichis true 
if x > —1. Thus, x € (—1, 1) solves the 






1 
(-5,-2) 


т 2 . 
inequality. 800 х+т a 
f(x) * 3/(x-1 
Сазе 1 <х: 3 <4 > 3x4+3<2x-2 > x<-5 * ын 


which is never true if 1 < x, so no solution here. 
In conclusion, x € (—oo, —5)U (—1, 1). 


A curve symmetric about the x-axis will not pass the vertical line test because the points (x, y) and (x, —y) lie on the same 
vertical line. The graph of the function y = f(x) = 0 is the x-axis, a horizontal line for which there is a single y-value, 0, 


for any x. 


price = 40 + 5x, quantity = 300 — 25x = R(x) = (40 + 5x)(300 — 25x) 
$x? =p? > x= B= BH cost = 5(2x) + 10h > C(h) = 10(4*) + 1h = sh( V2 +2) 


(a) Note that 2 mi = 10,560 ft, so there are \/ 800? + x? feet of river cable at $180 per foot and (10,560 — x) feet of land 
cable at $100 per foot. The cost is C(x) = 180./ 800? + x? + 100(10,560 — x). 

C(0) = $1, 200, 000 

С(500) = $1, 175,812 

(1000) = $1, 186, 512 

(1500) z $1, 212, 000 
(2000) 
(2500) 


(b 


wm 


qa a 


2000) == $1, 243, 732 

C(2500) z $1, 278, 479 

С(3000) = $1, 314, 870 

Values beyond this are all larger. It would appear that the least expensive location is less than 2000 feet from the 
point P. 


COMBINING FUNCTIONS; SHIFTING AND SCALING GRAPHS 
D;: —o0 <x<o,D,: x>1 => Пе, = Па: Х > 1. Ее: –оо Су соо R:; y>0, Ree: y > 1, Re: y > 0 


Dp: x+1>0 5 x>-1,D,: x-1>0 > x21. Therefore D;,, = Dg: x > 1. 
В, = В,: у > 0, В: у> \2, Вь: y>0 


Ds: –оо <х < оо, ри: —-ooc«x «oo, Dg: —00 < xX < 00, Dye: -ooc«x«oo, R: y ZR: yzl 
Rye: 0<у<2,Б,;: 2<у<оо 


О;: –оо <х < оо, р: х2 0, р,,: х2 0, 0,6: х2 0; К: у= 1, К, ур 1, К: 0 <у< 1, К: 1 <у<оо 


(а) 2 (b) 22 (с) ха +2 
(d) (x4-5? —3 =х? + 10х+ 22 (е) 5 (В —2 
(в) x +10 h) (х2 — 3)2 — 3 = хе — 6х2 + 6 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


Section 1.2 Combi 


(b) 2 








ning Functions; Shifting and Scaling Graphs 


@ 2-1-5 

































































(d) i (e) 0 i 
(rues (h) осы жы 
(fogoh)(x) = f(g(h(x))) = f(g(4 — x)) = f(3(4 — x)) = f(12 — 3x) = (12 – 3х) +1 = 13 — 3x 
(fogoh)(x) = f(g(h(x))) = f(g(x”)) = f(2(x”) – 1) = {2х2 – 1) = 3(2х2 – 1) +4 = бх2+1 
(вов) (х) = К8(6())) = 5802) = (3) =) = ув 19 Vs 
(fogoh)(x) - Қайық) -Қа(у2-х)) = єр = кв) = Би = а 
(а) (fog)(x) (b) (jog)(x) (с) (geg)(x) 
(d) (joj)(x) (e) (gohof)(x) (D (hojof)(x) 
(a) (foj)(x) (b) (goh)(x) (c) (heh)(x) 
(d) (fof)(x) (e) (jogof)(x) (f) (gofoh)(x) 
g(x) f(x) (f o g)(x) 
@ x-7 i (2-1 
(b) x+2 3x 3(x + 2) = 3x + 6 
(c) x? үх-5 Jx2—5 
(d) Tol xcd Э Зүг 
(е) л 1+ 1 x 
Q 1 ; x 
(a) (feg)(x) 7 [gG)| ^ к-т 
b) (fog)(x) = 0:1 2 x: 21- dup 21-.: т = Хы = 55,50 (х) = х+1. 
(c) Since (fog)(x) = y g(x) = |x|, g(x) = x?. 
(d) Since (fog)(x) = £(4/x) = |x |, f(x) = x?. (Note that the domain of the composite is [0, 00).) 
The completed table is shown. Note that the absolute value sign in part (d) is optional. 
g(x) f(x (fog) (x) 
di i a 
х +1 Sa xri 
x? ух |х| 
х x^ | x | 
(4) f(g(-1)) =f0) = 1 (b) g(f(0)) — 8(—2) = 2 () f(f(-1)) — f(0) — —2 
(d) g(g(2)) — g(0) — 0 (е) g(f(-2)) — g(1) - -1 (D f(g(1) —f(-1) — 0 
(а) f(g(0)) = f(—1) = 2 — (—1) = 3, where g(0) = 0 — 1 = -1 
(b) g(f(3)) 2 g(—1) 2 —(—1) = 1, where f(3) =2-3=-1 
(c) g(g(—1)) = g(1) = 1-1 =0, where g(—1) = —(-1) = 1 
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10 


17. 


18. 


19. 


20. 


21. 


22. 


23; 


24. 


25. 


27: 














Chapter 1 Functions 
(d) f(f(2)) = (0) = 2 — 0 = 2, where f(2) = 2-2 =0 
(е) g(f(0)) = g(2) =2—1=1, where f(0) = 2-0=2 
6 t6) «1-9 -2- C3) = where a(}) = }-1=-} 
(a) (fog)(x) = f(e(x)) = ye + b= 2 
(gof)(x) = g(f(x)) = Faq 
(b) Domain (fog): (—oo, —1] U (0, 00), domain (gof): (—1, со) 
(c) Range (fog): (1, oo), range (gof): (0, oo) 
(a) (fog)(x) = f(g(x)) = 1 2 /x - x 
(gof)(x) = g(f(x)) = 1 — |x| 
(b) Domain (fog): [0, oo), domain (gof): (—oo, oc) 
(c) Range (fog): (0, oo), range (gof): (—oo, 1] 
(fog)(x) = x > f(g(x)) =x = 3805 = х в(х) = (в(х) – 2)х = х: в(х) – 2х 
= g(x) - x- g(x) = —2x 9 g(x) 2 — 15 = 520 


(fog)(x) =x +2 > f(g(x)) =x +2 (g(x)? —4 =x +2 > (g(x))? = 48 = g(x) = 


(a) 


(a) 


(a) 


(a) 











у = —(х +7)? (Ы) у= –(х – 4)? 

у= х? +3 (6) у= х2 – 5 

Position 4 (b) Position 1 (c) Position 2 (d) Position 3 
у--(х-І)7--4 (Ы) у= –(х +2)? +3 (с) у= (х + 4)? – 1 (d у= -x – 2)? 


26. 


(х+4)2 + (у – 3): = 25 
8 





(х + 2)2 + (у + 3)2 =49 


У+1=(х+ 03 
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31. 


33. 


35. 


37. 


39. 








Section 1.2 Combining Functions; Shifting and Scaling Graphs 11 


30. 





32. 


;zi 
yea 


+5, 
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41. 


43. 


45. 


47. 


49. 


51. 


Chapter 1 Functions 








--------ю 


42. 


у=(х-—8) 


2 


44. 


46. 


48. 
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54. 











ye fe +2 





y=2f@) 





у= /х+2) 


1 угје-1) 
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56. (a) domain: [0,4]; range: [—3,0] 


y 





(c) domain: [—4,0]; range: [0,3] 


у 


y=g()+3 





(g) domain: [1,5]; range: [—3, 0] 


y 





57. y 23x? -3 


++ 
61. у = \/4х + 1 
63. у= \/4- (4) = 11652 


65. y = 1 — (3x)? = 1 — 27x8 


(b) domain: [—4,0]; range: [0,3] 


y 





(d) domain: [—4,0]; range: [1,4] 


y 





(f) domain: [—2,2]; range: [—3, 0] 


y 


у=8@-2) 









уз-4(%-4) 


58. у = (2х)? —1= 4х2 —1 





60. y=14+—4,=1+3 


(к/з) 
62. у = Зух +1 
64. y-iv4-x 


66. у=1- (к) =1- ® 
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67. 


68. 


69. 


70. 


71. 
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Let y = —\/2x + 1 = f(x) and let g(x) = x", 
h(x) = (x + ү; i(x) = V2(x + ү апа 
j(x) = — |У2(х + 7 — f(x). The graph of 1 
h(x) is the graph of g(x) shifted left 3 unit; the 





graph of i(x) is the graph of h(x) stretched 2 
vertically by a factor of 1/2 ; and the graph of 3 
j(x) = f(x) is the graph of i(x) reflected across -4 
the x-axis. 


Let y = \/1 — § = Ех). Let g(x) = (=), : 
h(x) = (—x + 2)”, andi(x) = Bt)" 34 
= \/1— § = f(x). The graph of g(x) is the == +2 
graph of y = ух reflected across the x-axis. ЇГ--41-5 
The graph of h(x) is the graph of g(x) shifted 
right two units. And the graph of i(x) is the 


ы 
Sj- 





graph of h(x) compressed vertically by a factor 


of 2. 


y = f(x) = xè. Shift f(x) one unit right followed by a 
shift two units up to get g(x) = (x — 1} +2. 


y=(x- 17 +2 


5 
4 
3 
2 
1 





-3 -2 -1 1273) 423 


у= (1-2) +2 = -[(х — 1) + (-2)] = Кх). 

Let g(x) = x3, h(x) = (x — 1)°, i(x) = (x — 1)? + (-2), 
and j(x) = —[(x — 1)* + (—2)]. The graph of h(x) is the 
graph of g(x) shifted right one unit; the graph of i(x) is 
the graph of h(x) shifted down two units; and the graph 
of f(x) is the graph of i(x) reflected across the x-axis. 


Compress the graph of f(x) = + horizontally by a factor 


of 2 to get g(x) = +. Then shift g(x) vertically down 1 
unit to get h(x) = # — 1. 
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72. к а Е саз: 


2 


1 1 : 
(9,47 +1= (any + 1. Since 

\/2 = 1.4, we see that the graph of f(x) stretched 
horizontally by a factor of 1.4 and shifted up 1 unit 
is the graph of g(x). 





73. Reflect the graph of y = f(x) = 4/x across the x-axis 
to get g(x) = — УХ. 


74. y « f(x) - (2x) = ((-1) 2) 
= (—1)?/%(9х)?/® — (2x)? So the graph 
grap 
of f(x) is the graph of g(x) — x?/?compressed 
horizontally by a factor of 2. 





-3 -2 -1 15-2: 3 


76. 





77. 9x? + 25y? = 225 > $ =1 78. 16x? + 7y? = 112 => у?! 





y 
A 


16x74 Ty? = 112 
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$ 2 
79. 3х2 + (у – 2) =3= 5 + 55 = 80. хэл ду аз еі іні 






(+ 12+ 252 =4 


3x? + (у 2)2=3 





83. x + Y — ] has its center at (0, 0). Shiftinig 4 units 
left and 3 units up gives the center at (h, k) = (—4, 3). 
СР 60-39 5. 
So the equation is £—7,—— -- 9 = 1 оза? 0-37 в 


16 9 
= (кас + бе = 1. Center, C, is (—4, 3), and 


major axis, AB, is the segment from (—8, 3) to (0,3). 


84. The ellipse x + Y — ] has center (h, k) — (0, 0). 
Shifting the ellipse 3 units right and 2 units down 
produces an ellipse with center at (h, k) — (3, —2) 
and an equation заи + b= ia = 1. Center, 
C, is (3, —2), and AB, the segment from (3, 3) to 
(3, —7) is the major axis. 





85. (а) (fg)(—x) = f(—x)g(—x) = f(x)(—g(x)) = —(fg)(x), odd 
(9 (£) = £8 = - — (£) со), ода 


g(—x)  -80 . 
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© () co - TE = 56 = – (D 69. oda 

(d) f?(—x) 2 f(—3Mf(—x) = f(x)f(x) = f?(x), even 

(e) g°(—x) = (g(—x))? = (—g(x))” = g?(x), even 

() (fo g)(—x) = f(g(—x)) = f(—g(x)) = f(g(x)) = (fo g)(x), even 

(g) (gof)(—x) — g(f(—x)) — g(f(x)) = (g o f(x), even 

(1) (fof)(—x) — f(f(—x)) — f(f(x)) — (f o f(x), even 

(И (5о8)(-х) = 8(8(—х)) = 8(—8(%)) ^ —g(g60) = —(g o g)G), odd 








86. Yes, f(x) = 0 is both even and odd since f(—x) = 0 = f(x) and f(—x) = 0 = —f(x). 


87. (a) $ (b) 


(fg) (x) 










1 


(g - f)(x) 
(f - g)(x) 





88. 
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1.3 TRIGONOMETRIC FUNCTIONS 


1. (а) s= r0 = (10) (*) = 87m (b) s = 10 = (10)(110°) (5) = 4@ = 2m 





2. 6= 8 = 101 = 51 radians and эл (2%) = 225° 


r 





3. 0= 80° = 0 = 80° (Zr) = 2 = 5 = (6) (7) = 8.4 in. (since the diameter — 12 in. — radius = 6 in.) 








4. d= 1 meter r = 50 cm 0 5 30 0.6 rad or 0.6 (180) ху 34° 

























































































т 3т 3т т т T 5n 
282 0 2 4 6 9 2 3 6 4 6 
ий | су ка || 307. 4 5 sing | 1 |-33 | —1 4+) 3 
со80 | —1 1 1 0 52 сов 0 0 1 У 5 зав 
їап 0 0 УЗ | O |und.| —1 tan@ | und. УЗ -18 1 -18 
Bike 2 
cot @ | und. уз und. 0 1 БОЙ 0 а. A 5 
sec? | —1 2 1 | und. —\/2 E nid 2 z Ja ын 
csc | und. | — 2. | und 1 /2 z 
v3 csc 0 1 B —2 У2 2 
7 cos x = — $, tanx = — 8. sink = Jz, COSX = Je 
9. sinx — — ¥8 tanx 2 — 8 10. sinx = 2 апх-- 12 
3" 13” 5 
11. sinx = — 5, cosx — — Ye 12. соз х = - X3, unx- 4, 
13. 14. 
репой = п period = 47 
15. 16. 





period = 4 
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у--сов2тх 





21. 





period = 27 period = 27 


23. period = 5, symmetric about the origin 24. period = 1, symmetric about the origin 





жыен есы аты ымы сес т 
ЕЕ –—–=== 





25. period = 4, symmetric about the s-axis 26. period = 47, symmetric about the origin 


5 
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27. 


28. 


29. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 
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(a) Cos x and sec x are positive for x in the interval y=cosx у у= $есх 
(-8, т) ; and cos x and sec x are negative for x in the 
intervals (-%, -3) апа (т, 3), Sec x is undefined 
when cos x is 0. The range of sec x is 
(—oo, —1] U[1, oo); the range of cos x is [—1, 1]. 


(b) Sin x and csc x are positive for x in the intervals 
(—*2, —7) and (0, 77); and sin x and csc x are negative 
for x in the intervals (—7, 0) апа (т, 3"). Csc x is 
undefined when sin x is 0. The range of csc x is 


(—oo, - 1] U [1, o6); the range of sin x is [—1, 1]. 





Since cot x — те , cot X is undefined when tan x = 0 

an x y=tanx 
and is zero when tan x is undefined. As tan x approaches 
zero through positive values, cot x approaches infinity. 
Also, cot x approaches negative infinity as tan x 


approaches zero through negative values. 





y=cotx 


D: -œ < x < œ; R: y = —1,0, 1 30. D: —œ < x < œ; R: y = —1, 0, 1 








y=lsinx] 





-27 „= Ed 


oo y= [sin x] 


cos (x - ) = COS X COS (- т) — sin x sin (— т) — (cos x)(0) — (sin x)(—1) = sin x 


m 
2 


cos (x + т) = COS X COS (5) — sin x sin (5) = (cos x)(0) — (sin x)(1) = —sin x 
sin (x + т) = sin x cos (3) + cos x sin (3) = (sin x)(0) + (cos x)(1) = cos х 
sin (x - т) — sin x cos (- т) + cos x sin (— т) = (sin x)(O) + (cos x)(—1) = —cos x 


2 


cos (A — B) = cos(A + (—B)) = cos A cos (—B) — sin A sin(—B) = cos A cos B — sin A(—sin B) 
= cos A cos B + sin A sin B 


sin (A — B) = sin (A + (—B)) = sin A cos (—B) + cos A sin (—B) = sin A cos B + cos A (—sin B) 
= sin A cos B — cos A sin B 


ИВ = А, А — В = 0 = cos(A — B) = cos 0 = 1. Also cos (A — B) = cos (A — A) = cos A cos A + sin A sin A 
= cos? A + sin? A. Therefore, cos? A + sin? A = 1. 
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38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


49. 


51. 


22: 


53. 


54. 


95: 


56. 


57. 


Chapter | Functions 


If B — 27, then cos (A + 27) = cos A cos 27 — sin A sin 27 = (cos A)(1) — (sin A)(O) = cos A and 
sin(A + 27) = sin A cos 27 + cos A sin 27 = (sin A)(1) + (cos A)(O) = sin A. The result agrees with the 
fact that the cosine and sine functions have period 27. 


cos (m + X) = cos 7 cos x — sin 7 sin x = (—1)(cos x) — (0)(sin x) = —cos x 
sin (27 — x) = sin 27 cos (—x) + cos (27) sin(—x) = (0)(cos (—x)) + (1)(sin (—x)) = —sin x 


sin Е - х) = sin (22) cos (—x) + cos (22) sin (—x) = (—1)(cos x) + (0)(sin (—x)) = —cos x 


3т 


COS (27 + х) = COS ЕЗ cos X — sin (32) sin x = (0)(cos x) — (—1)(sin x) = sin x 





sin Z = sin (Z + 3) — sin 7 cos 3 + cos 1 51 3 = (22) (8) + (52) (X = VERD 


12 2 





Hel т 2т\ _ т 2n бл 28 шан 2252 2 1 2 $3. У2--ү6 
cos 4 = cos (7 + 4) - сов 1 сов 2 sin ¥ sin 2 = (22) ( 1) (22) (22) = 1 








сов р = соз (5 — 1) = соз $ cos (— §) = sin § sin(— 3) = G9 C2) - (9) 9) 2E 





sin $$ = sin (2f — 1) = sin (3) cos (— {) + сов (22) ви (– 5) = (77) (72) + C9 (0:2) 2 2 


























М Е ГА 
oaa ot 0134 зау? a oe iro a a O) 25 
go 2 E EE s 12 — 2 = 2 0—4 
x š _(-v2 
025 23126800 01-34 2-3 50. ви? 3 — trom) (1-(-4) _ as 
12 — 2 М : 3 T 2 = 2 кш 
5 284 — 3 go oa AB — 7 2m 4m 5л 
51170 = 4 > 910 = + У >0=3,95,3>%3 
. n2. „2 
sin?0 — cos?0 эше cose 1а020 = 1 tand= +1 0-1, Эл, Эл, T 





sin 20 — cos 0 = 0 = 2sinÓ соѕ0 —– соѕ0 = 0 = соѕ 0(251п0 – 1) = 0 = соѕ0 = 0 or 2sin@ — 1 =0 => cos 0 = 0 or 


y шал ы Ж ЗЕ т cq wp. dm 
510=5 50 = 5, 5,0 0= 6, 7 5 0 = 0, 5, 0, 5 


соѕ20 + соѕ0 = 0 = 2с0520 — 1 + соѕ0 = 0 = 2с0520 + соѕ0 – 1 = 0 = (соѕ0 + 1)(2со50 – 1) = 0 








= cos + 1 = O or 2с050 – 1 = 0 = cos? = —1 огсоѕ$0 = 1 > 0 = пог 0 = Z, © > 0 = 1, п, 02 
2 3° 3 3 3 
tan (A + B) = sin(A+B) _ sin A cos B+cos AcosB __ РУМИ НАНЕТИ .. tan A-tan B 
7” сов(А--В) cos А сов В-віп А вбіпВ 1 <05Асов8В  snAsnB ^" ]|—tan A tan B 














сов А совВ cos Acos B 


Е : sinAcosB сов АвіпВ 
(ап (А В) == 5ш (А—В) __ sin A cos B~cos AcosB __ cosAcosB~cosAcosB. __ _tan A—tanB 


cos (A—B) cos AcosB+sinAsinB ~ sosAcosB, sinAsinB ~~ J+tan A tanB 
cos A cos B ` cos A cos B 

















According to the figure in the text, we have the following: By the law of cosines, c? = a? + b? — 2ab cos 0 
= 1? + 1? — 2 cos (A — B) = 2 — 2 cos (A — B). By distance formula, c? = (cos A — cos B)? + (sin A — sin В)? 
= cos? A — 2 cos A cos B + cos? B + sin? A — 2 sin A sin B + sin? B = 2 — 2(cos A cos B + sin A sin B). Thus 
c? = 2 — 2 cos (A — B) = 2 — 2(cos A cos B + sin A sin B) — cos (A — B) = cos A cos B + sin A sin B. 
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59. 


60. 


61. 


62. 


63. 


64. 
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(a) cos(A — B) = cos A cos B + sin A sin B 
sin 0 = cos (4 - 9) and cos 0 — ѕіп(7 - 9) 
Let? =A+B 


sin(A + B) = cos| 3 — (A +B)| = cos| (3 -А) -8| - сов (1- А) совВ + sin (Z — A) sin B 
= sin A cos B + cos A sin B 

cos(A — B) = cos A cos B + sin A sin В 

cos(A — (—B)) = cos A cos (—B) + sin A sin (—B) 

— cos(A + B) = cos A cos (—B) + sin A sin (—B) = cos A cos B + sin A (—sin B) 

= cos A cos B — sin A sin В 


(b 


wm 


Because the cosine function is even and the sine functions is odd. 


с? = a? + b? — 2ab cos C = 2? + 3? — 2(2)(3) cos (60°) = 4 + 9 — 12 cos (60°) = 13 — 12 ( 
Thus, c — /7 z 2.65. 


1255), 


Ї 
2 


c? = a? + b? — 2ab cos C = 2? + 3? — 2(2)(3) cos (40°) = 13 — 12 cos (40°). Thus, c = y 13 — 12 cos 40° ~ 1.951. 


From the figures in the text, we see that sin B = b, If C is an acute angle, then sin C = В. On the other hand, 
if C is obtuse (as in the figure on the right), then sin C = ѕіп (л – С) = Р. Thus, in either case, 

h = b sin C = c sin B = ah = ab sin C = ac sin B. 

а © жылы Moreover, since the sum of the 


By the law of cosines, cos C = and cos B = 


interior angles of a triangle is m, we have sin A = sin (m — (B + C)) = sin (B + C) = sin B cos C + cos B sin C 
= (5) | 562) + E (В) — (4) Qa? +b? — c? +c? — b?) = = ah = bc sin A. 


Combining our results we have ah = ab sin C, ah = ac sin B, and ah = bc sin A. Dividing by abc gives 


h — зшА _ sinC _ sinB 
Без еы йул зб мер 
—— 


law of sines 





By the law of sines, 324 — sinB = VEA By Exercise 61 we know that c = Ут. Thus sin B = = ~ 0.982. 


2 © 
From the figure at the right and the law of cosines, с 
b? = a? + 2? — 2(2a) cos B 

= а? +4 —4а (1) =a? — 2a + 4. 








Applying the law of sines to the figure, sin A хав 
= v2 = ve => b= Via Thus, combining results, 
а2-284-4-12-34 - 0= 1а2 + 2а—4 B 


= 0 =a? + 4a— 8. From the quadratic formula and the fact that a > 0, we have 
_ 44/4408) 4/53-4 ,, 1.464 
а 2 TO a ete 


(a) The graphs of y = sin x and y = x nearly coincide when x is near the origin (when the calculator 
is in radians mode). 

(b) In degree mode, when x is near zero degrees the sine of x is much closer to zero than x itself. The 
curves look like intersecting straight lines near the origin when the calculator is in degree mode. 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


24 Chapter 1 Functions 


65. A=2,B=27,C=-—7,D=~-1 


67. A=—2,B=4,C=0,D=4 


68. A= L,B=L,C=0,D=0 


69-72. Example CAS commands: 
Maple 
f := x -> A*sin((2*Pi/B)*(x-C))+D1; 
A:=3; C:=0; D1:=0; 
f_list := [seq( f(x), B=[1,3,2*Pi,5*Pi] )]; 
plot( f_list, x=-4*Pi..4*Pi, scaling=constrained, 
color=[red,blue,green,cyan], linestyle=[1,3,4,7], 
legend=["B=1","B=3","B=2*Pi","B=3*Pi"], 
title="#69 (Section 1.3)" ); 
Mathematica 
Clear[a, b, c, d, f, x] 
f[x_]:=a Sin[27/b (x — c)] +d 
Plot[f[x]/.{a — 3,b — 1,c — 0,d — 0}, {x, —4z, 47 }] 


Copyright © 2010 Pearson Education, Inc 





у= 25іп (х+ л) – 1 





x 
-2 -l 1 2 3 


y= i sin(zx- 7) 4 i 
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69. (a) The graph stretches horizontally. 


SAID LANA K^. 
ГЕТТ oll || IB=2* Pi. 

“нші 
W WA = 3 * Pi 


(b) The шах remains the same: H = : В |. Тһе graph has a horizontal shift of 5 репод. 


В=3 





(b) The graph is shifted left C units. 
(с) A shift of + one period will produce no apparent shift. | C | = 6 





71. (a) The graph shifts upwards | D |units for D > 0 
(b) The graph shifts down | D |units for D < 0. 





72. (a) The graph stretches | A | units. (b) For A < 0, the graph is inverted. 
y 

~ /N А A 

ЇГ ih Л f 

Pd 0 64! \ E 
i? ak lr ^ ji ч, T А-9 
^S AO HA HAY 
PANNI o 4 HM бм | 
FW FS 1 3 PY [A5 
и и | | 

А 
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1.4 GRAPHING WITH CALCULATORS AND COMPUTERS 


1-4. The most appropriate viewing window displays the maxima, minima, intercepts, and end behavior of the graphs and 
has little unused space. 










i А === > 
-5 -4 -B -2 -1 1 2 3 4 5 


f(x)2x'-7x' *6x 





f(x) =5+12x-x? il Rosata х2 





-4 5 





5-30. For any display there are many appropriate display widows. The graphs given as answers in Exercises 5—30 
are not unique in appearance. 
5. [-2, 5]ђу [-15, 40] 6. [-4, 4] by [-4, 4] 


У 
Хо) = х4 43 +15 ; 


3 2 
Јо) = р-лр-2ха1 


7. |-2, 6] by [-250, 50] 8. 


y 


Јо) = х5 – 5х4 +10 
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9. [-4, 4] by [-5, 5] 





11. [-2, 6] by [—5, 4] 


y 





у 


у = 525 – 2х 





-4 -2 2 4\6 8 10 


15. [—3, 3] by [0, 10] 


y 






- 


мю ш & ол о чо о о 






у= 02-11 
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Section 1.4 Graphing with Calculators and Computers 


10. [-2, 2] by [—2, 8] 


у 





јод = x*6- x3) 


y=x78 5-2) 





16. [-1, 2] by (0, 1] 


y 
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17. [-5, 1] by [-5,5] 18. [-5, 1] by [-2, 4] 





У 





21. [-10, 10] by [-6, 6] 








6x? — 15x +6 
| © = 
ЛИ 4х2 — 10x 
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25. [—0.03, 0.03] by [-1.25, 1.25] 26. [—0.1, 0.1] by [-3, 3] 


y 2 3cos60x 






y = sin 250x 





27. |-300, 300| Бу |-1.25, 1.25] 


= E 
у= соз [ 55 





29. [-0.25, 0.25] by [-0.3, 0.3] 30. [—0.15, 0.15] by [—0.02, 0.05] 


y на 
y=x+ i sin 30x 


224 
y=x" + = cos 100x 
004r" 50 





31. х2--2х-4--4у-у?--у-2-/-х2-2х--8. bodie 


The lower half is produced by graphing 


y-2-—.-x?-—2x-48. 











32. y? — 16x? = 1 > y = + y1 + 16x?. The upper branch 
is produced by graphing y — 4/1 + 16x?. 
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33. 34. 


X f(x) 2-tan 2x 








39. 40. 


8 
7 
6 
5 
4 
3 
2 
1 











CHAPTER 1 PRACTICE EXERCISES 


: : А 2 ; 
1. The area is A = mr’? and the circumference is C — 27 r. Thus, r — £ = А = T(E) = Z, 
. = 2 _ (58 1/2 à _4 3 — 3/3V mis : 
2. Thesurface areais 5 — длг = г= =) . The volume is V = тг 0 т: Substitution into the formula for 
: 2 0925 3v 42/3 
surface area gives S — Am r^ — 4m (3X) : 
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3. The coordinates of a point on the parabola are (x, x”). The angle of inclination 0 joining this point to the origin satisfies 


4. 


10. 


12. 


13; 


14. 


16. 


- 





7. 


Chapter 1 Practice Exercises 


the equation tan 0 = x = x. Thus the point has coordinates (x, x?) = (tan 0, tan?6). 


— 500 tan 0 ft. 





— tise _ 
tan 0 = пе = 


500 








-1.5 -1 -0.5 
-0.5 
Symmetric about the y-axis. 


y(—x) = (-x)* - (-x) - (—-x) 2 —x5 + x3 + x = —y(x). Odd. 





. y(—x) = 1 — cos(—x) = 1 — cos x = y(x). Even. 





y(—x) = sec(—x) tan(—x) = a = —sinX — —sec x tanx = —y(x). Odd. 


cos?x 





x4 
YX) =e tee = ee Od, 


y(—x) = (—x) — sin(—x) = (—x) + sinx = —(x — sinx) = —y(x). Odd. 
y(—x) = —x + cos(—x) = —x + cos x. Neither even nor odd. 


y(—x) = (—x)cos(—x) = —xcosx = —y(x). Odd. 








Since f and g are odd => f(—x) = —f(x) and g(—x) = —g(x). 
(a) (f+ g)(—x) = К-х)з(—х) = [-Кх)][-в(х)] = fx)g(x) = (f- g)(x) => f- g is even 
O) P(x) = A) = ENEON] = х) бх) f) = —£3(x) = f is odd. 


| 
(c) f(sin(—x)) = f(—sin(x)) = —f(sin(x)) => f(sin(x)) is odd. 
(d) g(sec(—x)) = g(sec(x)) = g(sec(x)) is even. 

(е) |g(—x)| = |-g(x)| = |g(x)| = [gl is even. 
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32 


18. 


19. 


20. 


21. 


22; 


23; 


24. 


23; 


26. 


27. 


28. 


29. 


30. 


31. 


Chapter | Functions 


Let f(a — x) = f(a + x) and define g(x) = f(x + a). Then g(—x) = f((—x) +a) = f(a — x) = f(a + x) = f(x + a) = g(x) 
= g(x) = f(x + a) is even. 


(a) 
(b) 


(a) 
(b) 


(a) 
(b) 


(a) 
(b) 


(a) 
(b) 


(a) 


The function is defined for all values of x, so the domain is (—oo, oc). 
Since |x | attains all nonnegative values, the range is [-2, oc). 


Since the square root requires 1 — x > 0, the domain is (—oo, 1]. 


Since у 1 — x attains all nonnegative values, the range is [—2, со). 


Since the square root requires 16 — x? 7 0, the domain is [—4, 4]. 
For values of x in the domain, 0 € 16 — x? < 16, 500 < ү16 – x? € 4. The range is (0, 4]. 


The function is defined for all values of x, so the domain is (—oo, oc). 
Since 3?-* attains all positive values, the range is (1, оо). 


The function is defined for all values of x, so the domain is (—oo, oc). 
Since 2e™ attains all positive values, the range is (—3, оо). 


The function is equivalent to y = tan 2x, so we require 2x >= кт for odd integers k. The domain is given by x Æ кт for 
odd integers k. 
Since the tangent function attains all values, the range is (—оо, оо). 


The function is defined for all values of x, so the domain is (-оо, оо). 
The sine function attains values from —1 to 1, so —2 < 2sin(3x + 7) < 2 and hence —3 < 2sin(3x + 7) — 1 € 1. The 
range is [—3, 1]. 


The function is defined for all values of x, so the domain is (—oo, oc). 


The function is equivalent to y = \/x?, which attains all nonnegative values. The range is [0, оо). 


The logarithm requires x — 3 > 0, so the domain is (3, 00). 
The logarithm attains all real values, so the range is (—00, 00). 


The function is defined for all values of x, so the domain is (—oo, oc). 
The cube root attains all real values, so the range is (-оо, оо). 


Increasing because volume increases as radius increases 

Neither, since the greatest integer function is composed of horizontal (constant) line segments 
Decreasing because as the height increases, the atmospheric pressure decreases. 

Increasing because the kinetic (motion) energy increases as the particles velocity increases. 


Increasing on |2, оо) (b) Increasing on [—1, oo) 
Increasing оп (-оо, ос) (d) Increasing оп |2, oc) 
The function is defined for —4 < х < 4, so the domain is [—4, 4]. 


The function is equivalent to y = /|x|, —4 € x € 4, which attains values from 0 to 2 for x in the domain. The 





range is [0, 2]. 
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32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


Chapter 1 Practice Exercises 


(a) The function is defined for —2 < x < 2, so the domain is [—2, 2]. 
(b) The range is [—1, 1]. 


First piece: Line through (0, 1) апа (1, 0). т = 1 = 
Second piece: Line through (1, 1) and (2, 0). m — 9— 


шаг 0<х<1 


=—1=>у=—х+1=1—-х 
5 = 1 > у=-(х-1+1=-х+2=2-х 
2-х, 1<х<2 
Ania ep —5-0..5 
First piece: Line through (0, 0) and (2, 5). m— 55 — 5 
Second piece: Line through (2, 5) and (4, 0). m 2 1—3 — 
5х, 0<х<2 


f(x) = 5 (Note: x = 2 can be included on either piece.) 
10- %, 2<x<4 





(а) (feg)(-1) ^ ((-1)) ^ t(72—5) 210) 2 1-1 



































(b) (gof)(2) = g(f2)) = &(4) ^ 7 = ог 2 
(c) (fof)(x) — f(f(x)) — f(1) ys x,x £0 
zd L 1 E 1 21 хэ 
@ (вов) (к) = 0800) = в( дт) = Jee = TG 
(a) (fog)(—1) = f(e(-1)) = #(/=1 +1) = =2-0=2 
(b) (gof)(2) = f(g(2)) = (2—2) = 800) = YOFIT=1 
(c) (fof)(x) 2 f(f(x) —- f£(2 — x) = 2 — (2 —- x) = x 
(9) (вов)(х) = в(8(х)) = 8(ўх+1) = У УХ +1+1 
(a) (fog)(x) = f(g(x)) = f(\/x+2) =2-(/x+ aj = =x, X > —2, 
(g0f)(x) = f(e(x)) ^ 2 x) - VG) 4 3— V4 - x 
(b) Domain of fog: |-2, oc). (c) Range of fog: (—oo, 2]. 


Domain of gof: [-2, 2]. Range of gof: [0, 2]. 


(a) (fog)(x) — f(g(x)) — (Мт E x) Se det ree 
(gof)(x) — f(gG)) — g(/x) 2 J1— Vx 


(b) Domain of fog: (—oo, 1]. (c) Range of fog: [0, оо). 
Domain of gof: [0, 1]. Range of gof: [0, 1]. 
у = f(x) y = (fof)(x) 
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= 5 = 5 > у=-(х- 2) +5 = -5х+ Ш = 10- % 
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42. 
The graph of f(x) = f,(|x|) is the same as the It does not change the graph. 
graph of fı (x) to the right of the y-axis. The 
graph of f»(x) to the left of the y-axis is the 
reflection of y = fı (x), x > 0 across the y-axis. 
43. 44. 





Whenever g;(x) is positive, the graph of y = go(x) Whenever 01 (х) 1 positive, the graph of y = g2(x) = |g1 (x)| 
— |gi(x)| is the same as the graph of y — gi(x). is the same as the graph of y = g)(x). When g;(x) is 

When g(x) is negative, the graph of y = go(x) is negative, the graph of y = go(x) is the reflection of the 

the reflection of the graph of y = g(x) across the graph of y = gı (x) across the x-axis. 

x-axis. 
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45. 


47. 


49. 


50. 


51. 





2 


у=4-х 
Whenever g(x) is positive, the graph of 

у = 22(x) = |gi(x)| is the same as the graph of 
y = g1(x). When g;(x) is negative, the graph of 
y — g»(x) is the reflection of the graph of 

y — gi(X) across the x-axis. 


48. 





ae 


The graph of f>(x) = fı (|x|) is the same as the 
graph of fı (x) to the right of the y-axis. Тһе 
graph of f2(x) to the left of the y-axis is the 
reflection of y = fı (x), x > 0 across the y-axis. 


Chapter 1 Practice Exercises 35 





The graph of f2(x) = f; (|x|) is the same as the 
graph of f; (x) to the right of the y-axis. The 
graph of f»(x) to the left of the y-axis is the 
reflection of y = fı (x), x > 0 across the y-axis. 





y=sin x 


The graph of f2(x) = f; (|x|) is the same as the 
graph of fı (x) to the right of the y-axis. The 
graph of f2(x) to the left of the y-axis is the 
reflection of y = fı (x), x > 0 across the y-axis. 


(а) у= 8(х— 3) +5 (0) у= 8(х+ 3) –2 

(с) у= 8(—х) (d) y = —g(x) 

(e) y=5- g(x) (f) y = g(5x) 

(a) Shift the graph of f right 5 units (b) Horizontally compress the graph of f by a factor of 4 

(c) Horizontally compress the graph of f by a factor of 3 and a then reflect the graph about the y-axis 

(d) Horizontally compress the graph of f by a factor of 2 and then shift the graph left 5 unit. 

(e) Horizontally stretch the graph of f by a factor of 3 and then shift the graph down 4 units. 

(f) Vertically stretch the graph of f by a factor of 3, then reflect the graph about the x-axis, and finally shift the 
graph up 1 unit. 

Reflection of the grpah of y = v, x about the x-axis 


followed by a horizontal compression by a factor of 
1 then a shift left 2 units. 
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52. Reflect the graph of y = x about the x-axis, followed 
by a vertical compression of the graph by a factor 
of 3, then shift the graph up 1 unit. 





53. Vertical compression of the graph of y — E bya 
factor of 2, then shift the graph up 1 unit. 





54. Reflect the graph of y = x!/? about the y-axis, then 
compress the graph horizontally by a factor of 5. 





у= (5%)? 


56. 


> 


сұ 
у= 51 = 
Ё 2 





period = 47 


58. 





period = 4 
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61. 


62. 


63. 


64. 


65. 


66. 


67. 


Chapter 1 Practice Exercises 37 


60. 


х 





fu inlx +7 
у=1 + sin(x +2] 


period = 27 period = 27 


(а) sinB = sin § = è = З => b=2sin} =2 (32) - УЗ. By the theorem of Pythagoras, 


a +b? = c = а= ус – 2 = 4/4 3 = 1. 


2 
(b sinB =sin§ =} =2 => с= 5 G5 4. Thus a — v/e? — Б? = (+) ==>. 


Ic 

















(a) sin A = Ẹ > a=csinA (b) tnA =; > a=btanA 
(a) tanB =? > a= 65 (b sinA — 2 > с= ar 
(a) sinA — 2 (c) sin A = ê? = YS 

Let h = height of vertical pole, and let b and c denote the T 


distances of points B and C from the base of the pole, 
measured along the flatground, respectively. Then, 
tan 50° = 8, tan 35° = Ë, and b — c = 10. К 
Thus, h = c tan 50° and h = b tan 35° = (c + 10) tan 35° 

=> ctan 50° = (c+ 10) tan 35° 3 

= c (tan 50° — tan 35°) = 10 tan 35? pes 10 сш с 221 
> c= — an 35 => h=ctan 50° 

= 10tan35°tan 50° д, 1698 гл, 

Let h = height of balloon above ground. From the figure at balloon 
the right, tan 40° = 5 tan 70? — , anda + b = 2. Thus, 
h = b tan 70° = h = (2 — a) tan 70° and h = a tan 40° 
= (2 — a) tan 70° = a tan 40° = a(tan 40° + tan 70°) 





= o = 2 tan 70° = о 
= 2 tan 70° > a= ui rua» ^7 h-atan40 
__ 2 (ар 70° (ап 40° А, 

— ‘tan 40°+tan 70° ~ 1.3 km. 

(a) : 


2: 
um 41 T өх i 


y=sinx+cos% 


(b) The period appears to be 47. 
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(с) f(x + 4r) = sin (x + 47) + cos (=) — sin (x + 27) + cos (х + 27) = sin x + cos 5 


since the period of sine and cosine is 27. Thus, f(x) has period 47. 


68. (a) 








(b) D = (—06,0) U (0, 09); R — [-1, 1] 
(c) fis not periodic. For suppose f has period p. Then f (= + Кр) =f (+) = sin 27 = 0 for all 


integers k. Choose k so large that x +Кр > 1 => 0< < m. But then 


1 
(1/2т)+Кр 


f (= + Кр) — sin (223 > 0 which is a contradiction. Thus f has no period, as claimed. 


CHAPTER 1 ADDITIONAL AND ADVANCED EXERCISES 


1. There are (infinitely) many such function pairs. For example, f(x) = 3x and g(x) = 4x satisfy 
f(g(x)) = f(4x) = 3(4x) = 12x = 4(3x) = g(3x) = g(f(x)). 








2. Yes, there are many such function pairs. For example, if g(x) = (2x + 3)° and f(x) = x!/3 then 


(fo g(x) = f(g(x)) = Г((2х + 353) = ((сх + 353) = 2х +3. 


3. Iffis odd and defined at x, then f(—x) = —f(x). Thus g(—x) = f(—x) — 2 = —f(x) — 2 whereas 
—g(x) = —(f(x) — 2) = —f(x) + 2. Then g cannot be odd because g(—x) = —g(x) => —f(x) — 2 = —f(x) +2 
= 4=0, which is a contradiction. Also, g(x) is not even unless f(x) = 0 for all x. On the other hand, if f is 
even, then g(x) = f(x) — 2 is also even: g(—x) = f(—x) — 2 = f(x) — 2 = g(x). 


4. If gis odd and g(0) is defined, then g(0) = g(—0) = —g(0). Therefore, 2¢(0) =0 — g(0) =0. 


5. For (x, y) in the Ist quadrant, |x| -- |y| 2 1 4- x 

= х+у=1-+х © yc I. For(x,y)in the 2nd 
х|+|у|=х+1©еФ -х+у=х+1 
< у =2x+1. In the 3rd quadrant, |x| + [у =х +1 
€ —xX—y-x-cl e y--2x- 1l. Inthe 4th 
х|+|у|=х+1<©Ф х+(—у)=х-+1 
< у = —]. The graph is given at the right. 


[х| +|у| =1+х 


quadrant, 











quadrant, 
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6. 


10. 


11. 


Chapter 1 Additional and Advanced Exercises 39 


We use reasoning similar to Exercise 5. 
(1) Ist quadrant: y + |y| = x + |х| 
<> 2у- 2х e y-x. 














(2) 2nd quadrant: y + |y| = x + |x| І = 
ө 2у =х+(-х) = 0 ә у= 0. 

(3) 3rd quadrant: y + |y| = x + |x| 5850 1 
е у+(—у)=х+(—х) 020 BE + ly] axe lal 
— all points in the 3rd quadrant 
satisfy the equation. 

(4) 4th quadrant: y + |y| = x + |x| 
= y+(-y) =2x = 0=x. Combining 
these results we have the graph given at the 
right: 

(a) sin?x --cos?x 21 — sin?x = 1 — cos? x = (1 — cos x)(1 + cos x) = (1 — cos x) = E. 
5-2 E 

(b) Using the definition of the tangent function and the double angle formulas, we have 


- x 
2 14+соѕ (2 G) 1+cos x ' 
DM 








The angles labeled ^ in the accompanying figure are 
equal since both angles subtend arc CD. Similarly, the 
two angles labeled a are equal since they both subtend 
arc AB. Thus, triangles AED and BEC are similar which 
implies 4S = casos В 

= (а – с)(а + с) = b(2a cos 0 — b) 

=> а? – с? = 2аь соз 9 — 5? 

=> c? =a? +b? — 2abcos 0. 





As in the proof of the law of sines of Section 1.3, Exercise 61, ah = bc sin A = ab sin C = ac sin B 
— the area of ABC = 5 (base)(height) = i ah — 5 be sin A = 5 ab sin C = 5 ас sin B. 


As in Section 1.3, Exercise 61, (Area of ABC)’ =  (base)*(height)? = 2 а?Һ? = 1 а?Ь? їп? С 
2 


= 1 ab? (1 — cos? C) . By the law of cosines, c? = a? +b? — 2ab cos C = cos C = +h =< | 
242 . xD cu 

Thus, (area of ABC)? — 1a?b? (1— cos? C) — 1 a?b? (1 2 joa] ) = 2 (1 = шэн 

-4 (ааа — (a2 +b? — су) = 1 ((гађ + (a? + Ъ? — с?)) (2аЬ — (а? + b? — c?))] 

— ic [((a - b? — c?) (c? — (a - b? ig [((a + b) + c)((a + Ъ) — с)(с + (а – Ђухе – (a — b))] 


= 
- (ағ) (жыды) (зы) (аша) - s — 916 — bS — e), where s = Se, 


Therefore, the area of ABC equals 4/s(s — a)(s — b)(s — c). 


If f is even and odd, then f(—x) — —f(x) and f(—x) — f(x) — f(x) = —f(x) for all x in the domain of f. 
Thus 2f(x) 2 0 = Кх) = 0. 
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12. (a) As suggested, let E(x) = WHE > (х) = ОНСС) = (9179 — Бо) > Eisan 
even function. Define O(x) = f(x) — E(x) ^ f(x) — 194-9 — 89-09, Then 


O(-x) — K-9-K-C3 )- кюю) = [> ) = —O(x) — Oisan odd function 











— f(x) — E(x) 4- O(x) is the sum of an even and an odd function. 

(b) Part (a) shows that f(x) = E(x) 4- O(x) is the sum of an even and an odd function. If also 

fx) = E(x) 4- O1 (x), where E; is even and Oj is odd, then f(x) — f(x) = 0 = (Ei (x) + О! (х)) 

— (E(x) + O(x)). Thus, E(x) — E;(x) = O1(x) — O(x) for all x in the domain of f (which is the same as the 
domain of E — E, and O — O4). Now (E — E,)(—x) = E(—x) — Ei(—x) = E(x) — E;(x) (since E and E, are 
even) = (E— E,)(x) => E — FE; is even. Likewise, (O; — O)(—x) = O;(—x) — O(—x) = —Oj;(x) — (—O(x)) 
(since О апа О; are odd) = —(O;(x) — O(x)) = —(O; — O)(x) = O, — O is odd. Therefore, E — E, and 
О, — O are both even and odd so they must be zero at each x in the domain of f by Exercise 11. That is, 





Е, = E and O; = O, so the decomposition of f found in part (a) is unique. 


13. y =ax?+bxto=a(x?+2x+ E) - и +е=а(х+ Pes +e 

(a) If a > 0 the graph is a parabola that opens upward. Increasing a causes a vertical stretching and a shift 
of the vertex toward the y-axis and upward. If a « 0 the graph is a parabola that opens downward. 
Decreasing a causes a vertical stretching and a shift of the vertex toward the y-axis and downward. 

(b) Ifa > 0 the graph is a parabola that opens upward. If also b > 0, then increasing b causes a shift of the 
graph downward to the left; if b < 0, then decreasing b causes a shift of the graph downward and to the 
right. 

Га < 0 the graph is a parabola that opens downward. If b > 0, increasing b shifts the graph upward 
to the right. If b < 0, decreasing b shifts the graph upward to the left. 

(c) Changing c (for fixed a and b) by Ac shifts the graph upward Ac units if Ac > 0, and downward —Ac 
units if Ac « 0. 


14. (a) If a » 0, the graph rises to the right of the vertical line x — —b and falls to the left. If a « 0, the graph 
falls to the right of the line x — —b and rises to the left. If a — O, the graph reduces to the horizontal 
line y = c. As |a| increases, the slope at any given point x = Xo increases in magnitude and the graph 
becomes steeper. As |a| decreases, the slope at xo decreases in magnitude and the graph rises or falls 
more gradually. 

(b) Increasing b shifts the graph to the left; decreasing b shifts it to the right. 
(c) Increasing c shifts the graph upward; decreasing c shifts it downward. 


15. Each of the triangles pictured has the same base 
b = vAt = v(1 sec). Moreover, the height of each 
triangle is the same value h. Thus 1 (base)(height) = 1 bh 
= A; = Ag = A3 =... . Inconclusion, the object sweeps 
out equal areas in each one second interval. 


Kilometers 





Kilometers 


16. (a) Using the midpoint formula, the coordinates of P are (410 510) == (3 ; 2) . Thus the slope 


27 3727 
Op — Ay — 52 _ b 
ООР = ж = 25 = 2. 
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(b) The slope of AB = 2-9 — — ?. The line segments AB and OP are perpendicular when the product 


--а а 


of their slopes is —1 = (2) (— 5) —— i . Thus, b? = a? > a = b (since both are positive). Therefore, AB 


a a 


is perpendicular to OP when a = b. 


From the figure we see that 0 € 0 < 5 and AB = AD = 1. From trigonometry we have the following: sin? = ЕВ = ЕВ, 


a AE __ Ср _ __ЕВ __ зпд . 
соѕ0 = ав = АЕ, tan? = 55 = СР, апа tand = $5 = $55. We can see that: 


area AAEB < area sector DB < area AADC > 1(АЕ)(ЕВ) < 1(Ар)?0 < $(AD)(CD) 


= 1510050 < 1(1у:0 < 1(1)(аһ0) => ізіпбсов0 < 10 « 1529 








(fog)(x) = Е(0(х)) = а(сх + d) + b = acx + ad + b and (gof)(x) = g(f(x)) = c(ax +b) + d= acx+cb+d 
Thus (fog)(x) = (gof)(x) = acx + ad + b = acx + bc +d => ad + b = bc + d. Note that f(d) = ad + b and 
g(b) = cb +d, thus (fog)(x) = (gof)(x) if f(d) = g(b). 
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CHAPTER 2 LIMITS AND CONTINUITY 


2.1 RATES OF CHANGE AND TANGENTS TO CURVES 


10. 


11. 


12. 


13. 




















Af _ Қ9-І0) 28-9 _ Af _ Қ)-Қ-) _ 2-0 _ 
о SS = е1 
Ав _ g()-g(-l) _ 1—1 _ Ag __ 9(0)-g(-2) _ 0-4 _ 
Og 015777 20208 b) i= ea 22578825 
Аһ _ В(@)—һ(4) раса Бу 41 — в) -в(@ _ 0– уз _ –зуз 
(a) х= и т 2 774 6) м = Тыт ОЛ шо а 
Ag  gm-g0  Q-D-Q-D _ _ 2 Ag  gm-g-m0  Q-0-Q-D0 _ 
(a) At т-0 г. т-0 ан т (b) At ^ т-(-л) = 2т =0 
AR _ RQ)-RO) _ увн—У1 _ 3-1 | 
ДӨ?” a T 2 нэн 
ДР _ Р(2)-Р() (8-16-10-01-4-5) - 22 
ABO eps 1 =2-2=0 


(a) 
(b) 


(a) 


(b) 


(a) 


(b) 


(a) 


(b) 


(a) 


(b) 


(a) 


(b 


хи 


(а) 


(5) 





душ (2387-3)-02-3) _ ажавује-з=1 _ две L 4 4 h, Ash > 0,4 +h — 4 — at P(2, 1) the slope is 4. 


у-1=4(х — 2) =у-1=4х-8 = у=4х-7 


2 
лу — б-й+®)-(6-1) _ э-1-э-м-4 М — 2h Ash 50, 2 h — —2 — at P(1, 4) the 
slope is —2. 


y-—4=(-2)(x-1l) Ss y-4= -2x4+2 > у=-2х+6 








| 2 | | | 
Ау - (058) 12574) (22 –2(2) 3) _ 4+4h+h? a 3 Сз) = at — 2 ћАзћ—0,2+ћ—2 = ас 


P(2, —3) the slope is 2. 
у-(-3)-2(х-2)->у--3-2х-4->у-?2х-7. 


2 
Ау = (+h) ==, гы а и = n= 2h —h-2.Ash—0,h-2— —2- at 


P(1, —3) the slope is —2. 
y — (-3) = (-2)(x-1) sy +3 =-2x4+2 5 у= –2х – 1. 








AY = Qu cu == мэтэ Z рш Ens == 12 4- 4h 4- P. As h == 0, 12 + 4h +h? == 12, = at 
P(2, 8) the slope is 12. 


у-8- 12(х-2)->у-8-12х-24->у- 12х- 16. 


Ау = кейн 0640 = зэлэн ener 2 халин — —3—3h—h?. Ash > 0, —3 — 3h — h? > —3, — at 
Р(1, 1) the slope is —3. 


у-1= (-3)(х — 1) > y — 1 = —3x + 3 > y = —3x + 4. 











A (1 +h)? — 12(1 +h) — (13 – 12(1) 1+ 36 + 362 + В3— 12 — 12h 11 2 4+ h3 
А = w= 20) = ны. CU) L -Att L 94 3h 4h? Ash > 0, 
—9 + 3h+h? 5 —9 — at P(1, —11) the slope is —9. 

y-(-11) 2(-9(x—-1) Ss y + 11 = —9x + 9 > y 2 —9x - 2. 
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14. 


15. 


16. 


17. 


18. 


19. 


(а) 


(b) 


(a) 


(b 


wm 


(a) 


(b 


— 


(b) 
(с) 


(а) 


(b 


wm 


(a) 


(b) 


(с) 


Chapter 2 Limits and Continuity 


A (2 +h)? —3(2 +h)? +4 — (23 — 3(2)2 + 4 2443-12 — 12h —3h2 44 — 24 43 
лу = : ( ) _ 8412h+ 6h? +h 12-128-3844-0 _ Eh _ 3h 4h? Ash 0, 
3h + h? — 0 = at P(2, 0) the slope is 0. 

у-0-0(х-2)->у-0. 

















Q Slope of PQ = АР 
Qi (10, 225) 850—225 = 42.5 m/sec 
Q»(14, 375) 650—375 — 45.83 m/sec 
Q3(16.5, 475) 650-475 = 50.00 m/sec 
Q4(18, 550) 650—550 — 50.00 m/sec 
At t — 20, the sportscar was traveling approximately 50 m/sec or 180 km/h. 

















Q Slope of PQ = АР 
01(5,20) 80—20 = 12 m/sec 
Q2(7, 39) 80-49 - 13.7 m/sec 
Q3(8.5, 58) 80—58 — 14.7 m/sec 
Qu(9.5,72) = = 16 пузес 
Approximately 16 m/sec 


w 
2 200 
= 
= 100 
9 
ё 

0 х 

2000 01 02 03 04 

Year 
Ap _ 174-62 _ 112 _ 
Ar = 2004—2005 = > — 56 thousand dollars per year 
The average rate of change from 2001 to 2002 is AP sut er — 35 thousand dollars per year. 
Ар _ _111—62 


The average rate of change from 2002 to 2003 is = 49 thousand dollars per year. 


At ~ 2003-2002 
So, the rate at which profits were changing in 2002 is approximatley ( 35 + 49) = 42 thousand dollars per year. 


F(x) = (x + 2)/(x — 2) 





X 1.2 1.1 1.01 1.001 1.0001 1 
F(x) —4.0 —34 —3.04 -3.004 -3.0004 —3 
AF | -40-(-3) . : AF | -34-(-3) . A. 

Ак АЛО —5.0; A Бх 211201 6.22 —4.4; 

AF _ -3.04-(-3) __ и. AE .- -300[-(-5) — . А; 
Ах 101-1 —4.04; Ах 10-Е = —4.004; 

ЛЕ __ —3.0004 – (-3) _ RARA. 

Ак ^ — 1000-1 `~ —4.0004; 


The rate of change of F(x) at x = 115 —4. 











Ag  g2-80 _ v2-1 2, Ag  gü5-g | ү15-1-., 

Ag — 2-80 — 2-15, 0414213 Ag — gL9-80 L VIS- 2; 0.449489 

Ag _ g(l+h)-g(l) _ V/I+h-1 

Ax +h- 1 ` h 

g(x) = x 

14h 11 1.01 1.001 1.0001 1.00001 1.000001 
tah 1.04880 1004987 1.0004998 1.0000499 1.000005 1.0000005 
(v IS 1) /h | 0.4880 0.4987 0.4998 0.499 0.5 0.5 





The rate of change of g(x) at x = 1 is 0.5. 
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; : 1+h-1 
(d) The calculator gives i ЫН i = 2. 
20. (а) 1) (9-12) — £i -3--1 
cx ОСНО: qp... peg ul 2-T __2-T _ 
ii) т=з “= fee = ee TaD = 51 = sp Tz2 
(D T 2.1 2.01 2.001 2.0001 2.00001 2.000001 
f(T) 0.476190 0.497512 0.499750 0.4999750 0.499997 0.499999 
(f(T) — £(2))/(T — 2) | —0.2381 —0.2488 —0.2500 —0.2500 —0.2500 —0.2500 





(c) The table indicates the rate of change is —0.25 at t = 2. 
: dac == 
(4) lim, (25) 2 - 


NOTE: Answers will vary in Exercises 21 and 22. 


21. (а) [0,1]: 4$ = 2-2 — 15 mph; [1, 2.5]: 4$ — 205 — 29 mph; 2.5, 3.5]: 45 — 20-20 - 10 mph 


(b) At P(1, Ti 5): : Since the portion of the graph from t = o to t — 1 is nearly linear, the instantaneous rate of change 











will be almost the same as the average rate of change, thus the instantaneous speed at t — 5 is "E 52 = = 15 mi/hr. 


At P(2, 20): Since the portion of the graph from t = 2 to t = 2.5 is nearly linear, the instantaneous rate of change will 
be nearly the same as the average rate of change, thus v = 22=*8 20 = 0 mi/hr. For values of t less than 2, we have 












































25-2 

Q Slope of PQ = x 
Qi(1, 15) 15-20 - 5 mi/hr 
Qo(1.5, 19) 2-2 = 2 mi/hr 
Q3(1.9, 19.9) 95-59 = 1 тућг 
Thus, it appears that the instantaneous speed at t = 2 is 0 mi/hr. 

At P(3, 22): 

Q Slope of PQ — эь О Slope of PQ = as 
Qi(4, 35) 32-2 — 13 mi/hr Q1Q, 20) 20—2 — 2 mi/hr 
Q5(3.5, 30) 30:22 - 16 mi/hr Q5(2.5, 20) 20? — 4 mi/hr 
Q3(3.1,23) 23 — 10 mi/hr Q3(2.9, 21.6) uen — 4 mi/hr 
Thus, it appears that the instantaneous speed at t — 3 is about 7 mi/hr. 

(c) It appears that the curve is e the fastest at t — 3.5. Thus for P(3.5, 30) 

Q Slope of PQ — € Q Slope of PQ — x 
01(4,35) 35—30 = 10 mi/hr 01(3, 22) 22-20 - 16 шийг 
Q2(3.75, 34) 3539. — 16 mi/hr 02(3.25,25) 25206 - 20 пућг 
Qs(3.6, 32) 32-30 = 20 mi/hr Qs(3.4, 28) 48-30 — 20 mi/hr 





Thus, it appears that the instantaneous speed at t — 3.5 is about 20 mi/hr. 





22. (a) [0,3]: 4^ — 9-8 e —1.67 [0,5]; o^ — 32-8 e —22 EU [7, 10]: 49 — 95:13 му —0,5 81 
(b) At P(1, 14): 














Q Slope of PQ = га Q Slope of PQ = ES 
0:0,122) 122-15 — —].8 gal/day О! (0, 15) ВЕН = — 1 gal/day 
Q5(1.5, 13.2) 132—1* — –1.6 gal/day О:(0.5, 14.6) 16—14 = —1.2 gal/day 
Q3(1.1, 13.85) 13.89 — па = —1.5 gal/day Q3(0.9, 14.86) 1486—14 = —1.4 gal/day 
Thus, it appears that the instantaneous rate of consumption at t — 1 is about —1.45 gal/day. 

At P(4, 6): 
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Chapter 2 Limits and Continuity 





























Q Slope of PQ = ба Q Slope of PQ — AA 
Q1(5,3.9) 33-6 — —2.1 gal/day 01(3, 10) 10-6 — —4 gal/day 
02(4.5, 4.8) 13-6 — —24 gal/day Q3G.5, 7.8) 13-6 = —3.6 gal/day 
Q3(4.1, 5.7) 21-85 — —3 gal/day Q3(3.9, 6.3) 63-6 — —3 gal/day 
Thus, it appears that the instantaneous rate of consumption at t = 1 is —3 gal/day. 

At P(8, 1): 

Q Slope of PQ — A^ Q Slope of PQ — AA 
01(9,0.5) 051 = —0.5 gal/day Qi(7, 1.4) 14-1 = —0.6 gal/day 
Q2(8.5, 0.7) 041 = —0.6 gal/day Q3(7.5, 1.3) 1928 = —0.6 gal/day 
Q3(8.1, 0.95) бэ —1 = —0.5 gal/day Q3(7.9, 1.04) LO X — —0.6 gal/day 


Thus, it appears that the instantaneous rate of consumption at t — 1 is —0.55 gal/day. 
(c) It appears that the curve (the e is decreasing the fastest at t — 3.5. Thus for P(3.5, 7. 5 


























О Slope of PQ = AA Q Slope of PQ — as 
Qi (4.5, 4.8) 48-78 — —3 gal/day 0,(2.5,11.2) 12-13 — —3.4 gal/day 
Q»(4, 6) S—78 — —3.6 gal/day 02(3, 10) 1078 = –4.4 ваудау 
Q3(3.6, 7.4) 74-18 — —4 gal/day Q3(3.4, 8.2) 82-78 = —4 gal/day 


Thus, it appears that the rate of consumption at t = 3.5 is about —4 gal/day. 
LIMIT OF A FUNCTION AND LIMIT LAWS 


(a) Does not exist. As x approaches | from the right, g(x) approaches 0. As x approaches | from the left, g(x) 
approaches 1. There is no single number L that all the values g(x) get arbitrarily close to as x — 1. 
(b) 1 (c) 0 (d) 0.5 


(a) 0 
(6) —1 
(c) Does not exist. As t approaches 0 from the left, f(t) approaches —1. As t approaches 0 from the right, f(t) 


approaches 1. There is no single number L that f(t) gets arbitrarily close to ast — 0. 
(d) —1 


(a) True (b) True (c) False 
(d) False (e) False (f) True 
(g) True 

(a) False (b) False (c) True 
(d) True (e) True 

lim | does not exist because Š% = * = 1ifx > Oand ~ = —lifx <0. As x approaches 0 from the left, 


М- Ix] = 


шр] 
М approaches —1. As x СЕД 0 from the right, X Wi approaches 1. There is no single number L that all the 


function values get arbitrarily close to as x — 0. 


As x approaches 1 from the left, the values of —1 become increasingly large and negative. As x approaches 1 


from the right, the values become increasingly Tos and positive. There is no one number L that all the function 


values get arbitrarily close to as x — 1,50 lim, 4 does not exist. 
х 
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Section 2.2 Limit of a Function and Limit Laws 47 
Nothing can be said about f(x) because the existence of a limit as x — хо does not depend on how the function 
is defined at xo. In order for a limit to exist, f(x) must be arbitrarily close to a single real number L when 


x is close enough to xo. That is, the existence of a limit depends on the values of f(x) for x near xo, not on the 


definition of f(x) at xo itself. 


Nothing can be said. In order for lim, f(x) to exist, f(x) must close to a single value for x near 0 regardless of the 
X — 


value f(0) itself. 


No, the definition does not require that f be defined at x — 1 in order for a limiting value to exist there. If f(1) is 


defined, it can be any real number, so we can conclude nothing about f(1) from lim, f(x) = 5. 
х > 
No, because the existence of a limit depends on the values of f(x) when x is near 1, not on f(1) itself. If 


lim, f(x) exists, its value may be some number other than f(1) — 5. We can conclude nothing about lim, f(x), 
Х-» х 


whether it exists or what its value is if it does exist, from knowing the value of f(1) alone. 
, lim, Qx £5) 2 2(-7) € 5 =-14+5=-9 

im, (—x? + 5x — 2) = —(2)? + 5(2) -2 = -44+10-2=4 

m. &(t — 5)(t— 7) 2 8(6 — 5)(6 — 7) 2 -8 


lim „ (x? — 2x? + 4x + 8) = (—2)° - 2(-27 c 4(-2) + 8 = -8 - 8-8 + 8 = —16 
х— – 





lim, $43 = 16. lim, 3s(2s — 1) = 3 (5) [2 (5) - 1] 22($- 1) 2 3 


xy xt6~ 246 юэ 








lim | 30x - D* — 30(- D - D? — 3-3? — 27 


х-- 


іт У ы, ln 2+2 22 4 _ 4 
—929 У? +5у+6 ~ (22+50)+6 ~ 44+10+6 ~ 20 





y! H 5 
„lim 6 =y)? = [5 = 3 = 8 = (9)! — 21 = 16 


Jim (22 – 8)!/% = (2(0) — 8)? = (—8)!9 = —2 





























: 3 2 3 = 230.3 

ате BOAT о 

: 58-4-2 ; V5hr4-2 \/5h+442 : (5һ--4)-4 : 5h : 5 

lim = lim So. ors m —— = lim ~ = lim ~ 

ћ—0 ћ ћ— 0 ћ У5ђ+4+2 _ћ—0 n(./5h-+4+2) ћ—0 в(/5 +42) һ—0 V5h+4+2 
4+2 4 








5 : х-5 E = 
„ Хх1—25 lim, (56-5) пе x45 — 845 








= lim 
x —3 





: x+3 x+3 - : = 225211 
lim, 5:3 Gr 36D = шп, хыз E33] — 72 


x-3 * 
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: 2413x—10 x 5(x-2) |; 22: 2! 
25. іт. 030-10 — һу (45%-2- lim (х-2)--5-2--7 
8 x -5 Kon хә —5 x+5 as ) 2 
. a ты —5)(x-2) р тз = 
26. lim, <=2+ — Jg €-3€-? — ци (х-5)=2-5=-3 
х--2 xc2 x2 x-2 um ) 
| Qt (t--2(t—1) t+2 _ 142 _ 3 
27. lim Hy = lim (fy = im, Gt = 7 = 2 
: 2-3:-2- р (t+2)t+1) _ y; 2 =1%2._ 1 
ещ 0-1-2 ШЕ (erp а i, (-27 82-28 
. —2х—4 _ 2%+2) _ ү za fuma C o 
2^5 dm oec. И окна 3 
: 5538? |. у2(5у +8) : 5у+8 _ 8 _1 
30. у, 3у4- 16у2 Hi ) y2 Gy2— 16) Әліп, 3-16 — 216-072 
; 1 ? ТЕХ : j= 1 2 1 
31. lim ~ = lim —— = lim x = lim —-—-1 
х— "1 1 х— 1 X 1 dim ( X =) х—ә1 X 
1 1 х+1)+(х—1 
о тя |: крка) у ( 2х n MET 2 па ПИ за 
"ASI ed = „у (рер) = Ш ape = = =-2 
; w-1_ 4; (u2 4- 1) (u 4- D(u - 1) (24-1)u-D _ G+D041) _ 
33. lim == im erpe Dp = im er ee = 
7 48:58 (v—2)(v?+2v+4) __ у -24-4 44444 12 3 
34. Jim, vi— 16 = jim, (v — 2)(v + 2) (v2 +4) = lim, (у--2)(у2-4) (48 ^32 8 
: -3 : ух-3 : 1 1 1 
35. lim vx = lim =Н = = 
ЫШ а-а Vee) os ye eS 
: = : = : 2 + ух) (2– ух) : 
36. lim #=% — үш X4-9 — fig 5 = lim x (2+ ./x) =42 +2) = 16 
x4 2- yx x34 2-yx х- 4 2- ух х- 4 ( * Vx) (2-2) 
у ee к-1)(Мх+3+2)_ _ |. (к-1)(Мх+3+2) __ ( је = 
37. lim, E = Ја слала Wa - m(Vxt342)-vV44«2-4 
j x? +8-3 _ ү (У2+8-3) (У2+8+3) _ 2+8) -9 
38. По. УЗ п АЕ tim) S 959 _ 
холо х х--10 040(У64843) х-»-1 «+ (2 +8+3) 
— lim «+ 1)(х — 1) = і х—1 па 2: сы 
х--1 «+1 (2 +8+3) х-6-1 ухдн8-3 343 3 
39. lim Vetl2=4 — jim (М#+12-4) (М#+12+4) _ И +1234) lim —t!2=16 — 
`хә? х-2 x—2 &-2 (vit 1244) Sue &-2(vi«1 +4) 
= lim (х — 2)(х +2) = lim х+2 = 4 221 
4252 «-2(vxx1244) x52 Ухд 412440 ү1644: 02 
о xs MER AD el (x+2) (Ve 4543) 2 к+2) (Мэй +5+3) 
“x52 yxir5-3 х 2 КЕ 5 з) КЕ 5+3) x-2 (2+5) –9 
„> lim (x +2) ) (М2 +5 +3) = ий /x2 4543 _ 9+3 22203 
Так? (х + 2)(х — 2) “іст? х-2 7—4 o 2 


Chapter 2 Limits and Continuity 
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. 2200225 i (2-2-5) (4-5) | 4-(х2-5) 
4i: дэн +3 E G3 (2 Vt 5) = -3 «+3) (2+ 2—5 ) 


9-х2 lim (3-х)3--х) 25 3 3-х = 6 


lim = = lim — 2 = = 
x 3 (+3) (24 Vx 5) x 3 e (2 V1 -5) x—-324V9-5 24/4 2 








(4- x) (5+ м9) 


(4—x) (5+ V2 +9) 

















42. lim —4>%— = lim 7. = lim — ^^ 
x34 5-Vx?4+9 х4 (5- ха +9) (5+ уха + 9) X4 25 — (x? +9) 
| (4-х) (5+ үх2+9 3 (4–х) (5+ уха +9 . 
= ui 5+ : A lim | ) oim SEVRES 5-ү25 _ 5 
iod x xm, — 4-345 um, "Ux 8 
2 
43. lim Qsinx — 1) — 2sinü-1-0-1— -1 44. lim sim x — ( lim sinx) = (sin0)* = 02 = 0 
х 3523 
45. limsecx= lim = =1=1 46. lim tanx = Jim sinx — $0 0 —() 
x0 х — 0 <05х сов 0) 1 х—0 — () cosx cos 0 1 





: 1+x+sinx _ 1+0+sin0 _ 14+0+0_ 1 
47. Jim, 3cos x a 3cos 0 3 FAS 


48. Jim (x? — 1)(2 — cosx) = (0* — 1)(2 — cos0) = (—1)(2- 1) = (-1)(1) = -1 


49. lim Vx +4 cos(x+7) =, lim Vx+4 - lim cos(x + 7) = V/—m 4 -cosO= V4—-—7-1=V4-7 





i 2x — i 2x) — i 2x — 20 — 2e. 
50. Jim V7 + sec?x = „/ Jim (7 + sec x) = \/7 + Jim ес?х = \/7 + зес?0 = 7+ (1): = 2/2 


51. (a) quotient rule (b) difference and power rules 
(c) sum and constant multiple rules 


52. (a) quotient rule (b) power and product rules 
(c) difference and constant multiple rules 


53. (a) Jim, f(x) g(x) = шіт, fœ] [їп ғо) = (5)(—2) = —10 
(b) Jim, 2f(x) g(x) = 2 ІШ lim, fœ] Е lim „200 = 2(5)(—2) = —20 
(с) lim, [fG) - 3869] = Jim, fod + 3 Jim, g(x) = 5 + 3(-2) = -1 


Қх) lim f(x) 5 _ 5 
(4) uim, f(x) — gx) lim in fim g(x) — 5-2) e 


wm 





54. (а) lim [g(x)+3]= lim g(x)+ lim 3=-3+3=0 
х- 4 x74 х- 4 
(b) lim xf(x)= lim x- lim f(x) = (4)(0) =0 
x74 х- 4 х- 4 


wm 


2 
(с) lim, [Bœ] = | lim, 2(%)| =[-3P =9 


lim g(x) 


Ы gx) __ x4 о 
(9) „Шт, 9-1 T imio- fim 1 ~ 0-1 — 3 


55. (a) im, [f(x) + g(x)] = im, f(x) + Jim, 200 = 7 +(–3) = 4 


(у Ши, 600 - a(x) = | tim, £00] | Jim, 260) = (73) = -21 


wm 
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O dim te [im d] [im o] = cae cn 
(d 


wm 


lim, f(xyg(x) — im, f lim, 2009 = = 3 


56. (a) «йт, [p(x) + r(x) + s(x)] = а р(х) + іт (х) + lim, $(х) =4+0+ (3) = 1 
(b) . lim , p) - r6) - s(x) = [| lim , poo] | tim, ro] | Низ › 569] = (40-3) =0 


() ‚Ет , [—4p(x) + 5r(x)|/s(x) = Е lim р(х) +5 іт, rœ] i _lim , sx) = [-4(4) + 5(0)/-3 = 48 


57. lim Ë — jig 142861 -1-- үр CiD = lim (2 +h) =2 


-» 0 һ — 0 > 


–2 + ћуг – (-2)2 è 2 5 = . 
58. lim ССР — lim 4-8 -4-- Jig 5859 — lim (h— 4) = -4 
ћ—0 ћ— 0 ћ—0 ћ— 0 





. 130--8)-41-130)-41- y 3h 
59. ыа, и 3 


(agen) — (35) — пи 5 qu -2-(C24B 00 + zs tust cd 

60. Ulm, h = Шт —h = lim, 25-2 +В) = jim, па) 4 
61. lim MERIT. e lim (Ит ут) (утту?) /т+к+ 7) S а ЕВЕ кал ор аа ее а, эз. Т 
һ-0 һ һ-0 n(/7+h+ V7) ћ—0 h(/7+h+ V7) ћ—0 h (\/7+h+V7) h—0 vH v7 


$ /3(0 +h) + 1— 4/7300) +1 Zr (V3n+1-1) (V3h+1+1) А @h+1)—1 oe Sas 3h 
92: нэ, һ pii h (v3h+ 1+ 1) Б h(V3h+1+1) sum h (3h 1-1) 


253 


= lim ——— =3 
Н-э0 V3h+1+1 2 


63. lim, V5 — 2x? = \/5 — 2(0)? = 45 апа lim, м5 – х? = 4/5 — (0)? = V5; by the sandwich theorem, 
X— X 
lim. f(x) = 45 
х— 


64. lim, (2 – х?) =2—0=2апа lim, 2 cos X = 2(1) = 2; by the sandwich theorem, lim, g(x) =2 
Х-» х > X 


Н x ь1 22022: : ==. у | xsinx — 
65. (a) Jim, (1 6 ) 1 — с = land im, 1 = 1; by the sandwich theorem, Jim, i3 ul 
(b) For x Z 0, y — (x sin x)/(2 — 2 cos x) y 


y = (x sin x)/(2 — 2 cos x) 





lies between the other two graphs in the 
figure, and the graphs converge as x — 0. 


; 1 | mg 1 : 025. ШІ = ; Па 1 
66. (а) im (i - а) == Jim, 9:3 im, 347 3 —0— 5 and im, 5 = g; by the sandwich theorem, 


—0 


lim 1x — 1, 
х 0 х2 2 
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(b) For all x 4 0, the graph of f(x) = (1 — cos x)/x? y 
lies between the line y — i and the parabola 


у= 1 — x?/24, and the graphs converge as x — 0. 








67. (а) f(x) 2 (x? — 9)/(x + 3) 











x —3.1 —3.01 —3.001 —3.0001 —3.00001 — —3.000001 
f(x) —6.1 —6.01 —6.001 —6.0001 —6.00001 -6.000001 
х —2.9 —2.99 —2.999 —2.9999 —2.99999 --2.999999 
f(x) —5.9 —5.99 —5.999 —5.9999 —5.99999 --5.999999 
The estimate is lim 3 f(x) = —6. 
хә — 


(b) 






Ја) = (x? — 9)/@ + 3) 


— 2-9 _ &+3)K—-3) . : 1 mr = 
(c) Ех) = уу = ууз = XS ifx A —3,and lim (х—3)=—3—3 = -6. 


х X 


68. (а) g(x) = (x? — 2)/ (x = У?) 
х 14 1.41 1.414 14142 1.41421 1414213 





g(x) 2.81421 2.82421 2.82821 2.828413 2.828423 2.828426 


Ж. 
a) 2 G? - 2) - N2) 


(c) g(x) = =» = аа 2ifxz V2,and lim. (x+ v2) = /2+ 2-22. 





69. (a) G(x) = (x + 6)/ (x? + 4x — 12) 
x | —5.9 —5.99 —5.999 —5.9999 5.99999 5.999999 








С(х) —.126582 —.1251564 —.1250156 —.1250015 —.1250001 —.1250000 
х —6.1 —6.01 —6.001 —6.0001 —6.00001 —6.000001 
G(x) —.123456  —.124843  —.124984 —.124998 —.124999 —.124999 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


52 Chapter 2 Limits and Continuity 


(b) 





220 G(x) = (x + 6)/(х? + 4x — 12) 


(0) (к) = текето = тов T a Xf -6 and lim; 5 = oy = —g — 0.125. 





70. (a) h(x) = (x? — 2x — 3) / (x? — 4x + 3) 
x | 2.9 2.99 2.999 2.9999 2.99999 2.999999 








h(x) 2.052631 2.005025 2.000500 2.000050 2.000005 2.0000005 
X 3.1 3.01 3.001 3.0001 3.00001 3.000001 
h(x) 1.952380 1.995024 1.999500 1.999950 1.999995 1.999999 


(b) 





h(x) 2 G2 - 2x - 3/02 - Ax 3) 




















71. (а) f(x) = (x? — 1)/(|x| — 1) 
X —1.1 —1.01 —1.001 —1.0001 -1.00001 -1.000001 
f(x) 2.1 2.01 2.001 2.0001 2.00001 2.000001 
X —.9 —.99 —.999 —.9999 —.99999 —.999999 
f(x) 1.9 1.99 1.999 1.9999 1.99999 1.999999 
b 
(b) i 





Јо) = (7 – 1)/0х] — 1) 


x 





(c) f(x) m Ix - 1 = (к-Е1х—1) =? and lim, (1 — x) -1- (-1) = 


21 а) х1, х2 Оапіх 1 
= 1-х, х<0апіх # —1' 


-(х--1) 
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72. (a) F(x) = (x? + 3x + 2)/(2 — |x|) 














x —2.1 —2.01 —2.001 —2.0001 —2.00001 -2.000001 
F(x) —1.1 —1.01 —1.001 —1.0001 — 1.00001 —1.000001 
x —1.9 —1.99 —1.999 —1.9999 —1.99999 —1.999999 
Е(х) —.9 —.99 —.999 —.9999 —.99999 —.999999 
(b) . 
20 
=> 2 T 
-60 
F(x) =? + 3х + 2)/(2- |х]) 
(x -2)x4- 1) 
_ х2+3х+2 _ 2-х 2 х>0 : A Е 
и STIR "us a a E 6 
73. (а) g(@) = (ѕіп 0)/0 
0 4 01 .001 .0001 .00001 .000001 
g(0) .998334 .999983 .999999 .999999 .999999 .999999 
0 —.1 —.01 —.001 —.0001 —.00001 —.000001 
g(0) .998334 .999983 .999999 .999999 .999999 .999999 


pon 8E 
(b) 






у= x (radians) 














-5r —4п у 
NOT TO SCALE 
74. (a) G(t) = (1 —cos t)/t? 
t 4 01 001 0001 00001 ‚000001 
G(t) 499583 .499995 .499999 :5 5 9 
t —.1 —.01 —.001 —.0001 —.00001 —.000001 
G(t) 499583 499995 ‚499999 5 5 59 


іш G(t) = 0.5 
t— 0 
(b) 


GO = 1 созі 
Гг 








—0.0003 -0.0001 1 0.0001 0.0003 


Graph is NOT TO SCALE 
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75. lim, f(x) exists at those points c where lim xf = lim, x”. Thus, c? - à? => с (1 c?) = 0 > c = 0, 1, or —1. 
Moreover, lim. f(x) 2 lim x? 2 0and lim х) = lim f(x) = 1. 
х— 0 х— 0 х— –1 х- 1 


76. Nothing can be concluded about the values of f, g, and h at x — 2. Yes, f(2) could be 0. Since the conditions of the 
sandwich theorem are satisfied, lim, f(x) 2 —5 # 0. 
X 


. f(x)-5 lim f(x) — lim 5 lim f(x) — 5 . . 
77. 1= lim — x XL. — xc lm f(x) —5—2(1) => lim f(x) 2245-7. 
x4 х 4 х—4 


х—2 lim x — lim 2 4—2 
x4 x4 








lim, f(x) lim, f(x) 
— 1 fx) | x2 — x3-2 
78. (а) 1— lim, > = 1 


х— –2 57 ey Е 


lim, x? 
х--2 


©) 1= lim, =| tim, ©) | tim, 4] =[ tim, ©] (4) > tim, @ = -2. 
X x x - x -2 


х--2 X x -2 x -2 x—-2 х 


79. (a) 0=3-0= | lim E | Jim, (x— 2) = lim, (2) (х— 2) = lim, [f(x) — 5] — lim, f(x) — 5 


x2 


> lim f(x) 5. 
х- 2 





(b) 0=4-0= | lim iss] | lim, (х – 2) => lim, f(x) = 5 as in part (a. 


x2 x-2 


2 
80. (а) 0-1-0- | lim © ЁС x] = ЁС id | lim x! = lim Е -x?] — lim f(x) Thatis, lim f(x) = 0. 
ох х— 0 x0 * 0 x x х 0 х— 0 


х— х— 0 
(iy 0=1-0= ІШ m | lim x — lim ЕС = lim ©. Thatis, lim. ™ — Q. 
x0 X x0 х-01Х х--0 * х0 Х 
81. (a) lim xsini-0 y 
x0 Х 





(b —1< біп 1 < 1 for x Z 0: 
х>0 > —х< хш 1 <x > lim, x sin 1 = 0 by the sandwich theorem; 
Х-э 


х<0 = -x>xsin 


мін 


>х => lim, X sin 1 = 0 by the sandwich theorem. 
AC 


82. (a) Jim, x’ cos (4) =0 
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х х 


(b) —1 < cos (4) < 1 forx #0 => —х?<х?сов (&) < x? > lim, x? cos (4) = 0 by the sandwich 
xc: 


theorem since lim. x? — 0. 
х— 0 


83-88. Example CAS commands: 


2.3 


Maple: 
f := x -> (x4 — 16)/(x — 2); 
x0 := 2; 


plot( f(x), x = x0-1..x0+1, color = black, 
title = "Section 2.2, #83(a)" ); 
limit( f(x), x = x0 ); 
In Exercise 85, note that the standard cube root, x^(1/3), is not defined for x«0 in many CASs. This can be 
overcome in Maple by entering the function as f := x -> (surd(x+1, 3) — 1)/x. 
Mathematica: (assigned function and values for xO and h may vary) 


Clear[f, x] 
f[x ]:2G8 — x? — 5x — 3)(x + 1)? 
х0= —1;h= 0.1; 


Plot[f[x], (x, x0 — h, x0 4- h]] 
Limit[f[x], x — x0] 


THE PRECISE DEFINITION OF A LIMIT 


H j’ 


1 5 7 
бер 1: |х-5|<6 = -6 <х-5<6 = -64+5<x<6+5 
Яер2: 64+5=7 > 6=2,0r-64+5=1 > 6=4. 
The value of ô which assures |x — 5| < 6 = 1 < x < 7 is the smaller value, ô = 2. 


Neee ше EN 
12 7 
Мер 1: |x-2|] «6 2 -6<x-2<6 => -6+2<х<6+2 
Яер2: -б6-2-1- 6=1,or6+2=7 > 6б = 5. 
The value of ô which assures |x — 2| < 6 = 1 < x < 7is the smaller value, 6 = 1. 


-7/2-3 -12 
Stepl: |x—-(-3) «6 — -6<x+3<6 => -6-3<x<6-3 
Яер2: -6-3--1-6-1,о:6-3--1- 6-3. 


The value of ô which assures |x — (—3)| <6 > — 2 <х<- 1 is the smaller value, 6 = i. 


Ех 
NE 3 
2 oy 


n|- 


Step1: |Х-(-3) «6» -6«х-16--6-3«х«6-3 
Step 2: -§6-3=-2 = 6=2,0r6 -3=-4 > 6=1., 
The value of 6 which assures Ix — (- 3)| <6 = -2 <х< — dis the smaller value, 6 = 1. 


x 
4/9 1/2 4/7 


Stepl: |x-1|«6 2 -6«x-1«6 2 –6+1 <х <6 +: 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


Chapter 2 Limits and Continuity 








Step2: -6+5=$ > 6=f,0r6+}4=4 > 6= 5. 
The value of 6 which assures |x — 1| <6 = 2 <х< 215 the smaller value, 6 = +. 
X 
2.7591 3 3.2391 
Step 1: |x—-3| «6 2 -6<x-3<6 => -64+3<x<6+3 
Step2: —6 +3 = 2.7591 — д = 0.2409, or ô + 3 = 3.2391 = 6 = 0.2391. 
The value of ô which assures |x — 3| < 6 = 2.7591 < x < 3.2391 is the smaller value, 6 = 0.2391. 
бері: |[х-5|<6 = -6 <х-5<6 = -64+5<x<6+5 
Step 2: From the graph, —ó 4-5 — 4.9 = 6=0.1,or6+5=5.1 => д = 0.1; физ 6 = 0.1 in either case. 
Мер 1: |х-(-3) <6 -> -6<x+3<6 => -6-3<x<6-3 
Step 2: From the graph, —6 -3 = —3.1 > 6=0.1,or6 —-3 =—2.9 => 6 = 0.1; физ д = 0.1. 
бері: |x—-1| «6 2 -6<x-1<6 => -64+1<x<641 
Step 2: From the graph, —6 +1 = 3 = 8-І .ош6-1-25 = ô = 4; thusé = Z. 
бері: |х-3|<6 = -6<x-3<6 => -64+3<x<6+3 
Step 2: | From the graph, —ó 4-3 2 2.61 = ф = 0.39, ого 3 = 3.41 = ô = 0.41; thus ó = 0.39. 
Stpl: |x-2|] «6 2 -6<x-2<6 => -6+2<х<6+2 
Step2: — From the graph, —6 +2 = Уз = 6 —2— уз ~ 0.2679, огб +2 = \/5 = 6 = \/5— 2 02361; 
thus ó = \/5 — 2. 
Мер 1: |х—(—1))<б => -6<x+1<6 => -6-1<x<6-1 
Step 2: From the graph, -6-1=—%2 > ô= 2 ~0.1180,0r6 -1=-% = 6=25% ~0.1340; 
thus ô = =. 
Step1: |х—(—1))<б 9 -6<x+1<6 => -6-1<x<6-1 
: _ _ 16 modis 25-246 9 : Qu, s 
Step 2:  Fromthegraph, -ó 1 — — y => ô= 2 2077, ог6—1=— 5 => jg — 036; thus ó — 5; — 0.36. 
Stepl: |x-1|«6 = -6<x-4<6 => -6+1<х<6+ 
Step2: From the graph, —6 + $ = sh; => 6 = 1 — zh & 0.00248, or6 -- 1 — iig > ô= zh — į © 0.00251; 
thus 6 = 0.00248. 
Мер 1:  |(x+1)-5| < 0.01 > [х-4| < 0.01 = -0.01 <х-4< 0.01 = 3.99 <х< 4.01 
Step2: |x-4|<6 > -6<x-4<6 => -64+4<x<64+4 = 6 = 0.01. 
Step 1:  |(2x — 2) — (—6)| < 0.02 = [2х +4| < 0.02 = -0.02 < 2х+4< 0.02 = —4.02 < 2х < -3.98 
= —2.01 <х< -1.99 
Step2: |x —(—2)| <6 > -6<x4+2<6 > -6-2<x<6-2 => ô= 0.01. 
Step 1: Мх+1-1 < 0.1 = —01</х+1—1<0.1 > 0.9<yx+1<1.1 > 081<х+1<1.21 
= —0.19 < x < 0.21 
Step2: |x—-0| « ó = —-ó«x « 6. Then, —ó = —0.19 > 6 = 0.19 or 6 = 0.21; thus, 6 = 0.19. 
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18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27: 


Step 1: 
Step 2: 


Step 1: 


Step 2: 


Step 1: 
Step 2: 


Step 1: 
Step 2: 


Step 1: 
Step 2: 


Step 1: 


Step 2: 


Step 1: 
Step 2: 


Step 1: 
Step 2: 


Step 1: 
Step 2: 


Step 1: 


Step 2: 
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|/x—-i|«01 = —0.1 < /x-i«01 = 04 « /x «0.6 = 0.16 « x « 0.36 
Ix- i]«6 M -ó«x-i«6 2 -6+1<х<6+1. 
Треп, —6 +1 = 0.16 = ô= 0.09 or ô + į = 0.36 = ô= 0.11; thus ô = 0.09. 


|У9-х-4|<1 > —1<\19—х—3<1 =» 2<\/19—х<4 > 4<19—х<16 


=> —4>»х—19>—16 > 15>х>Зог3<х<15 
|х—10|<бёб => -6<x-10<6 => -64+10<x<6+10. 
Тһеп -6--10- 3 -> 6- 7,0г6--10- 15 => ô = 5; thus ё = 5. 


|Ух-7-4| «1 > —1< \х-7-4<1 = 3<\ух-7<5 = 9<х-7< 25 = 16 <х < 32 


х— 231<6 = -6<x-23<6 => -6+23 <х<6+23. 

Then —6 + 23 = 16 = 6 =7, огб + 23 = 32 = ô = 9; thus ô = 7. 

т-1| < 0.05 = -0.05 < +— 1 <0.05 => 02 <1<03 > Ю>х> ВоВ <х< 5. 
Ix —-4| «ó 2 -6<x-4<6 => -644<x<644 

Then —ó -4— £ or ô = 3, 0r6 +4 =Soré = 1; thus 6 = 2. 


I2 -3| «0.1 2 -01«x-3«01 29 29«x? «31 > V29<x< V3.1 
| -43| «6 = —6б<х—\/3<6 = –6+ УЗ <х <6 + УЗ. 
Then —6 + V3 = V2.9 = 6 = V3 — V29 ~ 0.0291, or 8 + \/3 = \/3.1 = 6 = \/3.1 — \/3 © 0.0286; 


thus 6 = 0.0286. 


|x? — 4| < 0.5 > —0.5 < x? — 4 < 0.5 => 3.5 < х? < 4.5 = 13.5 < |х| < \ 4.5 > -\ 4.5 <х<-\ 3.5, 
for x near —2. 


Ix -—(—2)|<6 > -6<x42<6 => -6-2<х<6-2. 
Then —6 —2 = —\/4.5 = 6 = \/4.5 — 2 ж: 0.1213, ог6— 2 = —\/3.5 > 6=2- \/3.5 = 0.1292; 
thus 6 = y 4.5 — 2 x 0.12. 


1-(-0| «01 -»-0141-1401--1«1«-ү,7--10»х»-Фо-1Т«х«-1. 
Ix-(-D| «6 -»-6«хХх-16--6-1«х«6-1. 
Then —ô — 1 = — 10 = 6-1,0:6-1--1 = ô= i; thus 6 = |. 


la2—5)—11| «1 2 [2-16| «1 2 -1«x?-16«1 > 15«x? «17 — VAS «x« VT. 
Ix —-4| «ó 2 -—6 <х-4<6 = -644<x<644. 

Тћеп –6 + 4 = V15 > 6=4- V/152 0.1270, 0or6 -A— V17 > 6 = У17 – 4 ~ 0.12310; 

thus ó = V17 — 4 ~ 0.12. 


| 2-5 «1- -1412-5:1-4416-1»ү(5 Є»1- 30»х»200:20«х-«30 


|х—24\|<6 > -6<x-24<6 => -64+24<x< 6424. 
Then —6 + 24= 20 => 6=4,0r6+24=30 => 6=6;thus > 6=4. 


|mx — 2m| < 0.03 => —0.03 < mx — 2m < 0.03 > —0.03 + 2m < mx « 0.03 4-2m — 
О 008 аланды М 

Ix -2| «ó 2 -6<x-2<6 > -642<x<642. 

Then —6 +2 = 2 – 99 > 6 = 98 ог6-2-2- 00 = ó — 908, In either case, 6 = 993, 
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28. 


29. 


30. 
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Step 1: |mx—3m| <c = —-с<тх-—-3ш<с = —-с+3т<тшх<с+3ш > 3—-Е&<х<3+Е 
Step2: |x-3| «6 2 -6<x-3<6 => –6+3<1<6+3. 
Тһеп -6--3-3-: -> б6- 5,огб6--3-3--2 -» 6- 2, Іп ешһег саве, 6 - =. 
Step 1: |(mx + b) - (8 - b)| «c => —c«mx-$«c- —cc$«mx«cct$ => 1-5<х<1-5. 
Step2: |х-1|<6 = -6<х-1<6 5 –6+1 <х <6+:. 
Тћеп –6 + 1 =1— 5 = б = 6,06+5= 1+ 6 = б = 5. In either case, ô = =. 
Step 1: |(mx + b) — (m + b)| < 0.05 = —0.05 < mx — m < 0.05 = —0.05 +m < mx < 0.05 +m 
—1—90 cx]. 90, 
Step2: |x—1| «6 2 -6<x-1<6 => –6+1<х <6+1. 
Тһеп -6--1-1- 95 = б = 008 ог6-1-1- 105 => ó — 905, In either case, 6 = 995, 


m 














31. lim, @ — 2x) = 3-2) = – 
х > 
Мер 1: |(3—2х) — (—3)| < 0.02 = -0.02 < 6 – 2х < 0.02 = -6.02 < —2х < -5.98 = 3.01 > х> 2.99 ог 
2.99 < х < 3.01. 
Step2: O<|x-3|<6 => -6<x-3<6 => -643<x<6+43. 
Then —6+3=2.99 > 6=0.01,or6+3=3.01 > 6 =0.01; thus 6 = 0.01. 
32. lim , (-3x — 2) = (-3(-1) -2= 1 
х— – 
Step 1: |(-3х – 2) – 1| < 0.03 = -0.03 < —3х – 3 < 0.03 = 0.01>Хх +1> –0.01 = —1.01 < х < –0.99. 
Step2: |x—-(-D| «ó => -6<x+1<6 => –6–1<х<6%-1. 
Then -ó—12 —1.01 — 6 = 0.01, or ô — 1 = —0.99 = 6=0.01; thus 6 = 0.01. 
33. lim “-4- lim 9526-22 Jim, (2) 2242-4, x £2 
x2 x-2 x2 6-2) 
Sepi; |(S=$) - 4] < 0.05 => "um _ 4< 0.05 = 3.95 <х+2 < 4.05, х Z2 
=> 1.95 < x < 2.05, x £ 2. 
Step2: |x-2| «6 2 -6<x-2<6 => -642<x<642. 
Тћеп –6 + 2 = 195 = 6 = 0.05, or ó + 2 = 2.05 = 6 = 0.05; thus 6 = 0.05. 
: x2 + 6x =. : (к+5)х+1) _ : 2 
34. (im, < at =, lim. 5 Do -4,x# -S. 
Step 1: (Hs) -C 4)| < 0.05 => P 4.4 c 005 5 —405 « x - 1 « —395, x # —5 
=> —5.05«x« —495,x Z —5. 
Step2: |х-(-5) «ó => -6<x4+5<6 > —-ó6—5«x«ó-5. 
Then —6 —5 2 —5.05 => 6 = 0.05, огб — 5 = —4.95 = 6 — 0.05; thus ó — 0.05. 
35. , lim аУіІ-ӛх-у1-5- 3) = м16=4 
2. | V1 = 5x -4| < 0.5 > —0.5</1—5х—4<0.5 = 3.5 < У! - 5х < 4.5 = 12.25 < 1 – 5x < 20.25 
= 11.25 < —5x < 19.25 > —3.85 <x < —2.25. 
Step2: |х-(-3) <6 -> -6<x+3<6 => -6-3<x<6-3. 
Then —6 — 3 = —3.85 => 6 = 0.85, or 6 — 3 = —225 — 0.75; thus 6 = 0.75. 
36. lim 25552 
х—2% 
“ері: |1-2|]«04 2 -04«1-2«04-2 16<4<24 5 >> = Ю>х> В <х< 5. 
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37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


Step 2: 


Step 1: 
Step 2: 


Step 1: 
Step 2: 


Step 1: 


Step 2: 


Step 1: 


Step 2: 


Step 1: 


Step 2: 


Step 1: 


Step 2: 


Step 1: 
Step 2: 


Step 1: 
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х—21<6 = -6<x-2<6 > -642<x<642. 

am) 21 _ 5 24: 21 
Тһеп -6--2-3 = 6=73,0r6+2=35 = ô = 5; thus 6 = 3. 
|9-х-5|<е->-е<4-х<е--в-4<-х<е-4->в-А>х>4-евс->4-е<х<4-е 
х-4| <6 > -6<х-4<6-»>-6--4<х<6-4. 
Тһеп -6--4- -ес--4 -> 6-ев,0г0--4- «--4 => =e. Thus choose ô = e. 


|9х-7)-2|<е-> -е<3Х-9<е->9-е<3х<9-е-3-<<х<3--5. 
х—3<6 = –6<х–—3<6 = –6+3<х <6+3. 
Тһеп -6--3--3-<5 -> 6- 5,0г6--3--3--5 -> 6-- 5. Thus choose 6 = §. 


|Ух-5-2|«є =з —є<\/х-5—@<є=® 9—є4+/х—5 24е (онај ар је 
- (2—є)?+5<х< (2+є)?+5. 

Ix-9 <6 > -6<x-9<6 => –6+9 <х <6+9. 

Then —6 + 9 = € — 4e +9 => ô= 4e — e, or +9 = €e + 4e +9 => 6 = 4 + €. Thus choose 


the smaller distance, 6 = 4e — є?. 


|V4-x-2|«« аи 2—-є<\/4—х<2+є =» (2-6? <4-x< (2+6)? 
> —Q4gi«x-4A«-Q-! 2 Quei t4A«x«-Q- eo +4. 
[x —-0| «ó 2 -6<x<6. 


Then —ó — —(2-- e -4 2 —? —4e 2 6 = 4+ е, огб = —(2 — €)? + 4 = 4e — e. Thus choose 


the smaller distance, 6 = 4e — є?. 


For x #1,|х°—1|<є > —є<х?—1<є => 1—є<х°<1+є => ү1-є« «(1-6 


= \/1—є<х< \/1-+„єпеагх=1. 


Хх- | <6 -> -6<х-1<6->-6-1<х<6-:1. 


Then -6+1=VJl-—-e€ > 6 =1- 1-Е об + 1 = А/1+ Е = 6=,/1+€-—1. Choose 


6 = min {1 —-vVl-eJV/l+e- 1) that is, the smaller of the two distances. 


Forxz-2,x?-4|«e = -e<x?-4<€ 4—є<х°<4-+є 5 V4-€< |x| < \/4+є 


=> -/4+€<x< —\/4-enearz = —2. 


Ix —(—2)| <6 => -6<x4+2<6 => -6-2<x<6-2. 
Then -6 2— —/4- e > б=\/4+є—2,огб—2=—\/4—є = 6 = 2 – ү4-е. Сһоове 
6 =min{ /4+¢-2,2- V4— y 


1 
l+e 


1 
1-е” 








|2- | <є = -e«li-1«e2 1-e«l1«14e— 
Хх- | <6 > -6<x-1<6 => 1-6<х<1+65. 


<х< 























ux = У ша 076 m ud се, otal = хє 
Тһеп1- ô = гы => б=1— о = трр 1+6 = 1 => б= те - 1 15: 
Choose 6 = i the smaller of the two distances. 
1 1 1 1 1 1 1 1— 3e 1 1+ 3є 3 2 3 
|5-1«є--єс4-1«є-1-єс4«146- М «41528 - 5 >х > Тізе 





3 | 3 | 3 /_ 3 
> T+3e < |х| < T-3e° or ТУ Зе <х< 1—3c for x near 1/3. 
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45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 
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Step 2: x - УЗ] <6 = -6<х-у3<%- ү/3-6«х« 346 
Then /3-&— Утар = б=М/З— үз. ог/3+6 = үт. = б= үү – УЗ. 
Choose 6 — min [ /3 — Y tès / 3 – УЗ). 


Step 1: ($3) - e) <e > —є<(х—3)+6<є,х#—3 > —є<х+3<є=» —c—3«x«ce-3. 





Зер2: |х-(-3) <6 -> -6<x+3<6 => -6-3<x< 6-3. 
Then -ó6—3— —e—3 — ó—eoró—3—e—3 — 6-— e. Choose ô = є. 





Step 1: (zt) -2|«« => -е<(х--1)-2<еху1->1-е<х<1--е. 
Step2: [х-П<6 = -6 <х-1<6 = 1–6<х<1+8. 


Треп 1 —6=1-—e€ > 6=6€¢,orl+6=1+e => =e. Choose ô = є. 


Stpl: x< 1: |(44—2x)—2|<e 5 0 < 2 – 2х < є зіпсех < 1. Thus, 1— $ <x < 0; 
1 Кох Ау е 5 0 6бх— 6 єсєх Л ТН хе ЈЕ 
Step2: |x—-1| «6 => —-ó«x-1«6 2 1–6<х<1+8. 
Thenl-ô=1-5 = б=,ог1+б=1-+& => 6 = 5. Choose 6 = с. 
Step 1: x<0: |/2x—-0| <e = —e<2x<0 > —5<x<0; 
х> 0: [5 —0| <є => 0<x< 2e. 
Step2: |x—-0| «6 2 —-ó«x« 6. 


Then —-6 =—£ => 6— £,oró — 2e — 6 — 2e. Choose 6 — 


€ 
2 2 27 


By the figure, —x € x sin 1 < х for all x > O and —x > x sin : 2 xforx « 0. Since lim, (—x) = lim, х = 0, 
Х-» х > 


then by the sandwich theorem, in either case, lim, xsin t = 0. 
Х-э 


m 


By the figure, —x? € x? sin + < x° for all x except possibly at x = 0. Since lim, (—х?) = lim, x? — 0, then 
х x 


by the sandwich theorem, lim, x? sin i = 0. 
x 


As x approaches the value 0, the values of g(x) approach k. Thus for every number € > 0, there exists a 6 > 0 
such that 0 « [x — 0| « 6 — |g(x) — kJ « e. 


Write x = h + c. Then 0 < |x – с] <6<5-6<х-с<6б,хижсе-6 <(Һ--с)-с<6,һ--сжс 
e —ó«h«ó,hz0-eoc«c|h-0|« 6. 
Thus, limf(x) — L « for any e 7 0, there exists ó 7 0 such that |f(x) — L| « e whenever 0 « |x — c| < ô 


«€ |f(h -- c) — L| « e whenever 0 « |h — 0| « ó = lim f(h + c) =L. 


Let f(x) = x?. The function values do get closer to —1 as x approaches 0, but lim, f(x) = 0, not —1. The 
X 


function f(x) = x? never gets arbitrarily close to —1 for x near 0. 
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55: 


56. 


57. 


58. 
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Let f(x) = sin x, L = 1, and Xp = 0. There exists a value of x (namely, х = Е) for which |sin Х- 1| < € for any given 
c » 0. However, lim, sin x = 0, not 1. The wrong statement does not require x to be arbitrarily close to xg. As another 
х —> 


example, let g(x) = sin 1, L= І, and x; — 0. We can choose infinitely many values of x near 0 such that sin 1 = 1 а$ 


you can see from the accompanying figure. However, lim, sin 1 fails to exist. The wrong statement does not require all 
x 

values of x arbitrarily close to x9 = 0 to lie within € > 0 of L = 2. Again you can see from the figure that there are also 

infinitely many values of x near 0 such that sin 1 = 0. If we choose € < 1 we cannot satisfy the inequality 


| sin 1 = М < € for all values of x sufficiently near xj — 0. 





[A —9| € 0.01 -> -001 <т (С —9< 0.01 = 8.99 < m < 9.01 = + (8.99) <х2< 2 (9.01) 
=> 24/ 899 <x <2,/ 201 or 3.384 < x < 3.387. To be safe, the left endpoint was rounded up and the right 


endpoint was rounded down. 


У= К = ў =1 5 [1-5] < 0.1 = -0.1 < 8 —-5<0.1 = 4.9 < 1 <51> K> B2 = 
(120)(10) (120)(10) 
12000) << 42900 = 23.53 < К < 24.48. 


To be safe, the left endpoint was rounded up and the right endpoint was rounded down. 





(а) -6<x-1<05 1-6<x<1 = f(x) =x. Then |х) — 2| = |x -— 2) =2—x>2-—1=1. Thatis, 

fx) — 2) >1> j no matter how small 6 is taken when 1 —6<x<1 > lim, f(x) 2 2. 
х 

(6) 0<х-1<6 = 1<х<1+6 = х) = х +1. Тһеп |х) – 1 = |& + 1) — 1| = |x| = x > 1. That is, 

[f(x) — 1| > 1 no matter how small 6 is taken whenl <x<1+6 > lim, f(x) Z 1. 
х— 

(с) –6<х–—1<0 > 1–6 <х <1 = f(x) =x. Then |f(x) — 1.5] = |x—15)=1.5—-x>15-1=05. 
Also,O<x-1<6 > 1<x<1+4+6 > f(x)=x+ 1. Then |f(x) — 1.5| = | +4 1) — 1.5] = |x — 0.5] 
=х- 0.5 >1- 0.5 = 0.5. Thus, no matter how small 6 is taken, there exists a value of x such that 
—§ <x—1 <6 but|f(x) - L5| 2 } > lim f(x) 7 15. 

х— 


(а) For2<x<2+6 => h(x) 22 — [h(x) —4| =2. Thus fore < 2, |h(x) — 4| > e whenever2 < х < 2 + 6 по 
matter how small we choose 6 > 0 => lim, h(x) 4 4. 
х > 
(b) For2<x<2+6 => h(x) 22 = |х) —3| =1. Thus fore < 1, |h(x) — 3| > e whenever 2 < x < 2 + ô no 
matter how small we choose 6 > 0 => lim, h(x) 4 3. 
х— 





(с) For2— 6 « x « 2 => h(x) = x’ so |h(x) — 2| = |x? — 2|. No matter how small 6 > 0 is chosen, x? is close to 4 
when x is near 2 and to the left on the real line = |x? — 2| will be close to 2. Thus if e < 1, |h(x) — 2| > € 
whenever 2 — 6 < x < 2 no mater how small we choose 6 > 0 => lim, h(x) 4 2. 

Х-э 
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59. (a) For3—ó «x «3 — f(x) » 4.8 = |f(x) – 4| > 0.8. Thus fore < 0.8, |f(x) — 4| 7 e whenever 
3 —6 <x < 3 no matter how small we choose 6 > 0 = lim, f(x) Z 4. 
х— 


(b) For3<x<3+6 => f(x) « 3 => |f(x) — 4.8] > 1.8. Thus for € < 1.8, |f(x) — 4.8] > € whenever 3 <x <3+46 
no matter how small we choose 6 > 0 => lim, f(x) Z 4.8. 
х— 


(с) For3-6<x<3 = Кх) > 48 = [00 – 31 > 1.8. Again, fore < 1.8, |f(x) — 3| > « whenever 3-6 <x <3 
no matter how small we choose 6 > 0 => lim, f(x) Z 3. 
х— 


60. (a) No matter how small we choose 6 > 0, for x near —1 satisfying —1 — 6 < x < —1+ 6, the values of g(x) are 
near 1 => |g(x) — 2| is near 1. Then, for e = 4 we have |g(x) — 2| > 5 for some x satisfying 


-1-6<x<-1l+6,or0<|x+1)<6 => lim , g(x) # 2. 
х-- 
(b) Yes, lim 1 g(x) = 1 because from the graph we can find a 6 > 0 such that |g(x) — 1| < eif 0 < [x — (—1)| « 6. 
хә — 


61-66. Example CAS commands (values of del may vary for a specified eps): 


Maple: 
f := x -> (х^4-81)/(х-3);х0 := 3; 
plot( f(x), x=x0-1..x0+1, color=black, # (a) 
title="Section 2.3, #61(a)" ); 
L := limit( f(x), x=x0 ); # (b) 
epsilon := 0.2; # (с) 


plot( [f(x),L-epsilon,L+epsilon], x=x0-0.01..x0+0.01, 
color=black, linestyle=[1,3,3], title="Section 2.3, #61(c)" ); 
q := fsolve( abs( f(x)-L ) = epsilon, x=x0-1..x0+1); # (а) 
delta := abs(x0-q); 
plot( [f(x),L-epsilon,L+epsilon], x=x0-delta..x0+delta, color=black, title="Section 2.3, #61(d)" ); 
for eps in [0.1, 0.005, 0.001 | 49 # (е) 
q := fsolve( abs( f(x)-L ) = eps, x=x0-1..x0+1 ); 
delta := abs(x0-q); 
head := sprintf("Section 2.3, #61(e)\n epsilon = %5f, delta = %5f\n", eps, delta ); 
print(plot( [f(x),L-eps,L+eps], x=x0-delta..x0+delta, 
color=black, linestyle=[1,3,3], title=head )); 
end do: 
Mathematica (assigned function and values for x0, eps and del may vary): 
Clear[f, x] 
yl: = L — eps; y2: = L + eps; x0 = 1; 
f[x_]: = (x? — (7x + 1)Sqrt[x] + 5)/(x — 1) 
Plot[f[x], (x, x0 — 0.2, x0 + 0.2}] 
L: = Limit[f[x], x — x0] 
eps = 0.1; del = 0.2; 
Plot[{f[x], yl, y2},{x, xO — del, x0 + del}, PlotRange — {L — 2eps, L + 2eps}] 
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2.4 ONE-SIDED LIMITS 


1. (a) 
(e) 
(1) 


2. (а) 
(е) 
(i) 
3. (а) 
(b) 
(c) 
(d 


wm 


(b 
(c) 
(d) 


wm 


5. (а) 
(b 
(c) 


wm 


(b) 


8. (a) 





True (b) True (c) False 
True (f) True (g) False 
False (j) False (k) True 
True (b) False (c) False 
True (f) True (g) True 
True (j False (k) True 


na х) = 5+1 2, lim. f(x) =3-2=1 
No, lim. f(x) does not exist because lim f(x) Z lim f(x) 
x2 x Ot х — 27 
у — d 2 4 — 4 - 
„іт Қ) = лз. (шп у= 5+1=3 


Yes, lim. f(x) 23because3 — lim f(x)— lim f(x) 
х— 4 х— 47 x — 4+ 


x 20020: : 2 a 2 2 
а о 2=1, 2) =2 
Уез, Ша Кх) = 1 because 1 = lim f(x)= Ш f(x) 
х- 2 KE х- 28 
lim f(x)—23—(-1-—4, lim f(x)23-—(-1)—4 
x-1 х— –1+ 


Yes, lim f(x)— 4because4— lim f(x)= Ш К 
хә—1 x -1- Xo 


Section 2.4 One-Sided Limits 


(d) True 
(h) False 
(0) False 


(d) True 
(h) True 


No, lim „ f(x) does not exist since sin (i) does not approach any single value as x approaches 0 
ЈЕ = 


Пт х) = lim_0=0 
х э 0- х-» 07 


lim_ f(x) does not exist because lim | f(x) does not exist 
х—0 х— 0" 


Yes, ши, g(x) = 0 by the sandwich theorem since —\/х < р(х) < ух when x > 0 
x 


No, lim _ g(x) does not exist since 4/x is not defined for x « 0 
X >> 


№, lim, g(x) does not exist since lim g(x) does not exist 
A An 





(b) lim Қх)-1- lim f(x) 
х— 1" х— 17 
(c) Yes, lim, f(x) — 1 since the right-hand and left-hand 
х > 


limits exist and equal 1 


(D lim х) = 0 = Ш f(x) 
х э 1+ х 17 
(c) Yes, lim, f(x) = 0 since the right-hand and left-hand 
х 


limits exist and equal 0 
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10. 


11. 


13. 


14. 


15. 


16. 


17. 


18. 
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(a) domain: 0<x <2 Ү1-х2,0<х<1 
range: 0< y < landy =2 y Mile 22 
(b) im, f(x) exists for c belonging to 
(0,1) 0 (0,2) 
(с) х=2 
(d) х=0 


(a) domain: —oo « x « oo 
тапсе: -1<у<1 


(b) im, f(x) exists for c belonging to 
(—oo, -1)U (21, 1) U (1, 00) 

(c) none 

(d) none 





=41, х=0 


х, -1<х<0 ог 0<х<1 
-| 
0, х«-1огх»1 











х-2 —0.5+2 . 3/2 = : х-1 _ 1-1 _ Ж 
, m. үкі 50591 — M и = УЗ 12. um күз = үтү = VO=0 


“Ми, (24) (885) -(-24) (25555)-030)-1 

















«іш. (ен) (49 (2) - (ғы) 015) (73-03 0 0) =1 























lim VES М +4һ+5—\/5 _ lim (низу) (4 4h БЭЛ) 
h— 0+ _ ћ— 0 1 h? 
iis а 5 lim hh +4) 0+4 


= 2225 
TUE n(Vre+4h+5+V5)  в— 0" (ући +у5) VS+V5 — vs 


























1 У6--/5824-118--6 _ | то us) (5 V 5I2 + Пћ 3 
pm h E pa. h \/6 + \/ 52. + LIh - 6 
Ga 6 — (5h? + 11h +6) —h(5h 4- 11) _ —0+1) _ 11 


таң Уыт һанын 7/87 720 
































. + ys (х+2) = Е 
(а) , lim,, (x+3) SS = im, (5--3) єр (Ix + 2| = (x + 2) for x > —2) 
= lim &+3)=((-2+3)=1 

x — —2+ 
: [х+2| |. : —(x+2) 22 
(b lim (х43) = lim, (+3) | c (\x + 2| = —(x +2) for x < —2) 
= іт, (43 -D2-C243)-- 
@ lim, Seer” = im, Sees (5-1-а-18:х» 0 
= lim, М2х = /2 
х— 
(b) lim. = lim. Маа) ((х—1| = -(x — D forx « 1) 
— x 


= um. – У 2х = – V2 
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20. 


21. 


22; 


23. 


24. 


28) 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 
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I8], 2: 3: [0] — 2 
G) lim, B - i-i () іш 4-2 
() Іш (і-|Ц|)-4-4-0 (b lim (t-|t) 24-3-1 
— — 
lim 35728 — lim $=] where x = \/20 
0- 12: х- 0 E ( v2 ) 
lim. 32K — Jim. EXPE — Ц К —k lim. 85? —k.1—k (where 0 — kt) 
t50 t 1250 К 0-0 0-0 
: sin3y — 1 4: 3 sin3y __ 3 : sin3y _ 3 : 8ш0 __3 - 
yim, Goa m 3y 1 а 3y 3 гэ 9 2 (where 0 — 3y) 
1 — 1 152 Эһ ү. 1 1 4 жал есін Еее -1.1-і = 
nim- Sin3h — Qm. (3+ aan) =3 nim- E5 73 (ж т) 141554 (where 0 = 3һ) 
: tan2x _ 1; (2%) — di ѕіп 2х : 1 5 2sn2x| 1.9— 
im, К сқ um Xt or im, х с0$ 2х = im, cos 2x Jim, 2x =1-2= 
2t = i t = i tcost == 1 pe и - = - - = 
Jm ie =2 im, ыу =2 1ш, Чин = 2( И, сов) (тышт) 2-1-1 
: xesc2x _ 1: x 1 m 1 : 2х : 1 2111 € | 
Jim, cos 5x = im, (= 7 жала) эн (3 im, 25) (Jim, cos =) m (5 5 1) (1) 2-2 


lim. 6x?(cot x)(csc 2x) = lim 
х- 0 х 


lim 


x0 


6x? cosx __ li 
scc em | 
—›0 sinxsin2x х— 0 


m (3 cosx- 2-2) =3-1-1= 


sinx  sin2x 








X+XCOSX | ү; ( х X COS х у= Я (= ма ЕН ) ; x 
sin x cos x = im sin X COS X + sin X cos x = lim sinx cosx ЫН lim 





— E 1). 1: 1 . tya Е 
ub (à) im, (asx) + im, (+) (а) +1=2 


х 






































4 x-x-sinx _ 7 р sul 1 (sinx ey sl + = 
Jim, a (0 8-2 (зе 0-23-20)-0 
: l—cos@ _ |; (1—cos0)(1--cos0) _ |. 1—cos?6 _ 1; sin? 0 
1 sin20 — 001, (25іп 0 соѕ 0)(1 + соѕ0) | ДШ, (2віп 0 сов0)(1--сов0) | jm. (2sin 0 cos 0)(1 -- cos 0) 
— lim біп 0 — Она 0 
6 — Q0 (2со80)(1--сов0) (2)(2) 
х(1-совх ТЕ СОВЕ $ Ит (1=с%х) 1 

: = 5 : х(1-совх . : oo х 5 (0) 

lim 2 ma = lim про = lim ids m lim 25 z= Е о sin 3x )2 =F ул 0 
x0 x0 x20 % x0 CX) lim (5335) 

lim n9 — lim sin — 1 чтсе 0 — 1 —cost — Oast— O 
t0 —cost 0—0 0 

lim “S24 — lim $ =] since — sinh > Oash — 0 
h—0 sinh = 0 

‘ sin@ _ 1: sind |. 201 1l yp sinü | 20 ЈУ чији 
у, sin 20 — әп, (3525 35) — à nus (SE а) = lls; 

: sin5x _ j; sin5x | 4x ,5Y | 5 q sin5x |, 4x aW VT Wo 
um, ша т, (ae a) = a Jim, Пи те = ы 
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37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


Chapter 2 Limits and Continuity 


lim 0cos0 —0-.1-—0 
0-0 


сов20 __ 
sin 20 


os 20 cos20 _ 1 
Zinfo = нэ. ЇЇ соя 0-2 





== gim, sin 





lim sin cot20 = lim віп0 
0-0 0-0 




















; tan3x _ 1: sin3x |, 1 LU sm3x o. 15 8x 3 
Jim, sin 8x im, (22 3x sin 8) mn im, (= Зх sin8x 3x 2) 
= ЕУР ATS 1 sin 3x 8x ын Энес Б а Pie а 
pos g lim (55555) ( 3х ) (em) "8 1-1 1-4 
іш, Уер = lim, assy = im, (555) (33) (S2) (3537) 
у— 0 у— 0 y-0 
2 sin 3y sin 4y Sy cos 5y 3-4) — 1.1.1.1. 12 _ 12 
S ( 3y ) ( 4у ) (35 cos 4y (=) =1 1-1-1 422-710 
: (21: _ 4; sing 2 82088309 _ 1: ѕіп б sin 30 3 € 3 жз 
Жэ 02со130 7” E DE У“ ШЫ 02 соѕ  соѕ30 —— im, ( 0 )( 30 (тез) 174 (1)(1) (4) =3 








: ócot4dó — y QE inr A dis 9с0з40 51220 _ q; 060540 (2510 с050)? _ 4; 0cos40 (Asin 0cos^ 0) 
lim стау = Шт — 55 = lim асаду = Ш 7-12000:228:1:449- = „| "іп 0со 205110” 
9 — Q sin 0 cot^20 6 — 0 sin20 ох 20 9 — Q sin 0 cos?20 sin 46 д— 0 sin 6 cos?20 sin 40 90 sn 0 сов220 віп 40 
2 40 cos 40 cos? 0 cosdücos0 | __ 1 со840со820ү (1 112} 
m gm, cos220sindÜ ^. = jim 0 (с) ( cos220 ) ин jim, (== ) ( со8220 ) m (1) (44) =1 


Yes. If у ши f(x) =L= 2 lim f(x), then lim, f(x) = L. If : hme fx) Æ 1 lim f(x), then im, f(x) does not exist. 


Since im, f(x) = Lif and only if lim | f(x) = L and Е lim, _ f(x) = L, then im, f(x) can be found by calculating 
хәс = E 
lim, f(x). 


Х => ct 
If f is an odd function of x, then f(—x) = —f(x). Given im. f(x) = 3, then lim f(x) = — 
х— х 


If f is an even function of x, then f(—x) — f(x). Given lim f(x) 2 7 then oo. f(x) = 7. However, nothing 
X> х-- 


сап be said about lim, f(x) because we don't know hm. f(x). 
х— – х— 


І-(5,5--6) => 5 <х <5+6. Або,ух –5 Се => х-5< Е => х <5 +е2. Сћоове 6 = e? 


= im. М/х—5 == 


х 





1= (4— 5,4) = 4-6 <х < 4. АІѕо, М4 х<є=5 4-х < хь 4 e. Choose ô = e 


= lim М4—х=0. 
х— 


Asx — O` the number x is always negative. Thus, 





&-c се = | + 1| < Е — 0« e which is always 


true independent of the value of x. Hence we can choose any ó » 0 with -ó «x «0 — lim и = -1. 


X |х 


Since x — 2+ we have x > 2 and |x — 2| = x — 2. Then, 





— |х=2 
ES – = | - 1| ee 0 «e 
which is always true so long as x > 2. Hence we can choose any 6 > 0, and thus 2 < x < 2 + ô 


- 1 2 — 
= БОХ 2 | < e. Thus, mum к= = 1. 
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52. 


2.5 


10. 


11. 


12. 
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(a) ше, [|x| = 400. Just observe that if 400 < x < 401, then |x] = 400. Thus if we choose 6 = 1, we have for any 


х 


number e 7 0 that 400 « x « 400 4- é 2 ||х] — 400| = |400 — 400| = 0 < є. 
(b) lim. [x] — 399. Just observe that if 399 « x « 400 then |x| = 399. Thus if we choose 6 = 1, we have for any 
x 


number e > 0 that 400 — 6 < x < 400 => ||х] – 3991 = [399 — 399| = 0 < є. 


(с) Since lim , |x] Z lim _ |x] we conclude that lim |x| does not exist. 
x — 400* x — 4007 x — 400 





(a) im yc m. yx = 0-0, /x — 0 Се => -€<\/x<e > 0<x<€ forx positive. Choose 6 = е? 
х х 


= lim, f(x) = 0. 


(b) lim_ f(x) = lim. x? sin (2) = 0 by the sandwich theorem since —x? < x? sin (i) « x? for all x z 0. 
х х 
Since |х? — 0| 2 |-x? — 0| 2 x? « e whenever |x| < \/e, we choose 6 = \/e and obtain |x” sin (4) – 0| < є 
if —ó « x « 0. 


(c) The function f has limit O at xy — O since both the right-hand and left-hand limits exist and equal 0. 
CONTINUITY 
No, discontinuous at x — 2, not defined at x — 2 


No, discontinuous at x 2 3,1 — lim. g(x) Z g(3) = 1.5 
х 


Continuous on [—1, 3] 


No, discontinuous at x = 1, 1.5 = lim k(x) Æ im. k(x) = 0 
XU х — 


(a) Yes (b) Yes, мэ f(x) =0 
(c) Yes (d) Yes 

(a) Уез, 1) = 1 (b) Yes, lim, f(x) 22 
(c) No (d) No 

(a) No (b) No 


[-1, 0) U (0, 1) U (1, 2 U (2,3) 
f(2)—0,since lim. f(x) = —22)+4=0= lim f(x) 
x2 x—2* 
f(1) should be changed to 2 — lim, f(x) 
x > 


Nonremovable discontinuity at x — 1 because lim, f(x) fails to exist ( lim. f(x) = 1 and iu f(x) = 0). 
х A > X 


Removable discontinuity at x = 0 by assigning the number lim, f(x) = 0 to be the value of f(0) rather than f(0) = 1. 
х > 


Nonremovable discontinuity at x = | because lim, f(x) fails to exist ( lim f(x) = 2 and hm. f(x) = 1). 
х х х ә 


Removable discontinuity at x = 2 by assigning the number lim, f(x) — 1 to be the value of f(2) rather than f(2) = 2. 
х 
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13. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22; 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


Chapter 2 Limits and Continuity 


Discontinuous only when x – 2 = 0 = х= 2 14. Discontinuous only when (x + 2)? = 0 => х = –2 
Discontinuous only when x? —– 4х +3 = 0 = (х – 3)(х – 1) = 0 = х= Зогх = 1 

Discontinuous only when x? —3x-10=0 => (x—5)(x+2)=0 > х= 5 ох = –2 

Continuous everywhere. (|x — 1| + sin x defined for all x; limits exist and are equal to function values.) 
Continuous everywhere. (|x| + 1 4 0 for all x; limits exist and are equal to function values.) 

Discontinuous only at x = 0 


Discontinuous at odd integer multiples of 22 i.e., x = (2n — 1) 5, n an integer, but continuous at all other x. 


пл 


Discontinuous when 2x is an integer multiple of 7, i.e., 2x — nz, naninteger — x = 7, 


n an integer, but 
continuous at all other x. 
X TX 


Discontinuous when - is an odd integer multiple of 33 1.е., %- (2n — 1)2,naninteger > x = 2n—1,nan 


integer (i.e., x is an odd integer). Continuous everywhere else. 


Discontinuous at odd integer multiples of Z, i.e., x 2 (2n — 1) Z, nan integer, but continuous at all other x. 


Continuous everywhere since x'+1>land—-1<sinx<1 => 0<sin?x <1 => 1+ sin?x > 1; limits exist 
and are equal to the function values. 
3 


Discontinuous when 2x + 3 < Oorx < — 5 > continuous on the interval [ 


3 
=, 


оо). 
Discontinuous when 3x — 1 < д огх < 1 — continuous on the interval [5, со) : 


Continuous everywhere: (2x — 1)!/? is defined for all x; limits exist and are equal to function values. 


Continuous everywhere: (2 — x)!/? is defined for all x; limits exist and are equal to function values. 





Continuous everywhere since m, х=х= $ — lim &-36 12) = im, (х+2) =5 = g(3) 


Discontinuous at x = —2 since 4 lim Я f(x) does not exist while f(—2) = 4. 





lim. sin (x — sin x) — sin (7 — sin 7) = sin (7 — 0) — sin 7 = О, and function continuous at x — 7. 
im, sin (5 cos (tan t)) = sin (5 со$ (їап (0))) = sin € cos (0)) = sin (5) = 1, and function continuous at t = 0. 


lim, sec (y sec? y — tan? y – 1) = lim, sec (y sec? y — sec? y) = lim, sec ((y — D) sec? y) 2 sec((1 — 1) sec? 1) 
yc у. =>, Yt 


= sec 0 = 1, and function continuous at y = 1. 


im, tan (т cos (sin xu — tan (т cos (sin(0))] — tan € cos (0)) = tan (1) = |, and function continuous at x = 0. 
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43. 


44. 
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T. -—cos 7 = v2 and function continuous at t = 0. 


lim_ cos | ——+—— | = cos | —————] = cos 
t—0 V/19 — 3 sec 2t V/19 —3 sec 0 У16 4 2° 





ane ese? x + 54/3 tan х = "S (2) + 54/3 tan (2) -4/4- 54/3 (+) = V9 = 3, and function continuous at 
x=2 


6: 


g(x) = SSP = SOD = x 4+3,x 43 = g(3) = lim (3) 6 


h(t) = £33 = CKD = 145,172 = кој = іу (1+5) = 7 





—s$-1 (8 +51) (6-1) — 5281 р 2 +5+1\ 3 
f9 = et = Ganesh 7 wed (Abo f) = lim +1) = 5 

















2- 2.16 _ (x+4)(x-4) _ x44 ums qs +4\ _ 8 
ае аре ee ee) = in as 


As defined, lim _ f(x) = (3)? — 1 = 8 and im. (2a)(3) = 6a. For f(x) to be continuous we must have 
x x 


ба=8 > а= 4. 


As defined, lim, g(x) — —2 and пт, g(x) = b(—2)? = 4b. For g(x) to be continuous we must have 
Х-»- XE 


4b--2 2 b--i. 


As defined, lim. f(x) = 12 and ээ f(x) = а?(2) — 2a = 2a? — 2a. For f(x) to be continuous we must have 
х— х— 


12 = 2а? – 2а ~ а = Зога = –>2. 


As defined, lim_ g(x) = fap = è and lim g(x) = (0)? +b = b. For g(x) to be continuous we must have 
х = 07 шээг са! x > 0+ 


g =b => ђ=богђ= –2. 


As defined, lim _ f(x) = —2 and lim , f(x) = a(—1) + b = —a+b, and lim. f(x) — a(1) +b = a + b and 
X e х > — хә 


imn. f(x) = 3. For f(x) to be continuous we must have —2 = —a + b and a + b = 3 > a = 5 and b = 2. 
X 


As defined, lim _ g(x) = a(0) + 2b = 2b and lim, g(x) = (0)? + 3a — b = 3a — b, and 
x x> 
lim g(x) = OF + 3a — b = 4 + 3a — b and шп. g(x) = 3(2) — 5 = 1. For g(x) to be continuous we must 
х— х— 
have 2b = 3a — b and 4 + 3a — b = 1 > a = -$ andb — —3. 
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47. 


49. 


51. 


52. 


53. 


54. 


Chapter 2 Limits and Continuity 


The function can be extended: f(0) z 2.3. 48. The function cannot be extended to be continuous at 
x = 0. If f(0) z 2.3, it will be continuous from the 
right. Or if f(0) z —2.3, it will be continuous from the 
left. 





The function cannot be extended to be continuous 50. The function can be extended: f(0) e 7.39. 
at x — O0. If f(0) — 1, it will be continuous from 

the right. Or if f(0) = —1, it will be continuous 

from the left. 






f(x) 9 (1 + 2x) 





X 


-0.01 -0.005 0.01 





f(x) is continuous on [0, 1] and f(0) « 0, f(1) > 0 
— by the Intermediate Value Theorem f(x) takes 
on every value between f(0) and f(1) — the 
equation f(x) = 0 has at least one solution between 
x = Oandx = 1. 





cosx =x = (соѕ х) – х = 0. If x 2 — £, cos (- 2) – (– 7) > 0. Іх = 2, соѕ (1) – 1 < 0. Thus cosx- x = 0 


for some x between — 4 and according to the Intermediate Value Theorem, since the function cos x — x is continuous. 
2 2 


Let f(x) = xè — 15x + 1, which is continuous on [—4, 4]. Then f(—4) = —3, f(—1) = 15, f(1) = —13, and f(4) = 5. 
By the Intermediate Value Theorem, f(x) = 0 for some x in each of the intervals —4 < x < —1, —1 < x < 1, and 

1 <x <4. That is, x? — 15x + 1 = 0 has three solutions in [—4, 4]. Since a polynomial of degree 3 can have at most 3 
solutions, these are the only solutions. 


Without loss of generality, assume that a < b. Then F(x) = (x — a)? (x — b)? + x is continuous for all values of 


X, so it is continuous on the interval [a,b]. Moreover F(a) = a and F(b) = b. By the Intermediate Value 


Theorem, since a < ate < b, there is a number c between a and b such that F(x) = ast. 
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Answers may vary. Note that f is continuous for every value of x. 

(а) 0) = 10, f(1) = 1° — 8(1) + 10 = 3. Since 3 < m < 10, by the Intermediate Value Theorem, there exists a c 
so that 0 < c < 1 and f(c) = r. 

(b) f(0) = 10, f(—4) = (—4)} — 8(—4) -- 10 2 —22. Since —22 < -3 < 10, by the Intermediate Value 
Theorem, there exists a c so that —4 < c < 0 and f(c) = ES. 

(с) КО) = 10, f(1000) — (1000)? — 8(1000) 4- 10 = 999,992,010. Since 10 < 5,000,000 < 999,992,010, by the 
Intermediate Value Theorem, there exists a c so that 0 « c « 1000 and f(c) — 5,000,000. 


All five statements ask for the same information because of the intermediate value property of continuous functions. 
(a) A root of f(x) — x? — 3x — 1 is a point c where f(c) = 0. 
(b) The points where y — x? crosses y — 3x 4- 1 have the same y-coordinate, or y 2 x? 2 3x 4-1 

=> f(x) = x? —3x-1=0. 
(c) xi - 3x «1 — x? —3x— 1 — 0. The solutions to the equation are the roots of f(x) — x? — 3x — 1. 
(d) The points where y — x? — 3x crosses y — 1 have common y-coordinates, or y 2 x? - 3x — 1 

— fx)yx-3x-1-20. 
(e) The solutions of x? — 3x — 1 — O are those points where f(x) — x? — 3x — 1 has value 0. 


ши is discontinuous at x = 2 because it is not defined there. 


Answers may vary. For example, f(x) = 


However, the discontinuity can be removed because f has a limit (namely 1) asx — 2. 


Answers may vary. For example, g(x) = = has a discontinuity atx = —1 because lim i g(x) does not exist. 
хә — 


( lim. g(x)— —ooand lim 26) = +оо.) 
x -1- xo-1* 


(a) Suppose xo is rational = f(xo) — 1. Choose c = 1. For any 6 > 0 there is an irrational number x (actually 
infinitely many) in the interval (xo — 6,xo +6) = f(x) — 0. Then 0 « |x — xo| < 6 but |f(x) — f(xo)| 
= 15 i = Е, $0 , im, : f(x) fails to exist = fis discontinuous at xo rational. 
On the other hand, xp irrational = f(x ) = 0 and there is a rational number x in (xy — 6,xo + 6) => f(x) 
= 1. Again , im, : f(x) fails to exist = fis discontinuous at Xo irrational. That is, f is discontinuous at 


every point. 
(b) f is neither right-continuous nor left-continuous at any point xg because in every interval (xg — 6, xo) or 
(хо, хо + 6) there exist both rational and irrational real numbers. Thus neither limits 2 lim _ f(x) and 
> 
0 


lim, f(x) exist by the same arguments used in part (a). 
x: Xo 


Yes. Both f(x) = x and g(x) = x — 1 are continuous on [0, 1]. However 1х) is undefined at x = 1 since 


g (5) =0 = 1х) is discontinuous at x = 1. 


No. For instance, if f(x) = 0, g(x) = [x], then h(x) = 0([x]) = 0 is continuous at x = 0 and g(x) is not. 
Let f(x) = Sq and g(x) = x + 1. Both functions are continuous at x = 0. The composition f o g — f(g(x)) 
= 1 

^ (хХ+1)—1 
continuous at g(0), which is not the case here since g(0) = 1 and f is undefined at 1. 


= 1 is discontinuous at x = 0, since it is not defined there. Theorem 10 requires that f(x) be 


Yes, because of the Intermediate Value Theorem. If f(a) and f(b) did have different signs then f would have to 
equal zero at some point between a and b since f is continuous on [a, b]. 
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75. 
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Let f(x) be the new position of point x and let d(x) = f(x) — x. The displacement function d is negative if x is 
the left-hand point of the rubber band and positive if x is the right-hand point of the rubber band. By the 
Intermediate Value Theorem, d(x) = 0 for some point in between. That is, f(x) = x for some point x, which is 
then in its original position. 


If f(0) = 0 or f(1) = 1, we are done (i.e., c = 0 orc = 1 in those cases). Then let f(0) = a > 0 and f(1) =b < 1 
because 0 < f(x) < 1. Define g(x) = f(x) — x => gis continuous on [0, 1]. Moreover, g(0) — f(0) — 0 =a > 0 and 
gd) = fd) — 1 =b—1<0 = by the Intermediate Value Theorem there is a number c in (0, 1) such that 

g(c) 20 => f(c)—c=Oorf(c) =c. 


Let € = fol > 0. Since f is continuous at x = c there is a ô > 0 such that |x — c| < 6 => |f(x) — f(©)| < € 
=> f(c)— e < f(x) < f(c) + €. 

If f(c) > 0, then € = 5 f(c) > 5 Ко) « f(x) « 3 f(c) => f(x) > 0 on the interval (c — 6,c + ô). 

If f(c) < 0, then e 2 — 1 f(c) > 3 f(c) < f(x) < 1 Ке) = f(x) < 0 on the interval (c — 6,c + 6). 


у  f(c)+e 





By Exercises 52 in Section 2.3, we have lim f(x) 2L & lim f(c 4- h) 2 L. 
xc h—0 


Thus, f(x) is continuous at x = c €» lim, f(x) = Кс) > lim, f(c +h) = f(c). 


By Exercise 67, it suffices to show that im, sin(c + h) = sinc and im, cos(c + h) = cos с. 

Now lim sin(c +h) = lim, [(si h in h)] — (sin c) lim cos h) ( lim, sin n) 
ow lim sin(c 4- h) lim, [(sin c)(cos h) + (cos c)(sin h)] = (sin c) „5m соз + (cos c) Jim sin 

By Example 11 Section 2.2, lim cos h — 1 and lim sin h = 0. So im, sin(c + h) = sinc and thus f(x) = sin x is 

continuous at x = c. Similarly, 

im, cos(c + h) = lim, [(cos c)(cos h) — (sin c)(sin h)] = (соз с) ( tim cos h) — (sin c) ( lim sin h) — cos c. 


Thus, g(x) = cos x is continuous at x = c. 


x £ 1.8794, —1.5321, —0.3473 70. x z 1.4516, —0.8547, 0.4030 
x & 1.7549 72. x £2 1.5596 

x & 3.5156 74. х = —3.9058, 3.8392, 0.0667 
x & 0.7391 76. x © —1.8955, 0, 1.8955 
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2.6 LIMITS INVOLVING INFINITY; ASMYPTOTES OF GRAPHS 


1. 


Note: In these exercises we use the result lim = — 0 whenever 7 > 0. This result follows immediately from 
х>=о 


(1.) = lim (= ( lim ү и: 


Theorem 8 and the power rule in Theorem 1: lim 
Х-» d X — гоо 


3. 


10. 
11. 
12. 


13. 


(а) im, #09 = 0 (b) 5 
(с) 5 lim, f(x) 22 (d) : 
(е АНЫ dee ©, 
(g) im, f(x) — does not exist (1) е 
O , lim. f(x) = 0 

(a) im, f(x) = 2 (b) 5 
(с) lim_f@)=1 ОДИ 
(е) x ims f(x) = +оо (f) Ы 
(g) | lim , f(x) = +00 (h) 
@ lim Ка) = —oc Q 
(К lim, f(x) = 0 (i.c 


(a) —3 


(a) т 


(a) 


мін 


(a) § 


(a) 


ола 


х 


3 


lim 





@ „шь 


sin 2x 











2x+3 __ : 
5547 lim 


1 < 50980 2 
“а. 0 A 


2—t-sint 
t— oo ttcost 





r+sinr <= 1+ нь 
roo 2r-7—5sinr  r— oo 2-1-5(%м) r—oo 240-0 2 





1 








zoo 


Hm. f(x) = —2 
lim, f(x) = does not exist 
lim _ Е) = +оо 


шп, f(x) = 1 


Ши: f(x) = —3 

lim, f(x) = does not exist 
lim, (х) = +оо 
Вас f(x) = +00 

lim, f(x) = does not exist 


lim. f(x) 2 —1 


X X 








х —> гоо 


(5) -3 


(Ы) т 


(b) 


NIe 


(b i 


(b) — 


(b i 


х — оо 


к 





чә 


— —oo 


= lim МС) 0-1+0__| 





бсо, Ее T+0 


+E 


lim = lim 


Ї 
| по» 


жі-4 
| 





о 





(b) 2 


7 х-500 54 
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Win 


< : => „шп шэн = 0 by the Sandwich Theorem 


j ^ ,lim cos = 0 by the Sandwich Theorem 


(same process as part (a)) 
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: 2х3--7 pus : eS A 
14. (a) х ца, x3 — x2 х7 = QJ 1 18532 





(b) 2 (same process as part (a)) 


141 
15. (а) cin. iu = И ты = 0 (b) O (same process as part (a)) 














16. (а) , lim, 3:17 — lim 


2-0 (b) O (same process as part (a)) 





17. (a) х ца, —— = im, 7 К б = 7 (b) 7 (same process as part (a)) 


i 1 =. 
18. (а) , lim. х3 —4х+1 = , lim, 1= 


=0 (b) O (same process as part (a)) 


Ы. 


І 
a+ 33 


10х5 + хі +31 xtàtu 
19. (а) lim) = = lim + 
х со x x — o0 1 


=0 (b) O (same process as part (a)) 





20. (a) Іт м = Ш 
оо 


9 
х 2х4--552-х-6  х-500 242 
(5) 3 (same process as part (a)) 


2 3 
-2x3 -2+3 — jm “74 а__2 
21. (а) lim, зрэз зх = х ШЦ, 343-5 — 3 


(b) — 2 (same process as part (a)) 


: —x! = —1 — 
22. (a) х ца, Pose = , lim. = 1 
X 


(b) —1 (same process as part (a)) 


23. x lim. шо = x x = im, 





216 








1/3 1/3 

1/3 lod 101 

: х2 +х-1 2 И = ; I _ (1+0—0\!/3 _ (11/3 — 
24. Ци, (5855) =, іа) = (аа) = (4059) = 0)" 








1х3 5 Jx 3 Tox У 0+ 5 
1 — X — 1 x: -= 1 Хі — m= 
25. , lim, (15) = dmo meh = x lim, 1—7 = ($F) =% 


2-5 1-5 ыг. 
4 X* — JX 2 Ч х х = 4 х 
26. lim 4/35 — 1/1 хээ , lim. 1 Ет = / ps5 5 = cis 0 


























21. lim, Arun: = lim, (85) 49) =0 28. lim. Эд = lim n 














1 
к-к 1—х@/5)-а/3) t= (ahs) Ж 
29. у и, аа” х Шю о 1 х075)=073) — — , lim ы (3 =) =1 
хх s х-% 
30. lim 552 = lim * = 00 
хо х x x00 l-i 
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31. 


32. 


33. 


34. 


35. 


36. 


37. 


39. 


41. 


43. 


45. 


46. 


47. 


49. 


51. 


52. 


53. 
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1/15 T 7 

lim 25225541 — im ee TBR 20 

xn, жених Шо гда ала 
3 

: Ух-5Х+3 _ |. in CREE. 78$ 
х Ші 2х--х2/5-4 х limo 24 ds fe = ук 

DE iy _ ү УО +ОУУ _ ү VEU _ у1+0 _] 
х—оо Х+1 ^| x— oo (x - 1)/ x2 ^" x—0o (x4 10)/x x= co П+1/х) ^ (140) 

2 etl 5 ух? +1/ух? s V+ _ т: м1+1/х? _ у1+0 
lim i lim lim 4— rw = im a = Oo —1 
x= =o х+1_ хә (х+1)/\х? “Го, ДАН (х 1)/(-х) _ х->оо(—1—1/х) _ (1—0) = 
li х-3 | (х-3 “(х-3/ ух - (1-3/x _ (1-0) 





m ———— = lim im 4 ee, = lim SSP, = = 1 
Mo Jr х бо Маха 25 Маха + 257 ха бо y (4x2 +25)/x2 х-5004/4--25/Х2  ү/4-0 2 


li 4-3x3 li (4— 3х3) //хб (4— 3х3) /(-хз) _ lm (—4/х% +3) — (0+3) 3 


х 60 х5-9 = y бо Ма ој ке = шп V(x$--9)/x$ ^ x-—9o V1-9/x$ 1+0 









































i positive : “өл се Ж positive 
Ў И 3x =— 29 1-3 36. x lim – 2x 25 (ЕШЭ 
: po ue positive : 24,222 positive 
im ка 09 (ze) 40. un x-3 — 09 ( 23 

2X. nri negative 3x negative 
x lim gt х+8 9g ( em] 42. X lim. 2х410 — 225120 ЕС 
4 = positive хо negative 
im, «72 = (вое. 44. im 0 Sen = go pu 23 
5 28 (== 2). 3.27 
(a) : lim, зың = ОО (b. lim _ 3s — —00 
3 2 
a) lim 5 = © b um r со 
( ) х — 0+ х1/5 ( ) = 25 = 
lim 33 = lim. 4a =00 48. lim a5 = lim, —L5 — oo 
x0 X5 x0 (xis)? x0 X75 x0 (xs)? 
lm, tanx — oo 50. lim | secx — oo 
«0 Y 
lim (1 + csc 0) = — 
д — 07 
lim. (2— cot 0) 2 —ooand lim (2 — cot 0) — oo, so the limit does not exist 
0—0* 0 — 07 
f Li aa 1 2-5 
(а) x im х2-4 — x mm. (x-2)x-2) — 99 sss хав) 
. 1 1 20 
(5) x шин х2-4 77 x шин (x-2)x-2) оо ( n Lane) 
5 | 1 АС. 
(с) x иш. x2-4 — x dim; (x-2)x-2) — 99 (қалаша Lass) 
: Ll 1 m 
(4) X Im. х2-4 2 оше (x-2)0«-2) ~~ oo (қалтаға теріге) 
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54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


(а) 
(b) 
(c) 
(d) 


(a) 
(b) 
(c) 


(d) 


(a) 
(c) 
(d) 


(b) 
(с) 
(4) 
(е) 


(а) 
(b) 
(c) 
(d) 
(e) 


(a) 


(a) 


(a) 
(c) 


Chapter 2 Limits and Continuity 



















































































1 Ж mE = positive 
x mm. х2-1 2 i па (х+1)(х=1) 2 23 (tas 23 
у x ‚ x rent positive 
В lim. х2—1 — x lim. (x+1)(x-1) ~~ ОО (zs 203 
4 х : х = negative 
x ИШ. x2-] 2 x im. (x-D(x-1) — OR (Баланы. нт 203 
5 х Am a X 22. negative 
х т 217 x dim (х+1)(х—1) | оо (а з 
| 2 
lim <— ==0+ lim + = -o0 (= ) 
х 0+ 2 X X negative 
. х2 = . ША. 
В Ші. 2 x 0+ x lim. = ИО (==) 
: x? 17. 22/9 — 9-1/3 —1/3 — 
lim. $-I- - в =2 19-21 =O 
х > 1/2 
: Пи stl Yo. 3 
ош Sega e 
li x-1 .. positive (b) li A positive 
x m 2+ 2x+4 ex) positive 5 s X +4 — FOS negative 
: 2- : T D-1) 2-0 
lim 2=!= lim €$D&-D — 20 = 
ХОС 2х+4 х 1+ 2х+4 +4 0 
у 2-10 -1 
5 іт. 2х-4 4 
5 x*—3x+2 __ : (х—2)(х—1) __ ЙС negative-negative 
x шип, х3-02х2 000 x Га. х20х-2) = o ( positive-negative 
5 x?-3x+2 _ |: к—-2(х—1) _ y х—1_1 
B а mn xx) cu сн PATA 
: х2-3х--2 : (х—2)(х—1) _ y; —1_1 
х шин x3 — 2x2 x lim. x2(x — 2) x lim х2 = 4›Х # 2 
: х2-35-2 4: (x-2)x-1) _ +; хе 1] 
dim, “wear - m, "meo - lim, т 24х72 
: x2—3x42 ; (х — 2)(х — Dz E negative-negative 
Jim, x3 — 2x? Jim, x2(x — 2) oo positive-negative 
: x2-3x+2 _ 4: x-2x-1 _ ү (есу. „лу 1 
na 5-4 “О, li )e xx-2042 — шин xxc-23) — 24) — 8 
: х2-35-2 . $ (х—2)(х—1) __ : (x-1) _ negative 
i amo xi—4x ^. Е p х(х – 2)(х +2) 2 2 m х(х+2) . ( negative-positive 
: х2-35Х-2 _ -2ХХ-1) __ : (х- 1) negative 
x lim их“ == x lim 0- Ч -2(5-2) х lim xx-2) 2 oo ( negative-positive 
; 2 + — 2)(х — 1) : (х- 1) 0 
lim x*—3x+2 _ lim = lim = = 
х—1+ x3 — 4x x 31+ ES — 2)(х +2) х» 1+ Х+2) 1)(3) 0 
: х-1 22 negative 
x im х(х+2) 99 ( роѕійуе-роѕійуе ) 
-1 _ negative 
and x lim 0- хх +2) EON ( negative-positive ) 
so the function has no limit asx — 0. 
у ae) ae 0 
а 2 А] = = O ву [2– 8] = 
: 1 қа 1 — — 
lm, [gs +7] = оо (5) іт [ъ+7]=—оо 
lim |43+— ml =0 ђу Но | + — == = оо 
EET x2/3 (х 1)23 (b) x 0- [x8 (х 1)23 
. 1 2 = : Ea: 2 
x imn. E к m = 00 (d) 5 lim _ Е G- z| -- 09 
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> 1 1 Ж 5 1 1 нэ 
62. (а) lim, |z- z] = œ% &) lim. [3s gyz] = -o0 
‚ 1 1 == 5 1 1 = 
©) са Е v d =. (4) te Е = 221 ү 
63. у= = 64. у= = 








Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


78 


71. 


73. 


75. 


77. 


78. 


79. 


80. 


81. 


82. 








Chapter 2 Limits and Continuity 


Here is one possibility. 72. Here is one possibility. 


Here is one possibility. 


2 





Q5 ereEeeEEA ese ши 


Here is one possibility. 





y 


по) = 2, х#0 
|x| 





Yes. If, lim 4) — 2 then the ratio of the polynomials’ leading coefficients is 2, so , lim 1) — 2 as well. 








— 0o g(x) со 806) 
Yes, it can have a horizontal or oblique asymptote. 
At most | horizontal asymptote: If , lim. a = L, then the ratio of the polynomials' leading coefficients is L, so 
lim £9 = Las well. 
x--—oo 260 
1 : м 9+ үх+4 : х--9)-(х--4 
а! =й. = мэ [учы] = „шь базу 














= lim ———— = 
х— < үух-9-үх-4 = , lim, а /1 


„йт (Vx? +25 - Vx? =1) =, lim, т х2 Бин E-1] - tim, Cum en 











Ex 


201 26 
zB Và 254 Ух —1 zu. (ees 1+ 


5 ШЕШЕНЕ . х2 +3 —х : 
‚Ж (у#+3+х) = ‚ lim, [ve +3-+4] | ээ = ‚на ла 


= dimo = =, ша YE x = Шш 3 = тїт 
х2--3-х 1+5- 55 +5 +1 
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84. 


85. 


86. 


87. 


88. 


89. 


90. 


91. 


92. 


93. 
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i 4/42 ПА у М4Х2 + 3х — 2 2х— ERE 1 (4x2) — (4x? + 3x — 2) 
„dim, (2x+ TOS 2) x lim, [2x + yes 2] - | V4x2 43x —2 lim 2x — V/Ax? - 3x — 2 


х 





—3х +2 


—3х+2 2202. 
/ х2 3 x 











= lim ____-3Х%2 - lim — vý — jim = | a ЕЕ, 
x оо 2x 4х2 + 3x – 2 х оо Ve /4-3-3 ~~ x —¥ 00 a /4+3-3 ^ X -00 3. /4-3-3 
Er. ec 73 
о ЕД 
. \/9х2—х-+ 2 9x? — x) — (9x? 
lim (Vox? =x зх) = =, = im, [Vex! -x-sx| | Vases] - coup 10859 Oe) 
X — oo V 9x? — x -3x X— 00 2/9х2-х-3х 
x 
= lim ————— — lim —————— — lim —— ==! =l 
x— 00 \/9х2—х-+3х x — oo м.ж х 5 оо 9-143 3+ 6 























jim, загнан lim, Час Vx? = 2x] - [VEER =a = lim -e-a 


x — o0 х2 + 3x + y x? – 2х 
5 


за екы ТЕЕ 2x = ШЫ gis it - гіт = 3 
dim, TE En o uin, [Vere - verc] [R8 n] otim. ete 
1 











exe x00 үх2-х-үх2-х 


B 2 B 

cU, TEE T “АШЫ тыл ТТ 
For any € > 0, take N = 1. Then for all x > N we have that |f(x) — k| = |k — k| = 0 < є. 
For any € > 0, take N = 1. Then for all y < —N we have that |f(x) — k| = |k — k| = 0 < e. 


For every real number —B < 0, we must find a ô > 0 such that for all x, 0 < |x — 0| < ô => = < —B. Now, 
-5<-B<0 8 >В>0<х2<і =» К < 95: Choose ô = 7. , һеп0 < |х| < 6 = <> 


21 qu es 
> = < —В зо that lim, — 3 — 00. 


For every real number B > 0, we must find a 6 > 0 such that for all x,0 < |x — 0| « 6 — RI > B. Now, 


a > B> 0 |x| < g. Choose д = в . Then 0 < |x- 0| <6 => (| < $ > > B so that lim, у = оо. 
х 


For every real number —B < 0, we must find a 6 > 0 such that for all x, 0 < |x — 3| < ô => 5257 « —B. 


Now, 5 = acp -В<0%< ар ->В>0- 4-5 Зы 1-3) <2 в 0<#-3 <. Сһоове 


6 = 5, then0 « x - 3| « ó = < -B < 0 so that lim 
x x33 


асер =о—оо. 


For every real number B > 0, we must find a 6 > 0 such that for all x, 0 < |x —(—5)| <6 = 5537 > В. 


Now е ЦЭВ dur Choose 6 = 75. Then 0 < |x — (—5)| < 6 


со. 


=> Ix - 5| « 7s — «sg 7 Bsothat lim, бузу = 


(a) We say that f(x) approaches infinity as x approaches xo from the left, and write x lim _ f(x) = oo, if 
7? X9 


for every positive number B, there exists a corresponding number 6 > 0 such that for all x, 
Xo —-6 < XK < Xo => f(x) » B. 


(b) We say that f(x) approaches minus infinity as x approaches x; from the right, and write lim, Қо) - -оо, 
х Xj 


if for every positive number B (or negative number —B) there exists a corresponding number 6 > 0 such 
that for all x, xọ < x < Xo +6 > f(x) < -В. 
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(c) We say that f(x) approaches minus infinity as x approaches xo from the left, and write : lim _ f(x) = —оо, 
SNO 


if for every positive number B (or negative number —B) there exists a corresponding number 6 > 0 such 
that for all x, x9 —6 <x < x9 => f(x) < -В. 


мін 


94. ForB >0,ż>B>0 x<}. Choose 6 = ү. Треп 0 <х<б = 0<x< $ = 1 > B so that lim | 


х 


= ©. 


95. Ко В > 0,1 <-В<0 + —1>В>0 + -x< $ © —% <x. Choose 6 = р. Then —ô < x < 0 


=> 2—1 <х => т < —B so that lim 1 = —oo. 


х- 07 


96. ForB > 0, | < -B & -— >B $ (x 2)< ex 2> <> х>2-1. Сһоове6 - 2. Then 


2—6«x«2 2 -6<x-2<0 5 -1<х-2<0= 4, < -B< 0s that lim === = –00. 
х— 





97. ЕогВ > 0, >В = 0<х—2< 5. Сћоовеб = |. Твеп2 <х <2+6 > 0<x-2<6 3 0<x-2<} 
= =- >В> 0Озотћа lim | == = 00. 


Х-» 2 





98. For B > О0апа0 <х < 1, 15 > В = 1-x «i > 4 – ХИ +х) < 1. Now ын < lI since x < 1. Choose 


х2 
6 < 5. Теп1- 6 <х<1 = —-ó«x—-1«0 2 1-x«ó«d — ü1-xüc-x«i(h3)«i 
=> тег > for 0 <x < Land x near | => lim 


х- 17 





1 = 
age 7 оо. 








100. y 2 £*1— x E 1-4 





Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


Section 2.6 Limits Involving Infinity; Asymptotes of Graphs 81 


104. у= 81 =х+ 1 





х2 





105. y 2 — 












з 
! 
» 
па а аса еј 





107. y 2 x?? 4 4 108. у = эт (757) 





109. (a) y — oo (see accompanying graph) 
(b) y — oo (see accompanying graph) 





(c) cusps atx = + | (see accompanying graph) 


110. (а) у — O and acusp at x = 0 (see the accompanying 
graph) 
(b y 3 (see accompanying graph) 


(c) a vertical asymptote at x = 1 and contains the point 


(-, zn) (see accompanying graph) 
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CHAPTER 2 PRACTICE EXERCISES 


l. Atx——1: Іш (х) = lim Кх=1 

х--1- хә —1* 

=> lim | f(x) = 1 = f(-1) 
х-- 
= fis continuous atx = —1. 
Atx=0: lim_f(x)= lim f(x)—-0 — lim f(x) — O. 
х— 0 х— 07 х— 0 
But 0) = 1 ~ lim, f(x) 
Х-э 





=> fis discontinuous at x = 0. 
If we define f(0) = 0, then the discontinuity at x = 0 is 
removable. 
Atx=1: lim f(x)=-—land lim f(x)— 1 
хә 17 х 1+ 


= lim f(x) does not exist 
х- 1 


= fis discontinuous at x = 1. 


2. Мх=—1 Шт х) = Оаа lim | f(x) 2 — 
x2-l1 x -1* 


=> lm 1 f(x) does not exist 
х-- 


0, х<-1 
= fis discontinuous at x = —1. fi) 2 1 Mx, О 
0, х= 
Асх = 0: lim_ f(x) = —ooand lim, f(x) — oo |, хР1 1 
х— 07 х— 0" 


= lim, f(x) does not exist 
х > 
=> fis discontinuous at x = 0. 
Atx=1: lim_f(x)= lim f(x)—] — lim f(x)=1. 
х— 17 ХЭТ х- 1 
But КТ) = 0 = lim, f(x) 
Хх — 





= fis discontinuous at x = 1. 
If we define f(1) = 1, then the discontinuity at x = 1 is 
removable. 


3. (а) lim (30) = 3 lim f(t) = 3(—7) = -21 
1 2 
Jim (69) = ( tim. f(t)) =(-7)? =49 
— lo 
(c) (р (19-20) -(ї (0-р а0)-0-7)0)-0 
" ui | {шр 50) 


(b 


wm 


: t a БАТЫ эш. 

(9) п 200—7 lim(g)-7) — dim g(t) — lim7  0—7 — 1 

(e) lim cos(g(t)) = cos ( lim sW) =cos0= 1 
t— to t— to 

(D lim |f(t)| = | lim 10) E 
t— to t— to 

(g) lim (f(t) + g(t)) = lim f(t)+ lim g(t) 2 -74-0— —7 
t — to t — to t — to 


: 1 1 1 1 
€) im (dj) = пр = =-} 


4. (а) lim, —g(x) = — lim, g(x) = D 
(b) lim (gG)-f0)) — lim gG)- lim, £6) = (v2) ($) = 
(c) dim (fœ +g) = Jim, f(x) + lim, g(x) = 5 + V2 


i 212 p 2216 — 1 — 
(d) im, Hno] 2 


fS 
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10. 


11. 


12. 


13. 


14. 


15. 
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i =й ; к ЕЙ Л 
(е) lim. (x + f(x)) = im, x+ lim, х) =0+5 = 5 
иц focos fo а 
(f) lim хусовх __ D D 2 29 1 


кр т 7 din i 


Since lim, x — 0 we must have that Jim, (4 — g(x)) = 0. Otherwise, if lim, (4 — g(x)) is a finite positive 
X= x 


number, we would have lim 2 ES "E —oo and шй [=e] = œ so the limit could not equal 1 as 
х— х— 


x — 0. Similar reasoning holds if lim, (4 — g(x)) is a finite negative number. We conclude that lim, g(x) =4. 
х— х— 


m x m [x Jim, 209) B x m a x mm | im, 200) т x Шы |, 209) pm am 509 


(since lim g(x) is aconstant) > lim. g(x) = 2; — — 1. 
х— 0 х— 0 —4 2 


(а) lim f(x) — lim. x!/? = c!/? — f(c) for every real number c > f is continuous on (—oo, oc). 
х с Х- С 


(b) lim g(x) — lim. х3/4- 2 1 = g(c) for every nonnegative real number c => g is continuous on (0, оо). 
(c) Jim, h(x) = lim, x 7/3 = 3, = h(c) for every nonzero real number c = h is continuous on (—oo, 0) and (—oo, со). 
(d) lim, k(x) = Jim, x 1/6 — аљ = Қ(с) for every positive real number c = k is continuous on (0, оо) 









(a) U ((n — тт, (п + ES , where I = the set of all integers. 





(a) Jim, uu. - x im, AUG = = im i DS , X Z 2; the limit does not exist because 
,um ЈЕ == = со апа mm. Ee = —со 

(9) s To ias B ин, met ND B Qm sa 0 ОЧ n GFT т 9) = 

(а) Jim, 2588-2 = Jim, SO EXE B Jim, SEDED lim. Бае ‚ х 72 Оапах = —1. 
Now lim. PRED = co and lim, 8601) 5 = оо => im, CM — oo. 

(b) lim, и = lim prar =, im, алиды —1. The limit does not 
exist because E lim- 86-01) — —oo and > ий 86-01) = оо. 























Пето и “а 

тт, ЗЕ = Jim, илк = Jim, ste = 58 

im, ауа Jim, ешн уш: „im, (2x +h) = 2x 
Jim, a- Jim, с ее Jim, (2x +h) = 
zn x = am жазы Ж о TR rex 4 
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16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25: 


26. 


27. 


28. 


29. 
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(x3 + 6x? + 12x +8) —8 


























3 

lim. 2*9 -3 — jim = lim (х2 + 6х + 12) = 12 
x—0 х х--0 i x—0 ( S + ) 

28 88-10 6-1 (екы) (уы) |. C-D) oq Их! 
ыш лі, (т) | (/141)008-50841) 7 О урааа) = О мрежа 
AA A 
— ТЕГ > 3 

: ГО aq (х2 -4) (х3 +4) _ |. (x^ -4) (x54) | (х2/3 + 4x!5--16) (/x - 8) 
um, Мх-8 im Vx-8 H um, Ух-8 (/x +8) (x2/3 +. 4x1/34 16) 

— lim (x—64)(x13 -4)(/x-8) _ li («/3--4)(/х--8) (4-4)8-8) 8 
7 х->64 (х-64)(х2/3--4х1/3416) х— 64 х2/3--4х/3416  16+16+16 — 3 


Н (ап2х __ 1; sin2x , coszX _ |. sin 2x \ ( cos 7x TX JEN ит о fie ee 
Jim, tan 7X = Jim, cos2x sin 77x = lim ( 2x ) (5525) (15) (=) =1-1-1 пт 




















lim cscx — lim. —— — oo 
Х-»7Г X= 
m, sin ( + sin x) = sin (7 + ѕіп т) = sin (3) = 1 
m, cos? (x — tanx) — cos? (x — tan 7) = cos? (t) 2 (C1? 21 


lim Sak- ах 
sin X — X 
x0 





: 8 
ет 


. 2х — 1 —sin? : —451 2 —4(0)(1)? 
= lim, ate = а рау = ИШ, “шырт” = үүр =0 
х— 0 х— 0 i х-0 








lim сов2х—1 __ lim ( 21 E соз2х 51) 


sin x ш sin x cos 2x +1 
х— 0 х-0 





1/3 
lim [4 ires d 4 | => = lim 49(x) =8, since 2? = 8. Then li e 
К шг, | 200] ү Нш g(x) и g(x) since m g(x) 


на _—__=2 = lim (x4gx)-1 — V5-« lim_ gx)=4 > lim_ g(x) =4- V5 
LE , lim. Gorg — 2 V53F у=; „ји 9-3 v5 





li 3x? +1 


= оо => lim g(x) =Osince lim (3x?+1) =4 
х 1 g(x) х— 1 х--1 


5 5—х2 _ 1 T . . 59 = 
іт, лы =0 = Ша, 50 = © since lim, (5 х?) = 1 














Аїх=—1: ап х) = lim 5-1) 
е x> P 
ad! x(2-1) . : = 
= lim_ *— =_ lim_x=~-l,and 
х— –1 хә —1 
. Le qs xG2)-1) _ + х(х2-1) 
занш а 2-1] x CE 


= lim (—х) = -(-1)- 1. Since 
х--і 


lim. f(x) Z lim f(x) 
x -1 xo -1* 











=> lim i f(x) does not exist, the function f cannot be 
х-- 











extended to a continuous function at x = —1. 
EN . ИК . х(х2-1) . x(x2-1) . . Pam жа. 
Atx= 1: um. f(x) = lim. 2-1 = lim. == = lim ( X) — —1, and 
: А х(52-1) —q х(х2-1) _ + 2 Бодь : 
slim =m, ә ашп 2—1 ие 1. Again im, f(x) does not exist so f 


cannot be extended to a continuous function at x — 1 either. 
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30. The discontinuity at x = 0 of f(x) = sin (4) is nonremovable because lim, sin 1 does not exist. 
х y 


31. Yes, f does have a continuous extension to a = 1: у 


define f(1) = lim, im = 3. 
х х- ух 














х-і 
Тола ағ аі 
32. Yes, g does have a continuous extension to a = 5: 2 
8 
"TA AF 5cos0 __ 5 
5 (7) = a 10-27 а 
2 
255 
0 
33. From the graph we see that lim h(t) Æ lim, h(t) h(t) 
t= 07 t 


so h cannot be extended to a continuous function 
ata = 0. 


34. From the graph we see that lim _ k(x) Æ im 2 k(x) 
х— х— 


so k cannot be extended to a continuous function 
ata = 0. 





35. (a) f(—1) 2 —1andf(2) 2 5 — fhasaroot between —1 and 2 by the Intermediate Value Theorem. 
(b), (c) root is 1.32471795724 


36. (a) f(—2) 2 —2 and f(0) 2 2 — f has aroot between —2 and 0 by the Intermediate Value Theorem. 
(b), (c) root is —1.76929235424 


кю 
| 
Т 
| loo 


210 — 2 38. іт 223 — іт = 


: 2x+3 _ 4; 
37. lim — lim 510 = 5 х № т = ИП ур 


х — ообх +7 х — 005 














ре 
1 
N 
Ї 
| 
| 
~ 

















> 





iB 


5 х2-4х-8 07 
39. Ши. a Uy 


х-- 


mE 52 + 50) =0-0+0=0 
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1 
== х2 == 0 = 
40. im et Тх--1 = lim 1- 1-4 ^ 1-040 =0 
: x2—7x __ : х—7 __ _ +x : х+1 _ 
41. x Jim ,, x+1 eee ee 90 42. lim 125: 15 = x ныг. = 








43. , lim. snx < jim + = 0 since int x > oo asx > co > lim “2% = 0. 
= Фо [x] х5 оо] x= oo [x] 


44. im 955— « lim 5 =0 =, lim 9 8-1-0, 
0 — oo 0 — со 


-» 00 


45 „lim x+sinx+2/x _ lim ЕН _ 1+0+0 = 1 
хо X-Fsin x ^ xX 00 1+ Bx xev `~ 





1 2/34 х—1 : —5/3 ДЫ 
46. lim ————- — lim ~ i 


x — oo x2/3 + cos2x х — оо 1+ ж 
x» 




















































































































2. . 2 . . 
47. (a) y= 141 im, cH — —oo and DD I = + œ, thus x = 3 is a vertical asymptote. 
EERO 2 == js xi—x—2 .. 1 Хх 2 Љ >р : 
(b) y= 3-57 ЇЎ undefined at x = 1: и ЕЕ 08 апа m ZI 99, thus x = | is a vertical 
asymptote. 
— o x-x-6 ; : = -4-1| w4+x-6 _ ү х+3 _ 5. |: х2+х-6 _ р x+3 _ 
(с) y — $x-g is undefined at x — 2 and —4: im, Xy = jim, MD gm ees =. lim 1 = 00 
4 2 с; » E í y 
lim 5 x 5 = * 3 = —oo. Thus x = —4 is a vertical asymptote. 
x—-4* X *t2x- — –4+ Х+ 
йй ру ЙЕЗЕ „ш Е Л ы ied т Е А 
Ё Y — gir ok оо Х2+1 х cool+5 0 1 — X00 * +1 “x co 14+ 5 7 10 у= 
horizontal asymptote. 
4 
+4 . ух+4 : 1+ 1+0 : . 
(b) y= ух : lim “= = lim = = |, thus y = 1 is a horizontal asymptote 
4 2 : 
үух-4) х- 00 yx-4 x00 4142 1+0 
Мх? +4 : ух2-4 : 1+5 vit : х +4 1+5 : 1-2 
(с) y 2 ———: lim == = lim = =land _lim = lim | = lim х 
x х — оо х х оо 1 X -—oo X “эх ДУ, Ja x—-—o X 
1+5 
__ li xi __ 1-0 1 _ 
- m СТ er —], thus y — 1 and y — —1 are horizontal asymptotes 
9 9 
—/ +9. | х2 +9 . LEG o. wi . х2 +9 t2 По i 
(4) у= у отет limo az; — limo 4/ 5; l—Vy9x0—3 and. lim A/ aj —, lim, 4/5 шоо 0 — 3, 


thus y = i is a horizontal asymptote. 


CHAPTER 2 ADDITIONAL AND ADVANCED EXERCISES 





1. (a) х 0.1 0.01 0.001 0.0001 0.00001 
x* 0.7943 0.9550 0.9931 0.9991 0.9999 


Apparently, mn х=] 
х >> 
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(b) 


0.6 


0.2 


0.2 0.6 1 


(a) x 10 100 1000 
(5 үш) 0.3679 0.3679 0.3679 
Apparently, , lim. (ys = 0.3678 = 1 
(b) 


y 


1/(n x) 
10) - ( 3 


х 








1 1 у? _ ушм E qu 
“йл L= т 154/1 5 =16ү1- 85 =101-5 = 0 


The left-hand limit was needed because the function L is undefined if v > c (the rocket cannot move faster 
than the speed of light). 


@ | -1|«02 > -0.2 < XX -1«02 > 08< У°*<12 э 16< \/х<24 = 2.56 < х < 516. 


фу | -i1| «01 2 -01« X3 -1«01 5 09« X «11 9 18« Хх < 22 = 324 « x « 484. 


|10 + (t — 70) x 10-4 — 10| < 0.0005 => |(t — 70) x 107*| « 0.0005 — —0.0005 « (t — 70) x 1074 < 0.0005 
=> —5<{—70<5 => 65?«t« 75? — Within 5? F. 


We want to know in what interval to hold values of h to make V satisfy the inequality 

[V — 1000] = |36zh — 1000| < 10. To find out, we solve the inequality: 

|Зблћ — 1000| < 10 2 —10 < 36h — 1000 < 10 = 990 < Зблһ < 1010 = 550 <h< ue 

=> 8.8 € h € 8.9. where 8.8 was rounded up, to be safe, and 8.9 was rounded down, to be safe. 

The interval in which we should hold h is about 8.9 — 8.8 — 0.1 cm wide (1 mm). With stripes 1 mm wide, we can expect 


to measure a liter of water with an accuracy of 196, which is more than enough accuracy for cooking. 


Show lim, f(x) = lim, (x? – 7) = –6 = 1). 
х х 
ер 1: |(х?— 7) +6] <е => -є«х)-1є-»1-є«х <l+e > ү/1-є«х«4/146 
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10. 


11. 


- 


12. 


Chapter 2 Limits and Continuity 


Step2: |x-1]<6 2 -6<x-1<6 => -641<x<6+41. 


Then белу отео ке Choose 6 — min [1 — V1- e, YT +e — 1}, then 


0«|x— 1| « 6 2 |(x? — 7) — 6| « e and lim, f(x) 2 —6. By the continuity test, f(x) is continuous at x — 1. 
х— 


. а . 1 => <-а 1 
Show i g(x) = оо x = 2=8 (1) : 


чер1: | –—2| Се = –е< ф –2 Се => 2—6< 4 <8%6 => 1 >х> гь. 

Step2: |[r- 1] «6 9 -6<х-1<6 => –6+1 <х <6+1. 

Then Có + = > б=1- ду = до, 016 +1 = д2 = бе. 

Choose 6 = arg the smaller of the two values. Then 0 « Ix- i| <6 => |5. – 2] Se ane иш х =. 
4 


. . . . m 1 
By the continuity test, g(x) is continuous at x = 1. 


Show lim, h(x) — lim, vV2x-3-21- h(2). 

х > х 
Step 1: |V2x-3 - 1| «« =» -6< ү2х-3-1<є 1—-e« y2x-3«l-ce coe ee хаа. 
Step2: |x - 2] «6 => 6 <х-2< 60-6 +2 <х < 6+2. 


— еў - е)2 —(1— e 2 
Then —6 + 2 = 4-9 +3 -> 6-2 а ийн il a © = є 8 015 +2 = «Өз 





= є +4 = . Choose 6 = € — e the smaller of the two values. Then, 


= б= 5 





(1+92+3 2 — (1+6)2-1 
2 = 2 


0<|x-2)<é6 => ЇЕ: —3— 1 < €, SO lim, y 2x — 3 = 1. By the continuity test, h(x) is continuous at x = 2. 
x 


Show lim, F(x) = lim, V9-x=2=F(5). 
x х 
Step 1: |У9-х-2| Зе обо (рээ (24-88 
Step2: 0< |x-—S| <6 > -6<x-5<6 S –6+5 <х <8 +5. 
Then 6 +5 = 9 – (2+6) = 6 = +2 -4=Е +96, рб +5 =9- (2 — 0)? => 6=4- (2 -— = Е — 2. 
Choose 6 = €? — 2e, the smaller of the two values. Then, 0 « x —5| < 6 = | -Х- 2| < €, SO 


lim, V 9 — x — 2. By the continuity test, F(x) is continuous at x — 5. 
> 


Suppose L; and Ls are two different limits. Without loss of generality assume Lə > Lı. Let € = + (Lo — L4). 
Since lim. f(x) = L, there is a 6; > 0 such that 0 < |x — x9] < 6; => |f) - Li| «e — –е < 100) – 14 < 6 
> — 1 (La — Li) - L4 € f(x) < 105 —Li)-«L; — 4L, — L» « 3f(x) < 2L; + Ly. Likewise, х f(x) 2 Ls 
so there is a 6» such that 0 € |x ^ xo| « 6 => |09 — То] Се = —-e«f()-Lo «e 

— —i(L;-L)-cL;«f()« $(L; Li) +15 = 215 +1 < 3х) < 412 – 11 

= ш – 415 < —3f(x) < – 2 — Ly. If 6 = min {6, 6)} both inequalities must hold for 0 < |x — xo| < ô: 


Ay a St OL а 
Lı — 4L < —3f(x) < —2L — L 


a contradiction. 


| => 5(L; —Ly) < 90 < L, —Ly. That is, Lj — Lo « Oand L4 — L» » 0, 
1 


Suppose lim f(x) = L. If k = 0, then lim, kf(x) = lim 0 =0=0- lim, f(x) and we are done. 
Х— с Х— С Х— с х ә с 


If k # 0, then given any € > 0, there is a ô > 0 so that 0 < |x — c| < ê > |f(x) – 11 < у = |К) - L| « e 


> |k(f(x) — L)| < € > |(kf(x)) — (KL)| < e. Thus, lim, kf(x) = kL = k( Jim, (о). 
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14. 


15. 


16. 


17. 
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(a) Sincex => 0,0 <x? <x <1 > (x -x)= 0 => lim f(x? -x)= lim_ f(y) = B where y — x! — x. 
х=» уар 


(5) Sincex > 07,-1<x <x? <0 2 (x9-x) — 0! 


wm 


1 з = 1 == == Ji. 
> im. f(x? — x) um. f(y) = A where y = x’ — x. 





х-0 


(c) Sincex > 0t,0 <xf <x? <1 => (x? - xt) > 0t => lim f(?^ -x) — lim, f(y) = A where y = x? — x’. 
у => 


(d Зшсех — 07,—1<х<0 > 0 <х <х2 <1 = (хг—х) — 07 = lim , f(x? — x) = A as in part (c). 
x 


(a) True, because if Jim, (f(x) + g(x)) exists then lim (f(x) + g(x)) — lim f(x) — lim, [(f(x) + g(x)) — f(x)] 


х--а х--а х--а 
== im, g(x) exists, contrary to assumption. 


(b) False; for example take f(x) = 1 and g(x) = — 1, Then neither lim, f(x) nor lim, g(x) exists, but 
x х 

Jim, (f(x) + g(x)) = Jim, (1-1) Jim, 0 = 0 exists. 
(c) True, because g(x) = |x| is continuous => g(f(x)) = |f(x)| is continuous (it is the composite of continuous 

functions). 

—1,х<0 Sa ais | : 

(d) False; for example let f(x) = 55220 => f(x) is discontinuous at x = 0. However |f(x)| = 1 is 

continuous at x = 0. 

: — k 2-10-06 (x-Dx-1  — = 

Show lim f(x) — lim, Sup = im, mI 25 m 2,х 5—1. 


х2-1 го 
xa X#—1 . We now prove the limit of f(x) asx — —1 


Define the continuous extension of f(x) as F(x) = | { 
у А ин 
exists and has the correct value. 


+ 1)(х — 


Step 1: ez —(—2)| <є > -e < аа 0 +2<е > —є< (х—1)+2<є,х#—1 > -e-1l<x<e-l. 





х+ 1 





бер 2: |x- (-D| «6 2 -6<x4+1<6 => -6-1<x<6-1. 
Then —6 —-1=-e-1 => 6=c¢,0r6-—1l=e-1 => 6=€. Choose 6 =e. Then0 < |x — (—1)| < 6 











= x A — ( -2) Се = lim Я F(x) = —2. Since the conditions of the continuity test are met by F(x), then f(x) has a 
хә — 
continuous extension to F(x) atx = —1. 
: EE x2-2x-3 _ ү (кх —3)(х+1) __ 
Show lim, g(x) = Jim, зо = Jim, “эсу = 2,x z 3. 





=3 x43 


Define the continuous extension of g(x) as G(x) = | 2 2х—6 às We now prove the limit of g(x) as 
‚х= 


x — 3 exists and has the correct value. 


(х — 3)(х +1) 


: D coa +1 
Step 1: EXE) 2] <е => —e < ag y c 4€ e EP ESO в ЗЕ ОВЕ, 








Step2: [x -3| «6 => -6<x-3<6 => 3-6<x<64+3. 
Then, 3 — ô = 3 — 2€ > 6=2¢,0r6 +3=3+42€ > 6 = 2c. Choose 6 = 2e. Then 0 < |х – 31 < 6 


х2-2х-3 : (х — 3)(х +1) 
ORG -2| <Е = Jim E «MIO 


=> 3 2-9 


= 2. Since the conditions of the continuity test hold for G(x), 





g(x) can be continuously extended to G(x) at x = 3. 


(a) Let e > 0 be given. If x is rational, then f(x) 2 x => |f(x) — 0| = |x —0| <e © |[х- 0] < €; i.e., choose 
6 =e. Then |x —0| <6 => |f(x) — 0| « e for x rational. If x is irrational, then f(x) = 0 => |х) – 0| < є 
< 0 « e which is true no matter how close irrational x is to 0, so again we can choose 6 = є. In either case, 
given e » Othereisaó — € > 0 such that 0 < |x — 0| < 6 2 |f(x) — 0| « e. Therefore, f is continuous at 
х = 0. 

(b) Choose x = c > 0. Then within any interval (c — 6,c + ô) there are both rational and irrational numbers. 


If c is rational, pick c — 5. No matter how small we choose 6 > 0 there is an irrational number x in 


(c—6,c+6) => |f(x) — f(c)| = |0-—c| =c > § =e. That is, f is not continuous at any rational c > 0. On 
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18. (а) 


(b 


(c 


wm 


хи 


Chapter 2 Limits and Continuity 


the other hand, suppose c is irrational = f(c) = 0. Again pick e — 5. No matter how small we choose 6 > 0 
there is a rational number x in (c — 6,c + ô) with |x — c| <  =€ & £ <x < &. Then |f(x) — Кој = |x — 0] 
= |х| > 5 = є = fis not continuous at any irrational c > 0. 

Ifx =c < 0, repeat the argument picking € = Е = >. Therefore f fails to be continuous at any 


nonzero value x = c. 


Let c = т be a rational number in [0, 1] reduced to lowest terms = f(c) = 1, Pick € = x. No matter how 
small 6 > 0 is taken, there is an irrational number x in the interval (c — 6,c + 6) = |f(x) — f(c)| — 10 - 1| 
== i > i =e. Therefore f is discontinuous at x = c, a rational number. 

Now suppose c is an irrational number = f(c) = 0. Let e > 0 be given. Notice that i is the only rational 
number reduced to lowest terms with denominator 2 and belonging to [0, 1]; i and 2 the only rationals with 
denominator 3 belonging to [0, 1]; 1 апа 3 with denominator 4 in [0, 1]; i 2, 3 апа 5 with denominator 5 in 
[0, 1]; etc. In general, choose N so that M < Е => there exist only finitely many rationals in [0, 1] having 
denominator < N, say r1, 12, ... , rj. Letó — min(|c — r|: i — 1... , p). Then the interval (c — 6,c + ô) 
contains no rational numbers with denominator € N. Thus, 0 < |x — e| « 6 2 |[f(x) — f(c)| 2 |f(x) — 0 
= #09] < $ < € = fis continuous at x = c irrational. 

The graph looks like the markings on a typical ruler y 

when the points (x, f(x)) on the graph of f(x) are 
connected to the x-axis with vertical lines. 


0.8 
0.6 
0.4 
0.2 
x 
0 0.2 0.4 0.6 0.8 1 
yore 1/п Их = m/n isa rational number in lowest terms 
710 if x is irrational 


19. Yes. Let R be the radius of the equator (earth) and suppose at a fixed instant of time we label noon as the 


20. 


Zero point, 0, on the equator = 0 4- 7R represents the midnight point (at the same exact time). Suppose x 


is a point on the equator “just after" noon = x; + 7R is simultaneously “just after" midnight. It seems 


reasonable that the temperature T at a point just after noon is hotter than it would be at the diametrically 


opposite point just after midnight: That is, T(x1) — T(x; + 7R) > 0. At exactly the same moment in time 


pick x» to be a point just before midnight = хә + 7R is just before noon. Then T(x2) — T(x2 + 7R) < 0. 


Assuming the temperature function T is continuous along the equator (which is reasonable), the Intermediate 


Value Theorem says there is a point c between 0 (noon) and 7R (simultaneously midnight) such that 
T(c) — T(c + 7R) = 0; i.e., there is always a pair of antipodal points on the earth's equator where the 


temperatures are the same. 


Jim, fo) = lim, 1 (о) + 269)" – (#09 — 69] — 1 [(aim, (t0 вк) — (lim, (foo — 209) | 


х-эс4 хс 


= 02-000) =2 
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ух — fim +утжа | (==) (2275) 
21. (а) Atx = 0: im, r, (a) lim, == се аша, ое 
1—(1+а) E 1 


ш 3(:1:4/1:54): Ac EO 2 
1-0-а) zd 


= — 1: 1 = 1 —— a ey эн == 
АИ ани А. 


а е" Аа 34: | (ze) 
(b Atx—0: lim г. (а) = т 21138 — lim. (=A= — 


200 200 EA ar 
тне л ^ qa ео о 











a 


1—(1+а) : A 








: . . . . нэ . 231 "m : 
denominator is always negative); | ши r_(a) = a limy SEU оо (because the denominator 
is always positive). Therefore, lim, r_(a) does not exist. 

a 
— ty 1 22 у =1-у1+а | : -1 25 
Ах = 1: „ШИ. т ns а тыйа, WIE 
(c) 
r (a) 
2 r_(a) = 21-3134 
Graph not to scale 
(d) 


f(x) f(x) 


a=0.05 


-1 





-50 
1) = ах +2х-1 





Рх) = ах? + 2х – 1 


22. Кх) = х +2 соѕх = {0) = 0 + 2 со 0 =2 > Oand f(—7) = —7 +2 cos(—7) = —7 — 2 < 0. Since f(x) is 
continuous on [—7, 0], by the Intermediate Value Theorem, f(x) must take on every value between [—7 — 2, 2]. 


Thus there is some number c in [—7, 0] such that f(c) — 0; i.e., c is a solution to x + 2 cos x = 0. 


23. (a) The function f is bounded on D if f(x) > M and f(x) < N for all x in D. This means M < f(x) < N for all x 
in D. Choose B to be max (|M| , |N|) . Then |f(x)| € B. On the other hand, if |f(x)| € B, then 
—B € f(x) € B ^ f(x) » —B and f(x) € B — f(x) is bounded on D with N = B an upper bound and 
М = —B a lower bound. 


(b) Assume f(x) < N for all x and that L > N. Lete = Ez. Since im, f(x) = L there is a 6 > 0 such that 


wm 


2 
0«|x—-xo «6 2 |f) -L| «e & Гр— ес бо ср -е е [— 58 < 100 < 1 0 
= ын « f(x) « MIN. ButL >N = LEN > N = N < f(x) contrary to the boundedness assumption 
f(x) < N. This contradiction proves L < N. 
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24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


Chapter 2 Limits and Continuity 


(c) Assume M < f(x) for all x and that L < M. Let e = MIL. As in part (b), 0 < |x — хо| < 6 






































= Ї- MIL < f(x) << L+ MIL > IM « f(x) « MIL « M, a contradiction. 
(a Ifa» b,thena-b 20 — |a-b| 2a—b = max {a,b} = += + вы = Ру ава а =а. 
Ifa <b, thena—b<0 > [a-b| - -(a-b) —b—a — max(a b) — 8£b 4. EzH — ath  b-a 
22225. 
=F =b. 
. 4 b a—b 
(b) Let min {a,b} — 222 — ES |. 
lin: = sin(1 — cos x) — din Бай зов) .l-cosx, l+cosx = lim BHL eos) . lim 1—соз?х =1- lim $12 х 
xcu x x0 1-совх x 1+cos x x0 1-совх х — 0 Х(1--совх) x — Q X(14 cos x) 
= sin x sinx -- Oy 
по Jim "T. ` I+cosx 1. (5) = 0. 
: sinx .. 5 sinx , Ух ох + 1 . 1: —1.0.0— 
lim lim ao lim , 7; lim yx=1 0-0=0. 


x — 0+ sin yx ды. x > 0+ т sin \/x 





х— 0" (>£) х— 0" 


sin(sin x) sin(sin x) | sinx 








lim = lim = = lim 9563 , jim зе —1.1=1, 

х 0 х 0 sın X X х— 0 sin x X -— 0 X 

. Біп(х24-ху 1: sin(x? +x) — p sin(x? +x) ; ег 2 
== B UE Werde RU rte SHE Ted 

: sin(x? — 4 : sin(x? — 4 : sin(x? —4 : 
ши = lim - 2! (x 2) = lim #659 Ат (х+2)=1-4=4 

$ зїп(ү/х — 3) 24 sin(/x — 3) J 1 vh. Ж sin(/x — 3) | 1 Ееее ји HE 
JU зз ТЫЫ узи Ойы ы ШО шин 
Since the highest power of x in the numerator is | more than the highest power of x in the denominator, there is an oblique 


asymptote. y = ae = 2х — ven thus the oblique asymptote is y — 2x. 








Asx > +o, 1 — 0 sin(1) — 0 = 1+ sin(4) — 1, thus as x > + oo, y =x +xsin(+) — x(1- sin(1)) X 


X 


thus the oblique asymptote is y = x. 


Азх — +o, x? +1 — x? 5 yx? +1 — \/х2; азх — —oo, V x2 2 —x, andas x — +o, vx? = x; thus the 
oblique asymptotes are y = x and y = —x. 








Asx > +оо, х+2 эх = Vx? 4 2x = /х(х+2) — уха; as x + —00, Vx? = —x, апа as x > + оо, үх? = х; 


asymptotes are y = x and y = —x. 
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CHAPTER 3 DIFFERENTIATION 


3.1 TANGENTS AND THE DERIVATIVE AT A POINT 
1. Pi: mı = 1, Po: то = 5 2. 


3. Py: mı 


| 
Nin 
Аз 
Da 
8 
| 
| 


4-(-1--Һ/|-(4-(-1)) 
һ 


25 AP —(1—2h+h?)+1 
ћ—0 h 


at(-1,3: y 234 2(x — (—1)) => у= 2х + 5, 
tangent line 


5. m — lim 
һ—0 


h2—h) ^5. 
а 


^ 


= lim 
һ—0 


(] + ћ— 12 1] – [а – 12 +] __ + h2 
ПЕРА ит um h 
= jim, = 0; аг (1,1): у= 1+0(х – 1) = у= 1, 


tangent line 


6. m= lim 
һ—0 





7: m= Ші, кее lim 2/1-Һһ-2 2у1+ћ+2 
— 


һ->0 2/1+h+2 
= lim __40%954 = jim ——2— =1; 
ћ—0 2в (Мт+в+1) hoo Vith+1 


at (1,2): y =2+1(x— 1) => y =x + l, tangent line 














1 1 
— lim ©+ Єй? dug CIW? 
ahs got Е Е juni MC Ege 


_ -(-28412) 1. 2-8 0. 
= h(-1- hy? аг стар = 2 


аё (—1, 1): у=1+ 2х — (-1)) => y=2x+3, 
tangent line 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


Chapter 3 Differentiation 


: -24 hy - (-2 | = E 
m= lim с C2* рур —$+12%5—-62+9+8 у | 
һ—0 h0 у=12х+16 у=х 
= ы (12 — 6h +h?) = 12; 





аё (—2, —8): у = —8 + 12(x —(-2)) => y = 12x + 16, 
tangent line 











(-2,-8) ¢ -8- 
condi c 8—(-24- hj А 
= (2+) => — 1 Жык АТ enl SU 
n h = dim, moris it Vv 
ЕТ — (12 — 682 +13) 1. 12—6h +h? 2, -1/8 5 
= om —Bh-2 ths 7 aun 8(—2 + hy? ы, 
Е ВЕ 
— 8-8 — 16 
уе 3 
аг (2,1): у= – 1 ф(х – (–2)) 
= у= – б Х- 1, tangent line 
m= lim tbls — gg б+ї+)-5_ цо, ВЮ д, 
h—0 һ h—0 h в-0 № | 


at (2,5): y —5 = 4(х — 2), tangent line 








E 20-02 : —2—4h— 2h? : x 
m= lim ee fu? (unes t m)l L qug C339 „а 
ћ—0 ћ— 0 ћ—0 
at (1,—1): y + 1 = —3(x — 1), tangent line 
3th _3 
LB Grp-2 22041) G+h)-3h+) _ |. -h _ _». 
= шин h = I ве = dun. haa D 2; 
at (3,3): y — 3 = —2(x — 3), tangent line 
біш” 8—2Q +h)? 8 —2(44+4h+h?) 2h(4 +h) 8 
т см 244; = == = E = = 28: 
mne Num dem ЫШ, heth — ыш 0 во+ — АШ hope АЕ 0 


at (2,2): y —2 = —2(x — 2) 


$ 3 5 2 зу | 2 
A= Gin ау -8 — lim @+їв+б +ь)-8% _ lim AQ? + Gh h) — 19; 
— 0 ћ— 0 ћ— 0 


at (2,8): y — 8 = 12(t — 2), tangent line 


3 32 $ 24 3 = р 2 
me im ++ +4 _ Tim ОЗЬ ЯЗ НЕ 330) 4 рр бе) — 6; 
h—0 h—0 h—0 
at (1,4): y —4 = 6(t — 1), tangent line 











m= lim = = lim Ehe? y 9 032 — Jug с Ч И в 1. 
h—0 ћ—0 Мї+һ+2  һ—0 n(/4+h+2) h—0 h(/4-+h+2) V442 


= }; at (4,2): y — 2 = 1 (х — 4), tangent line 

















n= liin VEIDI? = Jim у?+ї=3з. уөэ+һ+үз — їр 20404-9 - її 2-8 02 
h—0 h—0 V9*h*3  n—0 n(vV9xhe3) h—0 n(v9xh«3) 
= 2013 -а((8,3: у-3- Е — 8), tangent line 
ЙЕ . = 2) _ : x 
Аїх=—1,у=5 > m= lim HP = Jim 5(1-2818)-5 _ lim ŽC — _10, доре 
ћ—0 ћ— 0 ћ—0 
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21. 


22. 


23. 


24. 


25; 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


Section 3.1 Tangents and the Derivative at a Point 95 


(1 —4 —4h —h?) +3 





= 21-- а 4 2 
Аїх=2,у=—3 > m= lim Lewi o lim h = lim 4t _4, slope 
һ—0 ћ— 0 ћ— 0 
1 б 5 1535 2—(2+h) h 1 
= = — 1; +012 __ | € D = = 
һ-1 
: В — (1) . «ћ— ++) ; 2h 
E Бо =~ h41 = и 25 
Аїх=0,у=—1 = m = lim, = lim hh D = lim ESN = 2, slope 


2 — 1) — (x2 e 
At a horizontal tangent the slopem =0 > 0=m= im. es) 
> 


(x? + 2xh +h? +4x + 4h — 1) — (x?+4x—1) 


: 2xh +h? + 4h 
4 — lim Охан 48) 
h 


—0 





= lim = lim (2х + +4) = 2х + 4; 
ћ—0 ћ— 0 





2x+4=0 => x= —2. Then f(—2) = 4 — 8 — 1 = —5 => (–2,—5) 18 Ће point on the graph where there is a 
horizontal tangent. 


[0х + 0) – 3(х + )] – (х3 – 3х) __ |: (x? + 3x2h + 3xh? + h? — 3x — 3h) – (х? – 3x) 
ми и вто h 

= іш, 3x h- 3x EB Эв = lim, (3x? + 3xh + h? — 3) = 3x? — 3; 3x? -3 =0 > x=—lorx=1. Then 
f(—1) = 2 and f(1) = —2 — (—1,2) and (1, —2) are the points on the graph where a horizontal tangent exists. 





0=m= lim 
һ—0 


(х—1)—(х+һ—1) _ 























1 1 
= — 1; «rhb-1 х-і 1: : —h 2-5 1 
cp Е = h "E үші; ha-1)(x+h-1) -. ms hx-Dxc-h-D  — (x-1? 
= (- 1 =1 = x?-2x «0 — xx-2)-0 5 х= Оогх = 2. Ех = 0, епу = —1 andm= —1 
=> у=—1–—(х– 0) = –(х +1). Ех = 2, фепу = Тадт=—]1 > у=1—(х—2)=—(х—3). 
RR Мх+һ-\/х ү. vxth-Vx  Vxthtyx _ | (+h) —x 
сын цан элэг 9) 
= „ш, era vi = 2 Thus, 1 22 х/х 2 х=4 y = 2. The tangent line is 
у=2+1(х-4=%+1. 
: f(2+h)-f2) 4; (100—4.92--h?)—(100—4.92) _ y; —4.9 (4+ 4h +h?) + 4.9(4) 
Baca lee eer 224... 
= am, (—19.6 — 4.9h) = —19.6. The minus sign indicates the object is falling downward at a speed of 19.6 m/sec. 
іш f£0*9-f10 . jig 30+ WE — 300% _ Jim CAH 60 ft/sec. 
ћ—0 ћ— 0 ћ— 0 
: f{3+h)-f3) ү: TB +h) -TBR 1: т9--68-42-09| | ч. 2 
im, шинж илийн Ши р = Ши ———.— = ып 71(6 4- h) 2 67 





| +h) — ; 51 (2 + ћ)3 – 57 (2) ; чт [126 - 682 + 53 . 
нш EWA jim FOD IO L jim HEREA] L jim 4 [12 + 6h + h?] = 16m 
ћ—0 ћ—0 


һ— 0 һ— 0 


(m(xo +h) +b)—(mxo+b) _ ү: mh 
° (xo +h) — xo : = jim, ET 





At (xo, mxo + b) the slope of the tangent line is im, = lim, m=m. 


The equation of the tangent line is y — (mxo + b) = m(x — xo) => y = mx + b. 











xd 2-/4+h 
= iim, Е-АЗ 





КЕ? Hi 3 2/AFh 
Ах = 4,у = J, = 3 andm= lim yr ы Е тт 
> — v tT 





























— lim |224 .2+v4+h| _ lim 4- (4+h) im -h 
һ-0 | 2ҺУ4-Һһ 24441 h—0 2h/4+h(2+ у) h— 0 2h/4+h(2+ /4+h) 
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33. 


34. 


35. 


36. 


37. 


38. 


39. 


Chapter 3 Differentiation 


1 1 


= lim 


-1 
һ-0 2/4+h(2+ V4+h) = 2/2: /2) 16 





2 ст (1 
fO+W-fO — jim Ё чое lim h sin (1) = 0 = yes, f(x) does have a tangent at 


Slope at origin = lim 
P ё ћ—0 ћ ћ—0 ћ ћ—0 


the origin with slope 0. 





lim 048)-80). Jim hsm G) = lim. sin 1. Since lim sin ! does not exist, f(x) has no tangent at 
h0 1 hoo P hoo P hoo. P 





the origin. 
lim Кон ко) = lim == = оо, апа lim for – КО) — lim 1-0 = oo. Therefore, 
ћ— 07 ћ— 07 ћ— 07 ћ— 07 
li K0-c-h)—f(0 _ h h of fh ical h sare 
Ё ш ~p =œ > yes, the graph o as a vertical tangent at the origin. 
lim DOED EUO = lim o= = со, ааа lim UD - UO — ]im Ld — 0 = no, the graph of f 
ћ— 07 ћ— 07 ћ— 0+ h— 0* 


does not have a vertical tangent at (0, 1) because the limit does not exist. 


(a) The graph appears to have a cusp at x = 0. 


(0,0) 





. = . 2/5 — . . . . . 
(b) , lim. WEDO = іш. о = вв = —с0 and [їшї бт = оо => limit does not exist 
s => => J — У 


— the graph of y — x?/? does not have a vertical tangent at x = 0. 


(a) The graph appears to have a cusp at x = 0. 








b) lim O- lim 12-0- р 
(b) -» 07 Е ћ— 07 H ћ— 


=> y = x“ does not have a vertical tangent at x = 0. 


= —oo and lim us — oo — limit does not exist 


— 0+ 


1 
0- М? 


(a) The graph appears to have a vertical tangent at x = 0. 


b 
(0,0) у= 


(b) lim Еи = lim = lim 55 =% > y= x!/? has a vertical tangent at x = 0. 
ћ—0 ћ B 


— 0 
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40. (a) The graph appears to have a vertical tangent at x = 0. 





b) lim 1059-40). үру #5 xis 
Oh att h һ-0 № һ-0 1 





41. (a) The graph appears to have a cusp at x = 0. 





: £0 +h) — £0) : 4h2/5 — 2h : 4 : 4 
b lim = = Ш == | 35 ~2—=-—ooand lim, 55 – 2 = оо 
( ) Bo- h h> 0- h h> 0- 13/5 в 0+ 63/5 
— limit does not exist = the graph of y = 4x?/? — 2x does not have a vertical tangent at x = 0. 


42. (a) The graph appears to have a cusp at x = 0. 


у =х58– 528 
(0,0) 





(2.0,-4.76) 


(b) im. UFITO E m, € = lim 12/3 — 5, =0- im, == does not exist => the graph of 
— > — : => / 


у = х5/3 — 5х?/5 доез пої һауе a vertical tangent at x = 0. 


43. (a) The graph appears to have a vertical tangent at x — 1 
and a cusp at x = 0. 





1 2/3 aqu. : 2/3 11/3 _ 
= 


ћ— 0 
-> у-х2/3--(х- 1)/3 һава уегіса! (апсепі at x — 1; 
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f0--h)-f0) үр 62/3 — (в- 13 — (-1)53 . 1 (h-1)/3 , | 
2-2 1 шт шп c cH mE im [gs - Е ti 


h> 0 Jm, agis 
does not exist > y= x?/? — (x — 1)"/3 does not have a vertical tangent at x = 0. 


x—0: lim 
ћ— 0 


44. (a) The graph appears to have vertical tangents at x = 0 and 
х = 1. 





yea 10 


: Ry : 1/3 151/3 тууз 
(5) х= 0: im, корк = lim. шивнэлээ = со => y 2 xi^ E (x — 1! hasa 
— = 


vertical tangent at x = 0; 
2 +h)— Y 1/3 _— 1)1/3 _ 
х = 1: lim МЮ — lim (ED tara ps! = бо => у=х!/3 + (х — 1)!/ has a 
һ—0 һ—0 
vertical tangent at x = 1. 





45. (a) The graph appears to have a vertical tangent at x = 0. 














(b) lim, 89*9-:9 — jig Å= = fim L = о; 
ћ— 0" x 3 OF һ--0 vh 
lim (49-4) lim H ұр M- lim =o 
h — 0- h — 0- в>0- -Ш  n—0- vh 


= y has a vertical tangent at x = 0. 


46. (a) The graph appears to have a cusp at x = 4. 





(b) lim f&£9»-89 — jy у#-@+0-0_ и vh. pm = o; 
h В h Ув 








—0+ һ > 0+ h h— 0+ h 0+ 
lim D-O- рр VEEP jim УМ на — = –оо 
ћ— 07 h > 07 h—0- -hl ho vil 


= у = 4 — x does not have a vertical tangent at x = 4. 


47-50. Example CAS commands: 


Maple: 
f :=x -> x43 + 2*x;x0 := 0; 
plot( f(x), x=x0-1/2..x0+3, color=black, # part (a) 
title="Section 3.1, #47(a)" ); 
а := unapply( (f(xO--h)-f(x0))/h, h ); # part (b) 
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Section 3.2 The Derivative as a Function 


L := limit( q(h), h=0 ); # part (c) 

sec_lines := seq( f(x0)+q(h)*(x-x0), h=1..3 ); # part (d) 

tan line := f(x0) + L*(x-x0); 

plot( [f(x),tan line,sec lines], x=x0-1/2..x0+3, color=black, 
linestyle=[1,2,5,6,7], title="Section 3.1, #47(d)", 
legend=["y=f(x)","Tangent line at x=0","Secant line (h=1)", 

"Secant line (h=2)","Secant line (h23)"] ); 
Mathematica: (function and value for x0 may change) 

Clear[f, m, x, h] 

х0 = p; 

f[x_]: = Cos[x] + 4Sin[2x] 

Plot[f[x], {x, x0 — 1,x0 + 3}] 

dq[h_]: = (f[xO+h] — f[x0])/h 

m = Limit[dq[h],h — 0] 

ytan: = f[x0] + m(x — x0) 

yl: = f[x0] + dq[1](x — x0) 

y2: = f[x0] + dq[2](x — x0) 

y3: = f[x0] + dq[3](x — x0) 

Plot[{f[x], ytan, yl, y2, y3}, {x, x0 — 1,x0+ 3}] 


3.2 THE DERIVATIVE AS A FUNCTION 


1. Step 1: f(x) 2 4 — x? and f(x +h) = 4— (x +h)? 
Кх-ћ) — #09) __ [4—(х +ћ)2] – (4—х2) __ (4—х2—2хћ—ћ2)—4-4+х2 __ _2хћ—ћ2 __ ћО—-2х —ћ) 
h E h = = 


Step 2: г = Б h 





--2Х-1 
Step3: f'(x)— Jim, (—2x — h) = —2x; f'(—3) = 6, f’(0) = 0, f’/(1) = —2 


2. F(x) =(x— 1)? + Land Fx +h) =(x +h 1)? +1 > FG) = lim, ыы 








2 24 Ln | 2 | 2 Bax 2 
== ап (x? + 2xh + h* — 2x — 2h +) (х^—2х+1+1) _ lim квне 2 — lim (2x +h — 2) 
ћ— 0 ћ— 0 ћ—0 


= 2(х — 1); Е(—1) = —4,Е'(0) = -2, F2) 22 


3. Stepl: #(0 = 5 апа (+ В) = qu 








i 7 (55589) 
Step 2: gt-h)-g(0 . «52 2  Vt-522/ — 2—(2+2%+52) _ —om-mp 
P =: h = h = h = (eehECh C Cth? eh 
. h-2t-h — -2t-h 








^ (t-h?ÜÓh — (t+h)? 2 


Stp3: g(0— lim cus -sg-uwigCD-2gQ--ig (v3) =- 





2(z +h) 22 
h 


Ж 6356 : : (Ix 2 154) 
4. kz) = > andk(Z +h) = В = k'(z) — р 


— 1; (1—–2—1)2—(1—202+ћ) __ | 7 —72 —тћ—7—ћ+22 +гћ ү —h — 1; —1 
=> Hm 2(z- h)zh — Im. 2 + hyzh > ЫП, зс — ihm. 2+ hz 


= sk(-)=-3,K) =-4 (v2) Sat 


5. Stepl: p(@) = \/30 and p(6 +h) = \/3(0 + h) 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


100 Chapter 3 Differentiation 





кй _ 3048) - v3 _ (v39v3h- 30) (узэн) (30+ 3h) — 
































































































































Step 2: - 
P h h ( 30-4 3h узе) h (/30+3h+ V30) 
3h B 3 
h (V30 +3h+ Уз) ~ B0 3h + v30 
> / 3 3 Аў T s у Е = о а 232 35. 
Бер 3: р(0) - jim, V304+3h4/30 — Зе + \/30 za P z7 PC) ЭР (3) 2/2 
6. r(s) 2 2s + l andr(s +h) = /2( -h) H1 — r(s)— lim, узьлн-увы 
= йы (V2s+h+1- V2s+1) | (2:52:12557:12) _ jim +++ 
һ->0 h ( 2s-2hd-14- 2s +1) h— 0 n (2s +2h+1+4 2s 1) 
— тј. ______- 2 ____ _- - 2 = 2 _ 2 
=й, ь ( 28+2Һ+1+ 2s +1) ur Мао ИВЕ МУ ИВЕ 2251 
1 1 
= 91:00 = 1, кан г (5) = 
$ 3 _ 3 i 3 2 2 Зүс 3 
7. y = f(x) = 2x3 and f(x + h) = X(x +h} > 2 = im, Path - 2E. = lim, ФЕ ЗЕ За йі + эһ? үн) At 
: : 2 
E im, ath буд ги = im, h (6x? вала 23 im, (6x? + 6xh + 2h?) = 6x? 
= d ((s +h)? -2(s +h)? +3) — (s? -2s +3) у. 4 +3s?h+3sh? +h? — 2s? — 4sh-h? +3- s? +282 -3 
8. r= — 29243 = а = Кн Т = „Шш, E 
emi nut . — h(3s?-F3sh--h? — 4s—h ; 
= jim зул зай сүг тавыг E ПРОВЕО = lim (3s? + 3sh + h? — 4s — h) = 3s? — 
һ—0 ћ—0 ћ— 0 
seri. 2 (а) (ан) 
== = t t $ 5 
9. s — r(t) — 41 and r(t - h) — XC > «= = jim, a > 
(рођ) 
— lim (2t+2h+ D2t+1 = Jim (t+ h)(2t+ 1) — t(2t+ 2h+ 1) 
E es h За FFD h 
— үм 2ё+ї+2м+һ—2@—2мМ—1_ | һ Шо 1 
E (t+ 2h+ D@t+ Dh sim. Qtr2h 4 DOCE Dh = „ш. QUE2h4- DOCE D 
B 1 Aere 
ООО (01-13 
1 h(t+h)t—t+(t+h) 
10, # = tim 2 29:51 :0-9. үр ыы, ра CT) 
"d ћ—о В h—0 h ћ—0 E 
011 he+h’t+h _ y e+ht+1 _ P41 _ 1 
m СЕ = jim, (-ht — 8 — 1+5 
П. р= #9 = т and fq +h) = r > F= lim лент) (ан) 
РЕ тт 4 Уатт «а һ 


Ч+1—\/@+ҺЬ+1 
4-8-1./4-1 lim vatli- /qrhcT 
^ h—0 h =e 0 h/qth+1/qtl1 
= (Jati-Vath+l) | (Yatl+Vath4 
һ-0 һу/ағһғ1/4ғ1  (үу4414444-8-1 
Er —h =Z 
= ШЇ, ћуа ОВИ Jun. НЕН татуу 
-1 


— Vari Jat (Ane = з9+0 +1 











ах НД (440-(44841) 
) hoo клы чы ке 






































12. dz . lim (x i) = lim V3w—-2-/3w+3h—2 





























dw 4-30 h ^ h—0 h/3w-3h-24/3w -2 
27 (у/зк-2-/3к--38-2) | (У3ч-2--/Зч“3һ-2) | us (5% — 2) — аав) 
h—>0 h/3w+3h—-2V3w-2 (Уз»- + /3w+3h—2) — id i 2 V3w - 2 (V3w— ЖЕГЕНГЕ 2) 
= im 3 = - 
0 V3w+3h—2/3w 2 (/3» 2+ /3w+3h 2) V3w=2 V3w 2 ( ты 3«-2) 





x S EE 
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(к+®)+ ко | – |х + 2 
13. Ка) = х + $ ава Кх +) = (х + 1) + gip => КО = | втв] +] 





h 
_ хоћу +9х — хок +ћ) — 9 +) __ ха + 2х2ћ + xh? + 9x x? x?h - 9x -9h — x?h p xh? — 9h 
= x(x 4- h)h x(x + h)h 70 xx h)h 


—_ h(x?+xh—9) _ x24+xh—9. 7 2 х2--хһ-9 2-9 _ 
=A aa ыты ea 9а 


14. k(x) = 5, and k(x + h) = 


1 1 
1 / 211 К(х+һ) – К(х) _ ү; mm 2? ғы) 
24 +h) => К(х)- п, Tc c lim A 


h ћ—0 h 
(2+x)—-(2+x+h) _ ү -һ 21 -1 Ыя 
= а у их mm h(2+x\2+x+h) — Ыш 2+x2+x+h) = Qr? > 


=% 


15. d lim (t+h}-(t+h]- 6- _ ЇНН (8 -- 32h + 3th? + h8) — (t + 2th +h?) — 8 + 

















t ho h ^ h—0 : 
: 2 24 p3_ 2 à 2 2 —2(— 
= lim htm +h ahn? L Jim везати ав) — im, (32 + 3th + h? — 2t — h) 
ћ— 0 ћ— 0 
— 242 _ It — ds = 
= 3 —2tm=¢ -175 
(кВ) +3 хаз (к+Еһ-+3)(1 —х) —(х-+-3)(1 —х—һ) 
ду _ |; 1-(х48) 1—х _ 1; (1-x—h)ü-x) iz x--h-4-3-—x?- xh 3x - x — 3 4- x? 6 Зх 4- xh - 3h 
ин, n(l=x—hy(1 =x) 


4h он 4 — _4_.Чу my e. 
= jim, a В-х) = Шт ü-x-Bü-x  ü-g^d. , (04779 















































17. f(x) — Fog and fx +h)= TA = fa +h)— fi) vesci уйш 
8 (Ух-2- Ух+в-2) | (/х-2-/х48-2) | Six —2)—(x+h—2)] 
hy/x+h—2/x-2 (Vx=2+ x-h-2) | h/x-ch-2 V x-2( x-24 хи 2) 
a a] xi aer mener ЕТТЕРІ 
- у ат сз) = <p i = f'(6) = 14 — -i the equation of the tangent 


line at (6,4) is y — 4 = – 1(х – 6) = у= –1х+3+4 = у= –іх +7. 








ОКТ (1-у4-ағһ)-(1-/4-2) | | (V4-z-h- V4-1) (Va-z-h« 4-2) 
а so - he h (ату) 





а 20 -h oH -1 -1 


m һ(У4 -2-һ- 4-2) =й, һ(У4 »—һ+\/4 2) =, (М4 »—һ-+\/4 2) = acit 
т = 2'(3) = uet --і = the equation of the tangent line at (3, 2) is w — 2 = -1(2-3) 








2 wr 7 
--м--і2-2-2-м--12- 2. 


19. s = f(t) = 1 — 3t and f(t + h) = 1 — 3(t + h)? = 1 — 3t? — 6th — 3h? > a = Jim КЕЕШ ҖӘ 


(1—30 6 – ЗҺ2) – (1—30) _ y; _ ds = 
| = lim, (—6t— 3h) = —6t > #1 =6 


= lim 
һ—0 























1 1 
ду 1: f(x +h) — f(x) (17 25) - (1-1) 
20. y= f(x) =1— Land f(x +h)=1- zj > slim T = іш А ы у 
1 1 
201 x xh р һр зс dy = 
= jim, E jim, xx-Lhh — jim, XR) — x2- 7X ^g Er d 
22229 
2 Ф« р кд+ћ)— 0) __ |. 2-0-һ /4-0 
21. г= 60) = Jaze and КОВ) = TIE qj — m, h = im E 


— lim 2V4z9-2y43-9-h _ рыр 2Va4-6-2y4-0-h. (2У4- -2/4-0-һ) 
h—0 h/4—-8V4—6—h h—0 h/4-0/4-0-h (2У4- +2 4-6-Һ) 
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22. 


23. 


24. 


25; 


26. 


27. 


28. 


29. 


30. 


31. 


йү 4(4 — 8) — 44 — 0 — h) 


р 2 
һ->0 28ү/4-044-6 ae 6+/4—0 h) Е У4-6У/4-0-һ(/4-0-/4-6-һ) 
2 _ Ся 
Е 9073) = 8-9)71-7 boo 7 $ 
































w= f(z) =z + J/zand f(z -h) 2 (z-- hb) - zh — a Kern 
































= lim Cia e а) PUE lim ei ЕЕ ал08 lim <2 vzth- vyz УЕ) : v3 
һ—0 ћ—0 h—0 (Ме+һ+ у) 
—1+ li 2.1 0-20 _ 1 wi c 1 dw 2015 
ШҮ h(Vzth+yz) | и v Утсаа үй TA T od 
Ny) — pm 12-16) 2 pu zi2-x£2 0 qq 0652-642 _ x-z сЕ аа 
Е (х) = шп, 2-х - Zim, m T Jim. х)(#+2)(х+2) - “111, х)(24-2)(х--2) 7 im, x(z-2)x-2) _ (х+2)? 


f'(x) == Ен f2 -t jim (22—32+4) – (à - 3x 4) eum РЗ 3х _ Jim, 22 — x? —— 324 3x 


2—>Х лт 7 5 Хх 7-Х 7-2 Х LK =K 


(2- Sur 3(z—x) (z - x) [c x) - 3] 























= lim, D — Jim, — = lim [(z + x) - 3] =2х—3 

Nx) = g(z)— s(x) р zx — qum DeD _ | -2--х I -1 zc 

g (x) I im, 2-х Б: im, => = im, (z-x)z-1)x-1) - im, (z-x)z-1)(x-1) - im, (z-1)(x-1) - (х= 1)? 

Nx) = lim 20-50). шан иу) = im \2-УХ. УЕНУХ — | nee 2 2 ony а 
g(x) D 2-х - zn. E Z-X — zv yx cogo x) (/z+ x) = ишп су НТ 


Note that as x increases, the slope of the tangent line to the curve is first negative, then zero (when x = 0), 
then positive = the slope is always increasing which matches (b). 


Note that the slope of the tangent line is never negative. For x negative, f}(x) is positive but decreasing as x increases. 
When x = 0, the slope of the tangent line to x is 0. For x > 0, f(x) is positive and increasing. This graph matches (a). 


#80) is an oscillating function like the cosine. Everywhere that the graph of f; has a horizontal tangent we expect f% to be 
zero, and (d) matches this condition. 


The graph matches with (c). 


(а) f’ is not defined at x = 0, 1, 4. At these points, the left-hand and right-hand derivatives do not agree. 


For example, lim. e slope of line joining (—4, 0) and (0, 2) — 1 but imi мэн = slope of 
Xx x 
line joining (0, 2) and (1, —2) — —4. Since these values are not equal, f'(0) — lim, 09-40) does not exist. 
X 


(b) 
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32. (a) (b) Shift the graph in (a) down 3 units 









84 оо 87 88 


(b) The fastest is between the 20" and 30" days; 
slowest is between the 40" and 50" days. 





35. Answers may vary. In each case, draw a tangent line and estimate its slope. 
(а) і) віоре ғ: 1.54 -> Ẹ д. 1,549 Е ii) slope z 2.86 — 41 ~ 2.86° E 
iil) slope zz 0 — т = vË iv) slope ~ —3.75 — «Т = —3.75° Е 
5 “х ХУ ат А, о Е 
(b) The tangent with the steepest positive slope appears to occur at t = 6 = 12 p.m. and slope z 7.27 — ў 2 7.27° р. 
The tangent with the steepest negative slope appears to occur at t = 12 => 6 p.m. and 
slope  —8.00 > 7 ~ —8.00°Е 
(c) 


Slope 





36. Answers may vary. In each case, draw a tangent line and estimate the slope. 





(а) i) slope = —20.83 => i = —20.83 zort ii) slope = —35.00 > № == —35.00 №. 
iii) slope ~ —6.25 > W == —6.25 № 


(b) The tangentwith the steepest positive slope appears to occur at t — 2.7 months. and slope z 7.27 
= W x — 5313 


month 
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37. 


38. 


39. 


40. 


41. 


42. 





Left-hand derivative: For h < 0, f(0 + h) = f(h) = h? (using y = x? curve) > pim о-о) 
= lim * = lim_h=0; 
ћ— 07 


ћ— 07 
Right-hand derivative: For h > 0, f(0 + h) = f(h) = h (using y = x curve) => | lim, ОВ © 


һ—0 


= lim > = lim 1-і; 
h — 0+ h — 0+ 
Then Ё іт. rD- O Æ " im. ко ко) — the derivative f'(0) does not exist. 
Left-hand derivative: Whenh <0,1+h<1 = f+h)=2 =) lim_ м = „5 


= lim 0=0; 
ћ— 07 


Right-hand derivative: Whenh > 0,1+h>1 — f1+h)=2(0 +h) =2+4+2h > lim. юзю D 


= lim 29929 — lim Ж. lim 2-2; 
ћ— 0+ ћ— 0+ ћ— 07 
Тћеп i in. KL 0) Æ i m + ел — the derivative f'(1) does not exist. 


Left-hand derivative: Whenh <0,1+h<1 => f(1+h)= /1+h > ШЕ юзю 


= tin ыл = lii ылы : (И) = lim -B-l - jim 1 + 
ћ— 07 ћ— 07 (М1 h 1) h > 07 (М1+һ+1) h—0- 14841 
Right-hand derivative: Whenh > 0,1+h>1 => f(1+h)=2(1+h)—1=2h+1 5 lim, хиа 











т. 
2? 








h 
= lim ZHP -= jim 2=2; 
ћ— 0+ 1 h— 0+ , 
Then à hm: ELE KD x | lim 2 юзю — the derivative f'(1) does not exist. 
Left-hand derivative: lim HB- їр 90-1 їр 1-1, 
-» 07 ћ— 07 ћ— 07 
PS 1-01--8) 
Right-hand derivative: lim (59-00. Jim (8-1) lim Сан) 
ћ— 0+ 5 ћ— 0+ 5 ћ— 0+ 


_ 7 gs: des em 
=й. Кк i Eme: =—1; 








Then " іт. юр = i Шш юзю) — the derivative f'(1) does not exist. 
f is not continuous at x = 0 since lim f(x) — does not exist and f(0) — —1 
х > 
Left-hand derivative: lim 89-89 — lim #0250 — іт a, = +0; 
h— 0- h h>0 P h => 07 b” 
Right-hand derivative: lim sh)— 20 _— jim  -0- нп 1 = +00; 
heu co һ-0% № h = 0t b” 
Then Ё lim t 8900) = lim 80-80) = +оо = the derivative g'(0) does not exist. 
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43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


(а) 
(b) 
(c) 


(a) 
(b) 
(c) 


(a) 
(b) 
(с) 


(а) 
(b 


wm 


(с) 


(а) 
(b 


хи 


(а) 
(b 
(c) 


wm 


(a) 
(b) 


(a) 
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The function is differentiable on its domain —3 < x < 2 (it is smooth) 
none 
none 


The function is differentiable on its domain —2 < x < 3 (it is smooth) 
none 
none 


The function is differentiable on —3 < x < Oand0 <x <3 

none 

The function is neither continuous nor differentiable at x = 0 since lim _ 100 >= m x f(x) 
Xx x> 


f is differentiable on —2 <x < —1,-1<x<0,0<x<2,and2<x<3 
f is continuous but not differentiable atx = —1: lim j f(x) = 0 exists but there is a corner at x = —1 since 
хә — 


im &-L-9-1-D — —3and lim, 


ћ— 07 ћ—0 


f is neither continuous nor differentiable at x = 0 and x = 2: 


K-LEB-K-D = 3 — f'(—1) does not exist 
atx —0, lim. f(x) 23but lim. f(x) 20 = lim f(x) does not exist; 
x07 x — OF х- 0 


atx = 2, lim, f(x) exists but lim, f(x) Z f(2) 
Х-> №2 


f is differentiable on -1 <x <OandO0 <x <2 


f is continuous but not differentiable at x = 0: lim, f(x) = 0 exists but there is a cusp at x = 0, so 
х y 
#(0) = lim, Мону KO) does not exist 


none 


f is differentiable on —3 < x < —2, —2 < x < 2,and2 <x < 3 





f is continuous but not differentiable at x = —2 and x = 2: there are corners at those points 
none 
f'(x) = lim f(x +h) — f(x) = lim —(k +h)? — (=x?) = lim —x? — 2xh— h? + x? — lim (—2x 2 һ) = —2х 
ћ—0 : һ—0 : ћ—0 ћ—0 
y’ = —2x is positive for x < 0, y' is zero when x = 0, y’ is negative when x > 0 
y = —x? is increasing for —oo « x « 0 and decreasing for 0 « х < oo; the function is increasing on intervals 


where y’ > 0 and decreasing on intervals where y' « 0 


25152225) 
/ _ 1: f(x+h)—f(x) ү: (4-3) т —х+(х+) __ x 1 YI 
FO mn а T ово Шы, ук+ = lim, x +h) х2 
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(b) 





(c) y'is peine for all x 4 0, y’ is never 0, y’ is never negative 
(d) y= 115 increasing for —oo « x < O0 and 0 « x « oo 


рас 
Its 
| 
= 
ML 


f(z) — f(x) 
LX 





51. (a) Using the alternate formula for calculating derivatives: f'(x) — lim. = im, cm 
= iam 28—х3 __ lim (z — x) (z2 + zx + x?) 


—q 2P+2xtx? _ „2 1 5,279 
2-х 30-х) zx 3(z — x) = Jim. 3 =х = P(x) = х 


(5) 





(c) y'is s for all x Z 0, and y’ = 0 when x = 0; y’ is never negative 
(4) у= X. is increasing for all x Æ O (the graph is horizontal at x — 0) because y is increasing where y’ > 0; y is 


never ds pese 


а xt 
4724 


52. (a) Using the alternate form for calculating derivatives: f'(x) — im, Kp Аю) = im, | 7—5 


lim 75 — xt : (zZ — x) (Z3 + xz?+ x2z+ x3) 


= 223211 13--х:2--х22--х3 3 / 22259 
— 1-х 42-х zx 4(z — x) = Jim, 4 —x' — Р®=х 


(b) 





(c) y’ is positive for x > 0, y' is zero for x = 0, y’ is negative for x < 0 


(d) y= x is increasing on 0 « x « oo and decreasing on —oo « x < 0 








2l. = 2. 
53. У = lim (2(x +h) Bici БЭ) (2х2 — 13x + 5) 


= Jim, Aho} 2h? — 13h — lim, (4x + 2h — 13) = 4x — 13, slope at x. The slope is —1 when 4x — 13 = —1 


4x = 12 x=3 y -2-3?7—13-3-4- 5 — —16. Thus the tangent line is y + 16 = (—1)(x — 3) 
— y — —x — 13 and the point of tangency is (3, — 16). 


— Jim 2X -k4xh- 2h? - 13x - 13h € 5 - 2x E 3x — 5 
h—0 h 








54. For the curve y = үх, we have y’ = ЫШ шанг, S m, енені 


= jim, Tae 23 223 Suppose (a (a, Ма) is the point of tangency of such a line and (—1, 0) is the point 
0 


on the line where it crosses the x-axis. Then the slope of the line is eo = | which must also equal 
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AS using the derivative formula at x — a | 22 2а=а+ 1 a= 1. Thus such a line does 
exist: its point of tangency is (1, 1), its slope is ee 5; and an equation of the line is y — 1 — iQ -1) 


= у= іх +1. 
55. Yes; the derivative of —f is —f' so that f'(xo) exists — —f'(xo) exists as well. 
56. Yes; the derivative of 3g is 3g' so that g'(7) exists — 3g'(7) exists as well. 


57. Yes, lim, 0 can exist but it need not equal zero. For example, let g(t) = mt and h(t) — t. Then g(0) — h(0) 


= 0, but lim 20 — jim ™ = lim m= m, which need not be zero. 
(080 0-0 1 :-0 


58. (a) Suppose |f(x)| < x? for —1 <x < 1. Then |f(0)| < 07 -> Қ0)- 0. Тһеп Ғ(0)- im, о 
= lim ® = Jim, D, For jh| < 1, —h? < fh) < h? > -h < ® <h > f0) = im K» _ 9 


һ-0 ов 
by the Sandwich Theorem for limits. 


(b) Note that for x 4 0, |f(x)| = |x? sin 1| = |x?| |sin x| < |x| - 1 2 x? (since —1 € sin x € 1). By part (a), 
f is differentiable at x — 0 and f'(0) — 0. 


59. The graphs are shown below for h = 1, 0.5, 0.1. The function y = 25 is the derivative of the function 





X 


y= yx so that i = ы : Е АБИ ух . The graphs reveal that y = + = УВЕЛИ gets closer to y = ;i 


Ё 


as h gets smaller and smaller. 


y y y 







у = Vx) 


у = 1/(2./х) 











x 





60. The graphs are shown below for h = 2, 1, 0.5. The function y — 3x? is the derivative of the function y — x? so 
that 3x? = jim, ov . The graphs reveal that y = a gets closer to y = 3x? ash 


gets smaller and smaller. 


< 


h=0.2 


4 (х + В) – х? 
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61. The graphs are the same. So we know that 


for f(x) = |x|, we have f’(x) = Ж 





62. Weierstrass's nowhere differentiable continuous function. 





2“ 2“ 2\3 
#02) = сов(лх) + (5) соз(9лх) + (5) со5(9?тх) + (3) соз(97лх) 


2 1 
Tee (5) соѕ(9°лх) 


63-68. Example CAS commands: 
Maple: 
f :=x -> x43. + x42 -x; 
х0 := 1; 
plot( f(x), x=x0-5..x0+2, color=black, 
title="Section 3.2, #63(a)" ); 
q := unapply( (f(x+h)-f(x))/h, (x,h) ); # (5) 
L := limit( q(x,h), h=0 ); # (с) 
m := eval( L, х-х0 ); 
tan line := Кх0) + ш*(х-х0); 
plot( [f(x),tan_line], x=x0-2..x0+3, color=black, 
linestyle=[1,7], title="Section 3.2 #63(d)", 
legend=["y=f(x)","Tangent line at x=1"] ); 
Xvals := sort( [ x0+2”(-k) $ k=0..5, xO-24(-k) $ k=0..5 ] ): # (е) 
Yvals := map( f, Xvals ): 
evalf[4](< convert(Xvals,Matrix) , convert(Yvals,Matrix) >); 
plot( L, x=x0-5..x0+3, color=black, title="Section 3.2 #63(f)" ); 
Mathematica: (functions and x0 may vary) (see section 2.5 re. RealOnly ): 
<<Miscellaneous RealOnly” 
Clear[f, m, x, y, h] 
х0- т /4; 
f[x_]:=x? Cos[x] 
Plot[f[x], (x, xO — 3,x0+ 3}] 
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q[x. . h. I:-(f[x -- h] — f[x]/h 
m[x_]:=Limit[q[x,h],h — 0] 
ytan:=f[x0] + [х0] (х – х0) 
Plot[{f[x], ytan},{x, x0 — 3,x0+3}] 
m[x0 — 1]//N 

m[x0 + 1]//N 

Plot[{f[x], m[x]},{x, xO — 3, x0 + 3}] 


3.3 DIFFERENTIATION RULES 


1. 


10. 


11. 


12. 


13. 


14. 


15. 


у=-х? +3 = 9 =4 (-х2) + 4 (3) = -2х40=-2 = 33 -—2 


у= х? +х+8 = 9 = 2х +1+0=2х+1 = 8 = 2 


3=58 —36 = & = 4 (58) — 4 (35) = 15? — 15t* — & = 4 (152) — 2 (156) = 30t— 


\ = 327 — 773 + 2172 = gw = 2126 – 2172 + 427 => ФУ = 12625 — 422 4 42 


dz? 


— 4,3 dy _ Фу 
y=3X -Xx > Дд 4x? 1 = z8x 





у= + рх = МУ = х2 + х+ 1 > ЖУ = 2х+1+0=2х+1 


Е 2 _ Е 
у = 3272271 > #8 = 67? +z? = $ +5 > 0 = 18274 — 2278 = 1 — 2 


dz 


s——2t 44€? ~ 8=208—803=2—8 ~ 45= 473 + 2405 = + 204 





у = 6х2 – 10х – 5х2 = $ = 12х – 10+ 10х7 = 12х – 10+ 10 = 97 –12—0 — 30х“ 





= -3 йу Sd ee. 3 dy -5 _ -12 
y=4-2x-x > g =-2+3x Sade а ООХ елт 

= == -- = 2r c = 
rep- j s fs- ptt s asna] 
г = 12071 – 4073 + 674 > £ — 1207? 120-4 — 4895 — 3E RB_4 = 45 = 24073 
24 
=й-@+@ 


(а) у= (3 – х?) (х -х+1) = у = (3 – х2). (х -х+1) + (9 —х+1)·- # (3—х2) 
= (3 — x?) (3x? — 1) + (x? — x + 1) (—2x) = —5x* + 12x? – 2х – 3 
(6) y = =x? + 4x? — x? — 3x +3 > y = –5х* + 12х2 – 2х – 3 


(a) y = (2x + 3) (5x? — 4x) = у' = (Ох + 3)(10х — 4) + (5x? — 4x) (2) = 30x? + 14x — 12 
(b) у = (2x + 3) (5x? — 4x) = 10x? + 7x? — 12x > y' = 30x? + 14x — 12 


(а) y=(x +1) (x+5+4) > у =(х +1)- 2 (х+5-+1) + (хХ+5+1)- 2 (х2-+1) 


608 


= 12-3 


— 480 ? -- 2009 


= (x? + 1) (1 — x7?) + (x + 5 + x7!) (2x) = Squad ou + (2x? ЕО 


(Бу y =x" +5x +2x+5+ 1 > y =3x +10x+2-— $ 
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16. у= (1+ х2) (3/4 – х3) 
(à y — (14 x2)- pc eet) + + (х3/4 — x- ) Q9 - 8 + 3 + пун + 1, 
(b) y = x4- x7? +x х1 у = 2. +3 b i х7/4 +} 
17. y = Z5, 2 > и=2апау =3 > у = “5: 
— @х-2)0) - 0х+5)3) _ 6х—4—6х—15 _ _—19 
(Зх — 2)? (3x — 2)? ^. (3x —2)2 
18. y= — ;use the quotient rule: u — 4 — 3x and v = 3x* +x > и = —3 and v' = 6x +1 > y = wow 
_ (3x? +) (=3) = (43x) (6x41) _ —ох2—3х+18х2—21х—4 _ 9х2—24Х—4 
Е (3х2 + х)? 7 (3х2 + х)? (0 Qxxxy 
19. g(x) = Xni: use the quotient rule: u=x?—4andv=x+05 > u' —2xandv/ = 1 > g'(x)— ure 
— &+0.5)(2x) = (x? -4)0).. 2x2+x—x24+4 __ х?+х+4 
(х+ 0.52 ©+052 -— (+052 
— Ё—1_—_ 0—1)@+1) _ +1 — (t+2)()-(t+)0) _ t4+2-t-1 _ 1 
20. КО = по: = пар = прије РОВ у ew 
= 2-1 — 1-1 dv  (1-))-D-(-000  -1-0-21428  8-2-1 
Лау рО © >? awT (1-2) (1+0)? © (1+? 
_ x+5 _ @0х—17)(00—(х+5)@ _ 2х-7—2х—10 _ _—17 
22. ж= 2 > w= Qx— 1 = "UQ-7yp = к-т 
: 1 
23. f9) = = os pe (50 (a) - (5 0 (55 5) _ (ба) – бйз 22. йс. 
Уз+1 (узн)“ 2/8 (Vs +1)" м (0+1) 
NOTE: 4 (vs) = $i from Example 2 in Section 3.2 
қ т (24%) (5) – (5х + 1) d Es 
24. u — гол = k= 4x 59 = OR 
Е x x(1— 22) - (12-x 4x B 
25, y — 35 АД 2у- ( 2): M T 
уво) –1 (= 
26. г => (3 + 9) > r= (^ a) g — — gin t gn 
27. y — ПЕЙ ; use the quotient rule: u = 1 and v = (x? — 1) (x? +x + 1) => v = 0 and 
у/ = (x? — 1) (2x + 1) + (x? + x + 1) (2x) = 2x3 + x? — 2x — 1 + 2x? + 2x? + 2x = 4x? + 3x? — 1 
= dy — yw—uv’ _ 0—1(4х9+3х?2—1) _ —4x3 — 3x2 +1 
dx М? (x2 = 1)? (x2 +x $1)? 2-1)? (x2+x+1)? 
_ (Х+16К+2) _ x243x42 __ (х2—3х+2)(2х +3)– (ха + 3х +2)(2х — 3) ___ —6х2+12 -6(х2-2) 
28. y— $063 — Ясыг УУ (-18(х-29 = атур = 27 
29. у= 1х1 х? -х > y = 2х – 3х1 = у" = 6х? – 3 у” = 12х у® = 12 y? = О бога п > 5 
30. y = d; x! у = х“ у" = 1х? y EI yO =x уб) = 1 y® = 0 forall n > 6 
31. y = (x — 1)(x? + 3x — 5) = x? + 2x? — 8x +5 > y = 3x +4x -8> y! =6x+4> у" =6= y™ = 0 for all 





n>4 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


32. 


33. 


34. 


35. 


Section 3.3 Differentiation Rules 111 


y = (4x3 + 3x)(2 — x) = —4x* + 8x3 — 3x? + 6x => у' = —16Х3 + 24х2 – бх +6 = у" = —48х2 + 48x — 6 
= у" = –96х + 48 => у® = —96 = у® = ОюгаПи > 5 


347 Ж а = 7 d? L3. 14 
yet —x + 7х1 => $ = 2х- 7х2 = 2х 5 S -2-1x?-2-1 
2 = 2 Ж | 
gm Cria 3 1=1+?-5=1+51—{(? > ®—<0—5 +2 9=—5 +29 =2+ 


925 _ -3 —4 _ 10 6 
= 48 = 1003 — 674 = 10) — 5 








г- 2-0680:).06:1-1-1-1-03- £—04301—30*3 - $ 5 4 = 12075 = 51 





03 T B 03 dé 402 65 
36. u= ганд хам! = ERDE EED = оен = а =1+х esed 
du _— —4 — —4 _ -3 du —5 _ 12 
=> @ =0- 3х“ = —3х =a 45 = 12x = £ 
37. т = (1538 )(3—2) = (52! +1)(3—2)=2!— 1 +3—27=2'! +5—7 =>  --2122-0-1--22-1 


38. 


39. 


40. 


41. 


42. 


43. 


2011 Фу _ 5,-3 "уља 5» 
==-1=> = = 22 -0- 27 — X78 


ме = (24 1) — 1) (22 1) = (22 1) (0261) 20-1 48 423—0 408 = & = 107 
2(443ү)(4-1ү. 4-4434-3 2 21211. 1-4 -, 49 -1д416:54а:5-1-4-41 
P= \ 7124 Ф) = 1243 ЗС 124 7 124 4 44 да 64-64 9 = 6947 645 " 45 


фр 1 1-4 –6 — 1 5 
ТТ 87347594 = got = oe 











2g4 qf 
2 42 +3 T 42 +3 20043 0043 __ 1 _ 1,-1 
Рр = астат (З За) + (4: + За: #3941) = 24+64 — Iq(qe+3) 24 24 
d 1g22—. 1 dp. q-3— 1 
=> 4 29° = жж => а2 Ч = е 


и(0) = 5, и'(0) = —3, (0) = –1,У(0) = 2 
(а) 2 (иу) = шу + уи => $$ (uv)|, , — u(0)v/(0) + v(0)u(0) = 5 -2 -- (—1)(—3) — 13 














d fu) _ v'—uv d fu — у(0)ч'(0)—и(0)у/(0) _ (—1)(—3)—(5)02) _ 
(b) dx (% шин yx = К (3) x=0 — (v(0))2 ын (- 12 = 

4 (уу _ пу—уш 4 (у — u(0)v(0) —v(Ou(0 __(5Х2)—(—1—3) __ 7 
(c) x P) х гийн: D x20 7 (а(0у)2 = (52 — 35 





(d) & (7v — 2u) 2 7v' – 20 > $ (7v — 2u) 





NE 7v (0) — 2u(0) 2 7-2—2(—3) = 20 

u(1) —2, u'(1) 2 0, v(1) 2 5, v(1) 2 -1 

(a) 4 (ву) = u(1)v'(1) + vu) = 2- (-1) + 5-0 = —2 
u v(Du'(1)-u(Dv/(1 5-0-2-(-1 

(b) Ж (e) iem GO © = 57 = 5 

(с) а (X) x=1 


— w«Dv()-vü)w() | 2«-D-50 _ 1 
(и(1))? S Q» 
(ф 4 (ту — 20] _ -7У0)-25(1)-7-(-1)-2-0--7 





х=1 








х=1 








"Y 2 


y = x? — 4x + 1. Note that (2, 1) is on the curve: 1 = 2? — 4(2) + 1 

(a) Slope of the tangent at (x, y) is y’ = 3x? — 4 = slope of the tangent at (2, 1) is y/(2) = 3(2)? — 4 = 8. Thus the slope 
of the line perpendicular to the tangent at (2, 1) is — 1 => the equation of the line perpendicular to the tangent line at 
(2,)у—1=—{(х—2)огу=—#+. 


(b) The slope of the curve at x is m — 3x? — 4 and the smallest value for m is —4 when x = 0 and y = 1. 
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47. 


48. 


49. 


50. 


51. 
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53. 
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(c) We want the slope of the curve tobe 8 => у = 8 = 3х2 – 4 = 8 = 3х? = 12 > х? = 4 х = +2. Whenx =2, 
у = 1 and the tangent line has equation y — 1 = 8(x — 2) or y = 8x — 15; when x = —2, y = (—2)° — 4(—2) + 1 





= 1, and the tangent line has equation y — 1 = 8(x + 2) ory = 8x + 17. 


(a) y 2 x3 — 3x —2 > y’ = 3x? — 3. For the tangent to be horizontal, we need m = y’ = 0 > 0 = 3x? – 3 = 3х? = 3 
= х= +1. Whenx = —1,y = 0 = the tangent line has equation y = 0. The line perpendicular to this line at 





(—1,0)is x = —1. When x = 1, y = —4 — the tangent line has equation y = —4. The line perpendicular to this 
line at (1, —4) is x = 1. 

(b) The smallest value of y' is —3, and this occurs when x = 0 and y = —2. The tangent to the curve at (0, —2) 
has slope —3 — the line perpendicular to the tangent at (0, —2) has slope i > у+2 = 1 (х- 0) ог 


у- i x — 2 is an equation of the perpendicular line. 


— 4x ду __ (х241)(4) – (4х)(2х) _ 4х2 +4-8х2 _ 4(-х2+1) 2 =. ‚ _ 400+1) _ 
yeu ae (кг о T When x = 0, y = 0 and y = —{— = 4, so the 


tangent to the curve at (0, 0) is the line y = 4x. When x = 1, y = 2 > y’ = 0, so the tangent to the curve at (1,2) is the 








line y = 2. 

x? — 8(2x —16x — 
у=а 5 у = (КО SR EMT. )- a АР . When x = 2,y = Landy’ = 20 = – 1, so the tangent 
line to the curve at (2, 1) has the equation y — 1 — — 1 (х — 2), огу = — 2 + 2. 


у = ах? + bx +c passes through (0,0) = 0 =a(0)+b(0) +c > c =0;y = ax? + bx passes through (1, 2) 

=> 2=a+b;y’ = 2ax +b and since the curve is tangent to y = x at the origin, its slope is | atx = 0 

= у = 1 мһепх = 0 = 1=2a(0)+b > b=1. Thena+b=2 => a=1. Insummarya=b = 1 and c = 0 so 
the curve is y = x? +x. 


у = сх — x? passes through (1,0) + 0=c(1)—1 > c=1 => the curve is y = x — x°. For this curve, 

y =1—2xandx=1 = у = —1. Since y = x — x? and y = x? + ax + b have common tangents at x = 0, 

y = x? + ax + b must also have slope —1 аёх = 1. Твиз у’ = 2х фа = -1=2-1+а => а= -3 

= у=х? — 3x +b. Since this last curve passes through (1,0), we have0 — 1 — 3 +b — b — 2. In summary, 


а= —3, b — 2 and c — 1 so the curves are y 2 x? — 3x + 2 and y = x — x’. 


у = 8х +5 = т = 8; f(x) = 3x? — 4x > f'(x) = 6x — 4; 6x — 4 = 8 > x = 2 > f(2) = 3(2)? – 4(2) = 4 = (2,4) 


8x — 2y = 1 > y = 4x — $ > m = 4; g(x) = 3x — $x? + 1 > g'(x) = x? — 3x; x? — 3x = 4 > х=4огх = —1 
3 2 3 2 
эф = 1@#-3(@+1=-3,(-1) 2 370 - 370! e1- -1 5 ( 3) or (71. -2) 























x х-2 -х(1 ES 2 = 2 2 2 

y=2x+3>m=2 mı = —4;y = -5 y'=! DFO = So = = І->4-(х-2) 

+2=х-2 5 х= 40х = 05 х= 4,у = 115 = 2, апііх = 0,у = 005 = 0 = (4, 2) ог (0, 0). 
m = 2-5; f(x) x? > f'(x) = 2x; m = f'(x) 23 2x х -8 2x => x? — 8 = 2x? — 6x > x*- 6x +8 =0 




















х = Аогх = 2 = Ц4) = 42 = 16, f(2) = 2? =4 = (4, 16) or (2, 4). 





(a) y =x? -x => y = 3х? – 1. Whenx = -1, y 2 Oand y' 2 2 = the tangent line to the curve at (—1, 0) is 
у = 2(х + 1) огу = 2х + 2. 
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(b) 





ege 
(c) 22 = хј—х=2Х+2 2 x!-3x—-2-(x-2)x-1? 20 2 x-2orx- -1. Since 


y = 2(2) + 2 = 6; the other intersection point is (2, 6) 


(a) y 2 x3 — 6x? + 5х = у' = 3x? — 12x +5. When x = 0, y = O and y' = 5 = the tangent line to the curve at 
(0,0) is y = 5x. 
(b) 





у = х? – бх? + 5х 
у = 5х 
Since y = 5(6) = 30, the other intersection point is (6, 30). 


(c) | => x?— 6x?+5x=5x => ХЗ - 6х? =0 = х?(х- 6) =0 = x-0orx-6. 








Jim А2 = 509) = 50(1)® = 50 
; х29-1  2,-7/9 = 2 225.50, 
хіт, xqu 94 хар 9(-1)9 9 
5'(х) = | ЖУ 0 since g is differentiable at x = 0 => іт (2х – 3) = —3 and lim _a= a> a= –3 
a x<0 x — 0t х— 07 


f'(x) = а Er яа since f is differentiable atx = —1 > lim а= аап lim , (2bx) 2 —2b — a= —2b, and 
2bx х<—1 х--І Хх--І 


since f is continuous atx = —1 => lim (ax 4-5) = та + Бапа, іт ( (60 — 3) -0-3--а-40-0-3 
Х— – — – 


>a=353=-2=>b=-}. 
P(x) = agx™ + ag_1x" 1 + <- + agx? + ax + ao => Р'(х) = паух!! + (п — L)ag_yx™? + +++ + Заох + ay 


К = М? (5 – М) = СМ? — 1 М?, уеге С іѕ асопѕапі > $ = CM – М? 


dc __ d ы- ас du _ du _ , du 
Let c be a constant > 7 = 0 = F(u-c)=u-Ft+e-F =u-Ot+c у = с лу. Thus when one of the 


functions is a constant, the Product Rule is just the Constant Multiple Rule = the Constant Multiple Rule is 
a special case of the Product Rule. 


(a) We use the Quotient rule to derive the Reciprocal Rule (with u = 1): i (i) = 


У 





а а 
у0--Ұ-5 0 1 Фу 
у? v2 77 v dx’ 
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(b) Now, using the Reciprocal Rule and the Product Rule, we'll derive the Quotient Rule: i (5) = і (и - 1) 
= ис к 5) +1 = еш (Product Rule) = u - (=) у + 1 du (Reciprocal Rule) = 2 ( 


du 
a Node 


up the Quotient Rule. 


(a) 4 (aww) = € ((uv) - w) — (uv) & -- w - 2 (uv) 2 uv © + w (u S 4 у 1) 2 uv $ 4 wu £ 4 wy 8 


— uvw' 4- uvw -- u'vw 











d d du d d 

(b) i (и192и34) = д; (11203) 4) = (619203) че - ча ас (414283) => (41404544) 
du : 
= 111203 би + ша (шш % е a U3U4 diz + uzu 4 сш) (using (a) above) 
d du du, 

> ‘dx (11101514) = = 11117115) өші + 919294 ащ + 910394 de + 920394 x 

= uyugu3u, + 01120504 + E. + uj U2U3U4 
(c) Generalizing (a) and (b) above, -£ чу (Шаа) = Uy Ug? а 10 + Uy Ug: Us 20, Un +... TF UU»: Us 
d(,—-my. d(1Y.. x"0-l1(mx") _ -mxm _ m-1-2m __ __ —m-1 
dx (X )= 110) = (хт)? = = —m-x = —m:x 
P= oat . We are holding T constant, and a, b, n, R are also constant so their derivatives are zero 

—nb ыг 

= — (V-nb.0-(nRT)1) — VÀ0)-(an?)QV) ^ — —nRT 4. 2an? 

dv (V-nbg (уг)? — (V- nb? v3 


m = m 2 = m 
A(q) = Œ + cm + 4 = (km)q! + ст + (5)а => 48 = —(km)q 2 + (8) --ш + 8 => ФА — 2(km)q = 


3.4 THE DERIVATIVE AS A RATE OF CHANGE 


s=t?—3t+2,0<t<2 
(a) displacement = As = s(2) — (0) = От — 2m = —2 m, v,, = as = = = —1 m/sec 
b) у= ® = 21-3 = |v(0)| = |-3| = 
a= & =2= a(0)=2 цас and a(2) = 2 m/sec? 
(с) v=0> 2t—3=0 St = §. vis negative in the interval 0 < t < $ 3 and v is positive when 3 5«t«2- the body 
3 


changes direction at t — 5. 





5-бі-8,0<(<6 


(a) displacement = As = s(6) — s(0) = 0m, Vay = as = = = 0 m/sec 
(b) v= $ =6-— 2t => |v(O)| =|6| = 6 m/sec and Ме) = = |—-6| = 6 m/sec; 
a= es = —2 — a(0) = —2 m/sec? and a(6) = —2 m/sec? 


(с) v=05>6-2t=0 >t =3. vis positive in the interval 0 < t « 3 and v is negative when 3 « t « 6 — the body 
changes direction at t — 3. 


= -В +32 — 350 <+<3 
(a) displacement = As = s(3) — s(0) = —9 m, Vay = as = => = —3 m/sec 
(b) v= 8 = -3t? + 6t—3 => |v(0)| = |—3| = 3 msec and |v(3)| = |-12| = 12 m/sec; a = £$ = —6t + 6 
=> a(0) = 6 m/sec? and a(3) = —12 m/sec? 
(с) v=0 => -3+6t—-3=0 > ?—2t+1=0 > (t— 1)? =0 = t=1. Forall other values of t in the 
interval the velocity v is negative (the graph of v = —3t? + 6t — 3 is a parabola with vertex at t = 1 which 
opens downward = the body never changes direction). 
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8-5-040,0«4:43 


(a) As = s(3) — s(0) = 3 m, Va = As =+ = 3 m/sec 

(b) v=t? — 3t? + 2t > |v(O)| = 0 m/sec and |v(3)| = 6 m/sec; a = 3t? — 6t +2 => a(0) = 2 m/sec? and 
a(3) = 11 m/sec? 

() у-0-»-0-32-2:-0- tt—2)(t—1 20 > t=0,1,2 = v=t(t — 2)(t — 1) is positive in the interval 
for 0 < Е < 1 and vis negative for 1 < t < 2 and v is positive for 2 < t < 3 = the body changes direction at 
t= landatt = 2. 


со ко 


8-2-2,1<1<5 


(а) Ав =5(5)—5(1) = —20 т,у„ = -2 - -5 п/вес 

(b) v= = + 3 = |v(1)| = 45 m/sec and |v(5)| = i m/sec; a = 150 - 10 => a(l) = 140 m/sec? and 
а(5) = m/sec? 

(с) у= 0 = OM = 0 > —50 + 5t = 0 > t = 10 the body does not change direction in the interval 


s= 35,-4<t<0 

(a) As — s(0) — s(—4) = —20 m, v,, = — 2 = —5 m/sec 

(b) v= EF => |v(—4)| = 25 m/sec and |v(0)| = 1 m/sec; a = Gy — a(—4) — 50 m/sec? and 
a(0) — 2 m/sec? 


(с) v=0 > зр = 0 = vis never 0 => ће body never changes direction 


s —  — 6C -F 9t and let the positive direction be to the right on the s-axis. 
(а) у = 3t? — 12t+9sothatv=0 > ?—4t+3=(t—3)\t—1)=0 5S t=1or3;a=6t—12 > a(l) 
= —6 m/sec? and a(3) = 6 m/sec”. Thus the body is motionless but being accelerated left when t = 1, and 
motionless but being accelerated right when t = 3. 
(b) a= 0 => 6t — 12 = 0 > t = 2 with speed |v(2)| = |12 — 24 4- 9| = 3 m/sec 
(c) The body moves to the right or forward on 0 < t < 1, and to the left or backward on 1 < t < 2. The 
positions are s(0) = 0, s(1) = 4 and s(2) = 2 = total distance — |s(1) — s(0)| - |s(2) — s(1)| 2 |4| - |-2| 2 6 m. 


v—U-—4t-3 2 a-2t-4 

(а v=0 => 0—4t-3-20 (= 10г3 a(1) = —2 m/sec? and a(3) = 2 m/sec? 

(b) v>0 => (t—-3Xt-1)>0 = 0<t< lort > 3 and the body is moving forward; v < 0 — (t—3)(t— 1) < 0 
= 1 <t< 3 and the body is moving backward 

(с) velocity increasing > a>0 => 2t—4>0 = t> 2; velocity decreasing > a<O=> 2t—-4<050<t<2 








Sm = 1.860 — Vm = 3.72t and solving 3.72t — 27.8 => & 7.5 sec on Магз; $; = 11.440 — у; = 22.88t and 
solving 22.88t = 27.8 = t~ 1.2 sec on Jupiter. 


(a) v(t) =s/(t) = 24 — 1.6t m/sec, and a(t) = v/(t) = s"(t) = —1.6 m/sec? 
(b) Solve v(t) =O => 24-1.6t=0 => t= 15sec 

(с) s(15) = 24(15) — .8(15)? = 180m 

(а 


(e) Twice the time it took to reach its highest point or 30 sec 


wm 





Solve s(t) = 90 => 24t—.8t?7=90 > t= ке & 4.39 sec going up and 25.6 sec going down 


wm 


s= 15t- į gt? => v= 15- gtsothtv=0 > 15—gt=0 > g,= +. Therefore g, = 2 = 2 = 0.75 m/sec” 
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12. Solving s, — 832t — 2.6t? =0 => (832 – 2.60) — 0 — t— 00r 320 — 320 sec on the moon; solving 
Se = 8324 — 162 =0 = ((832 – 160) = 0 = (= 0 ог 52 = 52sec on the earth. Also, V, = 832 — 5.2t = 0 


=> 
=> 
13. (a) 


(b) 
(c) 


14. (а) 


(b) 


15. (a) 
(c) 


16. (a) 


(b) 


17. (a) 


(g) 
18. (a) 
(b 


(c) 
(d) 


Хи 





t = 160 and s,,(160) = 66,560 ft, the height it reaches above the moon's surface; v, — 832 — 32t — 0 
t — 26 and s,(26) = 10,816 ft, the height it reaches above the earth's surface. 


$ = 179 — 162 > v = —32t => speed = |v| = 32t ft/sec and a = —32 ft/sec? 


s=0 => 179- 162 =0 = += 179 3.3 sec 


Whent = ,/42,v= EXE = —8 y 179 ~ —107.0 ft/sec 


jim, v= ju 9.8(sin 0)t — 9.8t so we expect v — 9.8t m/sec in free fall 
ний! > 5 


а = у = 9.8 m/sec? 


at 2 and 7 seconds (b) between 3 and 6 seconds: 3 <t<6 
(d) 


lvl (m/sec) 





P is moving to the left when 2 « t « 3or5 «t « 6; P is moving to the right when 0 < t « 1; P is standing 
sillwhenl «t«20r3«t«5 


v (cm/sec) speed (cm/sec) 


velocity 





190 ft/sec (b) 2 sec 
at 8 sec, 0 ft/sec (d) 10.8 sec, 90 ft/sec 
From t = 8 until t = 10.8 sec, a total of 2.8 sec 


Greatest acceleration happens 2 sec after launch 
КУ 2: КЕЕ i ; _ v(10.8)— v2) 2 
From t = 2 tot = 10.8 sec; during this period, a = —pg z © —32 ft/sec 
Forward: 0 <t < 1 and 5 < t < 7; Backward: 1 < t < 5; Speeds up: 1 < t< 2and5< t< 6; 
Slows down: 0<t<1,3<t<5,and6<t<7 
Positive: 3 < t < 6; negative: 0 < t < 2and6 < t< 7; zero: 2<t<3and7<t<9 
t=0and2<t<3 
7<%<9 





19. s 


4902 у = 980% а = 980 





(а 


— 


Solving 160 — 4900 > t= 4 sec. The average velocity was 5887—80) = 280 cm/sec. 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


20. 
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22. 


23. 


24. 


25. 


26. 
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(b 


wm 


At the 160 cm mark the balls are falling at v(4/7) = 560 cm/sec. The acceleration at the 160 cm mark 
was 980 cm/sec?. 


(с) The light was flashing at a rate of 17 


27 - 29.75 flashes per second. 











(а), 
A 
(bt) : 
А 
-40 
-00 
C = position, A = velocity, and B = acceleration. Neither A nor C can be the derivative of B because B's derivative 


is constant. Graph C cannot be the derivative of A either, because A has some negative slopes while C has only 
positive values. So, C (being the derivative of neither A nor B) must be the graph of position. Curve C has both 
positive and negative slopes, so its derivative, the velocity, must be A and not B. That leaves B for acceleration. 


C = position, B = velocity, and A = acceleration. Curve C cannot be the derivative of either A or B because 
C has only negative values while both A and B have some positive slopes. So, C represents position. Curve C 
has no positive slopes, so its derivative, the velocity, must be B. That leaves A for acceleration. Indeed, A is 
negative where B has negative slopes and positive where B has positive slopes. 





(a) c(100) = 11,000 = c,, = 49 = $110 
(Ь) с(х) = 2000 + 100х — .1x? — c'(x) — 100 — 2x. Marginal cost — c'(x) — the marginal cost of producing 100 
machines is c’(100) = $80 


(c) The cost of producing the 101* machine is c(101) — c(100) = 100 — A — $79.90 


wm 


(a) r(x) = 20000 (1 — 1) = г(х) = 20000 , Which is marginal revenue. r'(100) — 20000 = $2. 
(b) r(101) = $1.96. 
(c) , lim, r(x) = , lim, 


will approach zero. 


wm 


20000 = 0. The increase in revenue as the number of items increases without bound 


b(t) = 10° + 104t — 1092 => b(t) = 104 — (2) (10%t) = 103(10 — 2t) 
(а) b/(0) — 104 bacteria/hr (b) b'(5) = 0 bacteria/hr 
(c) b/(10) — —10! bacteria/hr 


Q(t) = 200(30 — t)? = 200 (900 — 60t + t?) => Q'(t) 2 200(—60 + 2t) — Q'(10) 2 —8,000 gallons/min is the rate 


0010) – 000) _ 
10 m 


the water is running at the end of 10 min. Then — 10,000 gallons/min is the average rate the water flows 


during the first 10 min. The negative signs indicate water is leaving the tank. 
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27. 


28. 


29. 


30. 


31. 


Chapter 3 Differentiation 


2 2 d 
(а) у=6(1– 5) =6 (1-1+ 3) zia eor cd 


(b) The largest value of y is 0 m/h when t — 12 and the fluid level is falling the slowest at that time. The smallest 


wm 


value of y is —1 m/h, when t — O, and the fluid level is falling the fastest at that time. 


(c) In this situation, Ч <0 = the graph of y is 


always decreasing. As В increases in value, 
the slope of the graph of y increases from — 1 
(о 0 over the interval 0 € t < 12. 





(а) У = т? = 9 = 413 => “| -4т(2) = 16л 13 


(b) Whenr = 2, ау = 167 so that when r changes by 1 unit, we expect У to change by approximately 167. Therefore 
when r changes by 0.2 units V changes by approximately (167)(0.2) = 3.27 ~ 10.05 ft?. Note that 
V(2.2) — V(2) ~ 11.09 ft. 


200 km/hr — 55 3m/sec — 59? m/sec, and D = 100 = У = 200. Таиѕ У = 20 > 2-50 > t= 25 sec. When 
t= 25,D = (25) - 609 т 

và và 

0 M 


S = vot — 16t? => v= vo — 32t; v = 0 => t= 3; 1900 = vot — 16t’ so thatt= 30 => 1900 = 20 — ï 


= у = \/(64)(1900) — 804/19 fusec and, finally, $19 . 605. 60min | mi. 238 mph, 











s 2 200: - 162 


(а) v = 0 when t = 6.25 sec 

(b) v > O when 0 <t < 6.25 — body moves right (up); v < 0 when 6.25 < t < 12.5 = body moves left (down) 

(c) body changes direction at t = 6.25 sec 

(d) body speeds up on (6.25, 12.5] and slows down on [0, 6.25) 

(e) The body is moving fastest at the endpoints t = 0 and t = 12.5 when it is traveling 200 ft/sec. It's moving slowest at 
t = 6.25 when the speed is 0. 

(f) When t = 6.25 the body is s = 625 m from the origin and farthest away. 
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(a) v = 0 when t = 3 sec 


(Б) v «0 whenO €t « 1.5 — body moves left (down); v > 0 when 1.5 «t € 5 = body moves right (up) 


(c) body changes direction at t — 3 вес 
(а) body speeds up on (3, 5] and slows down on [0, 3) 
(e) body is moving fastest at t = 5 when the speed = |v(5)| = 7 units/sec; it is moving slowest at t = 3 when the 


wm 


speed is 0 
(f) When t = 5 the body is s = 12 units from the origin and farthest away. 





ds _ 32 _ 
08 = 312 – 121+7 








(а) у = 0 эћеп і = 5515 ѕес 


I 


(b) v € 0 when 6-15 «t« fev = body moves left (down); v > 0 when 0 < t < om 15 ог О-В <t<4 








— body moves right (up) 
ES. (725) 
3 


(c) body changes direction at t = 6 
(4) body speeds up on $- VIS. 2]U 6+ 15 4| and slows down оп |0, 6-15 U (2, АҒАЙ 
y speeds up 3 3 3 з 


ѕес 





Еу15 


(e) The body is moving fastest at t = 0 and t = 4 when it is moving 7 units/sec and slowest at t = = | 





sec 


(f When t = они the body is at position s  —6.303 units and farthest from the origin. 


в=4-7г+6?—15 





6+ ү/15 
(а) у = 0 when t = В 
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(D v«OwhenO €t « $us Or Ее <t<4 = body is moving left (down); v > 0 when 























=e <t< о = body is moving right (up) 
(c) body changes direction at t = EUIS sec 
(d) body speeds up on (34,2) U (34) and slows down on (0 уз) U (2, oo y's) 
(e) The body is moving fastest at 7 units/sec when t = 0 and t = 4; it is moving slowest and stationary at t = вш 
(f Whent — EESTI the position is s & 10.303 units and the body is farthest from the origin. 
3.5 DERIVATIVES OF TRIGONOMETRIC FUNCTIONS 
1. у = –10х + 3 совх = % = —10 + 3 4 (cos x) = —10 — 3 sin x 
2. у=З+5зшх = 2 = 345 4(sinx) = 3+5cosx 
3. y = x’cosx => B — x?(—sinx) -- 2xcosx — —x?sinx 4- 2x cosx 
4. у = \/хзесх +3 => @ = \/хзесх!апх + ЗА + 0 = у/хѕесхіапх + 50 
5: у =сзсх—4\/х+7 = Ш--осхсих-;% 40--свсхсох- -% 
6. у-хсох- 5 > у — x? € (cot x) + cot x - £ (x?) + 3 = —x? esc? x + (cot x)(2x) + 5 
— —x! csc? x - 2x cot x - 2 
7. f(x) = sinx tanx = f'(x) = sin x sec?x + cos x tanx = sinx sec?x + cos x 2% = sin x(sec?x + 1) 
8. g(x) =csc xcotx = g/(x) = csc x(—csc*x) + (—csc xcot x)cot x = —csc?x — csc x cox = —csc х(сзс?х + сорх) 


9. y = (sec x + tan x)(sec x — tan x) > 5 = (sec x + tan x) а (sec x — tan x) + (sec x — tan x) 4 (sec x + tan x) 


= (sec x + tan x) (sec x tan x — sec? x) + (sec x — tan x) (sec x tan x + sec? x) 
= (sec? x tan x + sec x tan? x — sec? x — sec? x tan x) + (sec? x tan x — sec x tan? x + sec? x — tan x sec? x) = 0. 


(Note also that y = sec? x — tan? x = (tan?x - 1) - tax 21 — $— ) 


7 d Д 
10. y = (sinx + cos x)sec x => t = (sin x + cos x) £ (sec x) + sec х 4 (sin x + cos х) 
= (sin x + cos x)(sec x tan x) + (sec x)(cos x — sin x) = "9-99 пх |. созх мах 
2 с zi el. с сі 
— sin кыы M X—cosxsmx __ L = sec? x 
cos^x COS^X 





(Note also that y = sin x sec x + cos x sec x = tan x + 1 > Фу = вес? x.) 


11. у= cotx —, dy _ (1 + cot x) & (cot x) — (cot x) £ (1 + cot x) 2 (1 + cot x) (—ese? x) — (cot x) (—csc? x) 

















1+cotx dx (1 4- cot x)? (1 4- cot x)? 
.. —esc)x—csc?x cotx-Fcesc?x cotx | — —csc?x 
4 (+ cot x)? ~~ (1+ cot x)? 
12 — cosx dy _ (l +sinx) £ (cos x) — (cos x) È (1 +sinx) _ (1+ sin x) (—sin x) — (cos x) (cos x) 
y= 1+ sin x ах ` (1 +sin x)? m (1 +sin x)? 
__ —sin x —sin?x—cos?x _ -—sinx—1 _. —(+sinx) |  -1 
x (l + sin x)? “ (1+sinx)? ~ (l+sinx? ^ 1-csinx 
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15. 
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21. 


22. 


29; 


24. 


25; 


26. 


27. 


28. 


29. 


30. 


31. 
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d 
y= + a =4secx+cotx > ТШ = 4 sec x tan x — csc? x 
22 со8Х х ду х(-віп х)- (сов х)(1) (cos x)(1) — x(—sin x) __ —x sinx —cos x cos x +x sin x 
у= = T cos X => ах — х2 F cos? x = х2 + cos? x 





y =x’ sinx + 2x cosx —2sinx — 9 = (x? cos x + (зїп х)(2х)) + ((2х)(—ѕіп х) + (соѕ х)(2)) — 2 cos x 


= x” cos x + 2x sin x — 2x sin x + 2 cos x — 2 cos x = x” cos x 


y = x? cos x — 2x sin x — 2 cos x > 5 = (x?(—sin x) + (cos x)(2x)) — (2x cos x + (sin x)(2)) — 2(—sin x) 
= —x? sin x + 2x cos x — 2x cos x — 2 sinx +2 sinx = —x? sin x 
f(x) = x3sinx cos x => f(x) = x*sinx(—sin x) + x3cos x(cos x) + 3x*sin x cos x = —xsin’x + x3cos?x + 3x”sin x cos x 


g(x) 2 (2 — x)tan?x 2 g'(x) 2 (2 — x)(2tanxsec?x) -- (—1)tan?x = 2(2 — x)tan x sec?x — tan?x 
= 2(2 — x)tanx(sec?x — tanx) 
ds 


s—tant—t — $$ —sec?t-1 20. s = t —sect+1 > $ — 2t — sec t tant 


s= 1 + све | = ds __ (1 —csc t)(—csc t cot t) — (1 4- esc t)(csc t cot t) 














l—csct а (1 — сзс 02 
+ —csc t cot t + csc? t cot t — csc t cot t — csc? t cot t — —2csctcott 
T (1 — esc t Т (1-свс 02 
s= sin t = ds __ (—cos t)(cos t) — (sin t)(sint) __ cost—cos?t—sin?t _ _cost-—1 _ 1 2 1 
77 1-со81 а (1- сов 02 ин (1 — сов 02 ^ (1-cost? ^. 1—cost ^ cost—- 1l 


г=4- 02 510 = $t — — (0? $ (sin 0) - (sin 9)20)) — — (0? cos 0 -- 20 sin 0) — —6(0 cos 0 + 2 sin 6) 
г= 0 чп 0 + сов 0 = 4 = (0 cos 0 4- (sin 0)(1)) — sin 0 — 0 cos 0 


г = ѕес 0 сѕс0 = g — (sec 0)(—csc 0 со( 0) -- (сөс 0)(бес 0 tan 0) 


= (559) (59) ne) F (eno) (559) (55) = ad T 20220 - sec? 0 - сөс? 0 





г = (1 + ѕес 0) ѕіп Ө = 4г = (1 + sec 0) cos 0 + (зш 0)(вес @ tan 8) = (cos 6 + 1) + tan? 9 = cos 6 + sec? 0 


1 
cot q 


=5+tang > d — sec?q 





р= 5+ 


р = (1 + csc q)cos q => g = (1 + csc д)(—5їп q) + (cos q)(—csc q cot q) = (—sin q — 1) — cot? q = —sin q — csc? q 

















_ sing+ cos q dp __ (cos q)(cos q— sin q) — (sin q+ cos q)(—sin q) 
то со$ сов 
р 4 44 24 
= cos? q — cos q sin q + sin? q + cos q sin q 22 1, = sec? q 
cos? q cos? q 
_ tanq zs. dp _ (1+tan q) (sec? q) — (tan q)(sec2q) __ зес?а- (ап а зес= а — пап а зес?а _ sec?q 
p= 1+tanq dq . (1 + tan q} = (i + tan q)? 77 (1 + tan q)? 


qsing = dp . (92 — 1) (acosq -- sinq(1)) — (qsin q)(2q) 2 q? cos q + q? sin q — q cos q —sin q — 2q? sin q 





P= = 4 - (42-17 (4-1) 
| gq cosq—q? sing — qcosq—sing 
и (42-17 
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а sec q) (3 + sec?q) — (3q + tan sec q tang + sec q(1 
32, р = 391819 _, Ф _ (qsec q) ( q) — (3q + tan q) (q sec q tan q + sec q(1)) 


33. 


34. 


35. 


36. 


37. 


38. 


39. 











азса ” 44 (asec q)? 
__ 3qsecq+q sec?q — (За?вес q tan q + 3q sec q + q sec q tan?q + sec q tan q) __ qsec3q — 3q?sec q tan q — q sec qtan?q — sec q tan q 
Ж (q sec q)? = (авес) 
(а) у = свех = у' 2 —csc x cotx — y" — — ((csc x) (—csc? x) + (cot x)(—ese x cot x)) = csc® x + esc x cot? x 


= (csc x) (csc? x + cot” x) = (csc x) (ese? x + csc? x — 1) = 2 esc? x — csc x 
(b) y 2 secx — y' —secxtanx — y" — (sec x) (sec? x) -- (tan x)(sec x tan x) = sec? x + sec x tan? x 
= (sec x) (sec? x + tan” x) = (sec x) (sec? x + sec? x — 1) = 2 sec? x — sec x 





(a) y=—2sinx > y’ =—2cosx > y" = —2(—sin x) = 2 sinx > y" =2cosx > y) =—2sinx 
(b) y 29cosx — y' — —9sinx — у” = —9созх = y" = —9(—sinx) = 9 sinx = y“ = 9 cos x 


y=sinx => y'=cosx => slope of tangent at 
х = —7 is y'(—7) — cos(—7) — —1; slope of 
tangent at x = 0 is y'(0) = cos (0) — 1; and 
slope of tangent at x — т is y (22) = cos = 

= 0. The tangent at (—7,0) is y — 0 2 —1(x 4- 7), 
or y = —x — 7; the tangent at (0, 0) is 

y —0= 1(x — 0), or y = x; and the tangent at 


(35, 21) isy 2 -1. 


2x = slope of tangent at x = — 7 


3 
is sec? (— т) = 4; slope of tangent at x = 0 is sec? (0) = 1; 


y=tanx > y = sec 


and slope of tangent at x = 7 is sec? (3) — 4. The tangent 


at (- Z,tan(- 2)) — (- т, -V5) isy + V3 =4(x +2); 
the tangent at (0, 0) is y — x; and the tangent at (т, tan (3)) 


= (%,3) isy-/3—4(x- t). 





y =secx = y’ =secxtanx = slope of tangent at 7 y=secx 
x = — 3 İs sec (— т) їап (— т) = —2\/3; slope of tangent | 
atx = 7 is sec (4) tan (4) = \/2. The tangent at the point 1 “52, | 


(-іе(-2)-(-Һ2ву-2--2/5 (49): 
the tangent at the point (5, вес (®)) = (5. v2) is y — V2 E evr Be 
' 3 1 


=/З(к-). 


& 
ғ 
35 
5) 








y=1+cosx > y = -sinx => slope of tangent at 

x = — 3 is —sin (— т) = ас ; Slope of tangent at x = т 

is —sin (32) = |. The tangent at the point 

(— 3,1 + c0s (— 3)) - (- $3) 

is y — 5 - уз (х + т) ; the tangent at the point 

(27,1 + соѕ (27)) = (32,1) 8у-і-х- т 

Yes, y = x + sinx = y'— 1d cos x; horizontal tangent occurs where 1 + cos x = 0 cos x = —1 х= т 
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No, y = 2x + sinx = y’ = 2+ cos x; horizontal tangent occurs where 2 + cosx = 0 = cos x = —2. But there 
are no x-values for which cos x = —2. 

№, у = х = соїх = у’ = 1 + csc? x; horizontal tangent occurs where 1 + csc?x = 0 = csc?x = —1. But there 
are no x-values for which csc? x = —1. 

Yes, y = х +2 соѕх => y'= 1 — 2 sin x; horizontal tangent occurs where 1 — 2 sin x = 0 => 1 —2sinx 


1 : т Sa 
5 Sin x X 6 X 6 





We want all points on the curve where the tangent 


line has slope 2. Thus, y = tanx = у = sec? x so 





that y, —2 — sec?x 22 > secx= +2 
= x= tj. Then the tangent line at (т, 1) has 





equation y — 1 = 2 (x - т) ; the tangent line at 


(— T -1) has equation y + 1 = 2 (x+ т) : 


We want all points on the curve y — cot x where 


the tangent line has slope —1. Thus y — cot x 


— y = —csc? x so that y = —1 — —cs?x — -1 
csc? x = 1 cscx — +1 x— 5. The 














tangent line at (т, 0) isy=—xX+>. 








y =4+cotx—2cscx = y'= —csc? x + 2 csc x cot x = — (сту) (=s) 
(a) When x = 5, then y' = —1; the tangent line is y = —x + 3 + 2. 
(b) To find the location of the horizontal tangent set y’ = 0 => 1 – 2 соѕх = 0 = х = 3 radians. When x = 5, 


then y = 4 — Уз is the horizontal tangent. 





у = 1 + V2csc x - cot x > у = – 4/2 ese x cot x — csc? x = — ( 4 ДЄК- 


(a) If x = 7, then y’ = —4; the tangent line is y = —4x + 7+ 4. 


(b) To find the location of the horizontal tangent set y’ = 0 => V2 cosx+1=0 5 x= За radians. When 


х = Эт, then y = 2 is the horizontal tangent. 


47. lim, sin (= — 5) —sin(5 — 5) 2 sin0 — 0 

48. lim, \/1+cos(mesc x) = 4/1 + cos (т сөс (-2)) = y1 + cos (7 - (—2)) = У2 
х > —6 

49. ө, = gino), = 050 |. = соз(т) = ~ 
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50. 


51. 


52. 


99; 


54. 


95: 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


jum, 2-2 - ШІСІ = = sec? 6| - = sec? (7) 22 
Jim, sec [cos x + 7 tan (z=) — 1] = sec [1 + п tan (755) — 1] = =sec [т tan (1)] = зесл = —1 
Jim sn( Eri i) sni 53) = (а) == 


Jim tan (1 — $) = tan (1 — lim $) =tan(1 = 1) =0 











lim cos (25 = соз (7 lim. 2? ) ee (n e) —cos(r- 1) 2—1 

0-50 (29) 00 510 lim *5* ( i) 

8-2-2811-ү- ds = —2 cost > a de 2sint—j а 2 cos t. Therefore, velocity = v (4) 

= =^/2 m/sec; speed = |у (ғ)| = V2 m/sec; acceleration — a (т) ES V/2 m/sec?; jerk =j (5) E V2 m/sec?. 
s = sin t + cos t > v = 9 = cos t — sin t > a = & = —sin t — cos t > j = da = —cos t + sin t. Therefore 


velocity = v (4) = 0 m/sec; speed = |у (1) | = 0 m/sec; acceleration = a (т) = za m/sec?; jerk — j (т) = 0 m/sec’. 





г å sin? 3x а ѕіп Зх sin 3x s : х 
Jim, f(x) = im, z = Jim, 9 (55) (53) = 9 so that f is continuous at x = 0 = im, f(x) 2 f(0) 2 9 = с. 
lim g(x)= lim_(x+b)=band lim. g(x) 2 lim cosx— 1 sothatgiscontinuousatx — 0 => lim g(x) 
x > 07 х- 07 х— 0+ х— 0" x07 
= Dii g(x) > b=1. Now gis not differentiable at x = 0: At x = 0, the left-hand derivative is 
Ae 
“(x b)|. , — 1, but the right-hand derivative is 2 (cos x)|, , — —sin 0 — 0. The left- and right-hand 


derivatives can never agree at x = 0, so g is not differentiable at x = 0 for any value of b (including b = 1). 


999 . 4 . . . . 
is (cos x) — sin x because i (cos x) — cos x — the derivative of cos x any number of times that is a 


multiple of 4 is cos x. Thus, dividing 999 by 4 gives 999 = 249-443 = E (cos x) 


аз 4249-4 аз . 
= а ше (сов х) = ga (cos x) = sin x. 


(a) у = ѕесх = 1 = 0 — (соѕ х)(0) – (1)(—5іп х) _ sinx |. ( 1 ) (зах 


5 5 Х)2 = sok ТТ S - ) = sec x tan x 
cos X (cos x) cos? x cos X cos X 


= i (sec x) = sec x tan x 








Е 2-5 Чу __ (ѕіп х)(0) — (1)(соѕ х) _ —cosx __ —1 cosx\ __ 
(b) y = CSC X = бах = ах — (sin x)? ^ smx ^ (555) (x) — —cscx cot x 
= i (csc x) = —csc x cot x 
m __ cosx dy __ (sin x)(—sin x) — (cos x)(cos x) __ ~—sin?x—cos?x _ —1 _ 2 
(с) у = сох = sin x dx (sin x)? zn sin? x “7 8Ш2Х 00 csc" x 
= £ (cot x) = —csc?x 


(a) t=0— x = 10cos(0) = 10cm; t = 
(b) t20— v — -10sin(0) 2 09; t— 


sec? 


—Xx- 10сов(7) = 5cm;t = E х = 10 cos (32) = -54/2 ст 


v= —10sin(}) = -5V3 %;t = 4 —> v = —10sin(%) = -5v2 ® 


w WI 





(a) t= 0 —> x = 3cos(0) + 4sin(0) = 3 ft; t= $ + x = 3cos($) + 4sin(3) = 4 ft; 
t=T > x = 3 соѕ(л) + 45іп(л) = —3 ft 
(b) t= 0 > v = —3sin(0) + 4cos(0) = 4 Ë; t = $ sv = —3 sin(Z) - 4cos(2) 2 —3 4; 


t=T у = —3sin(T) + 4cos(r) = —4 + 


sec 
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63. 





As h takes on the values of 1, 0.5, 0.3 and 0.1 the corresponding dashed curves of y = пош sinx get 


| я 
closer and closer to the black curve y = cos x because а (зїп х) = Jim sn th) — sine = cos x. The same 
> 


is true as h takes on the values of —1, —0.5, —0.3 and —0.1. 





As h takes on the values of 1, 0.5, 0.3, and 0.1 the corresponding dashed curves of y = cos(x +h) — cos x get 


closer and closer to the black curve y = —sin x because 2 (cos x) = lim, cos (x +h) — cos x — —sin x. The 
— 


same is true as h takes on the values of —1, —0.5, —0.3, and —0.1. 





65. (a) 
The dashed curves of y = gin +h) -sinx — h) are closer to the black curve y = cos x than the corresponding dashed 
curves in Exercise 63 illustrating that the centered difference quotient is a better approximation of the derivative of 
this function. 
(b) 





cos(x +h) — cos(x —h) are closer to the black curve y = —sin x than the corresponding dashed 


curves in Exercise 64 illustrating that the centered difference quotient is a better approximation of the derivative of 
this function. 


The dashed curves of y = 


ыы _ т Мы 


66. Пт Th ==“ = lim, 0 = 0 = the limits of the centered difference quotient exists even 
ћ—0 х—0 ћ—0 


though the derivative of f(x) = |x| does not exist at x = 0. 
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67. 


68. 


69. 


70. 


2 x, so the smallest value 


у = (апх = у! = зес 
y! — sec? x takes on is y' — 1 when x — 0; 
y! has no maximum value since sec? x has no 


п 


largest value on (— 23 


т) ; y’ is never negative 


since sec? x > 1. 


? x so y' has no smallest 


у= сох => у = — све 
value since —csc? x has no minimum value on 
(0, 7); the largest value of y is — 1, whenx — 5; 
the slope is never positive since the largest 


value y' — —csc? x takes on is — 1. 


у= sinx appears to cross the y-axis at y = 1, since 
lim, sx — 1; у = “228 appears to cross the y-axis 
х c= 


at y = 2, since lim 
x0 





sin 4x 
x 





sin2x __ 2; y = 
a iy — 


x = 


appears to 


sin 4x =4 


cross the y-axis at y = 4, since lim 
x20 х 


However, none of these graphs actually cross the y-axis 
since x = 0 is not in the domain of the functions. Also, 


lim sin 5x — 5; lim sin (~3x) = —3, and lim sin kx 
x—0 x x0 х X ye х 
= _ sin 5x __ sin (—3x) 

=k = the graphs of y = “>, y = ==, and 


sin kx 


у = == approach 5, —3, and k, respectively, as 





x — 0. However, the graphs do not actually cross the 


























y-axis. 
© h x [ego m) 
1 .017452406 | .9999492 
0.01 .017453292 | 1 
0.001 .017453292 | 1 
0.0001 .017453292 | 1 
: sinh? _ y; sin (һ-16) аг 1 5іп (һ-16) m ds 116 біп 0 
к һ dimi һ ЫШ; woh — pn Йй 
(converting to radians) 
сов һ-1 
(b) h TA 
1 —0.0001523 
0.01 —0.0000015 
0.001 —0.0000001 
0.0001 0 
шин, шилин = 0, whether h is measured in degrees or radians. 
des 20011 sin (x +h) — sin x cg 
(c) In degrees, 4 (sin x) jim, = lim, h 
$ И cosh- 1 ; sin h 5 2 
= ы, (sin x UT ) + lim, (cos x. ) — (sin x) - lim, ( 


— (sin x)(0) + (cos x) (25) = Jg COS X 





(sin x cos h + cos x sin h) — sin x 


cos h—1 


h 





vy = (sin 4x)/x 





) + (cos x)- im, (588) 
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3.6 


10. 


11. 


12. 


13. 


14. 
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(d) In degrees, & (cos x) = im, cos (x +h) — cos x = lim (cos x coc — sin x sin) coe x 
x ћ—0 






т (cos x)(cos h — 1) — i —_ 1; cosh- 1 ; д sin 

= jim, DI pe xvm jim, (cos xX- costal) — Jim, (sin xX- ) 

= (cos x) lim, (7) — (sin x) іт (77) = (со 96) — (sin x) (155) — — 45, sinx 

: = PES ; NE 223 
(е) 4 (sin x) — 2 (15 cos x) -- (25) sin X; £ (sin x) = 4 (- (25) sin x) == (25) cos X; 
жол XA ЖАЗ дэх л 

4, (cos x) — i (— тар sin x) = — (25) COS X; £ (cos x) = 2 (- (25) cos x) = (25) sin X 
THE CHAIN RULE 
f(u) 2 60u—9 — f'u)—6 — f'gx) = 6; g(x) = 5 ix! => g'(x) = 2x3; therefore 7 = f'(g(x))g' (x) = 6 - 2x3 = 12x3 


Ка) = 2и3 => f'(u) = 6u? => f'(g(x) — 6(8x — 1?; g(x) 2 8x — 1 => g'(x) — 8; therefore iy = f'(g(x))g'(x) 
= 6(8x — 1)? - 8 = 48(8x — 1)? 


fu) = sinu => f'(u) 2 cosu — f'(g(x)) = cos (3x + 1); g(x) = 3x +1 => g'(x) = 3; therefore 9 = f'(g(x))g’(x) 
= (cos (3x + 1))(3) = 3 cos (3x + 1) 


f(u) 2 cosu — f'(u) 2 —sinu — f'(g(x)) — —sin (= x); go) uo gam 5; therefore ау = f(x)g'(x) 


- -sin (3) - (3) - $ sin (2) 


fu) = cosu > f'(u) 2 —sinu — f'(g(x)) 2 —sin (sin x); g(x) 2 sinx = g'(x) = cos x; therefore 
5 — f'(g(x)g'(x) = —(sin (sin x)) cos x 


f(u) = sinu => f'(u) 2 cosu — f'(g(x)) = cos (x — cos x); g(x) =x —cosx => g'(x) 2 14 sin x; therefore 
4 = f'(g(x))g'(x) = (cos (x — cos x))(1 + sin x) 


fu) = tanu => f'(u) 2 se?u — f'(g(x)) — sec? (10x — 5); g(x) = 10x — 5 => g'(x) = 10; therefore 
4 = f'(g(x))g/(x) = (sec? (10x — 5)) (10) = 10 sec? (10x — 5) 


Ки) = —secu => f'(u) 2 —secutanu — f'(g(x)) = —sec (x? + 7x) tan (x? + 7x) ; g(x) = x? + 7x 
=> g'(x) = 2x +7; therefore 5 — f'(gG))g(x) 2 —(Q2x + 7) sec (x? + 7x) tan (х? + 7х) 


With u 2 Qx + 1), у = u": 8 = 9 @ = Sut-2 = 10(2x + 1)! 


With u = (4 — 3x), y = 09: 9 = %У Ф — 945. (—3) — —27(4 — 3x? 


Wibu-(1-3).y-w^ £-&i- n (970-97 


мі и = (5 – 1), у= 0710: 9 = 9 # 10-1. (1) = —5 ( 


3 
Wihu= (Ẹ +x- 1) ysu: - Ш=аб-({+1+4) =4(ф+х-!) 14143) 


With u = 3x? —4x+6,y=ul?; @© = 2 4 = 10712. (6х -4) = сы 
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15. With u = tan x, y = sec u: у = ay du = (sec u tan u) (sec? x) = (sec (tan x) tan (tan x)) sec? x 
: EM dut . dy _ dy ш _— 2 1) — 1 2 1 

16. Withu 2 7 — 1,y 2 cotu: $$ — € $ — (—csc?u) (5) = — 5 esc? (n — 1) 

17. Withu = sinx,y =u: & = & & = 3u’ cos x = 3 (sin? x) (cos x) 


18. With u = cos x, y = 5u™4: & = ФУ dt — (—20u-5) (—sin x) = 20 (cos~ x) (sin x) 





19. р= у3-1= (3-0? = 2-10-032-10-0--10-017-15- 





20. а= 27-2 = Qr — 2) - 9-1 Qr — 2) ?? 9 (2—12) = 1 (22—12) 2132 — 20) = oa 


21. s— + sin ЗІ + £ cos 5t = 4 = 4 с05 31: 9. (30) + 4 (sin St) - $ (St) = 4 cos 3t — 4 sin St 


dt Зл 
= 4 (cos 3t — sin 5t) 


22. s= sin (32) + cos (22) = ds — = cos (22) Td (3а) sin (22) .d (22) 48:97: cos (228) эл sin (32) 








2 dt dt dt \ 2 2 
— Зл 37000) 371 
шийд (соз => sin 2 ) 
15 4 _ -2 d 22 8с 0сог0--сас20 _ сзс 9 (cot + сзс 0) _ сөс 0 
23. r — (esc 0 cot 0)" 40 7” —(csc 0 + cot 0) ад (csc 0 + сог0) = (сѕс 0 + сої 0)2 7 (esc ð +cot 0)? сас0-сог0 


24. т = 6(ѕес 0 — tan 0}? > Ф = 6+ 3(sec 6 — tan 6)!” & (sec 0 — tan 0) — 9 /sec 0 — tan (sec 0tan 0 — sec?0) 


-2x ~ Y= ? 4 (sin*x) + sintx- 4 (x?) +x 3 (cos? x) + соѕ 2х. $ (x) 


? (4 sin? x 4 (sin x)) + 2x sin’ x + x (—2 cos“ x - 4 (cos x)) + cos”? x 


25. y — x? sin! x 4- x cos 


x 
x? (4 sin? x cos x) -- 2x sin? x + x( (—2 cos? x) (—sin x)) 4- cos ? x 
4x 2 


3 2 


sin x cos x + 2x sinf x + 2x sin x cos~? x + cos~? x 


26. у= sin->x — & соѕх = у = 1 4 (sin->x) + sin->x- & (1) — 5 £ (cos? x) — cos x- 4 (3) 
= +(—5 sin~® x cos x) + (sin ? x) (- 4) — § ( (3 cos? x) (—sin x)) — (cos? x) (1) 
= — 2 ѕіп 6 х cos x — 5 зп 5х + x cos” x sin x — } cos? x 
=] -2 
27. у= 1 (3х – 2) + (4-5) = 9 = 3 (3х – 2). 4 (3х – 2) +(-1) (4- Б) (4-5) 





fis 
= 4 8x - 25-34 (-1) (4 e ави 


28. y2 6- 2x93 41 
2, D 


эн ЭР Эн, лж 
С (5—2х)* х2 


(241)! = % =-36 — 2x42) + # (2 +1) (– 5) = 665 — 20-4 - (4) (2 + 1) 





29. y - (Ax c3! (x - D? — 5 = (4х + 3)*(—З)(х + 1) 4 - 4 (х +1) + (х + 1)-9(4)(4х + 3) - 4 (4х + 3) 
= (4х + 3)4(—3)(х + ii + (x + 1)73(4)(4x + 3)3(4) = 2 + 3) (х ++ 1)-®-+Е 16(4х + 3)5(х + 1) 


3 
= (445 [-3(4х + 3) + 166 + 1)] = ++” 
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30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 
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у = (2х5)! (х? — 5х)° = Ф — (2x — 5)-1(6) (x? — 5x) Qx — 5) + (x? — 5х) (—1)0х – 5) 20) 





= 6(х2 – 5х)? – 202-557 
h(x) = х (ар (24/х) +7 = h(x) =x & (tan (2x!?)) -- tan (2x!2) - £(x) +0 


= x sec? (2х1/2) . 4 (2х5?) + tan (2x1?) = x sec? (2,/x) - T + tan (2,/x) = \/x sec” (2,/x) + tan (24/x) 


X 


k(x) = x? sec (4) = K'(x) =x? 4 (sec 1) + sec (4) - 4 (x?) = x? sec (2) tan (+) - £ (4) + 2x sec (+) 
— x? sec (1 ) tan (1 )-(- +) + 2x sec (+ ) 22x sec (1) — sec (1) tan 1) 


f(x) = y7 + xsecx > f'(x) = 1(7 4 xsecx) "x. (sec x tan x) 4- (secx) 1) — Хуа сх 


7--х 8ёс х 








ШИГ” j = (x -- 7)* (sec?3x-3) — (tan3x)4(x - 7^1 5 (x - 7) (3(x +7)sec?3x — 4tan 3x) 
Os Gem 7 Ec [4 0) Е (х+ 7) 
(3(x + 7)sec?3x — 4tan 3x) 

(х+7) 


go 


к0) = ( sin 0 ) => Pies sin 0 ) - а ( sin 0 = 2sinü . (1--сов б/(сов 0) (sin 0X sin 0) 














1--сов 0 1--сов 0 49 Х1--сов80 1--сов 0 (1--сов 0)2 
_ @ sin 0) (сов 0 -- со82 0 -- віп20)  (2880)(со80-1) _ 2 sin 0 
(1 соѕ 0)3 ay (1 + cos 6)3 ^ (1+cos 6)2 
“114831 22-28-24 (1 + sin 3t)(—2) — (3 — 2t)(3cos3t) __ —2 — 2sin 3t— 9 cos 3t+ 6tcos3t 
a) = (45 је = Trma > L= (I +sin 31) = (1 sin 3t)? 


r = sin (6°) cos (20) -> & = sin (6°) (—sin 20) & (20) + сов (20) (cos (67)) - 4 (6?) 
= зїп (0?) (—sin 26)(2) + (cos 20) (cos (0?)) (20) — —2 sin (0?) sin (20) + 20 cos (26) cos (67) 


r= (sec " tan (1) > = = (sec " ( sec? 1) (- 5) + (ап (1) (sec /6 tan " (522) 
= – р зес М0 sec? (5) + 2 tan (3) sec /0 tan /0 — (sec У9) E = E %) 























a= sin (zm) i = 008 (Fg) (ст) оов (л): E 


— cos t И М1 унт COS 0+0=1} — 1+2 cos t 
t+1 t+1 see 2(t + 1)3/2 2(t+ 1)3/2 vtl 


q = cot ($) => 4 = —csc? (321) 2 4 ЕШ = ( csc? (int) (a) 























y = sin? (rt — 2) % = 2 sin (7t — 2) - $ sin(zt — 2) = 2 sin (mt — 2) - cos (st — 2) - 4 (mt — 2) 
— 2m sin (zt — 2) cos (mt — 2) 
у 2 


у= sec? mt => S ee (2 sec nt) - $ 4 (вес mt) = (2 sec mt)(sec mt tan nt) - 5 Ч (пб = = 2m sec? mt tan vt 


y — (14-cos2074 — € — —4(1-- cos 2t) 5 - $ (14- cos 2t) = —4(1 4- cos 2t) *(-sin20 · & (20) = TO 


y= (1+cot(4)) * = F= -2 (1+ cot (}))” - $(1 + cot (3)) = —2(1 + cot (3)) ^ - (es? (5) - (3) 
_ __ ese? (5) 
E (1+ сое (1))* 
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45. y — (ttant)? 2. 9 = 10(ttant)?(t- sec2t 4- 1 - tant) — 10? tan?t(tsec?t 4- tant) — 10t!? tan?t sec?t 4- 10? tan'?t 
46. y — (t?/"^ sin 9% = (вш)? > 9 = 071(2) (віп 09/305 — t? (sint)^^ = Дам ш cst faye 
__ (sint)!/3 (4tcos t — 3cos t) 
нш 30 
3 2 3 2 (412 4(_44 2 2 (42 
ES e dy 2 (8-4) 29-2 (30-4) _ зв 28-82-38-а2 | 38(-0-40) | -38(8-4) 
47. y= (sta) pir с 3(s 5) (8-4) ^ (B8—49? (8-4) (2-4 (а-а) 
— (3—4 dy 3t-41-6  (54-2)3- Gt-4)5 _ 5t+2)6 15t+6—-15t+20 _ _« (St+2)® 26 
48. y= (ша)? => it == 5(555) ' (5t-+2)° Ts 81% i) j (5‹+2)7 = 56-48 ' (5t-2y 
_ =130(5t+2)4 
© (м—4)° 
49. y = sin (cos (2t — 5)) > 9 = cos (cos (2t — 5)) - i cos (2t — 5) — cos (cos (2t — 5)) - (—sin (2t — 5)) - 4 (2t — 5) 


50. 


= —2 cos (cos (2t — “ы ох — 5)) 


ye (Ssin(1)) 5 S1 — ain (5s (0) 1 (5s (2) = —sin (5 sin ($)) (5 cos (3)) -4 ( 
= -3 sin (5 sin (4) (cos 1)) 





51. y 2 + tan ($ ЇР = Z = 3 [1 + tant (5375 8 [1 + ап (5)] = 3 (1+ tant (5)]? [4 tan? (4) - 2 4 (ап (15) | 
12 [1 + tan? (75)]° [tan? (15) sec? (75) - 5] = i c tan! (55)]" [ran (55) sec? (55)] 
52. y= 2 [1 + cos 2070)? - Ч = 3 [1 + cos? (7012 - 2 cos (7t)(—sin (7t))(7) = —7 [1 + cos? (70 (cos (7t) sin (7t)) 
53. y 2 (1-- cos (2)) 7. — 9 = 1(1 + сов(2)) 7. 8 (1 + соѕ (8)) = 1 (1 + сов (2))  (–зт (2) - 4 ()) 
= – 1 (cos (8) 7? (sin(&)) -2t— — 780. 
5 у = аза (уп + ул) > = 4e0s ( пе у) а (у) = ан (Ма +] 25s 3 (14 Vt) 
Е 2oos (14 V5) Е es (re vi) 
ОУ aft tt 
55. у = ап? ($131) => 7 — 2 tan(sin?t) - sec?(sin*t) - (3sin°t - (cos t)) = 6 tan(sin*t)sec?(sin*t)sin’t cos t 
56. y = cost (sec?3t) => у — 4cos? (sec? (3t)) ( ^sin(sec?(3t)) - 2 (sec(3t)) (sec(3t) tan(3t) - 3)) 
= —24 DTE (3t))sec? (3t) tan(3t) 
57. у = 31(2t? — 5! 5. € — 3t. 4(22 — 5) (4) + 3 · (22 — 5) = 3(22 — 5)" [16° +26 — 5] — 3(20 — 5) (188 — 5) 
-1/2 
58. y=4/3tt/2+V1_-t=> (зуут) (+ (оу) ^ ae D) 





RE EN _ 1 12,/1-4ү24-/1-4-1ү _ 12,/Т-424-/1-1-1 
шы үн јела ма муњу на А иу вуна уму ла 
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59. 


60. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 
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y= (14H)? + у=31+1* (5) =- 50+ ә ул (8) 247-047-238) 
=(-8) (+H (3) +(8) UOP = $0 FY +S (14 HS (14H (E414) 
=§(14+) (+2) 


= [8 (1 VRP ba VA] = (1 9) рта (1 – У + 
йан" (эшекке еы 01-09) агы 








‚ у= в со (3х – 1) = у = - 8 сс? (3х — 1)(3) = — $ сзс? (3х — 1) = у" = (— 2) (сѕс(3х – 1) · 5 све(3х — 1)) 


= – 2 esc (3x — 1)(—csc (3x — 1) cot (3x — 1) · а (3x — 1)) = 2 esc? (3x — 1) cot (3x — 1) 


| y=9tan (5) = y =9 (sec? (3)) (4) = 3 sec? (3) = y” = 3 - 2 sec (3) (sec (3) tan (3) (1) = 2 sec? (3) tan (1) 


‚ у=х(2х +1)“ > у’=х.4(2х + 1)3(2) +1. (2х4+1)* = (2x + 1) (8x + (2x + 1)) = (2x + 1)°(10x + 1) 


=> у" = (2х + 1)3(10) + 3(2х + 1)2(2)(10х + 1) = 2(2х + 1)2(5(2х + 1) + 3(10х + 1)) = 2(х + 1)2(40х + 8) 
= 16(2х + 1)? (5х + 1) 





у = х? (х3 — 1)? > y =x. 5(x — 1) (3х2) + 2x(x3 — 1)? = x(x? — 1)*[ 15%? +2(x? — 1)| = (x? — D^(17x* — 2x) 
> у" = (x3 — 1)*(68x3 — 2) - 4(xÓ — D (3x2) (17x* — 2x) = 2(x3 – 1) (Б — 1)(34x3 – 1) + 6х2(17х* — 2x) 
— 2(x — 1) (136x$ — 47x3 + 1) 





g(x) ух g (x) 22 g(1) = Land 2 (1) = ii Ки) = 15 +1 = Ри) = 5" => f'(g(1) — f'(1) 5; 
therefore, (f o (1) 2 f'(g(1) - g(1) 2 5- 1 - 








5 





в) =(1—х)1 > в(х)=—(1—х) Җ—1) = у > gO!) = 5 and g(-D = # Кю) = 
— fu) — L — f'(g(-1) — f' (1) — 4; therefore, (f o g(—1) — f'(g(-D)g'(- D = 4 











gx) = 5./x g'(x) avs g(1) = 5 and g’(1) = 3; f(u) 2 cot (29) = f'(u) 2 —csc? (=Œ) (4) = = сѕс? (1ч) 
= f'(g(D) = f'(5) 2 — 5 esc? (4) = — 4; therefore, (fo g)'(1) = f/(g())g'(D) = — 4-3 
1 


' (5) = v; f(u) = u + sec? u => Р(и) = 1 +2 sec u - sec u tan u 


1 + 2 sec? 7 tan 7 — 5; therefore, (fo g)' (1) — f'(g(1)) g (4) = 5r 








gx) — mx — gG)-m — g( 
= 1 -42secutanu — Р (2 (1 


g(x) 2 10x? - x 4-1 9 gx) 220x--1 = 20) = 1 апд 20) = 1; Ки) = 2 > Ра) = -ww 




















w+l (u2 +1)? 
= 26 => f'(g(0)) — f'(1) — 0; therefore, (f o g)'(0) — f'(g(0)g/(0) —0-1—0 
2142 ues is 
gœ&= 4-1 > g@=-3 = g(-1) =Oandg(-1) =2;f = (44) = f@=2(44) £(44) 
-a(u P. er DO О ао => fGC)-f'(0)- —4; therefore, 


(fog (-D — f'C-19g'C- = (-4)2) = -8 
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73. (а) у- 2032  -2800-04| 





-280)-2()-1 


ду 


b) у= Қ) + е(х) = 9 = Р(х) + р(х) = 8 


wm 





= (3) + &(3) = 2л +5 
x=3 


(© У= К - = = 3 = ОЕ + (0700 > Ф| = fg) + 83) 3) =3-5+(-4 07) — 15 - 8r 


+ Е ғо) (2) (5) -®С3) _ 37 
22 нийг: 


5 BOP 
(е) у = Кебд) = 9 = Р(абдеб) = F pe f'(g29g 2) - f'O-3) 2 1(-3-- 


2 dy 5 ENS d Ро) (3) v2 
O y=E = 4: = 5 од) У Ра) 2/0 2” к Bi БУ ps BA 24 





(d) f(x) dy — gG9f'G) — fG)g'Gx) = Чу 


У = зо) dx [СЭР dx 























@ y=@@)? 2 £--280)?.g0) 2 $£| = —2((3)) *s@) = -2-4)* -5 =F 
(b) y = (00)? + (goo)?)! = @ = 3 (OO)? + (00У) / (241%) - F@) + 2800 - ео) 
> @| = 3 (GQ)? (0) ADD 28D) = 3 (8? +27) 7? (2-8-442-2--3) --135р 


74. (а) у = 560) – 260 => = 5) – 2) => 2 54 





-58(1)-8(1)-5(-4)-(5)-1 
(5) у- КхХЕ х)? -» 2-1) (3(800) е (ху) (абд (Ху) > ®| — — 35(0)((0)?g/(0) -- (g(0))f^(0) 
= зђа) (1 wo 








— _ fx) — (260 + РС) – feo g'G) ду — (200 + РО) – Оде) 
(S) wrn >? 2 = (86) - 1 с” 2b = (ed) +12 
— 4+) (=3)-@ (-§) _ 
(-4-1» m 


(d) y — f(gG)) => 8 = Р(ебоа(х) = 91) = Р/(8(0))2/(0) = Р (2) = (2) (3) = – 5 

(e) y 2 gf) — 9 = р(х) (х) = Ф] = (КОР) = 2 06) = (– 5) (5) = – 

Ф у= (х +) = 8 = –2(х! + 100) (1159-0800) 8| — -20 0) (1-4 f'Q)) 
=a (i-p =A G) =- р 

(8) у= Кх + 200) > # = 1'(х + 200) (1 + 2'0)) = | 


(БЫ ==. 











= РО + g@) (1+ 2) =f) (1+ 3) 





75. d$ g.g, 5 = с050 = & — —sin 0 = lee = -sin (%7) = 1 so that $ = &- w= ie 5-5 
76. УЕ. 8: у 2-4 7-5 => 9 =2х+7 = $9 = 9 so that ® = у. & —-9.1-3 


77. With y = x, we should get ас 4 — 1 for both (a) and (b): 





(а) у=<2+7 = У =; и = 5х – 35 = % = 5; фегеоге, 2 = $. tu — 2.5 = 1, аз expected 
d = d d 
(6) у=1+1 = = – 5;0=(к- 1) > E 211) = g i therefore Z= 2-2 
ж Ср. ый! ве а ШЕ -1 1 2 
Ри Ойл (х = 1)4- ESI = |, again as expected 
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With y = x*/?, we should get у = 3 x!/? for both (a) and (b): 
u u 2 
(а) у=и? 5 Зиг; и ух du zi ` therefore, Z = Z- P = 3u? - ziy = 3 (v3) я = УХ 


as expected. 


4 ду _ а 
(6) у = ут ну и = хз du — 3x”; therefore, Z = 2. 98 = 1. .3x? = 1 - 3х2 = 8х? 


2/u du ах 2/fu 


























818 


аваш ав ехресїеа. 








у= (61) амх-0-у-(8)-(--12у-2(14).0551:0214 -о810 22 - кс 











x=0 (oi т =-4>у—1=—4(х—0) = у= —4х+.1 





y= VP x47 ondx = 25 y= у(а) – (0) +7= узећу = о –х+ ђ O- 














‘| ee eed 3-Қх-2)->у-іх-2 
Y зер пут. 5: = x )=у 
тх d TX T TX 
y=2tan(%) ә & = (2sec? ) (3) =F sec? $ 
(a) dy = 5 sec? (4) = п = slope of tangent is 2; thus, y(1) = 2 tan (5) = 2 апа у'(1) = лт = tangent line is 
х=1 

given by y — 2 = n(x — 1) > у=лх+2—-т 

(б) у ==< т sec? (= 1 x) and the smallest value the secant function can have in 2 < х < 2 15 1 = the minimum 





value ey is 5 and that occurs when 5 — 5 7 sec? (=) => 1 = sec? (15) = +1 = sec (=) => х=0. 


(а) у = віл2х = у' = 2 соѕ 2х = у!(0) = 2 cos a — 2 — tangent to y = sin 2x at the origin is y = 2x; 





y — —sin (3) = у= – 5 cos (5) = y'(0) = — 5 cos 0 = — i — tangent to y — —sin (3 ) at the origin is 
У-- 1 x. The tangents are perpendicular to each а at the origin since the product of their slopes is — І. 
(b) y = sin (mx) => y’ =mcos(mx) = у'(0) = т соѕ 0 = пђ у = —sin (X) = у= – 1. cos (5) 
-> У(0)-- 1 cos (0) = — 1 . Since m- (— 1) — —], the tangent lines are perpendicular at the origin. 
(c) y = sin (mx) => y’ = m cos(mx). The largest value cos (mx) can attain is 1 atx =0 = the largest value 
y’ can attain is |m| because |y’| = |m cos (mx)| = |m| |cos mx| < |m| - 1 = |m|. Also, y = —sin (+) 
= у= – 1 соѕ (х) = |у'| = |= cos (*)| < |4| |cos (4)| < E = the largest value y' can attain is || . 


(d) y = sin (mx) — y' 2 mcos(mx) — y'(0) = т = slope of curve at the origin is m. Also, sin (mx) completes 
m periods on [0,27]. Therefore the slope of the curve y = sin (mx) at the origin is the same as the number 
of periods it completes on [0,27]. In particular, for large m, we can think of “compressing" the graph of 
y = sin x horizontally which gives more periods completed on [0, 27], but also increases the slope of the 
graph at the origin. 


s = A cos (2rbt) > v = g = —A sin (2rbt)(2rb) = —2rbA sin (27rbt). If we replace b with 2b to double the 
frequency, the velocity mm gives v = —4rbA sin (4rbt) = doubling the frequency causes the velocity to 
double. Also v = —27bA sin(27bt) > a= 4 - -4т?Ь?А cos (2zbt). If we replace b with 2b in the 
acceleration formula, we get a — —167?b?A cos(4zbt) — doubling the frequency causes the acceleration to 
quadruple. Finally, a — —47?b?A cos 2zbt) — ј = $ — 81?b?A sin bt). If we replace b with 2b in the jerk 


formula, we get j — 647?b?A sin(47bt) = doubling the frequency multiplies the jerk by a factor of 8. 


(а) у = 37 чт [21 (х - 101] +25 = у = 37 соѕ [27 (х — 101)] (4) = & соѕ [27 (х – 101)]. 


The temperature is increasing the fastest when y’ is as large as possible. The largest value of 





cos [27 (x — 101)] is 1 and occurs when 2 365 (х- 101)=0 = х= 101 = on day 101 of the year 


( ~ April 11), the temperature is increasing the fastest. 
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(b) y/(101) = 22 cos [2 (101 — 101)] = 22 cos (0) = 1 == 0.64 °Е/Чау 
8-(1-40/2 > v= KS 4144-124) = 2044-1? => v(6) 2 20 -- 4-6) 17? — 2 mfsec; 


v 220401? ~ а= 4 = – 1.210 + 40 924) = —4(1 + 40792 = а(6) = –41 +4 6) 3 = – т пес? 








— dvi · а— + — dv,ds = =k — dv,ds .dv, 
We need to show a — q ÍS constant: a= F= R T and £ (kys) TS = а= Фф ФУ 
uk KR . . 
m 7 kys = 2 which is a constant. 
dv dv | dv ds dv 


— k 22 2 
v proportional to TF = for some constantk => = = — „Трога= т = = У 


ds m 


i 


— m D = 


2 
E 5 = acceleration is a constant times 5 so a is inversely proportional to 52 


Let & = f(x). Тһеп, а = 4 = 4. 4 = 4. х) = 1 (9). х) = ££) - #00 = Ғ(х)Қ), ав гешігей. 














2 L ат _ 1 25872135 атата т тку _ 1 È 
Т=2л\/: г =2т- EC = Vu Therefore, t7 = яра Job A bank, /E 


= S , as required. 


va = 


No. The chain rule says that when g is differentiable at O and f is differentiable at g(0), then f o g is 
differentiable at 0. But the chain rule says nothing about what happens when g is not differentiable at 0 so 
there is no contradiction. 


Ash — 0, the graph of y = sin 2GcHI)-sin 2x 


approaches the graph of y — 2 cos 2x because 


lim, sin 20H D)-sin 2r = i (sin 2x) — 2 cos 2x. 
> 


Ash — 0, the graph of y = ыа ва) 


approaches the graph of y — —2x sin (x?) because 
im, eee) = + [cos (x”)] = —2x sin (x?). 
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93. (a) 





(b) а = 1.27324 sin 2t + 0.42444 sin 6t + 0.2546 sin 10t + 0.18186 sin 14t 





(с) The curve of y = “ d£ approximates y= а 
the best when t is КИ -т,- 1 2.0.7 5» Nor 7. 
94. (a 
(а) dg/dt 





(b 
(с) 


wm 


4 — 2.5464 cos (2t) + 2.5464 cos (6t) + 2.5465 cos (10t) + 2.54646 cos (14t) + 2.54646 cos (18t) 


dh/dt 





3.7 IMPLICIT DIFFERENTIATION 


1. ху + ху? = 6: 
Step 1: (x? & + y-2x) + (x- 2у 9 + у? 1) - 0 
Step2: x? 5 + 2ху $ dy — _2xy — y? 
Step 3: = (а + 2ху) = –2ху – у: 


. dy -2ху-у! 
Step 4: dx ~ x?42xy 





2. х3 +у = 18ху = 3х2 + 392 & = 18у + 18х ® = (3у? — 18х) & = 18у — 3х2 = 8-5 





3. 2xy - y? 2 x t y: 
Step 1: (2x $ 4 2y) + 2y 5 =1+ 9 
Step 2: 2x 9 p 2y & — dp — — 2y 
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Ѕіер 3: 9 (2х +2у – 1) = 1 – 2у 
. dy 1-2 
Stp4: & = Ут 


—3х? 
4. х3 —ху-+ уз =1 = 352-у-х2-3у 2-0 - (3у2 – х) 9 = у – 3х? > шалаа 





5. xix - y = х? – у>: 
Stepl: x? | х — y) ( - :3] + (x — y)?(2x) = 2x — 2y чу 
Step 2: 2x?(x у) $ + 2у $ dy — 2x — 2x2(x — y) — 2x(x — y)” 


Step 3: 5 [-2x?(x — y) 4- 2y] 2 2x [1 – х(х – у) – (х – у)?] 


Step 4: 4 - ЖП-ха-У-(-у) _ ххк у) (ху) __ х(1- х2 + ху х? +0ху - y?) 
PE «= -250-у-2 у-Х Х-) wey Ty 

_ x= 2x34 3x2y — xy? 

х2у — хз +у 








6. (3ху+7)? =бу = 2(3ху +7) - (3х 5 Чу p зу) = =6 Z — 2(3ху + 7)(3х) 9 — 6 = —6y(3xy +7) 














а а Зху+7 3ху? +7 
> #[бцху +7) — 6] = -Gxy 4n 9 $- - 80940 = wen 
2 — х=1 y — &+)-@=-)) _ dy __ 1 
Te Yea 7 2y 2 Q1 = ar о JEP 


8. x= E => x4 + 3x3y = 2x — y > 4x? + 9x’y + 3x3y’ =2—y’ => (3х3+1)у' = 2 — 4x3 — 9x’y 


/ 72257 4х3 – 9х2у 
3х3 +1 








ду _ 1 


9. х = апу = 1 — (sey) $ — 4 = пау = 008" 


10. xy =cot (ху) = 2 y= – све ку у (х 9 + у) = хэ + x csc? (xy) = —y csc? (xy) — 


—y [esc2(x: 1 
> коку) = -y [0y +1] > 8 = рЫ = + 


11. х + (ап (ху) = 0 = 1+ [ѕес? (ху)] (vx Э = 0 = хвес? (ху) # dy — —] — y sec? (xy) > 4у = zly sec (xy) 


x sec? (xy) 


= —1 у _ —cos?(xy) y —соз? (ху) —у 
77 х вес? (ху) x x x x 


12. х^ + ѕіп у = х3у2 — 4x? 4 (cos y) % = Зх ay? + x3. Qy 5 = (cos y — 2x*y) % = 3х2у2 — 4х3 = DEM 


13. y sin (2) -1-ху-» y|cos (2) -(- 3-2 +sin (1) - 2 = -x €$ —y = 


а 1 = dy . - = - 
2-1 eos (3 ) +sin (2 ) +3] Se ax = а ща об S 





14. xcos(2x + 3y) = ysinx > —xsin(2x + 3y)(2 + 3y’) + cos(2x + 3y) = y cosx + y’ sin x 
= —2xsin(2x 4- 3y) — 3x y'sin(2x + 3y) + cos(2x + 3y) = y cosx + y’ sin x 





... cos(2x + 3y) — 2x sin(2x + 3y) — ycos x 


= cos(2x + 3y) — 2x sin(2x + 3y) — y cosx = (sin x + 3x sin(2x + 3y))y’ => у’ ат Зао F 3y) 


dr __ 2yr ут 


1/2 4 1/2 — 10-12 4 11-12, « йг 2221 
15. 6/2--1/2-1- 14 5-0-04| | -25908--207--3 


16. 1— 2/0 — 32/3 i 8 g8/A = & —g-1/2 — @-13 0-04 = @ = 0-12 + 6-03 + 9-14 
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24. 


25. 


26. 
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sin (r0) = i > [cos (r 6)] (r+ 0 4) = =0= 4 4 [0 cos (r 0)] = —r cos (r 8) = 4 = — XO = - р, с0$ (г9) #0 
cos r + cot 0 = r0 > (— sin r)  — csc? 9 =г+0% = = % [- sin r — 9] =г+ сзс? 0 => 4 = beso 





х2-+„у?=1 = 2х + 2уу = 0 2уу' = —2х dy y=- =; ; now to find ту 1 4 (у) = 2 (- У 











у 
-у-х(-% 2 2_ 2 2 2 
„ _ у(—1)+ху' _ СУ ( 3) шоо dy и -y-x -у-(1-у) 2-1 
> y! = n Se since y’ = dg Y e ge оре ge 
2/3 2/3 _ ИНЕ ТЕПТЕР АНТЕК АЕ dy [2 ,.—1/3] — x 1/3 У = o 0 x33. _ fyM/3, 
х/3--у/8-1 > Fx зу =0 = а [ју 11] =-3х = у= yum (21773 
1 Cas 1 7 x1/3.(— 1 y~2/8) y! 4 yU/8 (1 72/3) xl/3.(— 1y-2/9) (- ns) +13 (1 х—2/3) 
Differentiating again, y" = 2 OB з = a 





dy — 1,-2/3,-1/3 , l1/3,-4/3 .. y? 
=> ad з Ву В+ 1 ух / баз + зуут 


= / у= (х+1) (2 
; then y” == Ө» = = 


y? = х? + 2х = 2уу = 2х +2 = у = 212 = = +1 





Фу _ у _ у?—(х+1 
> =Y = 


у?-25-1-2у-»2у-у-2--2у > y'(2y+2)=2 > y = z} = (y + 1); then y" = —(y + 1)? - y' 


2 ы2 
Е 5» {ё=у'= у 











2\/у=х-у > у"!?у=1-—-у' > у(у12 +1) =1 5 9 -у = AX = A i we can 
differentiate the equation y’ (y~!/? + 1) = 1 again to find y: y (- 1y?2y)  (y-!? 4 1) y 20 

: i ( 175 )r* 
> +1)у' = 1|у]у > 9 = у" = - m TONG = 
ху + у? =1 => xy +y+2yy =0 = ху +Ф2уу = —у > у(х +Ф2у) = —у > у = о су = у” 
_ –к+2уу уд +2у) _ 76729 ЕЭ ry | 2 (685) o gua + 2у) + у(х + 2у) —2у?| 
= (х + 2у)? (x + 2y)? m (х + 2у)2 


__ 2у(х+2у)—2у?2 _ 2у2+2ху _ 2у(х+у) 
(x + 2y)3 © (х+2у)+ ~~ (x+2y)3 








x+y = 16 = 3х? + Зуу = 0 Зу2у! = —3х2 у = – 5 ; we differentiate y?y' — —x? to find y": 














2 —2x— 2y (- 2 —2x — 2x4 
у2у”--у ру-у|--2х - уу!--2х-2у) | -у-----5----5 
— 25-2 d _ 232-32 _ 
> = To “ОНЫ таб 2 

— 2у)(—у') —(—у)(1+2у/ 

ху + у? =1 => ху --у--2уу - 0 = у(х + 2у) = -y у! лэх у! (x + 2у)( сә! + y). 
i : (–2) (5) – (1)00) 
since y'|, ,, 2 — 5 we obtain y’ а = 22 00 --і 


y? 4- x? « y* — 2x at (-2,1) and (—2, —1) > 2y% +2x= 4у3 ФУ — 2 = 2y 2 — 4y3 %=-2-2х 





dy = dy хи ду E dy 2 
= > (2y — 4y?) = 2-2х -> E Ora E xir AH ipid 
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28. G2 +y2)? = (x — y at (1,0) and (1, 1) > 2(x? +?) (2х +2у x)= = 2(x — y) (1 " Э 














4 4 —2x (x х- а 
= ж[Ру(? +у°) + (к — у] = —2х (х9 + у°)+(к—-у) > $= Stee ^ R77 
а % = 
апа зу ч 
29. x? +xy- y? =1 = 2х+у+ху'—2уу' =0 = (х—2у)уу'\ =—2х-у > y=; 
(a) the slope of the tangent line m = y les =} — the tangent line is y — 3 = 1x-2) => у= Їх-4 
(b) the normal line is y — 3 — — $ (x — 2) = у=-4х+ 7 
30. х2 +у? = 25 = 2х + 2уу = 0 = у--% 
(a) the slope of the tangent line m = y'|, = Sy = 3 => the tangent line is y + 4 = 3 (х –3) = у= х - 23 
G, 5 
(b) the normal line is y + 4 = — $ (x — 3) = у--іх 





31. xy? 2 9 = 2ху? + 2х?уу = 0 = xy! 2 —ху? у= –ї; 


é ‚) = 3 = the tangent line is y — 3 = 3(х + 1) =>y=3x+6 


(b) the normal line is y — 3 = — } (x + 1) = у=-1х+8 


(a) the slope of the tangent line m = y’| ass Y| 


32. y? — 2x — 4y- 1 = 0 > 2yy -2—-4y 20 = Xy-2y-222 y- a 
(a) the slope of the tangent line m = y'| 3} = —1 = the tangent line is y — 1 = —1(x + 2) > y= —x- l 


(b) the normal line is y — 1 = 1(x +2) > y=x+3 


33. бх? + 3xy + 2y? + 17y — 6 = 0 = 12х + Зу + Зху + 4yy' + 17y' = 0 = y'(3x + 4y + 17) = —12x — 3y 


py —12x-3y , 
> Y = 3544y4 17? 
: 2 — —12x—3y _ 6 : : __ 6 
(a) the slope of the tangent line m = y ІН = О => = the tangent line is y — 0 = 5 (x+ 1) 
= у= ёх+ё 
d : 7 7 7. 
(b) the normal line isy-O=—;(x+1) > y=— Gx- | 





34. x2 — \/3xy + 2y? =5 => 2x — \/3xy’ — \/3y + 4уу = 0 = у СЕЕ „Зу – 2х > у = үле, 
(a) the slope of the tangent line m = y’| (ма) = = у ae 








=0 = the tangent line is y = 2 


(v52) 


(b) the normal line is x = УЗ 


35. 2xy + m siny = 2r => 2ху! + 2у + п(соѕ у)у = 0 = у(2х + тсоѕ у) = –2у = у = x Y 
—2у 
— 2х+єлтсозу 


=— = the tangent line is 


(a) the slope of the tangent line m = y "la, 2 





(3) 
у-т=—»5(%—1) > у=—5х+т 


(b) the normal line is y — $ = 2 (х – 1) = у= 2х- 2 +7 


T 


36. x sin 2y = y cos 2x = x(cos 2y)2y’ + sin 2y = —2y sin 2x + y’ cos 2x => y'(2x cos 2y — cos 2x) 
sin 2y 4-2y sin2x , 
cos 2x — 2x cos 2y ? 


= —sin 2y — 2ysin2x > y = 


(a) the slope of the tangent line m = y'| ọ } = RC A ew ym т = 2 = the tangent line is 
2% ы) 2 
у-1-2(х-1) = у= 2х 
(Б) the normal line isy — 3 = —$(x—%) = у=-1х+ 8 
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2m cos(mX—y) . 


y = 2 sin (nx — y) > у' = 2 [со$ (лх — y)] - (m — y’) => у [1 + 2 соѕ (пх – у)] = 27 соѕ (пх — y) > y = ТЕ 


2m cos (TX — y) 


(a) the slope of the tangent line m — y'|uo — EO 


— 2m - the tangent line is 
(1,0) 


у-0-д2л(х- І) -> у-2лх-2л 


us ү 1 Aai 1 
(b) the normal line is y — 0 — — 5: (x — 1) > у=—5+у- 


X? cos? y — зїп у = 0 = x?(2 cos y)(—sin y)y’ + 2x cos? y — y’ cosy =0 = y’ [—2x? cos y sin y — cos y] 

2 2x cos? y 
= —2x cos” у = у = 2х2 Cos y sin y cos y ? 

2x cos? y 


2x2 cos y sin y + cos y 


=0 > the tangent line is y = 7 


(a) the slope of the tangent line m = y’| on = 
' (02) 





(Б) the normal line is x = 0 








Solving x? + xy + у? = 7 апау = 0 х^=7 х= 57 Є 0) and (v7, 0) are the points where the 
curve crosses the x-axis. Now x? + xy +y? =7 => 2х +у + ху + 2уу = 0 = (х + 2у)у = –2х – у 











= у= – іу => ш=— SEN — the slope at (- Ут, 7,0) ism = — == —2 and the slope at (v. 0) is 
m= - 27 = —2. Since the slope is —2 in each case, the corresponding tangents must be parallel. 

ху + 2х -у=0 = xg dye pem % =0 => Фу = ут; ; the slope of the line 2x + y = 0 is —2. In order to be 
parallel, the 2 ne must also hie slope of —2. Since a normal is perpendicular to a tangent, the slope of 

the tangent is i 5- Therefore, у+2 _ = 5 => 2у+4=1-х => x= —3— 2y. Substituting in the original equation, 


Е ЕН а => у2+4у+3=0 = у= -Зогу = —1. Му = —3, then x = 3 and 
у-+3 = —2(х — 3) = у= —2х-+ 3. Пу = —1, then x = —1 and y + 1 = —2(x + 1) > y = —2x – 3. 











у: = у: —х2 = 4yly 22yy -2x 2 2Qy?-y)y2-2x > у = у 5уз : ће slope of the tangent line at 
уз 1 
3 5 
ЕЗЕЗЕ = y-5ys (e 9” A = т = 55 = = —1; Фе slope of the tangent line at ЄЗ 3) 
































y?(2 — x) =x > 2yy'(2 — x) + у?(—1) = 3х? > y= 2: + 3х2 ; the slope of the tangent line is m = у +302 
уе 30-53 uy 
= 1 = 2 = the tangent line is y — 1 = 2(x — 1) > y = 2x — 1; the normal line is y — 1 = — 1 х-1)-5у--1х-3 
Х' — 16х x? — 9x 
yt — 4y? = xt — 9x? = 4у°у' — 8уу' 2 4x? — 18x — y' (Ay? – 8у) = 4х? — 18x => y - fim = Bam 
= 09-9) — пк (3,2); т= ©9859 2 L2:(03,-2: m2 2:82: m2 2;6,-2: m2 - 2 


х? Һу – 9ху = 0 = 3x? 4 3y’y’ — Oxy’ — 9y =0 > y' (3y? — 9x) = 9y - 30 2 y'— te = у= 








/ 5 / 
(а) уаз = 4 ау | = 5: 


y? — 3x 


| 3 : 
(b) y'=0 > 38 =0 = sy-P =0 > у= 5 => + (F) – (5) =0 = х — 540 =0 








= x? (x? — 54) =0 х = Оогх = 5/54 = 3 3/2 = there is a horizontal tangent at x — 3 5/2. To find the 


corresponding y-value, we will use part (c). 
25 = 3 
() 05 РИО уф =0 = у= +\/Зх;у = Ү/Ж = x + (vx) — 9x /3x — 0 


= хз — 6\/3х3/2 = 0 => x3/? (x32 - 6v3) —0 2 x? 20orx!? 26/3 2 x =Oorx = 4/108 — 3 4/4. 


Since the equation x? + y? — 9xy — 0 is symmetric in x and y, the graph is symmetric about the line y = x. That is, if 
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(a, b) is a point on the folium, then so is (b, a). Moreover, if y’| ab) = Mm, then У| ь = 1. . Thus, if the folium has a 
horizontal tangent at (a, b), it has a vertical tangent at (b, a) so one might expect that with a horizontal tangent at 


х = \/54 and a vertical tangent at x = 3 4/4, the points of tangency are (у 54,3 уа) and (3 V/A, у 54) | 


respectively. One can check that these points do satisfy the equation x? + y? — 9xy = 0. 








45. x? + 2xy — 3y? = 0 = 2х + 2xy’ + 2y – буу = 0 = y/(2x — 6y) = 2x -2y 2 y = ee => the slope of the tangent 
line m = y'| a) = | = 1 = the equation of the normal line at (1, 1) is y — 1 — —1(x — 1) 2 y — —x — 2. To find 
ал) 


where the normal line intersects the curve we substitute into its equation: x? --2x(2 — x) - 32 — x)? =0 
= x? + 4x — 2x? — 3 (4 — 4x + х?) = 0 = —4х? + 16х - 12 =05х? — 4х+3=0=> (х – 3)(х – 1) = 0 
=> xX = 3 and y = —x+2 = —1. Therefore, the normal to the curve at (1, 1) intersects the curve at the point (3, —1). 


Note that it also intersects the curve at (1, 1). 


46. Let p and q be integers with q > 0 and suppose that y = \/xP = x?/4, Then y4 = x?. Since p and q are integers and 









































: . џ ; : а ду _ Пр-т Чу — р" р, ж! 
assuming y is a differentiable function of x, £ (y9) = &(хР) > ду1 7147 = рхР—1 => ФУ = at a а 
СР. т _ op, xP! _ p , yp-1-(p—p/q) P. 21 )-1 
4 (х/4)-! q xA q q 
47. у? =х = % = = zx. If anormal is drawn from (a, 0) to (x1, y1) on the curve its slope satisfies т = = = – у 
=> у = 2003 —a)ora=x,+ 1 . Since x; > 0 on the curve, we must have that a > 1 . By symmetry, the two 
: : Ух Ух ћу _ 
points on the parabola are (x1, А /х\) апа (х\, —,/ X1) . For the normal to be perpendicular, ( exl sm = —1 
2 3 
=> ao =1 = хү=(а—ху)? > хү=(х+%—ху) > x = фапду = +4. Therefore, (7, +5) anda= 3. 
2 до ЈЕВ Pa 2x / _ 2x 2 2 / = 2x EE d 
48. 2х*+3Зу*=5 > 4х+буу =0 > у=— = у lay = alha and y, , — — B aug T 3 ; also, 
2 3 / 2 / 3х2 / _ 3х2 ‚--5 3 _ 3х2 А 79; 
уг = х 2уу' = Зх у = > у lees TUO Ta and y 1 яаж. Therefore the 








tangents to the curves are perpendicular at (1, 1) and (1, —1) (i.e., the curves are orthogonal at these two points of 


intersection). 








49. (а) х2 +у2 = 4, х2 = 3y? > (3у2) +у2 = 4» у2= 1 у= +1. у= 1 х2 + (1) = 4 х2 = 3 
- ЖУЗ.Еу--і--х2-(-1)-4-х2-3--х- + УЗ. 
х2 у = 4 5 2х +2у9 =0 Фп = # = —5 апа х? = Зу? => 2х = бу® => п = ® = 


(v3, 1):m = # = —М? = -V3 adm = 8 = У = УУ => пи m = (v3) ($) =-1 
At (V3, -1):m = 2 =-4 = V3 and m = $ = 34 = -F >m m = (v3) (-Ẹ ==] 
( 
( 





























At 4/3, dx 1 x 

At -V5,-1) es C V/3 and m; E m = (- 3) (45) = –1 
(Б) х=1- 92, х= 192 = (12) = 1—у => у = 7 у= + У Ну= У => х = -(4) -ын 

у= 8 -эх-1-(-0) = 1х=1- у = 1= –уб = пи = # = —4 аах = 1у° 





1 __ УЗ]. ы Чу луу з 2 ede CES ode ауыса А.С "аа ак 3 : ze Үс 
4: 2): = 2 = Дул) = 73 20019 = в = ур) = Мз ШҮН (51 ;) | 
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2 
50. у= —1х+Ь,у? = х? => @ = —} and 2y# = 3x? > § f= ( 1) (8) = 1»%-у-(%) EX 








> $ =x -—zi-4-0-x(x-4) 0>x=0ox=4.Ifx=0>y (9 0 and (—4) (3) = 15 


indeterminant at (0,0). Ifx =4 > y = 0 =8. at(4, 8),y =—ix+b>8=-4(4)+b5d=%. 


51. xy? - x)yy 26 — x (sy? $) +y> +x? %+2ху =0 > 9 (3xy? + x?) = —y? — 2xy > ч = saree 








— — Y ?x . also, xy? +х?у =6б => х(Зу?) + Ух? +у(2х 8) =0 = (у? + 2ху) = —3xy? — x? 





0 3xy)i X , 
Фе = (=. 3xy? + x2 . : t 
E c en ; thus & y appears to equal 4 . The two different treatments view the graphs as functions 


symmetric across the line y = x, so their асы are reciprocals of one another at the corresponding points 
(a, b) and (b, a). 


ау —3х2 


dy _ = (2 sin y)(cos у) ® ж » Ч? < (2у — 2 ѕіп у cos y) = 3х? => ас” ТЕРК ТЕТТЕ, 


52. x? +y? = sin? y > 3x? +2у хх 


3х? 2 dx 


- 2 sin y cos y — 2y 
appears to equal + . The two different treatments view the graphs as functions symmetric across the line 
ж 


; also, x? + y? = sin? y = 3х2 $ 2.2. 


y = x so their slopes are reciprocals of one another at the corresponding points (a, b) and (b, a). 


53-60. Example CAS commands: 


Maple: 
91 := x43-x*y+y3 = 7; 
pt := [х=2,у=1]; 
pl :=implicitplot( ql, х=-3..3, у=-3..3 ): 
pl; 


eval( ql, pt ); 
q2 := implicitdiff( ql, y, x ); 
т := eval( q2, pt ); 
tan line: y = 1 + m*(x-2); 
p2 :- implicitplot( tan. line, x—-5..5, y--5..5, color-green ): 
p3 := pointplot( eval([x,y],pt), color=blue ): 
display( [p1,p2,p3], ="Section 3.7 #57(c)" ); 
Mathematica: (functions and x0 may vary): 
Note use of double equal sign (logic statement) in definition of eqn and tanline. 
<<Graphics ImplicitPlot 
Clear[x, y] 
{x0, yO}={1, 7/4}; 
eqn=x + Tan[y/x]==2; 
ImplicitPlot[eqn,{ x, x0 — 3, x0 + 3},{y, yO — 3, yO + 3}] 
eqn/.{x — x0, y — yO} 
eqn/.{ y > y[x]} 
D[%, x] 
Solve[%, y'[x]] 
slope=y'[x]/.First[%] 
m=slope/.{x — x0, y[x] — y0} 
tanline=y==y0 + m (x — x0) 
ImplicitPlot[{eqn, tanline}, {x, xO — 3, x0 + 3},{y, yO — 3, yO+ 3}] 
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3.8 RELATED RATES 


— qr ЧА _ dr 
1. А = пг => а = 277 


2. Sc 4x? => Ф = 8лг Ë 








dx а ах а 
3. у=5х,=2> #=5% > Уу —5(2) = 10 


4. 2 -Зу-12,5--2-285-39-0-208-3(-2)-0- 8-3 


5. у=х?, ® =3 =› ®У = 2х%®;ууһепх = —1= Ẹ = (—1)(3) = —6 


6. x=y —y, X =5=> 4 —3у?% _ 8, ућепу = 2 > # — 3(2) (5) - (5) = 55 


dt dt ^ 


7. х2 p y? = 25, ® = —2 = 2х ® E 2y 9 — 0; whenx 2 3andy — —4 = 2(3)(-2) -2(-4) 202 $ — —3 




















dt dt 
8. х2у3- 4, Fal > 3x? y+ 2xy3* = 0; when x = 2 > (2) y? = £ > y = L. Thus 
2 (1ү2(1 1d ах _ _9 
3(2) (5) (5) + 2(2) (3) @& =O > & = -3 
ох а х а Katy a. 
9. Г, = \/х? + у?, ® --1,2-3 SE == xS + 2у У) = Jai When x = Sandy = 12 
шй, _ (5)(—1)+(12)(3) _ зі 
SO a реа 


(5):+(12) 





10. r+s? +v = 12, & = 4, $ = 3 > E 42s% 43y% = 0; whenr = 3 ands = 1 = (3) + (1) +v =12>v=2 
2dv _ dv _ 1 
> 4+ 2(1)(—3) + 3(2)9® =05 %=} 


11. (a) $ = 6х?, ® = —5.® = 4$ — 12x d: when x = 3 > 8 = 12(3)(–5) = —180 25 


min 


X m X 2 m? 
(b V =x, Z = -55 => S9 — 3x? 9; whenx 23 => ЧУ = 3(3) (—5) = —135 м, 


12. $ = 6х?, %@ = 72 Ш® > S = 12x & > 72 = & S 2x —9 i. y —у3 — ФУ = ах а ће =3 


> dt sec вес” dt^ 
3 


= 4 = 3(3) (2) = 54 № 


dt sec 


13. (a) V 2 a?h > ФУ =т?Ф ф) У=тгһ > ¥ = 2rrh = 


Lg йу — dh dr 
(с) V — пг — 5 —mr G t2arh & 


~ 


14. ( V= irh > Ẹ¥ = irre & (b) V= inh > 4У - 2лүһ 


dt 
dV _ 1.2 dh y 2p ar 
(c) Gp = 37 Ge + зп а 





15. (a) у = | volt/sec (b) d =— 1 amp/sec 
d 4 d d d d 4 4 4 
© %=К(&) +1(4) = =i- RD > FI IW 


(d) R = i [ - 2 (— 1)] = (1) (3) = 3 ohms/sec, R is increasing 


2 2 dP _ 72 dR di 
16. (а) P-RP > Ф р 4 +2614 


m _ dP _ 12 ав а а оса _ 21) а _ Ра 
b) P=RÉ пр Фа пар а Ма ера EE 
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17. 


18. 


19. 


20. 


21. 


22. 


23: 


24. 


25. 


26. 
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1/2 : 
(а) з= үх? + у? = (х? + у?) Puy a XI a 
1/2 5 а 
(b) s= х2 +4 у? = (х? ^E у?) ds 22 Jd us + Та те 2 


(с) 5— уха фу: = 52 = х у: = 259 — 24 -2у% = 25-0 = 2х ®-+„2у%У = dlg 








(а) s= yX +y +Z = 5° =х?-„у?-„2° => 25 8 = 2х ® + 2у 48 + 27 3 












































ds _ x dx J y dy + 7 dz 
dt yx? +y? +z? dt үх +у2 +22 @ ух +у2 +22 dt 
nh dx — ds __ y ду | 7 dz 
(b) From part (a) with G = 0 ути ИИ Ш 


(c) From part (a) with $ — 0 > 0 = 2х ® + 2у 9 +27 % > «ау рі o 





(а) A — jabsin 0 = ЯА — labcos 0 9? (b) А = 5а ѕіп 0 = ЯА — labcos0 9? -- Ibsin 9 € 


Ld | dA _ 1 d | lp gp Q 43 la gin 0 9b 
(с) А = 5absinü — GF = 5 аб соѕ 0 9 + 50 5100 5% + 5аѕіп Ө 5 


Given A = ar’, 9; = 0.01 cm/sec, andr = 50 cm. Since ga = 2лг а ‚ Шеп А 





a 7 21(50) (445) — v cm?/min. 


Given « = —2 cm/sec, de = 2 cm/sec, £ = 12 cm and w = 5 cm. 
(a) А = Ру = 4А = ( dw +w af => 4А = 12(2) + 5(—2) = 14 cm?/sec, increasing 


(b) P —2(42w > F=24%42 = 2-2) + 2(2) = 0 cm/sec, constant 


У px шар w wg 
(© р= уме + = (ње + he)? = B=1w+ 2)? (w+ 2¢H) = 2D — Aui 





= DA = 4 cm/sec, decreasing 
(а) У = ху => 37 = у; 45 + ху ду txy% > 4У aaa) — GAD + 4002072) t (4))(1) — 2 m?/sec 
(b) S — 2xy -2xz 4 2yz — S — Qy -22) & + (2х + 22) 9 + (2х + 2у) & 

> 8 = (10)(1) + (12)(—2) + (14)(1) = 0 m?/sec 


dt | (432) 


_ 2 2 2-9 2 2\1/2 de _ х ах у dy 2 dz 
(с) L= yx +y? +z = (x? +y? +z?) тог a yu n a mE 


е? a 4323 (55) er (55) Cae (5) а 





























Сіуеп: ах = 5 ft/sec, the ladder is 13 ft long, and x = 12, y = 5 at the instant of time 
(a) Since x? + y? = 169 > 9 = —% & = — (42) (5) = —12 fusec, the ladder is sliding down the wall 


(b) The area of the triangle formed by the ladder and walls is A = i Xy — ЧА E (1) (x y +y 8) . The area 


is changing at 1 [12(— 12) + 5(5)] = – ue = —59.5 ft?/sec. 


4 Ж 4 dð — 1 dx 90 — 1 ах — 1 > 
(с) созд= 5 > —sind T= 73° > = татр ЧЕ = (5) 6) = –1 тафвес 





5? = у? -+„х? = 25 ® = 2х ®+2у% —®—1 (х $cyg) = = в (442) + 12(-481] = —614 knots 





Let s represent the distance between the girl and the kite and x represents the horizontal distance between the girl and kite 


= 52 = (300)? +x? > &=% & = CD — 20 ft/sec. 





When the diameter is 3.8 in., the radius is 1.9 in. and Ẹ = 45 in/min. Also V = 6mr? = 4% = 12ar Ë 


= © = 12n(1.9) (agg) = 0.00767. The volume is changing at about 0.0239 in?/min. 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


144 Chapter 3 Differentiation 











3 3r 4h 6rh® d блһ2 dh 
27. У = улгћ= уСр= у > г= 9 У=зт (3 yh = 169 a и 
(a) | = (62) 00) = 220. ~ 0.1119 m/sec — 11.19 cm/sec 


(b) r=% 2 £—29—2(:9-) = 15 = 0.1492 пузес = 14.92 спузес 








dt 3 dt 3 (256 327 
2 — 15h x | 1512) __ 75т53 dV _ 225mh?2 dh dh 4(—50) _ —8 
28. (а) У=лгһапдг= Б" > У={т(5°) һ= ЭШ = чех 5 = 52516} = 2251 
x —0.0113 m/min = —1.13 cm/min 
_ 15h dr _ 15 dh dr _ (15) (_-8 ) _ 
(b) r= = Ga BH S 4| _= (2) (=) = Si e –0.0849 пузес = —8.49 cm/sec 


п T T -1 
29. (а) У = *у2(3в —у) =  -аруӨК-у)-у(-1)|2 = 8 = [7 (6Ву – 3у2)] © ФУ > atR= 13 and 
у = 8 ме have 5 = uc = ше m/min 
(b) The ee is on the circle r? + (13 – у)? = 169 = г = \/26у – у? т 
1/2 














B 2 1/2 d й _ _13-у а dr — 03-8 (-l 
()r-Q6y-y)" > @=:(2бу—у”) "Q6-2p $&- Jy d dily-8 ^ 26.8 — 64 (б) 
= == m/min 
30. If V 2 $7, S — Anr?, and $* — kS — 4knr?, then $* = 4лт? ® = 4клг? =4лг % = & = k, a constant. 


тк: the radius is increasing at a constant rate. 


31. ВУ = $ л8, г = 5, апа 9 = 1007 ftë/min, еп 4 = 4л? 1 => & — 1 fumin. Then S 2 4n? = % 


= 8лг а = 87(5)(1) = 407 ft?/min, the rate at which the surface area is increasing. 


32. Let s represent the length of the rope and x the horizontal distance of the boat from the dock. 











(а) Wehave s? =x’ +36 > а= = 2- 36 d&s. Therefore, the boat is approaching the dock at 
$|. 7 zu C2 - -25 ft/sec. 

(b) совд= 9 => -sinf $=- a > a= pna a Thus, r= 10, x = 8, and sin 0 = 5 
77 = = 463) -(- "a -5 rad/sec 


33. Let s represent the distance between the bicycle and balloon, h the height of the balloon and x the horizontal 
distance between the balloon and the bicycle. The relationship between the variables is s? — h? 4- x? 
= = 1(р рх Ф) = $= 2 [68(1) + 51(17)] = 11 #иѕес. 


5 


34. M Let h be the height of the coffee in the pot. Since the radius of the pot is 3, the volume of the coffee is 


dV dh елок Ча 1 dV 10 салаа 
= 9лһ = y = 9л 9 > Шегае Ше сойее 1$ rising is G = 52 G = s; in/min. 


(b) Let h be the height of the coffee in the pot. From the figure, the radius of the filter r = В > V=; 1 тг? 





E mo , the volume of the filter. The rate the coffee is falling is  — 4; ЧУ = = (–10) = – = infin 





35. у=0р 7! = ¥ =D % - QD? Ẹ = 4 (0) - 235 (—2) = GF Umin = increasing about 0.2772 L/min 
36. Let P(x, y) represent a point on the curve y = x? and 0 the angle of inclination of a line containing P and the 


... 2 
origin. Consequently, tan 0 — * — 10 = * =х => sec?0 99 — dX — 96 — со: 0 ах . Since 5 — 10 m/sec 
x x dt dt dt dt 
x? 32 


уха — 92432 — 16» 








and cos? 0|. , — ~ = I rad/sec. 
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37. The distance from the origin is s = \/x? + y? and we wish to find $ E = +(х? + y) ^? (2x 5 + 2y 4 Э 





(5,12) 
— GCcD-r2(05) .. 
17251144 —5 m/sec 
38. Let s = distance of car from foot of perpendicular in the textbook diagram = tan? = 135 => sec? 0 98 = is 48 





=> а = cos"? 4 : 48 — —264 and0 — 0 — е —2 rad/sec. A half second later the car has traveled 132 ft 


right of the perpendicular — |0| — T cos? 0 = І, апа Ч — 264 (since s increases) — а = % (264) = 1 rad/sec. 







39. Lets = 16t? represent the distance the ball has fallen, h the L | 
distance between the ball and the ground, and I the distance ҚҰЗЫ аз 
between the shadow and the point directly beneath the ball. 
Accordingly, s + h = 50 and since the triangle LOQ and 


triangle PRQ are similar we have I = a => ћ = 50 — 162 


0505 162) _ 1500 di __ 1500 
and = -(50- 162) 162 30 = 2 89 x: 


=> T „ы = —1500 Н/ес. 





1/2 sec later 





40. When x represents the length of the shadow, then tan 0 = х => 8620 d = № A y dec. ск есй M . We are 





dt 80 


—x?sec?0 40 


given that а = 0.27° = гад/тіп. Ах = 60, соѕ 0 = = i2 | а | = ЗО 


2000 











= х ft/min 
(4 ы - 16 
4 = апд зес 0 = 3) 


= 0.589 ft/min ~ 7.1 in./min. 


dr 
а 


2 dr 


= 4nr 


ау 
dis — 





— z&. in/min when $* — —10 in?/min, the 
— 487 (==) 


41. The volume of the ice is V = 3 пі? — 5 74 > 2 








thickness of the ice is decreasing at = in/min. The surface area is S = 4rr? > 45 = 8лт а => |. 


= — D 9 in?/min, the outer surface area of the ice is decreasing at 2 in?/min. 


42. Let s represent the horizontal distance between the car 1% plane while r is the line-of-sight distance between the car and 


plane > 9+9 =r > S= eS Be (—160) = —200 mph = speed of plane + speed of car 















































dt Vr2—9 dt Та 76 
= 200 mph = the speed of the car is 80 mph. 
43. Let x represent distance of the player from second base and s the distance to third base. Then к = —16 ft/sec 
(а) 52 = х? + 8100 = 25 ds = 2x ах = ds =F oe When the player is 30 ft from first base, x = 60 
a ds = 2307055 
s = 30y 13 апа = = P 16) = Ju 8.875 ft/sec 
(b) sin 0; — 20 => cos 6; 2 = 2 . 4 = 46. =-= 90. я ds = 90.4 4 . Therefore, x — 60 and s — 30/1 
ай, 02 -32 90 49: 90 ё dð 90 ds 
=> чи = оу - (===) = & rad/sec;cos 0; — => —яп 05 2 — – 274 > == Faint” at 
— 90 ea а» - 90 . (2322) _ _ 8 
== . Therefore, x — 60 and s — 30/13 — = = (81) m (5%) es rad/sec. 
dO, 90 45 _ 90 x dx) _ (__90) (dx) _ 90 dx : 49 
(CO) "a = Peek dp ра еее ые dim, “at 
== 7 = 90 94$ — 90 х dx| | (90 dx 
= lim, (автор) C15) = i rad/sec че = ST а = (23) GG) =) Go 
z 90 dx : 40> _ 
= (етно) а > iim, a = — $ rad/sec 


44. Let a represent the distance between point O and ship A, b the distance between PR O and ship B, and D нь distance 
between the ships. By the Law of Cosines, D? = a? + b? — 2ab cos 120° > ® = + [2a @ ie 2 ® +а® +Ьч]. 


When a = 5, a = 14,b =3, and Ф = 21, then а = 2 where D = 7. The ships are moving ФР = 29.5 knots apart. 
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3.9 LINEARIZATION AND DIFFERENTIALS 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


. fix) 2x33 -2x -3 — f(x) = 3x? -2 = L(x) = f'Q)x —2)4 £2) = 10% —2)+7 = L(x) = 10x — 13 atx =2 





f(x) = VFI = (х®+9)” => г(х) = (4) 6? +9) Ох) = FES > LO = Р(—Ф(х + 4) (74) 
--4(-4-5 -- Цд--іх-?2ах--4 


fx)-x4i-f(Q)-1-x? L()-f0D-4f()x-1)-2-4-0x-1)-2 





f(x) 2 x3 — РЁ) = Ls L(x) 2 f'C-8(x — (-8)) -f(-8 2 5(x-8-2 2 Lo)- 5x- $ 








. f(x) 2 tanx > f’(x) = sec*x > 1.(х) = Кл) + Е’(п)(х — п) =0+ Цх- п) =х-т 











(a) f(x) = sinx => f'(x) = cosx => L(x) = f(0) + f'(0) 
(b) f(x) = cosx > f'(x) = -sinx > L 
(с) Кх) = tanx > f'(x) = sec*x > L(x) = f(0) + f'(0)(x — м х = L(x 123 


ээс 
> 
М 
1 
= 
ж 
о 
М 
+ ~ 
de. ew. 
~ 
[« ~ 
— м 
pE 
© 
М 
2 
- d 
id 
2 








f(x) 2 x? -2x => f'(x) 22x 4-2 — L(x) — f'(0)(x —0) -- f(0) 2 2(x —0) -0 2 L(x) 22xatx 20 





fx)- x! — f'x)- —x? — L() - fx Df) 2 (-D(x- D41 > La) -x42atx -1 





f(x) 2 2x? 4x — 3 => f(x) 2 Ax c 4 => L() 2 fCCD(x + 1) +К—1) = 00 + 1) +(–5) => Па) = -5atx 2 —1 





fx) 21-4x 9 f'6021 2 LG) 2 f(8(x 8) -f(8 21(x – 8) +9 = Гбдо = х +"1ах==8 





f(x) = J/x 2 xi^ 2 fo) 2 (1) x2? > Lo) 2 f(x 8 + 8) = р(х – 8) +2 > L&) = Exo $atx-8 


f(x) = Ay => Ро = О = И > LW = f(D 0+0) = (0-10) +1 


= ЦМх) = 1х-+ тах =1 








f'(x) 2 k(1-- x)* !. We have f(0) — 1 and f'(0) — k. L(x) — f(0) + f'(0)(x — 0) = 1 + k(x — 0) = 1 + kx 











(a) fx) (1-х)° = [1+(- х)]° л 1 +6(—x) = 1 — 6x 

(b f(x) = 2 = 2[1 + (—x)]7* ~ 2[1 + (-1)(—x)] = 24 2x 

(с) f(x) 2 (1-x) 1? &1-4 (-1x- e 

@ бој = V242 = V2(14 У Ма (а + 1) = Уа (1+ 5) 

(e) f(x) = (4+ 3х)? = 413 (1+ 2х) x 41/3 1+ 43) = 41/3(1 4 % х) 

6 (9-(-55)^- e C9] 14 ауызы. 5. 


(a) (1.0002)? — (1 + 0. 2 я 1 + 5000.0002) = 1 + .01 = 1.01 
(b) 471.009 = (1+0.009)1/3 = 1 + (1) (0.009) = 1 + 0.003 = 1.003 


f(x) 2 V/x - 1--sinx 2 (x * DI? E sinx — f'(x) ^ (1) (x - D7!2  cosx > L(x) = f'(0)(x — 0) + f0) 
=$(х—0)+1 = ш(х) = 2x+ 1, the linearization of f(x); g(x) = Vx + 1 = (x 4- 72 = р(х) 
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= (1) (х + 1)-1/2 => L,(x)- g'(0)(x — 0) + (0) = ix –0+1 = [1,009 = ix + 1, the linearization of g(x); 
h(x) = sin x h'(x) = cos x L,(x) = h’(0)(x — 0) + h(0) 2 (D(x — 0) +0 = L(x) = x, the linearization of 
h(x). Ly(x) = L,(x) + L,(x) implies that the linearization of a sum is equal to the sum of the linearizations. 








у= х? – 34/х = х? – 3х1/2 = ау = (3х2 – 3x17) dx => ду = (se - 535) а 


у= ху 2 = х(1- х2)? = ау = |а) (1 х2) + б9 (5) (1 х8) 00-х) ах 
= (1 zm [(1 — x?) – х2] ах = (1-2x)) dx 











vica 
— _2x — ( @U+%x*) - (2х)0х) - .2-2х2 
ya its > 4у- (26020999) ак - буйр 
= 2 /x 2х1? 7 х-1 (3 (1--х/2))- 2x? ix =) 3x-1/2 43 — 3 
у= ЗА) 3(1--х//2) = ду = ( 9(1 +х172)7 dx = 9 (14x12)? dx 
тшер 


2y3/? +xy - x 2 0 = 3y!/*dy+ydx+xdy—dx=0 = (3y!/?4+x) dy=(1—y)dx > dy= түтік ox 


xy? — 4x3? — y = 0 = у? іх + 2xy dy — 6x!/? dx — dy = 0 => (2xy — 1) dy = (6x!/? — y?) dx 


=> ду = 2) Ја ах 





у = зїп (5ү/х) = sin (5xl/?] — dy — (eos (5x2) (š x7") dx = dy = see CV ах 

y = cos (x?) => dy = [—sin (x?)] (2x) dx 2 —2x sin (x?) dx 

y = 4tan (5) > dy=4 (sec? (5) (x?) dx = dy = 4x? sec? (5) dx 

y = sec (x? — 1) => dy = [sec (x? — 1) tan (x? — 1)] (2x) dx = 2x [sec (x? — 1) tan (x? — 1)] dx 


y = 3 csc (1 = 2\/х) = 3 csc (1 = 2599) => dy=3 (—cse (1 = 2002) cot (1 = 2x12) (7x 1/77) dx 


= ду = a csc (1 — 2\/х) cot (1 — 2,/x) dx 





y — 2 cot (5) = 2 cot (x712) = dy 2 —2csc? (x-!/?) (— D) (x37) dx 2 ду = т csc? (4) dx 


f(x) = x? + 2x, xo = 1, dx = 0.1 2 f'(x) 22x42 

(a) Af = f(x + dx) — Кхо) = К1.1) — КЮ = 3.41 — 3 = 0.41 
(b) df — f'(xo) dx 2 [2(1) + 2](0.1) = 0.4 

(c) |Af — df| 2 [0.41 — 0.4| 2 0.01 


f(x) 2 2x? E 4x — 8, xo — —1, dx 2 0.1 => f'(x) 2 4x - 4 
(a) Af = f(xo + dx) — f(x9) = f(—.9) – К—1) = .02 

(b) df = Р(хрј ах = [41) + 411) = 0 

(c) |Af — df| 2 |.02 — 0| — .02 
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Chapter 3 Differentiation 


f(x) = x? — x, xo = 1, dx = 0.1 > f'(x) = 3x? — 1 
(a) Af = f(x + dx) — f(xo) — f(1.D — f(1) — 231 
(b) df = f"(x9) dx = [3(1)? — 111) = 2 

(с) |Af — df] = |.231 —.2| = .031 








f(x) 2 x*, x9 = 1, dx = 0.1 f'(x) 2 4x3 

(a) Af = f(xo + dx) — f(xo) — f(1.1) — f(1) — .4641 
(b) df = f'G) dx — 4(D3.1) — 4 

(с) |Af — df| — |.4641 — 4| — .0641 


f(x) = xl, xg 2 0.5, dx 20.1 => f'(x) 2 -x? 
(а) ДЕ= Кхо + 4х) — Кхо) = К.б) — К.5) = -1 
(b) df = f'(xo) dx = (—4) (7) =— 2 

() |А4-||-|-1-2|- 5 


f(x) = x? — 2x + 3, Xo = 2, dx = 0.1 > f'(x) = 3x? — 2 

(a) Af = f(xo + dx) — f(xo) — fQ.1) — f(2) = 1.061 

(b) df = f'(xo) dx = (10)(0.10) = 1 

(c) |Af — df| 2 |1.061 — 1| — .061 

V= far = dV = 4ar dr 36. У=х% > dV = 3x? dx 


$ = бх? = dS = 12x dx 


S = nry r? +h? = mr (r? + ny? h constant > $8 =m (r? + p? + лг -г (2 + p? 








dS — T(r? +h?) +r? т (212+) 
45 a ds де dr, h constant 
У = qr?h, height constant — dV — 2zroh dr 40. S 2 2nrh — dS = 27r dh 


Given r = 2 m, dr = .02 m 
(а) А = т? = 4А = 2лгаг = 2т(2)(.02) = .08т т? 
(b) (487) (100%) = 2% 








С = 2пгапа ас = 2 ір. dC = 27 dr dr 1 the diameter grew about 2 in; A = mr? => dA = 27r dr 
— 2n(5) (1) 2 10 in? 


The volume of a cylinder is V — mr7h. When h is held fixed, we have ау = 2arh, and so dV = 2zrh dr. For h = 30 in., 
r = 6 in., and dr = 0.5 in., the volume of the material in the shell is approximately dV = 27rh dr = 27(6)(30)(0.5) 
— 180m e 565.5 in?. 


Let 0 — angle of elevation and h — height of building. Then h — 30tan 0, so dh — 30sec?0 d0. We want |dh| « 0.04h, 
which gives: |30sec?8 d6| « 0.04|30tan 0| 2 —L;|d6| « 9955? — |40) — 0.04sin 0 сов 0 — |d6| « 0.04sin 57 сов 51 
= 0.01 radian. The angle should be measured with an error of less than 0.01 radian (or approximatley 0.57 degrees), 


which is a percentage error of approximately 0.76%. 
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dr 
The percentage error in the radius is (a) x 100 < 2%. 





(a) Since C 22mr — 9с = = 27 t- The percentage error in calculating the circle's circumference is (4) х 100 


= bra) сиво хаваа 


пт 


(b) Since A = tr? > 4 = =2тг% v I he percentage error in calculating the circle's area is given by ^5 (8) х 100 


gc ME ылар йу 





dx 
The percentage error in the edge of the cube is (a) x 100 < 0.5%. 








(a) Since S = 6x? > $ — 12x & (8) x 100 — x 100 





Cr х) 





dt’ 
= 2680 x 100 < 20 5%) = 1% 





(b) Since V = x? > ау = = 3х2 ах . The percentage error in the cube's volume is i) x 100 = (а) a x 100 


- 304) x 100 < 3(0.5%) = 1.5% 


V = zh? = dV = 37h? dh; recall that AV © dV. Then |AV| < (1%)(V) = L&E => jav] < 0019 
= |3rh? dh| < ӘМ) . аы < 
of his } з 96. 


z h = (4 %) h. Therefore the greatest tolerated error in the measurement 


0 300 


- 10 -> у=? = 


тр? 
40 








(a) Let D; represent the interior diameter. Then V = ar?h = m (2 i)? h= 


dV = 5D; dDj. Recall that AV + dV. We want |AV| < (1%)(V) => 20 € (d) ЕЗ - 





=> 5D, dD, < m > ар. < 200. The inside diameter must be measured to within 0.5%. 
(b) Let D, represent the exterior diameter, h the height and S the area of the painted surface. S = 7D.h => dS — zhdD, 


= 45 = 9, Thus for small changes in exterior diameter, the approximate percentage change in the exterior diameter 


is equal to the approximate percentage change in the area painted, and to estimate the amount of paint required to 
within 5%, the tanks's exterior diameter must be measured to within 5%. 


Given D = 100 cm, dD — 1 cm, V 2 2 (2)* = м" = ау = тр? ар = (100)°(1) = 1%. Then ЧУ (100%) 
104r 1067 
= E: | (102%) = E3 % = 3% 


6 





V= fr = $r (B)? = > dv = T dD; recall that AV © dV. Then |AV| < G%)V = (5) (Œ) 


— zD? D3 
= 16 ^ dV| 55 — 





zD? ар) < тр: = |dD| < 2, =(1%)D = the allowable percentage error in 


measuring the diameter is 1%. 








bdg 
W=a+ : =а +ђа“! = dW- -bg^?dg- э = we = | ын [22^ — 37.87, so a change of 
322 


gravity on the moon has about 38 times the effect that a change of the same magnitude has on Earth. 


0) T- 2s (5) = ат - 2e V/L(- 17?) dg = туса ^ dg 


(b) If g increases, then dg » 0 = dT <0. The period T decreases and the clock ticks more frequently. Both 
the pendulum speed and clock speed increase. 
(c) 0.001 2 —7/100 (9803/2) dg — аз = —0.977 cm/sec? — the new g ~ 979 cm/sec? 
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Chapter 3 Differentiation 


53. E(x) = f(x) — g(x) => E(x) = f(x) — m(x — a) —c. Then E(a) 2 0 = Ка) — та -а-с=0 = c= f(a). Next 


we calculate m: lim B9 -0 > „Шт, елы о =0 = im, [x — m] = 0 (since c = f(a)) 


54. 


—a x-a 


> f'a)—m-0 => m = f'(a). Therefore, g(x) 2 m(x — a) 4- c = f'(a)(x — a) + f(a) is the linear approximation, 





as claimed. 
(a) i. Q(a) = f(a) implies that bo = f(a). 
ii. Since Q’(x) = b; 4- 2bs(x — a), Q'(a) — f'(a) implies that b = f'(a). 
iii. Since Q"(x) 2 2bs, Q"(a) — f"(a) implies that b = Біз); 
In summary, bọ = f(a), bı = f'(a), and b; — : e 
(b) f(x) 2 (1—x) 5 f'(x) 2 -10 — x) ?(-1) 2 (3—- x) ?; f"(x) 2 —2(1 — x) ?(-1) 2 2(1 - x) ? 





(d 


wm 


(e) 


(f) 


Since f(0) — 1, f'(0) — 1, and f"(0) — 2, the coefficients are by — 1, b; — 1, b; — 2 — 1. The quadratic 


approximation is Q(x) = 1+x +x’. 


As one zooms in, the two graphs quickly become 
indistinguishable. They appear to be identical. 


[-2.35, 2.35] by [-1.25, 3.25] 
g(x) 2x 5 g(x) 2 —1x 5; g"(x) — 2x7 


Since g(1) — 1, g'(1) — —1, and g"(1) — 2, the coefficients are bo = 1, b; — —1, b» — 2 = 1. The quadratic 


approximation is Q(x) = 1 — (x —1)+(x—1)”. 
As one zooms in, the two graphs quickly become 
indistinguishable. They appear to be identical. 





[-1.35, 3.35] by [-1.25, 3.25] 
(x) « (1-3) 55 bi(x) = 30 +x) a) = (1 +) 70 
Since h(0) = 1, h’(0) = 4, and h"(0) = —4, the coefficients are by = 1, b} = $, = i = —}. The quadratic 


approximation is Q(x) = 1 + š — E 
As one zooms in, the two graphs quickly become 


indistinguishable. They appear to be identical. 





The linearization of any differentiable function u(x) at x = ais L(x) = u(a) + u’(a)(x — a) = bo + bi (x — a), where 
bo and b, are the coefficients of the constant and linear terms of the quadratic approximation. Thus, the linearization 
for f(x) at x = 0 is 1 + x; the linearization for g(x) at x = 1 is 1 — (x — 1) or2 — x; and the linearization for h(x) at 
х= 0і81+ $. 
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Chapter 3 Practice Exercises 


55-58. Example CAS commands: 

Maple: 
with(plots): 
a:= 1: f:=x ->x A3 +x A2 — 2*x; 
plot(f(x), x=—1..2); 
diff(f(x),x); 
fp :- unapply (",x); 

L:=x -> f(a) + fp(a)*(x — a); 

plot({f(x), L(x)}, x=—1..2); 

err:=x -> abs(f(x) — L(x)); 

plot(err(x), x=—1..2, title = #absolute error function#); 
err(—1); 

Mathematica: (function, x1, x2, and a may vary): 
Clear[f, x] 
{х1,х2}={—1,2};а=1; 
f[x_]:=x3 + x? — 2x 
Plot[f[x], (x, x1, x2]] 
lin[x_]=f[a] + f'[a](x — a) 
Plot[{f[x], lin[x]}, {x, x1, x2}] 
err[x_]=Abs[f[x] — lin[x]] 
Plot[err[x], (x, x1,x 2)] 
err//N 


151 


After reviewing the error function, plot the error function and epsilon for differing values of epsilon (eps) and delta (del) 


eps = 0.5; del = 0.4 
Plot[{err[x], eps},{x, a — del, a + del}] 


CHAPTER 3 PRACTICE EXERCISES 
1. y=x>—0.125x? +0.25x => 8 = 5х* – 0.25х + 0.25 

2. у= 3 – 0.7х + 0.3х7 =» & = —2.1x? + 2.1% 

3. у= х3 – 3 (х2 a?) = % = 3х2 – 3(2х +0) = 3х2 — 6x = 3x(x — 2) 


Й 1 dy _ 7,6 
4. у=х +М7х- =: IE eux 4 


5. у= (х+ 1)? (х? + 2х) = Фу =(х + 1)2х + 2) + (ха + 2х) (2 + 1)) = 2x + 1) [(x + 1) + x(x + 2) 


= 2(x + 1) (2x? + 4x + 1) 





6. у= 0х—5)(4—х)-1 = 9 = (2х - 5-4 - 3) 2-0) + 4 х) 10) = (4 x)? [2x — 5) - 2(4 — x) 
= 3(4— x)? 


7. y= (6? +sec0 +1)? => dy — 3 (0? -- sec 0 + 1)°(26 + sec 6 tan 0) 





CSC гү? CSC 2 csc 0 со! csc 2 
8. у=(-1-=#-#) э &=2(—1-#—#) (гиб 9) — (Cio sit 6) (ese cot —9) 
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Chapter 3 Differentiation 
NENNT OMEN 
ту dt 04-40 CONV БАЙГ лад 
zz cd a  (V-00-1(5) a 
о о >. 
y = 2 tan? x — sec? x > 5 = (4 tan x) (sec? x) — (2 sec x)(sec x tan x) = 2 sec” x tan x 


1 


Y=an- == = csc? x — 2 csc x > 9 = (2 csc x)(—csc x cot x) — 2(— csc x cot x) = (2 csc x cot x)(1 — csc x) 


а 


s = cost (1 — 2t) > $ = 4 cos? (1 — 2t)(—sin (1 — 2t))(—2) = 8 cos? (1 — 2t) sin (1 — 20 


s= co (F) = = 3.) (es (0) (G2) = fe G) cse? G) 
s = (sec t + tan t) — % = S(sec t + tan t)! (sec t tan t + sec” t) = 5(sec t)(sec t 4- tan t)? 


8-508с7(1-1430) = & = 5с3с* (1 -1+ 38) (—сс (1 — t+ 3t”) cot(1 — t + 3t”)) (-1 + 6t) 
= —5(6t — 1) esc? (1 —t + 3t?) cot (1 = +38) 
r= /20 сіп 0 - (20 sin 6)/2 => 4 = 4 (26 sin 6) /2(20 соѕ 0 + 2 sin 0) = т 


г = 20\/ соз 0 — 20 (cos 0)? => & = 20 (4) (сов 0)-1/? (—sin 0) 4- 2(cos 0)!/? — ae + 24у соѕ 0 


_ 2с050 — 0 ѕіп 0 
cos 0 





r= sin V/20 — віп (20)1/2 = t — cos(26)!/? (1 (26)-1/2(2)) = eM 





r=sin (9+ V/8- 1) => # = cos (0+ УТ) ЦЭ = ы сов (9 + уд + 1) 


ны dy _ 1 
у=ух с. > qm 5 


х2 (—сѕс 2 cot 2) (=) + (све 2) (5 - 2х) = csc 2 cot 2 + x csc 2 








у=х-!/2вес(2х)? = у - х71/2 sec (2x)? tan (2x)?(2(2x) - 2) + sec (2x)? (- Ix 


— 8x!/? ѕес (2х)? tan Qx)? — 1 x 9? sec Qxy? 2 4 x!/? sec (2x)? [16 tan (2x)? — x~?] or zigsec(2x)? [16x?tan(2x)" -1| 


у= ух све (х + 1)3 = хуз све (х + 1) 

= 5 = x!/2 (—ese (x + 1)3 cot (x -- 13) (3(x + 1?) + ese (x + 1) (1 x M7) 

— —34/x (x + 1)? сѕс(х + D? cot(x + 13 + MR = 1 x esc (x *- D? [1 — 6(x + 1)? cot(x ++ 13] 
ог TRES + 1)3[1 — 6x(x + 1)? cot (x + 1)3] 


y =Scotx? => 9 — 5(—csc? x?) (2x) = —10x esc? (x?) 


y =x? cot 5x => 9 = x? (—csc? 5x) (5) + (cot 5x)(2x) = —5x? csc? 5x + 2x cot 5x 


X 
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y = x? sin? (2x?) 2 2 = x? (2 sin (2x?)) (cos (2x?)) (4x) + sin? (2x?) (2x) = 8x? sin (2x?) cos (2x?) + 2x sin? (2x?) 


y = x? sin? (x?) => & = x-? (2 sin (x3) (cos (x?)) (3x?) 4- sin? (x) (2x9) — 6 sin (x?) cos (x?) — 2x~3 sin? (x3) 





_ ( 4 үг? ds __ 4t (t-- 1)(4) - (400) ж \-35_4 _ _@+1) 
зе (н) > = -2 (aa) | (+ IP = 2(221) wane = зе 
"am SS айсы. 2- 4 -4(15у— __3 
$ = ттт =~ is 1—1)” > Ф = – т (—3)(151 — 1) (15) = тзг Ту 





x+1 (х+ 02 (+03 ^ (+108 


у= (==) is v (22) &+0 (5%) - (0510) 55 геу 





y= (28) = #=2(24) (ues | САХА) 


4 
2\/х +1 dx 2х1 (2/х-1) Qyx-1? — Qxe1? 





y= SR =(144)"" > $£-10«27^(o3 -- L3 


y Any at I o x ee) os dro (3) G7) 17 (ne ot) e (cei) a) 
= (x+ yx) ^ [2x (1+ z) +46 + v5] = (x - /x) I? (2x + ух + 4х + 45) = а 














r=( sin 0 ) = d ( sin 0 ПЕЕ шин 2( sin 0 су 


cos ĝ — 1 40 со80-1 (cos 0 — 1)? cos 0—1 (cos 0 — 1? 
- (2 біп 0) (1- сов 0) 222 -2віһ0 
(cos 0 — 1)? 7“ (cos 0 — 1? 








— [sinó4142 dr __ зп 0 + 1 (1 — сов 0)(сов 0) — (sin 0 + 1)(sin 0) | __ 2(sin@+ 1) 2 2.9 : 
E= (120) = 40 = 2 (7a) | (1 — cos 0)? | 77 (1-сов 0)3 (сов 0 cos” @ — sin” @ — sin 9) 


.. 2(sin 0 4- 1)(cos 0 — sin 0 — 1) 
m (1—cos 0)3 


у = (2х + 1) 2х +1 = (2х + 132 = % = 3 (2х4 11/22) = 3/2х +1 





у = 20(3х — 4)1/4(3х – 4) 1/5 = 20(3х – 4)1/20 = %® =20 (1) (3х — 4)-19/20(3) — буя 


J? = “3 (-3) (5х2 -- sin2x) "" [10x + (cos 2x)2)] — 296-0529) 


== 2 1 
у= 3 (5x + sin 2x ах (5x2 + sin 2x)” 


у = (3 + cos? 3x)" => $y — — 1(3-F cos? 3x)" (3 cos? 3x) (—sin 3x93) = | 





ху +2х+3у =1 = (ху +у) +2 +3у = 0 = ху +3у = –2-у => у(х+3) = –2-у =» у= - 1. 








xt xy ty? — 5x =2 > 2x4 (xX +y) +2y - =0=х®-+2у% = 2х уз 2(х-2у)-5-2х-у 
4 5-2x 
> к= $m 


х3 + 4ху — 3у4/3 =2х = 3х2 + (4x +45) — 4yl/3 ФУ 9 =2 = 4х 9 - 4у1/3 5 = 2 — 3x? — 4y 


RE 
zi % (4х — 41/3) = 2 — 3x? — 4y => яу = “си 
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44. 5х + 10у6® = 15 = 471/5 + 121/5 9 = 0 = 12у 9 = ax > Ba — Fx Vy We = Јур 
45. (ку! =1 = boyy? (x2 +y) =0 + xy $ = ку = в = пу в 


46. xy? =1 > x? (2y 8) + у22х) =0 = 2х2у& = —2ху? = % 


e 
хі 
хі 








о ду _ (x4 1X1) - 6X1) dy _ 1 
о = гүй = & = 56 = 








2 _ (1+ху12 4 _ 1+x 3 ду _ а –х)–а +) dy _ 1 
48. у= (1) FY S > Ay = (0 —x9 > k ya 


49. рз + 4ра — 34? =2 = зр f -- 4 (pc ad?) —6q=0 = 3p? 2 +4q 2 = ба – др => $f (3p? + 49) — 6q — 4p 


d 64-4 
— < = 94-4р 


dq  3р?+4а 
50. а = (5р? +2р) У“ = 1= – 3 (бр' + 2р) 7 (1008+28) = – 2 (5р? + 2р)" = 9 (10р+2) 
dp _ _ (5р?+2р)°? 
=” ‘a =e 385411) 


51. гсоѕ 25 + ѕіп25 = л = r(—sin 2s)(2) + (соз 2s) (&) +2sinscoss=0 > € (cos 2s) = 2r sin 2s — 2 sin s cos s 


dr __ 2rsin2s—sin2s __ (2r—1)(sin2s) __ 
gd rx cos 2s ~ cos 2s = (2r — 1)(tan 2s) 








52. 215 —г—5+5 =–—3 => 2(r+s#)-€-142s=0 > £Qs-1)=1-2s-2r > Ha 14 














ds 28-1 
2(—2х) — (х2) (2у È 
3 3 _ 2 2 ду _ dy _ хг Фу _ УС dx 
53. (а) х’ + у” =1 = 3х +3у 7 =0 > у= у m= y 
2 ied 
E dy —2xy? + (2yx?) (- 5) = —2xy? — 2 _ —2ху3—2х% 
ах2 yl т у4 2-2 у? 
2 2 dy 2 dy 1 dy 2-1 Фу 21-2 2 dy 
(b у“-1-; у = а di yZ ау = (УХ) > wT y y+ a 
2 1 
хил гэг (в) -2-1 
dà — уза = ум 


54. (a) x? -y =1 > 2x-2y Z =0 э —2у#=—2х > ф=* 





7 ау == х | 
Фу УО-ха _ У х (5) y-x! zl fg 2 2 
ae = у? = y Uy — 8 (since yf — xf = —1) 


б) 8 = 
55. (a) Let h(x) = 6f(x) — р(х) = бо) = 600 – 2'00) = О) = 61) — 21) =6 (1) – (–4) =7 
(Ы) Let h(x) = f(x)g?(x) = h(x) = f) (280) g'(x) + gF’) => Һ(0) - 2fO)gO)z"O) + 82038 (0) 
= 2000) (5) + 08) = -2 


220 Қо) пуу (BO) + DE) – =) H(qy— GO DPQO)-fDgQ) _ G+) (G)-3(-4) _ 5 
(с) Ге) = ут >) = (#60 + 12 = hi) = ё(1) 419 = 6 +12 = 12 


Let h(x) = f(g(x)) > h(x) = Р(е(х))е (х) — h'(0) — f'(g(05g(0) — f'COD (3) 2 (3) (5) = 1 
Let h(x) = g(f(x)) => h(x) = g'(fx)f'(x) — h'(0) — g'(f(0)f'(0) — g(Df'(0) — (—4) (-3) = 12 
(f) Leth() — (x -- f)? 2 hb'(x) 2 $ (x - f69)!? (1-- f'G9) > Wd) 2 $0 4 £012 (1 f'(1)) 
=3(1+3)1/2 (1+1) = 8 

Let h(x) = f(x + g(x)) => h'(x) = Р(х + 200) (1 + 2'0)) = Һ(0) = f'(g(0) (1 4- g'(0)) 

= Ра) (1+ 5) = (5) (5) =1 


хи 








(а 


ж 
о 
ME ANS 


Хи 


(g 
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58. 


59. 


60. 


61. 


62. 


63. 
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wm 


56. (a) Let h(x) = \/xf(x) = h(x) = Ух + jus > kK) = /1Г'(1)+Е1@1)- УЛ =1+(-3) (1) = –- 8 
1 
3 


(b) Let h(x) = (х))!? => һ(х) = (Қа) !? (f'G)) => O = $ (0) '?f'(0) — 1 (9) (72) - — 

© Letho) — f(V/3) > 0) = (у) zi > WD =f (V1)- ap =4-4=4 

(d) Let h(x) — f(1 — 5tanx) — В) = РА — 5tanx)(—5sec?x) — ae = f'(1 — 5 tan 0) (—5 sec? 0) 
= f'(1(-5) = §(-5) = -1 

(e) Let h(x) = A > ћу) = ааш => (0) = оше = 1 E 

(f) Let h(x) = 10 sin (=) f?(x) > h(x) = 10 sin (2 х) (2f(x)f’(x)) + Р? (х) (10 cos (=) (2) 

— h'(1) — 10 sin (2) Qf(Df'()) + #2 (0) (10 соѕ (7)) (7) = 200—3) (1) +0 = –1 


wm 





WIN 


2 
х= фт > ®=2y=3sin2x > %У = 3(cos 2x)(2) = 6 cos 2x = 6 cos (2t? + 27) = 6 cos (2€) ; thus, 


У =%.& 6с05(202).2 = Z| =6cos(0)-0=0 





t= 


t— (uà 4-20) 7 2 & = 1 (12 +2) 2+2) = 2 (12 +20) 74 13s =P 4+5t > S= 245 
= 2 (u? + 2u)" + 5; thus $ = $. & = [2 (42-20) 7 +5] (2) (u + 20) У (и + 1) 


ds 
ав da 





= [2(2? +20)" +5] (3) 2? +20) 77@ + 1) =2 (2-81 5) (875) 220-25 2) - 2 


r= 8 sin(s + 2) = Ч = 8 cos (s+ 2); w= sin (\/r — 2) = aw = cos (,/r – 2) Е? 


cos ( 8 sin (s+ 2) -2) 










































































- ; thus, & = oY. & = - |8cos (s4- £ 
2 /8 sin (s-- £) ds dr ds 24/8 sin(s +2) [ ( 2)| 
NET i cos ( 8 sin (2) — 2)-8 cos (ғ) Ж (сов 0)(8) £3 Е 5 
ко 24/8 sin (2) 2/4 
2 = 2 40 do 40 — _ 92 ад e _ (02 1/3 
Pt+0=1 => (6: + (20 9)) + # =0 = #020+1)=—0 = = 6 ;г= (0 +7) 
й _ 1/92 -2/3 22 2 -2/3, 2 4 Е ЕА 
=> ag И) RSs Ole eT) ; now t = 0 and 9-0 =1= 0 = 130 ва! | 1. = 5 =-1 
есм? —2/3 _1 dr _ dr 40 2 = 
and $ вл = 5\1 +7) / — $ => diio liso” dt 2051(6)-05--с6 
+ —2cosx — 3y! € € — —2sinx — S (3 2+1) = –25іпх = € — —2$Шх > Y 
у? y y dx Бэ dx y g дах ЗН dx 737 
8 -288(0) 0: dy (3y? + 1) (—2 cos x) — (—2 sin x) (бу 8) 
0031 ^ d (Зу2 +1)? 
Фу _ (3+ 102 соѕ 0) – (—2 іп 0)(6-0) _ 1 
ас (0,1) (3+ 12 2 
1/3 1/3 1.-2/3 1-2/3 4 d 2/3 d ‚ду _ —у28 
x p yl =4 = 3x РУ B2=0> 5 = WB > atl gy = Ба = в 
~, ФУ e Gare ae) (3x71) > Фу __ (873) [- 2-8-1/3-(—1)] 4- (82/5) (3-8-1) 
dx? (x25)? dx2 (88) m 84/3 
822 476 
1 1 
f(t-- h) — fi ант _ 2441 (2+2 +1 
КО = эт аа ЕВ) = дат > = ee = Е ОЕ ОВ 





B -2h = -2 LS ды W -2 
€ ш. = Genapap 100 = m. T mm. QUE2h 4 000110) 





Е Qu р GU 
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64. g(x) = 2x? + Land g(x +h) = 2(x + h)? + 1 = 2x? + 4xh + 2h? + 1 => 80-80 — Gere eae e) Qe) 
_ 4xh+2h? __ 255004 (В) #0 _ y x 
= ee = 4x+2h > glx) = im, EUM e lim, (4x 4- 2h) — 4x 


65. (a) 





2 
_) x5-1€x«0 
fo-[ 5 0<х<1 


(b lim х) = lim х? = Оапа іт х) = lim х2 = 0 — lim f(x) — 0. Ѕіпсе іт х) = 0 = 60) 
х— 07 х— 07 xo OT х— 07 х- 0 х— 0 
follows that f is continuous at x = 0. 

(c) lim f'(x)—- lim_(2x)=Oand lim f’(x)= lim (—2x)=0 = lim f’(x) = 0. Since this limit exists, it 
х— 07 х— 07 х > 0+ x > Ot х-0 


follows that f is differentiable at x = 0. 


66. (a) 






tan x, 0 <x < 7/4 


23 х,-1<х<0 


(b) Пт х) = lim_x=Oand lim f(x)— lim tanx=0 => lim f(x) — 0. Since lim f(x) — 0 — f(0), it 
х- 0 х- 0 х— 0+ х— 0+ х 0 х— 0 


follows that f is continuous at x = 0. 
2 


(c) lim f'(x)—- lim 1-1and lim f'x)— lim весёх = 1 — lim f’(x) =1. Since this limit exists it 
х- 0 x0 x—0* х— 0" х— 0 


follows that f is differentiable at x = 0. 


67. 





(6) lim х) = lim x-—1and lim f(x)= lim (2—х)=1 = lim f(x) — 1l. Since lim f(x) = 1 = f(1), it 
х— 1" So х- 17 х  1+ х— 71 х- 1 
follows that f is continuous at x = 1. 


; о. = 1 uas E EC ; j i j : 7 
(с) uU ЛИ сс Шил E ши Л Ун m 1 1 = „Раде lim, f(x), so lim, f'(x) does 


Х => 
not exist = f is not differentiable at x = 1. 
68. (а) lim f(x)— lim чп2х = 0апд lim f(x)= lim тх = 0 = lim f(x) = 0, independent of m; since 
x0 х > 07 х > 0+ х > 0+ х 0 
#0) = 0 = lim, f(x) it follows that f is continuous at x = 0 for all values of m. 
х— 


(b 


wm 


Іші Ғ(х)- lim_ (sin 2x)’ = lim_2cos2x =2and lim Ғ(ху- lim (mx) = lim m=m > fis 
x > 0 x > 0 х-0 x — OF х— 07 х— 0" 


differentiable at x = 0 provided that lim Р(х) = lim y (х) = ш-2. 
х ә x7 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


Chapter 3 Practice Exercises 157 


69. y= 54545 = 7x4+(2x-4)71 > %=1- 2(2х —4)- ? ; the slope of the tangent is — 3 > —2 = $ — 2(2x — 4)7? 


= –2 = –20х – 43 => 1 = пр => (х – 4)! =1 => 402 — 16Х + 16 = 1 => 4Х2 — 16Х + 15 = 0 
3 


= (2х – 5)(2х – 3) = 0 = х = 5 or x = 3 = (3, 2) апа (3, - 1) are points on the curve where the slope is — 5 . 


2—1 
—4 





70. у=х- = #=1+ 2 


2% Lt 515 ; the slope of the tangent is3 => 3 = 1 + 


ti 
Оху — эп => 2= Ф Хх 


=> х= = 1 = (1, - 1) апа (-3 25 E are points on the curve where the slope is 3. 





71. у = 2х — 3x? — 12x +20 => 9 = 6х? — 6x — 12; the tangent is parallel to the x-axis when $* — 0 
=> 6x?-6x—12=0 => х-х-2=0 = (х—2)(х+1)=0 > х=2огх=—1 = (2,0) and (—1, 27) are 
points on the curve where the tangent is parallel to the x-axis. 

dy 


d = 12; an equation of the tangent line at (—2, —8) is y + 8 = 12(x + 2) 


Ey eq em SaaS 
(-2,-8) 


=> y = 12x + 16; x-intercept: 0 = 12x + 16 = х=- 3 = (— 5,0) ; y-intercept: y = 12(0) + 16 = 16 = (0,16) 


73. у= 2х3 — 3х? — 12х+20 = % = 6х? — 6х - 12 





: +) = 24 6x? — 6x — 12 = 24 


> х-х-2=4 = х-х-6=0 = 63052-0 = —2 огх =3 = (—2, 16) and (8, 11) are 
points where the tangent is perpendicular to y — 1 — 5; » 

(b) The tangent is parallel to the line y — V2 — 12x when 5 z = —12 => 6х? — 6х - 12 =-12 = x?-x=0 
= х(х- 1) = 0 = х= Оогх = 1 = (0,20) and (1, 7) are points where the tangent is parallel to 


у = \/2— 12х. 


(a) The tangent is perpendicular to the line y = 1 — 3; when У = = — (4 























ду 1 4 —т? d 2 : 
74. у = "0х > Y = мт созхо (тих ) = пу = € ын <> =—landm = 2 E = = 1. Sincem; — — = the 
tangents intersect at right angles. 
75. у= (апх, – 5 <х< 5 = % — sec? x; now the slope ^ 
оїу=—515— 1 — the normal line is parallel to 
— o dy . om 2-22 
у = – > ућеп уу = 2. Thus, sec*x =2 => sa, =2 
2 кер! = АББА. ==, т 221 
= со°х=5 = 08525 2, => x=- лапах = 1 
fon—-2«x«52 (— 23 -1) and (4, 1) are points -т/2 -т/4 > 
where the normal is parallel to y — — 5. 
(7/4, -1) -1-1 
= Чу л; dy 26 
76. y=1+cosx > у =— шх => 2 --і : 
(54) 1 
=> the tangent at (т, 1) is the line y — 1 = — (x — т) у=1+созх 
=> у=-х + 5 + 1; the normal at (т, 1) is 
у-1= (0 (х-=) > у=х-2+1 
77. у= +С 9 = 2хапау = х = ж EE the parabola is tangent to y = x when 2x = 1 > x= 1 > у = 1; thus, 


ес с= 
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78. 


79. 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


Chapter 3 Differentiation 
y=x > B =3x > 4 = 3a” = the tangent line at (a, a?) is y — a? — 3a?(x — a). The tangent line 


x—a 


intersects y = x? when x? — à? 2 3aà?(x — a) — (x — a) (3 + ха + a?) = 3a?(x — a) => (x — а) (х? + ха – 2а?) 
=> (х-а)?(х + 2а) =0 = х=аогх = —2а. Now ау = 3(—2a)? = 12a” = 4 (3a7), so the slope at 
x— —2a 


x — —2a is 4 times as large as the slope at (a, a?) where x — a. 


The line through (0, 3) and (5, —2) has slope m = 2-62 — —] — the line through (0, 3) and (5, —2) is 


d d - 
у= =х+3;у = ур = «gigs thecurveistangentto y = -x +3 > ак = —-1— ву 
=> (х+ 1)? = с,х # –1. Moreover, y — = $7 intersects y= —x+3 > 4,7 =-x+3,x4-1 





=> c= (x + 1)(—x + 3), x Æ —1. Thusc =c > (x41? «(x4 D(-x43) — (x4 D[x- 1 — (—x + 3)] 
=0,x 4-1 > (х+ 10 (0х - 2) =0 = x= l (since x Æ -1) > c= 4. 


Let ( va v) be a point on the circle x? + y? = a°. Then x? +y? =a? > 2х + 2у $ S esu = Ју — _ 





x 
y 








= у s Же = normal line through (o. + Va? — b?) has slope Evah? = normal line is 

















y (+ У b?) = VERE (x b) > ут а? — Ь2 = 0-0 у 4/02 2 > y= + YOY 


which passes through the origin. 








x? + 2y? =9 = 2х+4у # =0 => p = у 


=-j — the tangent line is y = 2 — ix- 1) 


(1,2) 





— 1х + ? and the normal line is y = 2 + 4(x — 1) 2 4x — 2. 


х% „у? =2 = 3х°? +2у ® =0 > = = > ау 





2218 Ke ies и 
оок — the tangent line isy = 1+ > = (x 1) 


= eae eee 2 
= — 3x + 3 and the normal line is y = 1 + $(x — 1) = ix. 























ху+2х-5у=2 = (<%-у)%2-5%-0 -> 9 (х вру д0 сЕ = 2 = 
82) 
= the tangent line is y = 2 + 2(x — 3) — 2x — 4 and the normal line is y = 2 + 51 (х – 3) = – іх + 7. 
(-3!22x442 Xy-o(£-12225(-90g21«9-02 Z=- = 
(62) 
= the tangent line is y = 2 + 7 (х—6)= 3 x — 3 and the normal line is y = 2 — $(x — 6) = -4х- 10. 
d 1 d dy _ шоо у E 
х+ү/ху=6 = Lt zÀs (x $4 y) =0 = х +у=—2,/ху» = > чу Gua 
= the tangent line is y = 1 — } (x — 4) = — 3x + 6 and the normal line is y = 1+ $ (х – 4) = 4х- Ц. 


— —1 > the tangent line is 
ал i 





d dy -х/? d 
x3/2 + 2y% = 17 => $x! ay X =0 > Z= тыл = 5$ 





у=4— 1(х – 1) = – 1х + 17 апа ће normal line is y = 4 + 4(x — 1) = 4x. 





xyi+y=x+y > Б (зу? 2) «y! Gx)| e2y % =1+ 9 = 3х°у? ў ру = — 3x2y? 
ду (4,3,2 сүүг dy _ 1-3Ху dy „э? dy | : 
= (ay -2y-1)21-3xy = # = Вељу =” k ыен бш © mcis undefined. 


Therefore, the curve has slope — 5 at (1, 1) but the slope is undefined at (1, —1). 
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88. y =sin(x — зшх) = ду = [cos (x — sin x)](1 — cos x); y = 0 => sin(x — sin x)= 0 > х—5шх=Кл, 





k = —2, —1, 0, 1, 2 (for our interval) => cos (x — sin x) = cos (kr) = +1. Therefore, Ч = 0 and y = 0 when 
1 — cos x = 0 and x = kr. For —2r < x < 2r, these equations hold when k = —2, 0, id 2 (since 

cos (—7) — cos 1 — —1). Thus the curve has horizontal tangents at the x-axis for the x-values —27, 0, and 27 
(which are even integer multiples of 7) = the curve has an infinite number of horizontal tangents. 


89. B = graph of f, A = graph of f’. Curve B cannot be the derivative of A because A has only negative slopes 
while some of B's values are positive. 


90. А — graph of f, B — graph of f'. Curve A cannot be the derivative of B because B has only negative slopes 
while A has positive values for x > 0. 


91. 92. 





93. (a) 0,0 (b) largest 1700, smallest about 1400 


94. rabbits/day and foxes/day 








95. lim т = т (885) - хе] = 2 (15) =-1 


х-0 





96. lim 31-887 = іш (38 о) = — lim (5...) =3- (1.1.2) == 


х— 0 x0 2x 2x cos 7x 2 x0 











97. іш Š= lim (№. 25.1) = (8) 0) ли, 155 = (2) 0) (5) =! 














98. lim 3960 — tim (2S2) (12) = tim Зи, Letx = sind. Thenx — 0as0 — 0 





























0-0 9 0-0 біп 0 9 0—0 sin 
sin (sin 0) sinx __ 
о а ee 
325-4 Е At ug 5) _ @+0+0 
99. lim 4 tan’ 8 tan 61 = lim ( tan2 9 =4 
йу Hes “өл eu) ~ 479 
Seo | ( b -2) 0-2 2 
100. lim 1—2 соё ө = lim cot^ = = 2 
90+ 5 cot20 — 7 cot 0 — 8 00+ (5-25-55) (5-0-0) 5 
101. lim $ = lim „хл = lim сах lim $3 .smx| — gm -G (D. . sinx 
“хур 2-2с08х  х— 0) 20 —-cosx) ~ y 59 2 (2 sin? (3)) ^ x20 sin? (3) x ^ x0 Lsin (3) sin (3) x 
= (00001) = 1 
i | 2 sin? (2) . sin (5) sin (5) 1 1 
102. lim 1-384 — на 2254) - то [7480 . 242. 2] = (00) (5) = 1 
>o P т P 9019 O 2 (90) (5) 
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103. 


104. 


105. 


106. 


107. 


108. 


109. 


110. 


111. 


112. 


113. 


Chapter 3 Differentiation 



































. 2 E . 1 сі em к > . = . te (tz ) 
lim. = Jim, (sk - мах) = l; let 0 ={апх = 0 —^ 0азх— 0 = Jim, g(x) = lim, үшіп! 

- gim, ын ? — 1. Therefore, to make g continuous at the origin, define g(0) = 1. 

Jim, f(x) = Jim, ae = Jim, Е бал x). jM : + =1- lim, яллах) (using the result of $105); 
| jc: = sin x > 0 — Оазх 0 = im, den 5 = jim "1 1. Therefore, to make f continuous at the origin, 
define f(0) — 1. 

(a) S 2 2nr? 4- 2nrh and h constant 45 — Agr € i+ 2rh € — (Anr + 27h) € 
dt 
(b) S = 27r? + 2rrh and r constant => B = 2лт 
(c) 58-2ті?--2ліһ > 45 = 4rr € + F +h “ёс (Алт + 2лћ) 4 + 2лт 4 
(d) S constant > ® = 0 = (ane + 20) + 2Qnr — (+В Я = -г а > = Ф 


ар 
S = mry r +h? > n = nr- Сава) Lo + пут? + 62 а : 














аһ _ 45 mi 23 p2 de 2712 тү? dr 
(а) һ сопѕќапі = 70 > «= ЛЫП Т пута + + = [т\т +h ісі) 4 
(b) r constant d _ 9 #5, тш = Arh gdh, 


dt 2th? dt 
dh 


(c) In general, $ qe т r? +h? + | $ a+ 2508 E 








zo) dA 
А=лг = ЈА = 2лт 4; 


sor = 10 апа “ = — 2 пузес => 48 = (27)(10) (— 2) = —40 m’/sec 


dV 4 d 1 dV dv : ds 1 
У=$ = Е = 352.9 = = 45 5 505 = 20 апд 5 = 1200 cm*/min > q = zop (1200) = 1 cm/min 











R = = —1 ohm/sec, R = 0.5 ohm/sec; and Ё =à 1 i = 5 R = m шы m DS . Also, R, — 75 ohms and 
Rə = 50 ohms => Ё - * F 55 = R = 30 ohms. Therefore, from the derivative equation, 

-1 dR  - 1 ра 1 dR 5000—5625) _ _9(625) _ 

aoe a = 052 (1) – бор (0-5) - (565 5000) = © = (—900) ( 562553) 5 5005625) = 50 = 0.02 ohm/sec. 
ЧЕ = = 3 ohms/sec and ax = —2 ohms/sec; Z = „/ Е2 + Х2 = 42 = Ut so that R — 10 ohms and 





ЭР 47 ..(10(3)-(20Х-2) — —1 „, 
X = 20 ohms => алаи 0.45 ohm/sec. 


Given & = 10 m/sec and o — 5 m/sec, let D be the distance from the origin — D? = x? +y? > 2D р 

= 2х ® +2у 5 = р = х ру. үер (х,у) = (3, —4), D = 1/3? + (—4)? = 5 and 

5 ар = ао + а > а = 10 = 2. Therefore, the particle is moving away from the origin at 2 m/sec 
(because the distance D is increasing). 


Let D be the distance from the origin. We are given that IP — 11 units/sec. Then D? = x? + y? = x? + (x*/*) у 
=x? +x > 2D а = 2x & + 3x? ах х = х(2 + Зх) 4 E мг > D= М3? +33 = 6 and substitution in the 
derivative equation gives (2)(6)(11) = 200 + 9) & d o7 а = 4 units/sec. 


10 _ 4 


(a) From the diagram we have | к=; = г= 2 h. 
2 4h? dV _ 412 аһ dV 2 dh 125 
(b У= Ель = 1л (26) в= 9 5 Ма gg WV — 5 andh = 6 = d! — — 125 п. 
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114. From the sketch in the text, s = 10 > 4 -г +0 =. Also r = 1.2 is constant > “ = 0 = 4 =r £ — (1.2) £, 


dt dt 
Therefore, $ = 6 ft/sec andr = 1.2 ft > we = 5 rad/sec 





























> dt 
115. (a) From the sketch in the text, а = —0.6 rad/sec and x — tan 0. Also x — tan 0 => ах = вес? @ 48, at point A, x — 0 
=>0d=0> бх = (sec? 0) (—0.6) = —0.6. Therefore the speed of the light is 0.6 = 3 km/sec when it reaches 
point A. 
(3/5) таа4 | 1rev | 60sec _ 18 : 
(b) sec. ла ^ min 7 revs/min 
116. From the figure, * = Ен = fis TAR We are given y 
that r is constant. Differentiation gives, Б C 
ioa _ (VRP) (8) - (7-3) (9) 
гга 52712 . Then, b 
b — 2r and $ = —0.3г 
5 | VO - 8 (0.3 — Qr) (з=) ) 0 : қ х 
=> а -Т | (2г)? — 12 
32 (—0.3‹) + 41200.31) Brio : 4 | 
= т Ув _ (31?) ( EA 2) (0.30) _ ов = 0/3 m/sec. Since da is positive, the distance OA is increasing 
when OB = 2r, and B is moving toward O at the rate of 0.3r m/sec. 
117. (a) Iff(x) = tan x and x = — 7, then f'(x) 2 sec? x, | 
f(- т) = —1апа?” (— т) = 2. The linearization of і уза 
f(x) is L(x) = 2 (x + 5) +(-D = 2х + 72. у=2х+(т-2)2 
-т/4 1/4 
(-т/4,-1) -1 
(b) If f(x) = sec x and x = — Ч , then f'(x) — sec x tan x, ; » 
f(—2) 5 /2andf' (- z) = —\/2. Тһе | | 
linearization of f(x) is L(x) = — v2 (x + 5) + V2 | | 
o 24-т | | 
= —\/2х + 28-а 2 үз | 
Cata, 2) у=зеох! 





-т/2 -т/4 0 т/2 


у=— oa - a 


118. Кх) = = ['(х) = зээх The linearization at x = 015 L(x) = f’(0)(x — 0) + f(0) 2 1 — x. 


1 
1+ tan x (i + tan x)? 


119. f(x) = yx + 1 + sin x — 0.5 = (x + 1)! + sinx — 0.5 > f'(x) = (1) (х + 1772 + совх 
= Ц(х) = #'(0)(х – 0) + КО) = 1.5(х — 0) +0.5 = L(x) = 1.5x + 0.5, the linearization of f(x). 


120. f(x) 2 + М1 +х- 3.1 = 21 х) - (02 x2 31 o f'x) 2 220-3) ?(-D 10 9 x)1? 
= а + Е: => L(x) — f'(0)(x — 0) + f(0) — 2.5x — 0.1, the linearization of f(x). 
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121. $ = тту + №2, rconstant => dS = тг: 1012 + 62) 226 ав = жа, Height changes from hg to hy + dh 


= dS = 7 r ho(dh) 


2-1 


122. (a) S=6r? = dS = 12rdr. We want |dS| < (2%)8 = |12r dr| < De = |dr| < 749. The measurement of the 
edger must have an error less than 1%. 
(b) When V = r?, then dV — 3r? dr. The accuracy of the volume is (3%) (100%) = ЕЗ (100%) 


- (2) (4г100%) - (2) (т) (100%) = 3% 








123. С=2лг Ф г= С,5 = 4п? = ©, and V = 4 ar = S. Italso follows that dr = + dC, dS = ?€ dC and 
dV = 5, dC. Recall that C = б cm and dC = 0.4 cm. 


(a) dr — 94 — 92 cm — (8) (10095) — (92) (22) (100%) = (.04)(100%) = 4% 


T 


(b) dS = 2 20 (0. 4) = 8 сш = ($) (100%) = (%) (4) (100%) - 8% 
(с) dv — ш (04) = 20 ст = (9) 400% = (2) (3%) (00%) = 12% 


2л? 
124. Similar triangles yield 35 - 15 = В = 14ft. The same triangles imply that Wta = > h= 120a! 4-6 


= аһ = –120а7? да = – 10 да = (– 12) (+ 5) = (12) (+5) = = + .0444 ft = + 0.53 inches. 
































olv 


CHAPTER 3 ADDITIONAL AND ADVANCED EXERCISES 


1, (a) sin 20 = 2 sin 0 cos 0 => 4 (sin 20) = 4, (2 sin 0 соѕ 0) = 2 cos 20 — 2[(sin 0)(—sin 0) -- (cos 0)(cos 0)] 
— cos 20 — cos? 0 — sin? 0 
(b) cos 20 — cos? 0 — sin? 0 — 30 d (cos 20) = & (cos? 0 — sin? 0) => —2 sin 20 — (2 cos 0)(—sin 0) — (2 sin 0)(cos 0) 
=> sin 20 — cos 0 sin 0 -- sin 0 cos 0. — 2 — 2 sin 0 сов 0 


2. The derivative of sin (x + a) = sin x cos a + cos x sin a with respect to x is cos (x + a) = cos x cos a — sin x sin a, which 
is also an identity. This principle does not apply to the equation x? — 2x — 8 = 0, since x? — 2x — 8 = 0 is not an identity: 
it holds for 2 values of x (—2 and 4), but not for all x. 


3. (a) f(x) 2 cos x => f'(x) =—sinx => f”(x)= —cos x, and g(x) = a + bx + cx? > g/(x) =b+2cx > g"(x) = 2c; 

also, f(0) = : 20) = cos(0) 2a a— 1; #(0) = g'(0) 2 —sin (0) = b — b —0;f"(0) 2 g"(0) — —cos (0) = 2c 
= c = — 3. Therefore, g(x) = 1 — 5 Ix? 

(b) f(x) = sin x +a) => f'(x) = cos (x + dy and g(x) = b sin x + c cos x => g’(x) = bcos x — c sin x; also, f(0) = g(0) 
> sin (а) = b sin (0) + c cos (0) => c= sina; f’(0) = g/(0) = cos (a) = b cos (0) — c sin (0) > b = cos a. 
Therefore, g(x) = sin x cos a + cos x sin a. 

(c) When f(x) = cos x, f"(x) — sin x and f? (x) — cos x; when g(x) — 1 — 1 x?, g"(x) — 0 and g ? (x) — 0. Thus 
#"(0) = 0 = g"'(0) so the third derivatives agree at x — 0. However, the fourth derivatives do not agree since 

@(о) = | but g® (0) = 0. In case (b), when f(x) = sin (x + a) and g(x) = sin x cos a + cos x sin a, notice that 


f(x) = g(x) for all x, not just x = 0. Since this is an identity, we have f @)(х) = вх) for any x and any positive 








integer n. 

4. (а) у=зшх y’ = cos x у" = -зшх = y” +y = —sin x + sin x = 0; y = cos x => у’ = —sin x 
> у’ = –еовх = у' + у = –сов х + cos x = 0; y = acos x +b sinx => y'= —a sin x + b cos x 
=> y" = —a cos x — bsinx => y” +y = (—a cos x — b sin x) + (a cos x + b sin x) = 
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(b) y =sin(2x) => у = 2 соѕ (2х) = y” = —4 sin (2x) => y” + 4y = —4 sin (2x) + 4 sin (2x) = 0. Similarly, 
y = cos (2x) and y — a cos (2x) -- b sin (2x) satisfy the differential equation y" + 4y = 0. In general, 
y = cos (mx), y = sin (mx) and y — a cos (mx) + b sin (mx) satisfy the differential equation y” + m’y = 0. 


If the circle (x — h)? + (у— К)? = a? and у= x? + 1 аге tangent at (1, 2), then the slope of this tangent is 
m — 2x| az) = 2 and the tangent line is y = 2x. The line containing (h, К) and (1, 2) is perpendicular to 
y = 2x k-2 —— 4 h=5-— 2k = the location of the center is (5 — 2k, k). Also, (x — h)? + (y — kK}? = a? 


h-1 2 
> х—-һ+(у—Юу'=0 > 1+(у)*+(у—Юу”' =0 = у”= ue At the point (1, 2) we know 








у’ = 2 from the tangent line and that y" — 2 from the parabola. Since the second derivatives are equal at (1, 2) 
we obtain 2 = !Ł2? => k — 9, Thenh — 5 - 2k — —4 = the circle is (x +4)? + (y — 2)” = a. Since (1, 2) 
5v5 
s 


lies on the circle we have that a — 


The total revenue is the number of people times the price of the fare: r(x) = xp = x (3 - 5) 2 , where 


0 <x € 60. The marginal revenue is яг == (3 - 2 + 2x (3 5) ( 2) = d = (3 х.) [(3 x) 2x] 
=з (3 = x) (1 = i5) . Then яг = 0 = x = 40 (since x = 120 does not belong to the domain). When 40 people 





are on the bus the marginal revenue is zero and the fare is p(40) = (3 - 5) j — $4.00. 
x=40 


(a) y=uv > у = du v+u ау = (0.04u)v + u(0.05v) = 0.09uv = 0.09y = the rate of growth of the total production is 


9% per year. 
(b) If шш = —0.02и апа ү = 0.03v, then 9 = (—0.02u)v 4- (0.03v)u — 0.01uv = 0.01y, increasing at 196 per year. 





When x? 4- y? = 225, then y’ = — 5. Тће tangent y 
line to the balloon at (12, —9) is y +9 = 4 (x — 12) x? + у? = 225 
= у= їх – 25. Тһе іор of the gondola is 15 + 8 5 
= 23 ft below the center of the balloon. The inter- 
section of y = —23 and y = ix — 25 is at the far 

right edge of the gondola => —23 = 3 x — 25 
= х= 3 . Thus the gondola is 2x = 3 ft wide. 





= (4/3)х – 25 
Suspension ie oe ae 


Gondola Ш 
э} |< Width 


NOT TO SCALE 


Answers will vary. Here is one possibility. 


s = 10 cos (t+ F) > v = $ = —10 sin (t+ 7) = а() = 5 — $$ — —10cos (t 4- 7) 
(а) 500) = 10 cos (3) — > 
(b) Left: —10, Right: 10 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 





(c) Solving 10 cos (t + т) = –10 = cos (t + т) =-] > t= x when the particle is farthest to the left. 
Solving 10 cos (t 4- т) = 10 = cos (t + т) =1= (=— +,Бишг>0 > (= 27 + 57 = + when the particle 
is farthest to the right. Thus, v (2) = 0, у (2 -0,а (2) = 10, апаа (2) = —10. 

(d) Solving 10 cos (t+ 4) 20 2 t— 3 => v(£) =~—10,|v(4)| = 10апда (2) = 0. 





(a) s(t) = 64t — 16t? > v(t) = 48 = 64 — 32t = 32(2 — t). The maximum height is reached when v(t) = 0 


= t= 2 sec. The velocity when it leaves the hand is v(0) = 64 ft/sec. 


s(t) = 64t — 2.612 = v(t) = йв — 64 — 5.2t. The maximum height is reached when v(t) 2 0 = t 12.31 sec. 


The maximum height is about s(12.31) = 393.85 ft. 


(b 


wm 


sı = 3t? — 12t? + 18t + 5 and s2 = —t? + 9t? — 121 = v4 — 9? — 24t - 18 and v — —3C 4- 18t — 12; v4 — va 
=> 9? — 24t+ 18 = —3? + 18t — 12 > W -—7t+5=0 — (t-1)0t—5) 20 9 t— Lsecandt — 2.5 sec. 





ш(У2-2)-К(х0-32) = m(2v ©) 2k(-2x 8) > пе“ =к(– 2) & — m — —kx(1) €. Then 
substituting бх =v >m у = —kx, as claimed. 


(а) х= АФ + ВЕ+ Соп [1,5] = у = # = 240 +В = у (542) = 24 (42) + B=A (ty + ty) + Bis the 
instantaneous velocity at the midpoint. The average velocity over the time interval is v,, = ~ 


AG t Bt; 4- C) — (A +Bt +C ; А (6+1) +В 
__ (АВ +ВЬ DAt t+C) (b шиг Ч) l = A (t2 + t1) +B. 


(b) On the graph of the parabola x = At? + Bt + C, the slope of the curve at the midpoint of the interval 
[t1, tg] is the same as the average slope of the curve over the interval. 











(a) To be continuous at x = 7 requires that. lim sin x — lim, (тх +) = О=шл-+Ь = ш=- Р; 
opal хәт 
сох,х<т. .. ; | 
(b) If y -f e is differentiable at x = 7, then. lim соѕх = т => т = -1andb- m. 
m,x-om хәт 
ч : : чы : = ; 1=‹х_() 
f(x) is continuous at 0 because lim. i—995* — 0 — f(0). f'(0) — lim. O — Jim х 
(х) x— 0 x (0) (0) x30 x-0 х--0 i 


= E 1— cos x 1+соѕх\ү _ 1; вш хү? 1 211 / 1 : 1 
Е im, (==) (Hes) = Jim, ( = ) Gu) — 5. Therefore f (0) exists with value 5 . 














(a) For all a, b and for all x Z 2, f is differentiable at x. Next, f differentiable at x = 2 = f continuous at x = 2 
= lim_ f(x) = f(2) = 2a = 4a — 2b +3 => 2a -— 2b +3 = 0. Also, f differentiable at x 4 2 
х > 


Мен, аа х<2 
2 = ы oe 


Then 2a — 2b +3 =Oand3a=b = a= iandb=}. 


(b) For x < 2, the graph of f is a straight line having a slope of 3 and passing through the origin; for x > 2, the graph of f 


In order that f'(2) exist we must have a = 2a(2) -b > a=4a—b => За =. 


is a parabola. At x = 2, the value of the y-coordinate on the parabola is 3 which matches the y-coordinate of the point 
on the straight line at x = 2. In addition, the slope of the parabola at the match up point is 3 which is equal to the 


slope of the straight line. Therefore, since the graph is differentiable at the match up point, the graph is smooth there. 


(a) For any a, b and for any x 4 —1, g is differentiable at x. Next, g differentiable atx = —1 = g continuous at 
х=—1 = nns g(x)—g(-1) — —-a—1-42b-— —a +b => b= 1. Also, g differentiable at x Æ —1 
х— – 


а, х< –1 


3ax? +1, x> —1' In order that g'(—1) exist we must have a = 3a(—1)? + 1 > a = 3a + 1 


=> g) = ( 
1 


-а--4. 
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22: 


23. 


24. 
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(b) For x € —1, the graph of g is a straight line having a slope of -i and a y-intercept of 1. For x > —1, the graph of gis 
a cubic. At x = —1, the value of the y-coordinate on the cubic is 3 which matches the y-coordinate of the point 
on the straight line at x = —1. In addition, the slope of the cubic at the match up point is -4 which is equal to the 


slope of the straight line. Therefore, since the graph is differentiable at the match up point, the graph is smooth there. 
fodd => К—х) = -f(x) => 4. (f(-x) — 2 (—f(x) => f'(—-x)-1)-2 -f'(x) — f'(-x)-f'(x) = fis even. 
feven — f(-x) = fx) > а (f(-x) — а (f(x) => f(—x)(-1) = f(x) => f'(-x) 2 —f'(x) > fis odd. 


Leth(x) — (fg)x) — f(x) gG) — h'G)— lim 102-399 = Jig, ЕО 50800) 


x — Xo X — Xo 


— lim 100800 (Ко (со) -- Қо) е(хо) - Қо) во) — ,Tim, [roo БЕН || 4 „п le (хо) БЕ коо) || 
— Xo => Xo 


X — X0 X— Xo X— X0 





= хо lim, [455-269] -c go) бо) = 0- tim, [15-299] -- eG f'G) — бо) (хо) га 


continuous at xg. Therefore (fg)(x) is differentiable at xo if (хо) = 0, and (fg) (хо) = g(xo) f'(xo). 


From Exercise 21 we have that fg is differentiable at O if f is differentiable at 0, КО) = 0 and g is continuous at 0. 
(a) If f(x) = sin x and g(x) = |x|, then |x| sin x is differentiable because f'(0) — cos(0) — 1, f(0) — sin(0) = 0 
and g(x) = |x| is continuous at x = 0. 
If f(x) = sin x and g(x) = x?/3, then x?/8 sin x is differentiable because f’(0) = cos (0) = 1, 0) = sin (0) = 0 
and g(x) = x?/3 is continuous at x = 0. 
(c) If f(x) = 1 — cos x and g(x) = 3 /x, then уха — cos x) is differentiable because f'(0) — sin (0) = 0, 

(0) = 1 — cos (0) = 0 and g(x) = x!/3 is continuous at x = 0. 








(b 


хи 


(d) If f(x) = x and g(x) = x sin (1 ), then x? sin (1 ) is differentiable because f'(0) — 1, f(0) — 0 and 
АЕ зїп (1) _ sint _ f . _ 
Jim, x sin (1) = im, 5 lim т = 0 (so g is continuous at x — 0). 


If f(x) = x and g(x) = x sin (1), then x? sin (1 ) is differentiable at x = 0 because f'(0) — 1, f(0) = 0 and 


X 


cin (1 
Jim, x sin (1) = im, ши) = lim sint = 0 (зо g is continuous at x = 0). In fact, from Exercise 21, 
x — oo 


ore = g(0)f'(0) = 0. However, for x Æ 0, h'(x) = [х? cos (1)] (- i) +2х sin (+ ). But 


lim h'(x) = lim, [- cos (1 ) + 2х sin (4 )] does not exist because әзі ) has no limit as x — 0. Therefore, 
х- 0 х— 


the derivative is not continuous at x = 0 because it has no limit there. 


From the given conditions we have f(x + h) = f(x) f(h), f(h) — 1 — hg(h) and mm g(h) = 1. Therefore, 
саг К 06 ОВ К _ | ЮМ-11-2 . = ір- 
f'&) - lim SBA = lim WAW = lim f(x) [e= | f(x) | tim. e) fœ) -1 = fx) 


— f'(x) — f(x) and f'(x)exists at every value of x. 





Step 1: The formula holds for n = 2 (a single product) since y = щш => у = Чи Ug + Uy їз : 
Step 2: Assume the formula holds for п = К: 
= dy _ du du du, 
y = UU љ => алты 4293 ри Wu dg 4 Pie + ter aes 

2 28 ШИ (172217) du 
If y — uju»---ujüy,, — (uiuo: Ui) Uia, then $ B = ы ба + по Uk 

ди duk du; 
= (% uuz: Uk + U de Ug Ug Foe „шир Uy GE) Ung H Uut S 








du. duz du, du 
= Чу U2Ug: Ug dU GP Ug Л шор 6 Чун 9192 Uy, 


Thus the original formula holds for n — (k4-1) whenever it holds for n — k. 
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mi — m! mi — m! _ т т 2 т! т! 
26. Recall (2) = Еа 1: Теп (7) = па 27у ^ mand (к) ар (yea) = kim-Ei * (x Da-k- Di 
— mi(k+1)+m!(m—k) _ m! (m+ 1) 16 (т + 1)! __ (т+1 
Ка ЮГ ~ &+DIim_—bw! = (кара ока ээс ЇР Now, we prove 





Leibniz's rule by mathematical induction. 





Step 1: Ifn = 1, then sow) =u ау + У du . Assume that the statement is true for n = k, that is: 
d*(uv) _ du du dv k\ du dv k ди Феу аку 
аа оа) d ue 
: 2 dav) _ d (dav) _ sae аша аш а deu d 
Step2: Іп = К+ 1, еп S569 — $ (89) — [Seve $e &] e [x de & ex er y 




















dx! dx dx акен У + dx* dx dx ахк1 dx? 
k) du dv k\ du d3v k Фа асу k du d*u 
+ ІБ der dd TG) es ix a hae 59 ва фазу 4 (6-1) 85 oe У 
4: Фу d uy _ dtu dtu dv k k du dv 
+ [ај зе би цио] = да У КО м + (1) + (5)] weet 
k k du ағу dy _ dlu аки Яу k+1) d&'u Фу 
ТОТ & к КЧ е ae IAD at) Ge ae 
k+1) du d*v d*y 
dy а ои 


Therefore the formula (c) holds for n = (k + 1) whenever it holds for n = К. 























27. (а) Т2= р = ТЕГ = 49222.14) 5 108156 Н 





5 412 41? 
2 _ 4721, 228. 27: а c VA 1 EAR k = T A 
(b) TS g ST = УТ: ат Ve $ 3/1“. а ат VGSIS68) 82 05 (0-01 ft) = 0.00613 sec. 


(c) Since there are 86,400 sec in a day, we have (0.00613 sec) (86,400 sec/day) ғә 529.6 sec/day, or 8.83 min/day; the 
clock will lose about 8.83 min/day. 


28. v = s? > © = 39’ = —k(6s”) 2- $ — —2k. If s) — the initial length of the cube's side, then s; — so — 2k 


50 __ __50 (мо) 73 
атган 7 1/3 
2k 50-51 (уа) УЗ E (8) / 


= 2k = sọ — sı. Let t = the time it will take the ice cube to melt. Now, t = 





ОЕ 222 
= 17 11 hr. 
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CHAPTER 4 APPLICATIONS OF DERIVATIVES 


4.1 EXTREME VALUES OF FUNCTIONS 


10. 


11. 


12. 


13. 


14. 


15. 


An absolute minimum at x — c», an absolute maximum at x — b. Theorem 1 guarantees the existence of such 
extreme values because h is continuous on [a, b]. 


An absolute minimum at x — b, an absolute maximum at x — c. Theorem 1 guarantees the existence of such 
extreme values because f is continuous on [a, b]. 


No absolute minimum. An absolute maximum at x — c. Since the function's domain is an open interval, the 
function does not satisfy the hypotheses of Theorem 1 and need not have absolute extreme values. 


No absolute extrema. The function is neither continuous nor defined on a closed interval, so it need not fulfill 
the conclusions of Theorem 1. 


An absolute minimum at x = a and an absolute maximum at x = c. Note that y = g(x) is not continuous but 
still has extrema. When the hypothesis of Theorem 1 is satisfied then extrema are guaranteed, but when the 
hypothesis is not satisfied, absolute extrema may or may not occur. 

Absolute minimum at x — c and an absolute maximum at x — a. Note that y — g(x) is not continuous but still 
has absolute extrema. When the hypothesis of Theorem 1 is satisfied then extrema are guaranteed, but when 
the hypothesis is not satisfied, absolute extrema may or may not occur. 

Local minimum at (—1, 0), local maximum at (1, 0) 

Minima at (—2, 0) and (2, 0), maximum at (0, 2) 

Maximum at (0, 5). Note that there is no minimum since the endpoint (2, 0) is excluded from the graph. 
Local maximum at (—3, 0), local minimum at (2, 0), maximum at (1, 2), minimum at (0, —1) 

Graph (c), since this the only graph that has positive slope at c. 

Graph (b), since this is the only graph that represents a differentiable function at a and b and has negative slope at c. 
Graph (d), since this is the only graph representing a funtion that is differentiable at b but not at a. 

Graph (a), since this is the only graph that represents a function that is not differentiable at a or b. 

f has an absolute min at x = 0 but does not have an absolute 

max. Since the interval on which f is defined, —1 « x « 2, Јо) = |] 


is an open interval, we do not meet the conditions of 
Theorem 1. 
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16. 


17. 


18. 


19. 


20. 


21. 
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f has an absolute max at x = 0 but does not have an absolute 
min. Since the interval on which f is defined, —1 < x < 1, is 
an open interval, we do not meet the conditions of 

Theorem 1. 





f has an absolute max at x = 2 but does not have an absolute 
min. Since the function is not continuous at x = 1, we do 
not meet the conditions of Theorem 1. 





f has an absolute max at x = 4 but does not have an absolute 
min. Since the function is not continuous at x = 0, we do 
not meet the conditions of Theorem 1. 


f has an absolute max at x = Е and an absolute min at 
x= ын Since the interval on which f is defined, 


0 « x « 2m, is an open interval, we do not meet the 
conditions of Theorem 1. 


f has an absolute max at x = 0 and an absolute min at 

x — 5 and x — —1. Since f is continuous on the closed 
interval on which itis defined, —1 € x < 27, we do meet 
the conditions of Theorem 1. 





f(x) = 2х -5 -» Ғ(х)- 2 = no critical points; 


f(—2) = — 2, {(3) = —3 — the absolute maximum 
is —3 at x = 3 and the absolute minimum is — D at 
х--2 
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23. 


24. 


25. 


26. 


27. 


Section 4.1 Extreme Values of Functions 


f(x) 2 —x —4 — f'(x) 2 —1 — nocritical points; 
f(—4) 2 0,f(1) 2 —5 — the absolute maximum is 0 
at x = —4 and the absolute minimum is —5 at x = 1 





f(x) 2 x2 — 1 => f'(x)=2x = acritical point at y 
x—0;f(-1)—0,f(0) — —1, f(2) = 3 = the absolute (2, 3) Abs 
maximum is 3 at x = 2 and the absolute minimum is —1 
atx =0 


f(x) 24 — x? 2 f'(x) 2 —2x => acritical point at 

x = 0; f(—3) = —5, f(0) = 4, (1) = 3 = the absolute 
maximum is 4 at x — O and the absolute minimum is —5 
atx — —3 








F--i--x? F'(x) 2 2x ? — 5, however 

х = O is not a critical point since O is not in the domain; 
F(0.5) 2 —4, F(2) 2 –0.25 = the absolute maximum is 
—0.25 at x = 2 and the absolute minimum is —4 at 

х = 0.5 





F(x) = – 1 = =x! F'(x) 2 x? — 1, however 





х = Ois not a critical point since 0 is not in the domain; 
F(—2) = 1 , F(—1) = 1 = the absolute maximum is 1 at 


x = —1 and the absolute minimum is i atx = —2 


h(x) = \/х=х!/3 = Вх = ix 213 => acritical point 
at x = 0; h(—1) = —1, h(0) 20, h(8) = 2 = the absolute 
maximum is 2 at x = 8 and the absolute minimum is —1 
ах = –1 
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28. h(x) = —3x2/3 => h'(x) 2 —2x-!/? => a critical point at 
x = 0; h(—1) = —3, h(O) = 0, h(1) = —3 — the absolute 
maximum is 0 at x = 0 and the absolute minimum is —3 
atx = l and at x = —1 


29. в(х) = //4—х? = (4— х2)? 


-1/2 => 
= в(х)= 1(4—х?) (2х) = ә 
— critical points at x = —2 and x = 0, but not at x = 2 


because 2 is not in the domain; g(—2) = 0, g(0) = 2, 
(0) = V3 = the absolute maximum is 2 at x = 0 and the 
absolute minimum is 0 at x = —2 


30. a(x) = -V5 =x? = — (5 - x2? (5 — x2) I" (2x) 

5'(х) = — (4) ES TE critical points at x = —/5 
and x = 0, but not at x = М5 because М5 is not in the 
domain; f (-/5) — 0, f(0) — —\/5 

— the absolute maximum is О ах = — М5 and the absolute 
minimum is —\/5 atx = 0 








31. f(0) = sin 0 f'(0) — cos 0 0 2 is a critical point, 


but 0 = = is not a critical point because =" is not interior to 


the domain; 1 (57) = —1,1 (5) = 1,1 (52) =1 


— the absolute maximum is | at 6 = 5 and the absolute 





minimum is —1 at 6 = > 


32. {(0) =tan@ => Ғ'(0) = ѕес20 => f has no critical points in 
(=, т). The extreme values therefore occur at the 
endpoints: f (+) = 4/3 and f (4) = 1 = the absolute 
maximum is 1 at 0 — 7 and the absolute 


s ; LM 
minimum is -3 асд = = 
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-2.5 |-2 -1.5 


g(x) =-V5 -2? 





(77/2, 1) Abs max 


т/2 51/6 







у-5іп0,-т/2<0<5т/6 


(т/4, 1) 





Caf, -N3) 
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36. 


37. 


38. 


39. 


40. 


41. 


42. 
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g(x) =cscx = g’(x) = —(csc x)(cot x) => a critical point x ee ) > max | 
ope m 2219, m cs 2тү _ 2 т/3,2//3) (21/3, 2/43 
ах =5;8 (5) =д,5(5) =18(5) = д = the D 
absolute maximum is T atx = + апах = a, and the . тїЗ<х<2л3 ma 2 
04 Tit 


absolute minimum is 1 at x — 5 


тз т/2 213 





g(x) = secx = g'(x) — (sec x)(tan x) — acritical point at 







х = 0; 2 (- т) = 2, 2(0) = 1,5 (2) = Ws — the absolute (48.2) 
maximum is 2 at x = — 5 and the absolute minimum is 1 


atx =0 (16, 2/N3) 


gx) = sec x 





Kt) 22— |] 22—- V8 -2- (2)? 
-1/2 
> Ғ(0--:(0) 00 = - 5 = 
— acritical point at t — 0; f(—1) — 1, 
f(0) 22, f(3) = —1 = the absolute maximum is 2 at t = 0 
and the absolute minimum is —1 at t = 3 












f(t) = |t—5| = /t—53 — (t- 59)? > ro , 
-%(4- 5)2) 2t- 5) = Е = = | 10)-11-5| 


4, D 





= acritical point at t = 5; f(4) = 1, f(5) 20, (7) 2 2 
= the absolute maximum is 2 at t = 7 and the absolute 


minimum is 0 att = 5 


f(x) = x¥/3 = f(x) = $x'/3 = acritical point at x ^ 0; f(—1) = 1, f(0) = 0, К8) = 16 = the absolute 


maximum is 16 at x = 8 and the absolute minimum is 0 at x = 0 


f(x) = x°/3 = f"(x) = 3x?/3 = acritical point at x = 0; К-1) = —1, К0) = 0, К8) = 32 = the absolute 


maximum is 32 at x = 8 and the absolute minimum is —1 at x = —1 


5(0) = 03/5 = g'(0) = 307/5 = a critical point at Ө = 0; g(—32) = —8, g(0) = 0, g(1) = 1 — the absolute 


maximum is | at 6 = 1 and the absolute minimum is —8 at 0 — —32 


h(0) — 302/8 = h'(0) = 2071/3 => a critical point at 0 = 0; h(—27) — 27, h(0) — 0, h(8) 2 12 — the absolute 
maximum is 27 at 0 — —27 and the absolute minimum is 0 at 0 = 0 


y =x? — 6x +7 > y' = 2x — 6 > 2x — 6 = 0 > x = 3. The critical point is x = 3. 
f(x) = 6x? — x? > f'(x) = 12x — 3х2 = 12x — 3x? = 0 > 3x(4 — x) = 0 > x = 0 or x = 4. The critical pointss are 


х = O and x — 4. 
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x(4 x? 2 f'(x) 2 x[B(4 - x) (-1)] - (4 - x 2 (4 - xp [-3x - (4 - x)] 2 (4 - x) (4 – 4х) 


43. f(x) = 
4(4 — x)! (1— x) 2 4(4 - x (1 x) 20— x — Lorx = 4. The critical points are x = 1 and x = 4. 


44. g(x) 2 (x 2 1 (x 3? 2 g'(x) 2 (x 2 1? -2(x 2 3)(1) - 2(x — D (1) - (x 23? 
= 2(х — 3)(х — 1)[(х — 1) + (х—3)| = 4(х — 3)(х — 1)(х— 2) = 4(х – 3)(х– 1(х– 2) = 0>х = Зогх = Гог 


X — 2. The critical points are x = 1, x = 2, and x — 3. 


222 





45. у= х2 +2 = у= 2х 2 = 2022 2 =05 23 2—0-x-— 1; 2*72 — undefined > x? = 0 > x = 0. 


The domain of the functions is 22 0)U (0, oo), thus x = 0 is not in the domain, so the only critical point is x = 1. 





x? х- 2.)2х — х2(1 x? — 4x а 2 х2-4х 
46. f(x) = 55 — f'(x) - се. D Y ide 2) =0> x —4x=0>x=0o0rx= 4; e M — undefined 


— (x - 2? 20 => x — 2. The domain of the function is (—oo, 2) U (2, oc), thus x = 2 is not in the domain, so the only 








critical points are x = 0 and x = 4 














47. y =x? -32x = y! = 2x — dj = 280-16 ж 59 2. 2x32 — 16 5 0 o x — 4; 227-1 — undefined 


= ух = 0 > x = Q. The critical points are x = 4 and x = 0. 

















48. g(x) = /2х—х° = 5'(х) = d ME =0=1-х=0=х= 1; Vm = undefined > 2x — x? = 


2x — x? = 0 > x = O or x = 2. The critical points are x = 0, x = 1, and x = 2. 


409. Minimum value is 1 at x = 2. 


-2 


Y 

18 у=2х°-8х+9 
———À— — x 

2 

[22,6] by [- 


50. To find the exact values, note that y' — 3x? — 2, 





which is zero when x — + у . Local maximum at 
(-/3,4+ +) = (-0.816, 5.089); local 


minimum at (4/2, 4 — 4€) == (0.816, 2.911) 





-6 -4 





[-6.6] by [-2.7] 
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52. 


53. 


54. 


55. 
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To find the exact values, note that that y' — 3x? + 2x — 8 


= (3x — 4)(x + 2), which is zero when x = —2 or x = 4. 


Local maximum at (—2, 17); local minimum at (3, — 37) 








= x 
-6 -4 -2 | 2 4 6 
-5 


[76,6] by [-5.20] 





Note that y' 2 5x?(x — 5)(x — 3), which is zero at 
: у 
x = 0, x = 3, and x = 5. Local maximum at (3, 108); nae yes (asy 
local minimum at (5, 0); (0, 0) is neither a maximum nor 
a minimum. 
[-2,6] by [-25,125] 
Minimum value is 0 when x = —1огх = 1. 


Y 

4 

| в 
+ t + + >x 
-2 2 4 


-2 
[-6,6] by [—2,4] 





Note that y’ = E af which is zero at x = 4 and is 


undefined when x = 0. Local maximum at (0, 0); 3 
absolute minimum at (4, —4) 





у=х-4/х 


[74.3] by [0,18] 


The actual graph of the function has asymptotes at x — + 1, 





so there are no extrema near these values. (This is an 


example of grapher failure.) There is a local minimum at 
(0, 1). 





-3 
[4.7.4.7] by [3.13.1] 
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56. Maximum value is 2 at x — 1; 
minimum value is 0 at x — —1 and x — 3. 


57. Maximum value is i ах= l; 


minimum value is -i asx = –1. 


58. Maximum value is 5 at x = 0; 


minimum value is -i asx = —2. 





59. у’ = (1) + Fx (x + 2) = 5 


crit. pt. | derivative | extremum | value 





х=—{ 0 local max | 2210!/9 = 1.034 


x= undefined 0 








local min 


-4 





-2 2 
-1 


-2 
-3 
[-4.7,4.7] by [-3.1,3.1] 
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60. у = x?/3(2x) + 2x-M/3(x? — 4) = ел 





crit. pt. | derivative | extremum | value 





х--1 0 minimum | —3 
X= undefined | local max 0 
х=]. 0 minimum 3 





61. у = x—+—( - 2x) + (1)V4—- x? 





2У/4-х2 

сох 4(4-32) | 4-2 

ү4-х2 ^ МА-х2 

crit. pt. | derivative | extremum | value 
х=-2 undefined | local max 0 
Х-- V2 0 minimum | —2 
x= 423 0 maximum 2 
х= 2 undefined | local min 0 


62. y! = > -1)--2хү3-х 


___-х2-+ (Ах)(3—х) __ _5х2+12Х 


2/3—x 2/3—x 


crit. pt. | derivative | extremum | value 





x=0 0 minimum 0 
x= 2 0 local max 121512 де 4.462 
x=3 undefined | minimum 0 


-2, х<1 
par > 
вз. у= b. x>1 


crit. pt. | derivative | extremum | value 





x=1 | undefined | minimum | 2 
е —1, х<0 
e. y -| 2-2х, х»0 


crit. pt. | derivative | extremum | value 





x=0 undefined | local min 3 
X 0 local max 4 


Section 4.1 Extreme Values of Functions 175 











у-хч3-х 















+ + » х 
-4 4 
y 
4-2x, х<1 
у= 
х+1, х»1 
+ + + + »-Х 
-4 -2 2 4 
(-4.7,4.7| һу [0,6.2] 
У 
3—х, х<0 


- 


3+2х-х'‚ х>0 






-4 
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Bat PS! 

у= —2x+6, x>1 Eo х<1 
y y- 
6 


—х? +6х-4, x>] 









crit. pt. | derivative | extremum | value 





x=-l 0 maximum 5 
xc | undefined | local min 1 
x=3 0 maximum 5 





a -2 
-2 


[-4.6] by [-2.6] 


: d | ; . — 1428 — lx L 19, x«l 
66. We begin by determining whether f'(x) is defined at x — 1, where f(x) — RU 4 
x? — 6x? + 8x, х>1 


Clearly, f'(x) = —4x — 4 if x < 1, апа іт Р(1 +h) = —1. Also, f'(x) = 3x? — 12x + 8 if x > 1, and 





2 




















Шт РО +h) = —1. Since f is continuous at x = 1, we have that f’(1) = —1. Thus, 
1 1 
Р(х) - —3X — $ х<1 
3х2 — 12х+8, х>1 

Note that —ix - 5 = 0 when x = —1, and 3x? — 12x + 8 = 0 when x = En = кун =2 + Е 
But 2 — ue = 0.845 < 1, so the critical points occur atx = —1 and x = 2 + 205 2 3.155. 

crit. pt. | derivative | extremum | value 

х=-1 0 1юса] тах 4 Ше -ix'-ix4B, х<1 

x == 3.155 0 local min | = —3.079 Ж х— 6х? +8х, х»1 














[-4.6] by [-5.5] 


67. (a) No, since f'(x) 2 2(x — дуг, which is undefined at x = 2. 
(b) The derivative is defined and nonzero for all x 4 2. Also, f(2) = 0 and f(x) > 0 for all x 4 2. 
(c) No, f(x) need not have a global maximum because its domain is all real numbers. Any restriction of f to a closed 
interval of the form [a, b] would have both a maximum value and minimum value on the interval. 
(d) The answers are the same as (a) and (b) with 2 replaced by a. 


—x?+9x, x<-—30r0<x <3 —3x? 49, x «-3or0«x «3 
x—-9x, —3«x«0orx 23 38 —9, —3 <х С0огх> 3 

(a) No, since the left- and right-hand derivatives at x = 0, are —9 and 9, respectively. 

(b 

(c) No, since the left- and right-hand derivatives at x = —3, are 18 and —18, respectively. 

(d) The critical points occur when f(x) = 0 (atx = + \/3) and when f’(x) is undefined (at x = 0 and x = +3). The 


minimum value is 0 at x = —3, at x = 0, and at x = 3; local maxima occur at (-v3, 6/3) and (v3, 6v3). 


68. Note that f(x) = | Therefore, f'(x) = | 


wm 


No, since the left- and right-hand derivatives at x = 3, are —18 and 18, respectively. 








wm 
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74. 


75. 


76. 
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Us Ax) = Giz = fy is not defined at x = 0. Thus it is 


Yes, since f(x) = |x| = v x? = (x?) 


not required that f’ be zero at a local extreme point since f’ may be undefined there. 


-> Ғ(ху- i (x?) 


If f(c) is a local maximum value of f, then f(x) < f(c) for all x in some open interval (a, b) containing c. Since f is even, 
f(—x) = f(x) < f(c) = f(—c) for all —x in the open interval (—b, —a) containing —c. That is, f assumesa local maximum at 
the point —c. This is also clear from the graph of f because the graph of an even function is symmetric about the y-axis. 


If g(c) is a local minimum value of g, then g(x) > g(c) for all x in some open interval (a, b) containing c. Since g is odd, 
g(—x) = —g(x) < —g(c) = g(—c) for all —x in the open interval (—b, —a) containing —c. That is, g assumes a local 
maximum at the point —c. This is also clear from the graph of g because the graph of an odd function is symmetric about 
the origin. 


If there are no boundary points or critical points the function will have no extreme values in its domain. Such functions do 
indeed exist, for example f(x) = x for —oo « x « oo. (Any other linear function f(x) = mx + b with m ¥ 0 will do as 
well.) 


(a) V(x) = 160x — 52x? + 4x3 

V'(x) = 160 — 104x + 12x? = 4(x — 2)(3x — 20) 

The only critical point in the interval (0, 5) is at x = 2. The maximum value of V(x) is 144 at x = 2. 
(b) The largest possible volume of the box is 144 cubic units, and it occurs when x = 2 units. 


(a) f'(x) 2 3ax? + 2bx +c isa quadratic, so it can have 0, 1, or 2 zeros, which would be the critical points of f. The 
function f(x) = x? — 3x has two critical points atx = —1 and x = 1. The function f(x) = x? — 1 has one critical point 


atx = 0. The function f(x) = x? + x has no critical points. 


y y 
узх”-3х 


y=x +x 





(b) The function can have either two local extreme values or no extreme values. (If there is only one critical point, the 
cubic function has no extreme values.) 


s = — įg? + vot + so > Ẹ = -gt + vo = 0 > t = 0, Now s(t) = о = (—® + vo) =0&t=00rt= %, 


2 2 
Thus 8(%) = —32(:2) + әо(%) + $0 = 2 + so > sọ is the maximum height over the interval O < t < ээ 


a = —2sin t + 2cos t, solving d = 0 > tant = 1 > t = f + n7 where n is a nonnegative integer (in this exercise t is 





never negative) — the peak current is 2/2 amps. 


Maximum value is 11 at x — 5; 


minimum value is 5 on the interval [—3, 2]; 12 1 
local maximum at (—5, 9) 10 
8 
: f (x) =|x-2|+4|x+3| 
4 
2 
x 
-6 -4 -2 2 4 6 


[-6,6] by [0,12] 
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78. Maximum value is 4 on the interval [5, 7]; 
minimum value is —4 on the interval [—2, 1]. 











79. Maximum value is 5 on the interval [3, со); 


minimum value is —5 on the interval (—oo, —2]. 





80. Minimum value is 4 on the interval [—1, 3] 





-6 -4 -2 2 4 6 
[-6,6] Ђу [0,9] 


81-86. Example CAS commands: 
Maple: 
with(student): 
f := x -> x4 - 8*x42 + 4*x + 2; 
domain := x=-20/25..64/25; 
plot( f(x), domain, color=black, title="Section 4.1 #81(a)" ); 
Df :- D(f); 
plot( Df(x), domain, color-black, title" Section 4.1 £t 81(b)" ) 
StatPt := fsolve( Df(x)=0, domain ) 
SingPt := NULL; 
EndPt := op(rhs(domain)); 
Pts :zevalf([EndPt, StatPt,SingPt]); 
Values := [seq( f(x), x=Pts )]; 
Maximum value is 2.7608 and occurs at x=2.56 (right endpoint). 
Minimum value ?*is -6.2680 and occurs at x=1.86081 (singular point). 
Mathematica: (functions may vary) (see section 2.5 re. RealsOnly ): 
<<Miscellaneous "RealOnly? 
Clear[f,x] 
a=—1;b=10/3; 
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11. 


12. 


13. 


14. 
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f[x_] =2 + 2x — 3 x8 

f'[x] 

Plot[{f[x], f[x]}, {x, a, b}] 

NSolve[f[x]==0, x] 

{f[a], f[0], f[x]/.%, f[b]//N 
In more complicated expressions, NSolve may not yield results. In this case, an approximate solution (say 1.1 here) 
is observed from the graph and the following command is used: 

FindRoot[f[x]==0,{x, 1.1}] 


THE MEAN VALUE THEOREM 





When f(x) = x? + 2x — 1 for 0 < x < 1, then ŒO — f£/(c) 3. 3 2042 — c— 1 


When f(x) = x?/3 for 0 < х < 1, then 500—519 = (с) 3 1= (2) oN 5 с= &. 








When f(x) =x +1 fori <x <2, then 2-02 — f/(c) »-0-1-4-с-1. 




















2-1/2 с2 
When f(x) = Vx = I for 1 <x < 3, then BO = f'e) > P= h > cR., 
When f(x) = x? — x? for-1 <x < 2, then PGP =f'(¢) =2= 32 -2x > c= кан, 


20 22 1.22 апа ie &4 —0.549 are both in the interval —1 < х < 2. 


3 
When g(x) = | о ко = g'(c) > 3 = g'(c). If —2 < x < 0, then g'(x) = 3x? > 3 = g'(c) 


0<х<2 -(-2 
=> 3c? =3 >c = +1. Onlyc = —1 is in the interval. If 0 < x < 2, then g'(x) = 2x > 3 = g'(c) > 2c =3 >c 3. 











Does not; f(x) is not differentiable at x = 0 in (—1, 8). 
Does; f(x) is continuous for every point of [0, 1] and differentiable for every point in (0, 1). 
Does; f(x) is continuous for every point of [0, 1] and differentiable for every point in (0, 1). 


Does not; f(x) is not continuous at x = 0 because цэн f(x) = 140 = f(0). 
x —> 


Does not; f is not differentiable at x — —1 in (—2, 0). 
Does; f(x) is continuous for every point of [0, 3] and differentiable for every point in (0, 3). 


Since f(x) is not continuous on 0 < x < 1, Rolle's Theorem does not apply: lim f(x) = lim _х=120=61). 
х х > 


Since f(x) must be continuous at x = 0 and x = 1 we have Іші Л Кх) =а = К0) = а= Запа 
х > 
lim _ f(x) = im. f(x) > -14+3+a=m+b > 5=m+b. Since f(x) must also be differentiable at 
х— х— 


= 1=т. Тћегејоге, а = 3, т — 1 and b — 4. 


х=1 


x—lwehave lim f'(x)— lim, f'x) > —2x+4+3|,, =ml 
х— 17 х 1+ 
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(a) i 2 0 2 M 
ари те i 
iii о ? хх 
iv = к 

(b) Letr; and rs be zeros of the polynomial P(x) = x" + a,.,x"! +... + a,x + ag, then P(r) = P(re) = 0. 
Since polynomials are everywhere continuous and differentiable, by Rolle's Theorem P’(r) = 0 for some r 
between r; and ra, where Р'(х) = пх"! + (п – 1) а,1х% +... + ау. 

With f both differentiable and continuous on [a, b] and f(r,) = f(r2) = f(r3) — 0 where гу, гә апа тз аге іп [a, b], 


then by Rolle's Theorem there exists a cı between rı and rz such that f’(c,) = 0 and a cy between ro and r3 
such that f’(c2) = 0. Since f’ is both differentiable and continuous on [a, b], Rolle's Theorem again applies and 
we have a c3 between cı and сә such that f”(c3) = 0. To generalize, if f has n+1 zeros in [a, b] and f DEC 


continuous on [a, b], then f (2 has at least one zero between a and b. 


Since f" exists throughout [a, b] the derivative function f’ is continuous there. If f' has more than one zero in [a, b], say 
f'(rj) = f"(r2) = 0 for r, Æ r2, then by Rolle's Theorem there is a c between r; and r» such that f"(c) — 0, contrary to 
f” > 0 throughout [a,b]. Therefore f' has at most one zero in [a, b]. The same argument holds if f" « 0 throughout [a, b]. 


If f(x) is a cubic polynomial with four or more zeros, then by Rolle's Theorem f'(x) has three or more zeros, f"(x) has 2 or 
more zeros and f"'(x) has at least one zero. This is a contradiction since f" (x) is a non-zero constant when f(x) is a cubic 


polynomial. 


With f(—2) = 11 > O and f(—1) = —1 < 0 we conclude from the Intermediate Value Theorem that f(x) — x* -- 3x 4- 1 
has at least one zero between —2 and -1. Then -2« x « -1 9 -8« x? « —1 > —32 « 4x? « —4 

> —29 < 4x3 +3 < —1 > f'(x) < 0 for —2 < x < —1 > f(x) is decreasing on [—2, —1] > f(x) = 0 has exactly one 
solution in the interval (—2, —1). 


f(x) = x? + 5 +7 = #(х) = 3х? – 5, »0оп(-оо,0) = f(x) is increasing on (—co, 0). Also, f(x) « Oif x « —2 and 
f(x) > 0if—2 <x < 0 = f(x) has exactly one zero in (—oo, 0). 


g(t) = t4 t4 1 —4 => gc. E ze = g(t) is increasing for t in (0, o0); g(3) — /3 —2 < 0 and 
g(15) 2 у 15 > 0 = g(t) has exactly one zero in (0, oo). 


gt) — + УТ+Е- 3.15 #9 = 98 Хү > 0 = g(t) is increasing for t in (—1, 1); g(—0.99) = —2.5 and 
g(0.99) = 98.3 = g(t) has exactly one zero in (—1, 1). 


г(0) = 0 + sin? (£) -8 > г (9) = 1+ 3 sin (8) сов (% ) =1+ 4 sin (# 2) > 0 on (— 00,00) = r(6) is increasing on 


(—оо, оо); г(0) = —8 апа г(8) = sin? (8) >0 = r(0) has exactly one zero in (—oo, oc). 


r(8) — 20 — cos? 0 4- /2 = г(0) = 2 + 2 sin 0 cos 0 = 2 + sin 20 > О оп (—оо, со) — r(0) is increasing оп (-оо, оо); 
І(-2л)- -4л-сов(-2л)-- /2 --47-1- У2 « Оап41(27)-447-1-- 12 > 0 = r(0) has exactly one zero in 


(—оо, оо). 


г(0) = зес 0 — m +5 => r'(0) = (sec 0)(tan 0) + a > 0оп (0, т) => r(6) is increasing on (0, т) ; (0.1) = —994 and 
r(1.57) = 1260.5 = 1(@) has exactly one zero in (0, т). 
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r(0) — tan 0 — cot 0 —0 = r'(0) — sec? 0 -- csc? 0 — 1 — sec? 0 -- cot? 0 » 0 on (0, 2) = (0) is increasing on (0, 3) ; 
r (5) = — 7 < Oandr(1.57) © 1254.2 => г(0) has exactly one zero in (0, т) : 

By Corollary 1, f’(x) = 0 for all x = f(x) = C, where C is a constant. Since f(—1) — 3 we have C = 3 => f(x) = 3 for 
all x. 


g(x) = 2x +5 > g'(x) = 2 = f"(x) forall x. By Corollary 2, f(x) = g(x) + C for some constant C. Then 
КО) = g0)+C35=54+C => C= 0 > х) = g(x) = 2x +5 for all x. 


a(x) = x? > g'(x) = 2x = f'(x) for all x. By Corollary 2, f(x) = g(x) + С. 

(a) f(0 —0 > 0=g0)+C=0+C > C=0 = Қ) = х2 = 0) = 4 

(b) 1) =0 = 0= 61) +С=1+С 5 С= 1 э Қ) = х1 5 0) = 3 

(с) К—2)=3 > 3=р(—2)+С > 3=4+C > C=-1 > f&@)=x -1 => 0) =3 

















g(x) = mx => g/(x) = m, a constant. If f'(x) — m, then by Corollary 2, f(x) = g(x) + b = mx + b where b is a constant. 
Therefore all functions whose derivatives are constant can be graphed as straight lines y = mx + b. 


(а) у= +С (0) у= 5 +С () ya 34€ 

(а) у=х?+С () у-х-х-С () у-х--х-х- С 
(а) у--х?->у-і-С (b) у-х-1-С (с) у=5х—:+С 

(а) у = 1772 > у=х2 С = у= ух+с (b) y 22J/x 4 C 


(с) у= 2х? – 24/х +С 


(а) у= – 1 соѕз21+ С (b у= 250 + +С 


(с) у=-1 0$ 2 +2 1: +С 





(a) y=tand+C (b) y =0 уе МЕС (с) y = 40? —tan0 +C 
f(x) = x? -x +C; 0 = (0 = 0 -0 +C > C=0 > f) =x? -x 
gx9--lrx-C61-g-D--d-4(-1)?4€c25ocCc--125g9)--1-4xx-1 


г(9) = 80 + соё@ + С; 0 =r (F) = 8 (1) + со (1) +С => 022r 1C C— 2-1 
= r(0) = 80 + cot 0 — 2” — 1 


r(t) = sec t — t + C; 0 = r(0) = sec (0) —- 0 +C > C= -1 = r(t)=sect—t—l 
v= $ = 9.8t +5 > 5 = 4.902 + 51 + С; at s = 10 and t = 0 we have C = 10 = s = 4.9t? + 5t + 10 


v = $ = 32t — 2 > s = 16t? — 2t + C; at s = 4 and t = $ we have C = 1 > s — 167 —2t 41 


v — $ — sin(zt) — s = —4cos(at) + C; ats = 0 and t = 0 we have C = 1 => 5 = H= 
ўе ве 2со(2) => s = sin(#) + C; at s = 1 and t = 7° we have C = 1 > s = sin(#) +1 
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а = 32 = у = 32{ + Су; at v = 20 andt = 0 we have C, = 20 > v = 32t+ 20> s = 16t? + 20t+ Cy; ats = 5 and 
+ = Оме Бауе С› = 5 = 5 = 16t? + 20t + 5 


а = 9.8 = у = 9.84 + Сү; atv 2 —3andt 2 0 we haveC; 2 32 у = 9.84 — 3 = $ = 4.98 — 3t - Co; ats — 0 and 
t = 0 we have C = 0 => s = 4.90 – 31 


а = —4sin(2t) > v = 2cos(2t) + C1; at v = 2 and t = 0 we have C1 = 0 > v = 2cos(2t) => s = sin(2t) + C2; at s = —3 
andt — 0 we have C9 — —3— s — sin(2t) — 3 


а= = с08 (3) => у = 3sin(#) + Су; ау = 0 апа { = 0 же һауе Су = 0 = у = 3sin(3) >s= -сов(%) + Co; at 
s = —l and t = 0 we have С = 0 = s = -сов(%) 


T 


If T(t) is the temperature of the thermometer at time t, then T(0) — —19? C and T(14) — 100? C. From the Mean Value 


Theorem there exists a O « ty < 14 such that та9-то) — 8.5? C/sec — T'(to), the rate at which the temperature was 


changing at t = tọ as measured by the rising mercury on the thermometer. 


Because the trucker's average speed was 79.5 mph, by the Mean Value Theorem, the trucker must have been going that 
speed at least once during the trip. 


Because its average speed was approximately 7.667 knots, and by the Mean Value Theorem, it must have been going that 
speed at least once during the trip. 


The runner's average speed for the marathon was approximately 11.909 mph. Therefore, by the Mean Value Theorem, the 
runner must have been going that speed at least once during the marathon. Since the initial speed and final speed are both 0 
mph and the runner's speed is continuous, by the Intermediate Value Theorem, the runner's speed must have been 11 mph 
at least twice. 


Let d(t) represent the distance the automobile traveled in time t. The average speed over 0 < t < 2 is a 40 The Mean 


Value Theorem says that for some 0 < 0 <2,4 (9) = ea. The value d'(to) is the speed of the automobile at time to 


(which is read on the speedometer). 


a(t) = v(t) = 1.6 2 v(t) = 1.6t+ C; at (0, 0) we have C = 0 = v(t) = 1.6t. When t = 30, then v(30) = 48 m/sec. 








1 
The conclusion of the Mean Value Theorem yields }—* = — i = с? (=) =а-0 > c= yab. 


b2— 


2 3 
2-5 -020-» с-038, 
—а 


The conclusion of the Mean Value Theorem yields > 


f'(x) = [cos x sin (x + 2) + sin x соѕ (х + 2)] — 2 sin (x + 1) cos (x + 1) = sin (x + x + 2) — sin 2(x + 1) 
= sin (2x + 2) — sin (2x + 2) = 0. Therefore, the function has the constant value f(0) = —sin? 1 ~ —0.7081 


which explains why the graph is a horizontal line. 


(а) f(x) = (x + 2)(x + 1)x(x — 1)(x — 2) = х? — 5x3 + 4x is one possibility. 
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(b 


wm 


Graphing f(x) = x° — 5x? + 4x and f(x) = 5x* — 15x? + 4 on [—3, 3] by [—7, 7] we see that each x-intercept of 
f'(x) lies between a pair of x-intercepts of f(x), as expected by Rolle's Theorem. 








(c) Yes, since sin is continuous and differentiable on ( — co, oo). 


f(x) must be zero at least once between a and b by the Intermediate Value Theorem. Now suppose that f(x) is zero twice 
between a and b. Then by the Mean Value Theorem, f'(x) would have to be zero at least once between the two zeros of 
f(x), but this can't be true since we are given that f'(x) Æ 0 on this interval. Therefore, f(x) is zero once and only once 
between a and b. 


Consider the function k(x) — f(x) — g(x). k(x) is continuous 
and differentiable on [a, b], and since k(a) — f(a) — g(a) and 
k(b) — f(b) — g(b), by the Mean Value Theorem, there must 
be a point c in (a, b) where k'(c) — 0. But since 

k'(c) 7 f'(c) — g'(c), this means that f'(c) — g'(c), and c isa 
point where the graphs of f and g have tangent lines with the 

same slope, so these lines are either parallel or are the same 








line. 


f'(x) <1forl1 <x <4 = f(x) is differentiable on 1 € x € 4 => fis continuous on 1 € x < 4 > f satisfies the 
conditions of the Mean Value Theorem = £9 -KD) = f'(c) for some c in 1 < x < 4 > f'(c) < 1 > кю а) <1 
— f(4) — f(1) € 3 


0 « f'(x) « 3 for all x — f '(x) exists for all x, thus f is differentiable on (—1, 1) = f is continuous on [- 1, 1] 

> f satisfies the conditions of the Mean Value Theorem = пыз" — f'(c) for somecin [-1, 1] 2 0 « 0-4) < 5 
= 0 < (1) – 6—1) < 1. Ѕіпсе (1) — f(—1) < 1 = f(1) < 1 + f(—1) < 2 + f(—1), and since 0 < #1) — f(—1) 

we have f(—1) < f(1). Together we have f(—1) < f(1) < 2+ f(-1). 


Let f(t) = cost and consider the interval [0, x] where x is a real number. f is continuous on (0, x] and f is differentiable on 
(0, x) since f '(t) = —sint = f satisfies the conditions of the Mean Value Theorem => m — f'(c) for somec in 
[0, x] > 95-і = -япс Since -1 < sinc < 1 —1 < —sincE 12 —1 < SS= « pL. Ifx 20, -1 & 88x <] 
= —x < cosx — 1 < х = |cosx — 1| < x = |x|. Ifx < 0, -Il< х1 < 1 > —x > cosx— 1 >x 

= x < cosx — 1 < —x => —(—x) < cosx — 1 < —x = |cosx — 1| < —x = |x|. Thus, in both cases, we have 

[созх — 1| < |x |. If x = 0, then |cos 0 — 1| = |1 — 1| = |0| < [0], thus |cosx — 1| < |x | is true for all x. 


Let f(x) = sin x fora < x < b. From the Mean Value Theorem there exists a c between a and b such that 
snb- sina = cosc > —] < та < | = | inb- sina] <1 = [sinb — sina| € |b — al. 
—a b-a b-a 


Yes. By Corollary 2 we have f(x) = g(x) +c since f(x) = g’(x). If the graphs start at the same point x = a, 
then f(a) = g(a) => с= 0 = f(x) = g(x). 
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4.3 


Assume f is differentiable and |f(w) — f(x)| < |w — x| for all values of w and x. Since f is differentiable, f’(x) exists and 


f'(x) = Jm, f) fo) using the alternative formula for the derivative. Let g(x) = |x|, which is continuous for all x. 














By '(x)| - wim, нм = jim. fw) fü) — lim 25-18, Since 
[f(w) — f(x)| € |w — x| for all w and x > ILS e JI < 1 as long as w Z x. By Theorem 5 from Chapter 2, 
|f'G)| 2 Jim, E2-29 < lim 1212 [f'G)| 15 -1«f'() « 1. 


By the Mean Value Theorem we have кна 


we have f(b) — f(a) <0 = f'(c) « 0. 


= f'(c) for some point c between a and b. Since b — a > 0 and f(b) < f(a), 


The condition is that f’ should be continuous over [a, b]. The Mean Value Theorem then guarantees the 


w = 


existence of a point c in (a, b) such that — f'(c). If f' is continuous, then it has a minimum and 


maximum value on [a, b], and min f’ < f’ id "< max f’, as required. 


f'(x) = (1 +x cosx) ! 2 f"(x) 2 — (14- x* cos x) ^ (4x? cos x — x! sin x) 
— —x? (1 x* cos x) (4 cos x — x sin x) < O for0 < x < 0.1 => f'(x) is decreasing when 0 < x < 0.1 
— min f' ~ 0.9999 and max f' = 1. Now we have 0.9999 « 10:0-1 — | — 0.09999 « 0.1) – 1 < 0.1 
— 1.09999 « f(0.1) « 1.1. 
f(x) 2 (1— xb! > Б(х)--(1- хау (—4x3) = ас > Ofor0<x<0.1 => Р(х) іѕ increasing when 


(1x4) 
0<x<0.1 = та Р = 1 and max f’ = 1.0001. Now we have 1 < “°U=? < 1.0001 
= 01 < 60.1) – 2 < 0.10001 = 2.1 x f(0.1) < 2.10001. 


(a) Suppose x « 1, then by the Mean Value Theorem ос < 0 = f(x) > f(1). Suppose x > 1, then by the 
Mean Value Theorem Ko -KD 20 — f(x) » f(1). Therefore f(x) > 1 for all x since 1) = 1. 


(b) Yes. From part (a), lim. f - KD < 0 and Bn Ko RD 2 0. Since f'(1) exists, these two one-sided 
х— x 


limits are equal and have the value f'(1) — f'(1) € Oand f'(1) 2 0 — f'(1) — O. 


From the Mean Value Theorem we have = — f'(c) where c is between a and b. But f'(c) = 2pc +q = 0 


has only one solution c = — 2 (Note: p 4 0 since f is a quadratic function.) 


MONOTONIC FUNCTIONS AND THE FIRST DERIVATIVE TEST 


(a) f'(x) = x(x — 1) — critical points at 0 and 1 
(b) f = +++ |---| +++ = increasing on (—oo, 0) and (1, oo), decreasing on (0, 1) 
0 1 


(c) Local maximum at x = 0 and a local minimum at x = 1 


(а) fx) = (х – 1)(х + 2) = critical points at —2 and 1 
(b) f = +++ | ——-— | +++ => increasing on (—oo, —2) and (1, oo), decreasing on (—2, 1) 
2 1 


(c) Local maximum at x — —2 and a local minimum at x — 1 


(a) f'(x) 2 (x — D?(x 4-2) 2 critical points at —2 and 1 
(b) f! 2 ——- | +++ | +++ => increasing on (—2, 1) and (1, oo), decreasing on (—oo, —2) 
2 1 
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No local maximum and a local minimum at x = —2 


f'(x) = (x — 1)?(x +2)? = critical points at —2 and 1 
[' = ++++ | |o =} increasing on (—co, —2)U (—2, 1) U (1, oo), never decreasing 
—2 1 


No local extrema 


f'(x) 2 (x — D(x + 2)(х — 3) => critical points at —2, 1 and 3 


Р=---| +++|--- | +++ = increasing on (—2, 1) and (3, oo), decreasing on (—oo, —2) and (1,3) 
—2 1 3 

Local maximum at x = 1, local minima at x = —2 and x = 3 

f'(x) = (x — 7)(x 4- D(x 4-5) => critical points at —5, —1 and 7 





'=———|-+-++| ——— | ++++ = increasing on (—5, —1) and (7, oo), decreasing on (—oo, —5) and (—1, 7) 
—5 —1 7 

Local maximum at x = —1, local minima at x = —5 and x = 7 

f'(x) — A — critical points at x —2 0, x — 1 and x = —2 

f = +++ —-—- | ——-— | +++ > increasing on (-оо,-2) and (1, oo), decreasing on (—2, 0) and (0, 1) 
—2 0 1 

Local minimum at x = 1 


f(x) = IRL — critical points atx —2, x = —4,x = —l,andx =3 

f’= +44] —--)( +++ |---)(4++ = increasing on (—oo, —4), (—1,2) and (3, oo), decreasing on 
—4 -1 2 3 

(—4, —1) and (2,3) 

Local maximum at x — —4 and x — 2 


Ех) =1- 4 z E —» critical points at x — —2, x = 2 and x — Q. 


Г-4441---10---01444 = increasing on (—oo, —2) and (2, 00), decreasing on (—2, 0) and (0, 2) 
—2 0 2 





Local maximum at x = —2, local minimum at x = 2 





Ғ'(х) = 3 – £ = = — critical points at x = 4 and x = 0 

f = (——-— | +++ = increasing on (4, 00), decreasing on (0, 4) 
0 4 

Local minimum at x = 4 

f'(x) 2 x7!/3(x + 2) = critical points at x = —2 and x = 0 

f = +++ | ——-—)(+++ = increasing on (—co, —2) and (0, oo), decreasing on (—2, 0) 

-2 0 

Local maximum at x = —2, local minimum at x = 0 

f'(x) 2 x-?(x — 3) 5 critical points at x = 0 and x = 3 

f’ = (——— | +++ = increasing on (3, oo), decreasing on (0, 3) 
0 3 


No local maximum and a local minimum at x — 3 


f'(x) = (sinx — 1)(2cosx + 1), 0 < x < 2r > critical points at x 2 Z, x ^ 4, ажах- 4 
[з= үзе =ч ето. — increasing on (7, 41), decreasing on (0, 7), (7, х) and (+, 27) 


2 3 3 
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Local maximum at x — 3 апа х = 0, local minimum at x = x and x = 27 


т 5т 7т 
quet 4 
f’ =[-—--—|+++]|---|+++]|---—] = increasing on (2, 22) and (32, 72), decreasing on (0, 7), 
3n 5r Tr 

(17,77) and (7,27) 


Local maximum at x = 0, x = За and x = m, local minimum at x = 2 х= эт and x = 27 


f(x) — (sinx + cos x)(sinx — cos x), 0 < х < 27 = critical points at x = £, x — 4 and x = 





Increasing on (—2, 0) and (2, 4), decreasing on (—4, —2) and (0,2) 
Absolute maximum at (—4, 2), local maximum at (0, 1) and (4, —1); Absolute minimum at (2, —3), local minimum at 
(-2, 0) 


Increasing on (—4, —3.25), (—1.5, 1), and (2,4), decreasing on (—3.25, —1.5) and (1,2) 
Absolute maximum at (4, 2), local maximum at (—3.25, 1) and (1, 1); Absolute minimum at (—1.5, —1), local 
minimum at (—4, 0) and (2, 0) 


Increasing on (—4, —1), (0.5, 2), and (2, 4), decreasing on (—1, 0.5) 
Absolute maximum at (4, 3), local maximum at (—1, 2) and (2, 1); No absolute minimum, local minimum at 
(—4, — 1)and (0.5, —1) 


Increasing on (—4, —2.5), (—1, 1), and (3,4), decreasing on (—2.5, —1) and (1,3) 
No absolute maximum, local maximum at (—2.5, 1), (1,2) and (4,2); No absolute minimum, local minimum at 
(-1,0) апа (3,1) 


g(t) = -t? —3t+3 = g/(t)=—2t—3 = acritical point att = — 3; g/ = ger eem хашаан 

(—oo, — $) , decreasing on (— 3, 00) 

local maximum value of g (— 5) = л att = — 3, absolute maximum is 2 att — — 3 

a(t) = —3t? + 9t+5 2: g'(t) — —6t-- 9 => a critical point at t = 5 Jes oe ae ас быны а ын 3) | 
3/2 


: 3 
decreasing on (3, oo) 
local maximum value of g (3) = 47 att = 3, absolute maximum is 47 att = 3 


h(x) = —x? + 2x? > h'(x) = —3x? + 4x = x(4 — 3x) = critical points at x = 0, 1 
= = ———|+++]| —-—-, increasing on (0, 5) , decreasing on (—oo, 0) and (3, оо) 


4/3 


local maximum value of h (5) = 32 atx = 


5; local minimum value of h(0) — 0 at x = 0, no absolute extrema 





h(x) 22x? - 18x => h'(x) = 6x? — 18 = 6 (х + v3) (x — v3) — critical points atx = + УЗ 


> М----| ---| +++, increasing on (о, -V5) and (v3, го) , decreasing on (-v3, v3) 
-V3 уз 


a local maximum is h (-v3) = 12,/3 atx = – УЗ; local minimum is h (v3) = —12y 3 at x = V3, no absolute 


extrema 
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23; 


24. 


25: 


26. 


27. 


28. 


29. 


30. 


31. 


(а) 


(b 


wm 


(a) 


(b 


— 


(a) 


(b 


wm 


(a) 


(b 


wm 


(a) 


(b 


wm 


(a) 


(b 


хи 


(а) 


(b 


wm 


(a) 


(b 


хи 


(а) 


(b 


— 
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f(0) = 36° — 463 = £'(0) = 60 — 126? = 60(1 — 20) = critical points at = 0, 5 = f' = ——- | +++ | ———, 
0 — 1/2 
increasing on (0, 2) , decreasing on (-оо, 0) and (4, 00) 


? 


a local maximum is f (2) = 1 at 0 = 2, a local minimum is f(0) — 0 at 0 — 0, no absolute extrema 





кд) = 60 — 6? = #(0) = 6 — 362 = 3 (у2- 0) (М2. +9) -> critical points at@ = + \/2 = 


['=——— | +++ | —-—-, increasing on (-v2, v2), decreasing on (- – 2) апа (v2, со) 
-/2 v2 


a local maximum is f (v2) = 4,/2 at 0 = V2, a local minimum is f (-У2) = -4ү2 at 0 = 24/0: no absolute 


extrema 


f(r) 2 3? -- 16r — f'(r) 2 9r? + 16 — no critical points = f’ = +++4-4, increasing on (—o0o, 00), never 
decreasing 
no local extrema, no absolute extrema 


h(r) 2 (r-- 7? — h'(r) 2 3(r-- 7? — acritical point atr = —7 = h = +++ | +++, increasing on 
7 


(—oo, —7) U (—7, oo), never decreasing 
no local extrema, no absolute extrema 














f(x) = x* — 8x? +16 > f'(x) = 4x3 — 16x = 4x(x + 2)(х — 2) => critical points atx = 0 andx = +2 
> f= ——-— | +++ | —--—— | +++, increasing on (—2, 0) and (2, oo), decreasing on (—oo, —2) and (0, 2) 
—2 0 2 
a local maximum is f(0) = 16 at x = 0, local minima are f ( +2) = 0 atx = + 2, no absolute maximum; absolute 
minimum is 0 atx = +2 





g(x) = xt — 4x3 + 4x? > g'(x) = 4x3 — 12x? + 8x = 4x(x — 2)(x — 1) — critical points at x — 0, 1, 2 
=> g = ——-— | +++ | ——-— | +++, increasing on (0, 1) and (2, 00), decreasing on (-оо, 0) апа (1,2) 
0 1 2 


a local maximum is g(1) = 1 at x = 1, local minima are g(0) = 0 at x = 0 and g(2) = 0 at x = 2, no absolute 
maximum; absolute minimum is 0 at x = 0, 2 





H(t) = 20—00 = Н() = 60 – 60 = 68(1 + 0(1 —t) = critical points att =0, +1 





= Н = +++ | === | +++ | – – –, іпсгеаѕіпе оп (оо, – 1) ара (0, 1), decreasing on (—1, 0) and (1, oo) 

—1 0 1 
the local maxima are H(—1) = i att — —1 and H(1) — i at t = 1, the local minimum is H(0) — 0 at t — 0, absolute 
maximum is 1 att — + 1; no absolute minimum 


К(0 = 15б — 6 — K'(t) — 45? — 5t* — 50(3 - 0(3 — t) = critical points att = 0, +3 














=> К/=——— | +++ | +++ | ——-, increasing on (—3, 0) U (0, 3), decreasing ор (—оо, —3) and (3, oo) 
—3 0 3 
a local maximum is K(3) = 162 at t = 3, a local minimum is K(—3) = —162 at t = —3, no absolute extrema 
Кх) = х –бух —1 = #'00 = 1—– сл - V critical points at x — 1 and x — 10 
> f’ = ( ——-— | 44-4 increasing on (10, oc), decreasing on (1, 10) 
1 10 
a local minimum is f(10) — —8, a local and absolute maximum is f(1) — 1, absolute minimum of —8 at x — 10 
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32. (а) р(х) = 4,/х – х2 +3 g'(x) = 2 2x — LT — critical points at x = 1 and x = 0 














= g' = ( +++ | ——-—, increasing on (0, 1), decreasing on (1, 00) 
0 1 
(b) alocal minimum is f(0) = 3, a local maximum is f(1) = 6, absolute maximum of 6 at x = 1 
33. (а) в(х) = хү — х2 = х(8 — х2)? = р(х) = (8 – х2)? ex (1) (8x?) 2х) = 128-3819 — 
(2У2-х) (2У2-х) 
= critical points асх- --2, 4+2/2>g'=( --- | +++ [=== ) _ , increasing on (—2, 2), decreasing on 
-2/2  -2 2 2/2 
(-2v2,-2) and (2.2/2) 
(b) local maxima are g(2) = 4 at x = 2 and g (-2v2) = (ах = —2\/2, local minima are g(—2) = —4 at 


х= —2 and g (2/2) = OQ at x — 24/2, absolute maximum is 4 at x = 2; absolute minimum is —4 at x = —2 


34. (а) g6) 2 x/5-x 2 x5 - 3)? — gx) 22x65 —)? + x? (1)(5- x)7/2(-1) = Ee — critical points at 


2/5 
х = 0, 4 аа 5 => g'— ——- | 4 | ——- ), increasing on (0, 4), decreasing on (—oo, 0) and (4, 5) 
0 4 5 
(b) alocal maximum is g(4) = 16 at x = 4, a local minimum is 0 at x = 0 and x = 5, no absolute maximum; absolute 


minimum is 0 at x = 0,5 








2_ 2х(х - 2) - (32 - 3) (1 -3)x-1 it : 
4) 1S сэл ее х(х о )0) & салат ) => critical points at x = 1, 3 


=> f= +++ | жы --- | +++, increasing on (-оо, 1) and (3, оо), decreasing on (1, 2) and (2, 3), 


discontinuous at x = 2 
(b 


wm 


a local maximum is f(1) = 2 at x = 1, a local minimum is f(3) = 6 at x = 3, no absolute extrema 





36. (4) 100 - эт => Ро) = ВК = => a critical point at x = 0 


=> f' =+++ | +44, increasing on (—oo, 0) U (0, оо), and never decreasing 
0 


(b 


— 


no local extrema, no absolute extrema 


37. (а) f(x) 2 x!P(x + 8) = x43 + 8x3 2. f(x) 2 $x!9 8 x-2/3 — 312 > critical points at x = 0, 22 


> f= ——-— | +++)(+++, increasing on (—2, 0) U (0, oo), decreasing on (—oo, —2) 
—2 0 
(b) no local maximum, a local minimum is f(—2) = —6 3/2 =~ —7.56 at x = —2, no absolute maximum; absolute 
minimum is —6 3/2 atx = —2 





38. (a) g(x) = x7/9(x +5) = x9/3 + 52/8 => р(х) = 5 2/8 + Ux MS = pee — critical points at x = —2 and 


x=0 > g =4+4+4| —-—)(444-, increasing on (—oo, —2) and (0, оо), decreasing on (—2, 0) 
—2 0 


(b) local maximum is g(—2) = 3 3/4 & 4.762 at x = —2, a local minimum is g(0) = 0 at x = 0, no absolute extrema 


wm 


7х +2 7х-2 
39. (а) h(x) = x!/9 (x? — 4) = x74 — 4x18 > Ыб) = 1x1 — 3 -2/3 = аа — critical points at 





3 3 3 3/х2 
х=0, 5, => h = +++ | ---1(---0| +++, increasing on (oo. 2) апа (4:00) , decreasing on 


-2У/70 2/7 
(20) ma (0. 3) 
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_ 244 


~ 77/6 


local maximum is h (=) 


(b 2 3) = е 


2 3.12 ах = > the local minimum is h (5 — 5 Я —3.12, no absolute 


Хи 


extrema 


40. (a) k(x) — x?/? (x? — 4) = x98 — 4,28 = k(x) = 8 х5/3 - е B 58-38 — critical points at 














x=0,+1 5 k’ =—-—| 4+4+4+)(—-—-— | +44, increasing on (—1, 0) and (1, co), decreasing on (—оо, —1) 
—1 0 1 
and (0, 1) 
(b) local maximum is k(0) = 0 at x = 0, local minima are k( + 1) = —3 atx = + 1, no absolute maximum; absolute 
minimum is —3 atx = +1 
41. (а) f(x) 2 2x — x? 2 f'(x) = 2 — 2x > a critical point atx = 1 => #' = +++ | -—-] апак(1) = 1 and f(2) =0 
1 2 


a local maximum is 1 at x — 1, a local minimum is 0 at x = 2. 
(b) There is an absolute maximum of 1 at x — 1; no absolute minimum. 





42. (a) f(x) 2 (x - D? — f'(x) 2 2(x - 1) — acritical pintatx 2 —1 — f'— ——— | +++] and f(—1) = 0, Ко) = 1 
—1 0 


= a local maximum is 1 at x = 0, a local minimum is 0 at x = —1 
(b) no absolute maximum; absolute minimum is 0 at x = —1 


(с) 


fe) 





Јед = «+ 12 


43. (а) g(x) — x? - Ax - 4 > g'(x) 22x — 4 — 2(x — 2) — acritical pintatx —2 — g'—[-—--— | +++ and 
1 2 


(1) = 1, g2) = 0 = a local maximum is | at x = 1, a local minimum is g(2) = 0 atx = 2 
(b) no absolute maximum; absolute minimum is 0 at x = 2 





(c) 
g (x) 
5 
4 
i g(x)2x'-4x«4 
2 
1 
+ » xX 
d 1 2 3 4 


44. (а) g(x) = —x? - 6x —9 2 g'(x) 2 -2x — 6 = —2(x -3) — acritical pintatx 2 —3 — g'—[ --4-| ——- and 
—4 —3 


g(—4) = —1, g(-3) 2 0 — alocal maximum is 0 at x 2 —3, alocal minimum is —1atx — —4 
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(b) absolute maximum is 0 at x = —3; no absolute minimum 


(c) 


45. (a) 


(b) 
(c) 


46. (a) 


(b) 
(c) 


47. (a) 


(b) 
(c) 


80) 








f(t) = 11 — 18 = Р(р) = 12 – 32 = 32 + (2 — t) = списа ротва = +2 > Р=[ ——- | +++ | --- 
3 —2 2 


and f(—3) = —9, f(—2) = —16, f(2) = 16 = local maxima are —9 at t = —3 and 16 at t = 2, a local minimum is 
—16att — —2 
absolute maximum is 16 at t = 2; no absolute minimum 


£(t) 








f(t) = — 3? > f(t) = 3t? — 6t = 3t(t — 2) = critical points att 2 0 and t — 2 
> Р=+++|--- | +++] ава КО) = 0, f(2) = —4, КЗ) =0 = a local maximum is 0 at t = 0 and t = 3, a 
0 2 3 


local minimum is —4 at t = 2 
absolute maximum is 0 at t = 0, 3; no absolute minimum 


fe 





f028-38 


h(x) = © — 2x? + 4x => h(x) =x? -4x+4=(x—-2) = acritical point atx =2 > ћ = [+++ | +++ and 
0 2 


h(0) 2 0 = no local maximum, a local minimum is 0 at x = 0 
no absolute maximum; absolute minimum is 0 at x = 0 


h(x) 


H MN оо &ь ла 
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48. (a) k(x) = x? +3x?+3x+1 > k(x) = 3x? -- 6x - 3 — 3(x - 1D? — a critical point at x 2 —1 
=> К = +++ | +++] and k(—1) = 0, k(0) = 1 = a local maximum is 1 at x = 0, no local minimum 
—1 0 


(b) absolute maximum is 1 at x = 0; no absolute minimum 


(с) 


k(x) 








49. (a) f(x) = V25 - x? => f'(x) = = = => critical points at x = 0, x = —5, and x = 5 
= =( +++|---), (-5) = 0, КО) = 5, f(5) = 0 => local maximum is 5 at x = 0; local minimum of 0 at 
—5 0 5 
x = —5 апах =5 
(b) absolute maximum is 5 at x = 0; absolute minimum of 0 at x = —5 and x = 5 
(c) 
10) 
f(x)» 25- X 
-4 -2 2 4 ~ 


50. (a) f(x) = vx? — 2x — 3,3 < x < œ > f'(x) = = — only critical point in 3 € x « oo is at x — 3 


>f'= | +++, КЗ) = 0 = local minimum of 0 at x = 3, no local maximum 


(b) absolute minimum of 0 at x = 3, no absolute maximum 


(c) 


ЈО) 







Хх) = №2 25-3 





51. (а) g(x) 2 &- 2,0 x «1 g'(x) — ла = only critical point in0 < x < lisx = 2— \/3 © 0.268 


Эн eo os a -xy 2 a _УЗ_ —5. 4/3 
- 8-1 da 86 V3) 4/36 1.866 = local minimum of 203-8 atx —2 V3, local 


maximum at x — 0. 


(b) absolute minimum of e е ах = 2 – ТЕ , ho absolute maximum 
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(с) 


52. (а) 


(b) 


53. (a) 


(b) 


54. (a) 


Chapter 4 Applications of Derivatives 





g(x) = t —2 < x < 1 > g'(x) = a => only critical point in —2 < x < 1 is x = 0 

—g'-( --- | +++], 2(0) = 0 => local minimum of 0 atx = 0, local maximum of 5 at x = 1. 
—2 0 1 

absolute minimum of 0 at x = 0, no absolute maximum 


80) 





f(x) = sin 2x, 0 <x < 7 => 1'(х) = 2cos 2x, f’(x) = 0 > cos 2x = 0 = critical points are x = 7 апйх = 37 


=>f'=[+4++ | == ЕЕ ‚ (0) = 0, f(4) = 1, f(27) = —1, Кл) = 0 = local maxima аге 1 аіх = 7 апа 0 
4 T 

at x = 7, and local minima are —1 at x = т and 0 atx = 0. 
The graph of f rises when f’ > 0, falls when f’ < 0, 

and has local extreme values where f’ = 0. The function 

f has a local minimum value at x — 0 and x — 3 where 
the values of f’ change from negative to positive. The 
function f has a local maximum value at x = л апа 

x = 7, where the values of f ‘change from positive to 





negative. 

f(x) = sinx — cosx, 0 < x < 2r > f'(x) = cosx + sinx, f'(x) = 0 > tanx = —1 > critical points are x = *7 and 

x=% >f =[+++]|---]|+++] ,f(0) = -—1,f(3%) = V2, (2)- -4/2,1(27) --1-»оса! шахиа аге 
0 37 Tn 2n 


4 4 
V2 at x = E and —1 at x — 27, and local minima are z4/2 at = fe and —1 at x — O. 


(b) The graph of f rises when f' > 0, falls when f’ < 0, 


ы fe» 
and has local extreme values where f^ — 0. The function Ч 


f has a local minimum value at x = 0 and x = m, where 
the values of f' change from negative to positive. The 
function f has a local maximum value at x — 27 and 


х = т, where the values of f 'change from positive to 





negative. 


f(x) =sinx-cosx, OSxS27 
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55. (а) 


(b 


wm 


56. (a) 


(b 


wm 


57. (a) 


(b 


wm 


58. (a) 
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f(x = \/3cosx + sinx, 0<x<2r>f'( 4. f'a) = 0 = tanx = J, = critical points are 
22-11 = 4/3, (1) = 2, f(4) = —2,{(2л) = УЗ = local 
0 2 Tn 2т 
6 
maxima are 2 at x = т and 4/3 at x = 27, and local minima are —2 atx = 4 < and 3 а(х- 0. 
The graph of f rises when f’ > 0, falls when f' « 0, 


and has local extreme values where f' — 0. The function 
f has a local minimum value at x — 0 and x — л, where 
the values of f' change from negative to positive. The 
function f has a local maximum value at x — 27 and 

х = c. where the values of f'change from positive to 





negative. 
f(x) = —2x + tanx, —Ẹ < x < § > f'(x) 2 —2- sec? x, f'(x) 2 0 => sec’ x = 2 = critical points are 
x—--£fandx-iíf'— ( +++ оа ++) f(-7) = 3-1, £(3) = 1- § = local 
7252 E 4 2 
maximum is 5 — 1 at x — — $2, and local minimum is 1 — 5 at x = 1. 


The graph of f rises when f' > 0, falls when f’ < 0, 32: “38 
and has local extreme values where f’ = 0. The function | 
f has a local minimum value at x = 2 where the values 


of f’ change from negative to positive. The function f 
has a local maximum value at x = — Ts where the values 


of f ‘change from positive to negative. 





'Q)2tanx-2x —L «x« 7 
f(x) = tan x — 2x, 5 <х<% 


f(x) = 5 — 2 sin (3) > f(x)= — cos (% Т Ғ(х) - 0 -> cos (3) = i — acritical point at x — x 

= Р=[---| +++] Mme =0,f(#) = 7 – УЗ, т) = п => local maxima are 0 at x = 0 and 7 
0 27/3 2т 

at x = 27, a local minimum is 3 — Уз atx = 27 

The graph of f rises when f’ > 0, falls when f’ < 0, f(x) = 5 = sing, 0<х<2л 


and has a local minimum value at the point where f’ 
changes from negative to positive. 








ғо) 
x 
f(x) = —2 cos x — cos? x > f'(x) = 2 sin x + 2 cos x sin x = 2(sin x)(1 + cos x) = critical points at x = —7, 0, 7 
> Р=[ —-- | +++] ааа Кл) = 1, Ко) = —3, Кл) = 1 = a local maximum is | atx = +7, a local 
=T 0 T 


minimum is —3 at x = 0 
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(b) The graph of f rises when f' > 0, falls when f’ < 0, 
and has local extreme values where f’ = 0. The 
function f has a local minimum value at x = 0, where 
the values of f’ change from negative to positive. 

fo) 2 -2cos x - cos? Х,-т<х<т 
59. (a) f(x) = csc? x — 2 cotx => f'(x) — 2(csc x)(—csc x)(cot x) — 2(—csc? x) = —2 (csc? x) (cotx — 1) => a critical 
point atx = 2 = = (=== | +++) апа (7) = 0 = no local maximum, a local minimum is 0 at x = 7 
1/4 T 
(b) The graph of f rises when f’ > 0, falls when f’ < 0, S(x) = csc? x — 2cotx, O<x <x 


and has a local minimum value at the point where 
f’ = 0 and the values of f’ change from negative to 





positive. The graph of f steepens as f’(x) — + оо. 





60. (a) f(x) = sec?x —2tanx => f'(x) = 2(sec x)(sec x)(tan x) — 2 sec? x = (2 sec? x) (tan x — 1) = a critical point 


ах-1- Р=( ——-| +++) andf(Ẹ)=0 = nolocal maximum, a local minimum is 0 at x — 7 
—т/2 п/4А т/2 
(b) The graph of f rises when f’ > 0, falls when f’ < 0, : 
and has a local minimum value where f' — 0 and the { 
values of f’ change from negative to positive. Јо) = ke Em : 





61. 500) = 3 сов (5) = h'(0) 2 —$sin($) = h'2[——-—] .(0,3) and (27, —3) — a local maximum is 3 at 6 = 0, 
0 2т 


a local minimum is —3 at 6 = 27 


62. h(0) — 5 sin (5) = Һ(0) = 5 cos (2) => h’=[++4+4+], (0,0) and (7,5) = alocal maximum is 5 at Ó = т, a local 
0 T 


minimum is 0 at 0 — 0 


63. 
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65. (а) 


66. (a) у (6) 
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64. (a) 3 (b) 


< 


угјо) 





(с) 


у=/о) 











у= (х) 





67. The function f(x) = x sin ( 1) has an infinite number of local maxima and minima. The function sin x has the following 


x 
properties: a) it is continuous on (—oo, oo); b) it is periodic; and c) its range is [—1, 1]. Also, for a 7 0, the function 1 has 
ата 


a range of (—oo, —a| U [a, oo) on Е 1] _In particular, if a = 1, then 4 < —1 or 4 > 1 when x is in [—1, 1]. This means 


sin(1) takes on the values of 1 and —1 infinitely many times in times on the interval [—1, 1], which occur when 
































1 == 25 a, эт, EE х= 2, =, =, .... Thus зїп (+) has infinitely many local maxima and minima 
in the interval [—1, 1]. On the interval [0, 1], —1 < sin (+) < 1 and since x > 0 we have —x < x sin(+) < x. On the 
interval [—1, 0], —1 < sin(+) < 1 and since x < 0 we have —x > x sin(1) > x. Thus f(x) is bounded by the lines y = x 
and y = —x. Since sin(1) oscillates between 1 апа —1 infinitely many times on [—1, 1] then f will oscillate between y = x 
and y = —x infinitely many times. Thus f has infinitely many local maxima and minima. We can see from the graph (and 
verify later in Chapter 7) that jim х sin(1) =1 and lim x sin (+) = |. The graph of f does not have any absolute 


maxima., but it does have two absolute minima. 
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68. f(x) = ax? +ъх +с= а(х? +2 bx) to=a(x? +2 bx+H)-E+e=a(x+ 2) и, a parabola whose 


vertex is at x = — i. Thus when a > 0, f is increasing on ( 5, oo) and decreasing on (—oo : 58); when a < 0, 


f is increasing on (— со, 52) and decreasing on (=, со). Also note that f'(x) = 2ax + b = 2a (x + 2) = for 


а»0,----| +++; Юга<0,ЁР=+++| ---. 
—b/2a —b/2a 





69. f(x) = ax? +bx > f'(x) = 2ax +b, f(1) =2 > a+b = 2, f'(1) = 0 > 2a +b = 0 > a = —2,b = 4 
=> f(x) = —2x? + 4x 


70. f(x) 2 ax? c bx? c ex + а = f'(x) = Зах2 + 2х + с, (0) = 0 = d—0,f(1) 2 15 ac be c-cd- -1, 
f'(0) =0>c=0,f'(1) =0 > 3a4 2b+c=05a=2,b=-3,c=0,d=05 f(x) = 2x3 — 3x? 








4.4 CONCAVITY AND CURVE SKETCHING 


3 


1. у бока 2х i = у= х2 -х-2 = (х -– 2)(х +1) = у" -2х-1-2(х-4). The graph is rising on 








(—oo, —1) and (2, 2) falling on (—1, 2), concave up on (1, oo) and concave down on (-оо со, 2). Consequently, 
a local maximum is 3 at x = —1, a local minimum is —3 at x = 2, and (5, — 3) is a point of inflection. 

2. у= %—2х?%+4 = yl = х9 — 4х = х(х? — 4) 2 x(x 2) —2) 9 y' 23 -4— (3x +2) (Узх -2). The 
graph is rising on (—2, 0) and (2, oo), falling on (—oo, —2) and (0, 2), concave up on (oo. —À) an а (2 >, со) апа 
concave down on (- 22 ; 3) . Consequently, a local maximum is 4 at x = 0, local minima are 0 atx = +2, and 
(- a ; ie) and (+ ; is) are points of inflection 

3. у= 3002-1) = у= (3) (2) (2-1) "ою = х(х® —1)719,у' = йн у жай А 

= the graph is rising on (—1, 0) and (1, oo), falling on (—oo, —1) and (0,1) = a local maximum is 3 at x = 0, local 
minima are 0 atx = + 1: у" = (ха – 1) У“ + 09 (-1)02-1): "оху oat 
1 
у'=+++| ———) (———)(——— | +++ = the graph is concave up on (о, -/3) and (v3, оо), concave 
1 1 


Ба + = УЗ 


down on (-у3 : v3) = points of inflection at ( = V3, iu 





4. y= 4P -T S y s их  (к=7 Бах I 2 (20), у S444 | ===) |а 
—1 0 1 
— the graph is о on (—oo, — 1) and (1, co), falling on (C1, 1) — alocal maximum is 2 at x = —1,a local 
minimum is — 2? at x = 1; у” = —x 9/ (x? — 1) -- 3x1/3 = 2x1/3 + х 5/3 =х 5/3 (2х2 +1), 
у!---- уб => the graph is concave up on (0, co), concave down on (—oo, 0) = a point of inflection at (0, 0). 
0 
5. y=x+sin2x > у' = 1+„+2соз2х,у = [———| +++| ---] = = the graph is rising on (— 33 т) , falling 
—2n/3 —n/3 т/3_ 2т/3 
оп (— z, - т) апа (т, х) = local maxima are 2л + n at x = 2л апа 5 + а at x = 7, local minima are 
-g-X9agc- т апа 27 — УЗ ару = 2 sy" = —4sin 2x,y”= [ —-—| +4++|---| +++] = е 
-27/3 -т/2 0 т/2 27/3 

graph is concave up on (- 0) апа (2, х), concave down on (- a, = т) апа (0, т) = points of inflection at 


(= 5> 3) 00,0), апа (5, 
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у = (апх – 4х = у = ѕесёх– 4,у = ( +++] ———| +++)  =& the graph is rising on (— $,— 7) and 
—л/2 -т/3 т/3 п/2 

(т, т), falling on (— ai т) = a local maximum is –уз+ т ах = – 3 , alocal minimum is 4/3 — 4л аїх = 5 

y” = 2(sec x)(sec x)(tan x) — 2 (sec? x) (tan x), y" 2 (——— | +++) = the graph is concave up on (0 т), 


-т/2 0 т/2 


concave down on (— 2 0) — a point of inflection at (0, 0) 


If x 7 0, sin |x| 2 sin x and if x < 0, sin |x| = sin (—x) 






= —sin x. From the sketch the graph is rising on 


(— 2- т), (0, £) and (#2, 2m) , falling on (—2z, – 32), 


y = sin|x|, -2m < x x 2v 








(— 5,0) and (2, 22) ; local minima are -1atx — + 3% (27,0) 
and 0 at x = 0; local maxima are 1 atx = + 3 and 0 at 5 
х = + 27; concave up on (—27, —7) and (7, 27), and 





concave down on (—7,0) and (0,7) — points of inflection 
are (—7., 0) and (7, 0) 





y =2cosx— /2x 5 y 2 2sinx — V2, y = [=== | +++] ---| c] -risingon 
=й —3т/4 -т/4 5т/4 37/2 
(— 32, — т)апа (57, зт), А т, – 3) апа (- 3,3) = local maxima are —24 m /2atx — —T, V2.4: RUE 
atx — — 1 and — куз at x = 32, and local minima are Зыр a at x = — #7 and /2 mm dxc 575 
y” = —2 cos x, y” = [ +++ | ——— | +++] => concave up on (-т,-2) апа (3) , concave down on 
ie -т/2 т/2 37/2 


(- 23 т) = points of inflection at (-% Ур) апа e -xE) 


When y = x” — 4x + 3, then y’ = 2x — 4 = 2(x — 2) and 
y" — 2. The curve rises on (2, oo) and falls on (—oo, 2). 
At x = 2 there isa minimum. Since y" > 0, the curve is 
concave up for all x. 





When y = 6 — 2x — x”, then y’ = —2 — 2x = —2(1 + x) and 
у” = —2. The curve rises on (—oo, —1) and falls on Abs. max. (-1, 7) 
(—1,00). At x 2 —1 there is a maximum. Since у” < 0, the 


curve is concave down for all x. 
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11. 


12. 


13. 


14. 


15. 


Chapter 4 Applications of Derivatives 


When y = x? — 3x - 3, then y 2 3x? - 3 2 3(x — D(x + 1) 
and y" = 6x. The curve rises on (—oo, — 1) U (1, oo) and 
falls on (—1, 1). At x = —1 there is a local maximum and at 
x = l a local minimum. The curve is concave down on 
(—оо, 0) and concave up on (0, co). There is a point of 
inflection at x = 0. 


When y = x(6 — 2x)’, then y' = —4x(6 — 2x) + (6 — 2x) 
= 12(3 — x)(1 — x) and y” 2 —12(3 — x) — I2(1 — x) 

= 24(х — 2). The curve rises on (—oo, 1) U (3, oo) and 
falls on (1, 3). The curve is concave down on (—oo, 2) and 
concave up on (2,00). At x = 2 there is a point of 
inflection. 


When y = —2x? + 6x? — 3, then y’ = —6x? + 12x 

= —6x(x — 2) and y” = —12x + 12 = —12(x — 1). The 
curve rises on (0, 2) and falls on (—oo, 0) and (2, oo). 
At x = O there is a local minimum and at x — 2 a local 
maximum. The curve is concave up on (—oo, 1) and 
concave down on (1, oo). At x — 1 there is a point of 
inflection. 


When у = 1 — 9x — 6x? — x?, then y' 2 —9 — 12x — 3x? 
= —3(х + 3)(2 + 1) and y” = —12 — 6x = —6(x + 2). 
The curve rises on (—3, —1) and falls on (—oo, —3) and 


(—1, оо). Ах = —1 there is a local maximum and at 
х = —3alocal minimum. The curve is concave up on 
(—oo, —2) and concave down on (—2, co). Atx = —2 


there is a point of inflection. 


When y = (x — 2)? + 1, then y’ = 3(x — 2)? and 

у' = 6(х — 2). The curve never falls and there are no 
local extrema. The curve is concave down on (—oo, 2) 
and concave up on (2, co). At x = 2 there is a point 
of inflection. 
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- (3, 0) 
Loc. min. 


(2, 5) Loc max 





(0, -3) 


Loc min y= -2x3 + 6x?-3 


у=1-9х- бд? — х3 








Гос. тах. (-1, 5) 


Loc. min. (-3, 1) 
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16. 


17. 


18. 


19. 


20. 


When y = 1 — (х+ 133, then y' = —3(x 4- 1)? and 

у" = —6(x + 1). The curve never rises and there are 

no local extrema. The curve is concave up on (—oo, —1) 
and concave down on (—1, 00). Atx = —1 there is a 


point of inflection. 


When y = x* — 2x?, then y’ = 4x3 — 4x = 4x(x 4- D(x — 1) 
and y" — 12x? — 4 — 12 (x + 5) (х — 5) . The curve 


rises on (—1, 0) and (1, oo) and falls on (—oo, —1) and (0, 1). 
Atx = + 1 еге аге local minima and at x = 0 a local 





maximum. The curve is concave up on (оо, - 5) апа 


(36 со) and concave down on (- Е 5) ‚ Аїх= м 





m. 


3' уз 


о 


there are points of inflection. 


When y = —x* + 6x? — 4, then y’ = —4x? 4- 12x 

—4х (х + v3) (x — v3) and y” = —12x? + 12 

= —12(x + 1)(x — 1). The curve rises on (оо, – УЗ) 
апа (0, v3) , and falls on (-v3, 0) and (v3, го) . At 


х = c \/3there are local maxima and at x = 0 a local 





minimum. The curve is concave up on (—1, 1) and concave 





down on (—co, —1) and (1,00). Atx = + | there are points 
of inflection. 


When y = 4x? — x4, then y’ = 12x? — 4x? = 4x?(3 — x) and 
у” = 24x — 12x? = 12x(2 — x). The curve rises on (—oo, 3) 
and falls on (3, co). At x = 3 there is a local maximum, but 
there is no local minimum. The graph is concave up on 

(0, 2) and concave down on (—oo, 0) and (2, oo). There are 
inflection points at x — 0 and x — 2. 


When y = x* + 2x3, then y’ = 4x? + 6x? = 2x?(2x + 3) and 
у” = 12x? + 12x = 12x(x + 1). The curve rises on 

(— 3, oo) and falls on (—oo, = 3) . There is a local 
minimum at x = — 3, but no local maximum. The curve is 
concave up on (—oo, —1) and (0, оо), and concave down on 
(—1,0). At x = —1 and x = 0 there are points of inflection. 


Section 4.4 Concavity and Curve Sketching 















Loc max 
бо ~ 


-2 






Loc min 


(1-0 
(Сз, -5/9) 
Infl 


Loc min 


|v oo 
(us, 519) 


Infl 


Abs. max. Abs. max. 


CN, 5) Q3, 5) 








(-3/2, 27/16) 
Abs. min. 
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21. 


22; 


23; 


24. 


25. 


When y = x° — 5х*, {һеп у' = 5х* — 20х9 = 5х°(х — 4) апа 
у” = 20x? — 60x? = 20x?(x — 3). The curve rises on 

(—oo, 0) and (4, oo), and falls on (0, 4). There is a local 
maximum at x = 0, and a local minimum at x — 4. The 
curve is concave down on (—oo, 3) and concave up on 
(3,00). At x — 3 there is a point of inflection. 


When y 2 x (3 — 5), then y’ = (3 — 5)“ + x(4)(% — 5)* (1) 
= (5 —5) (3 —5),авду' = 3(5 –5) (5) (5 –5) 

+ (5 — 5) (5) => (5 — 5) (х — 4). The curve is rising 

оп (—оо, 2) апа (10, oo), and falling on (2, 10). There is a 
local maximum at x — 2 and a local minimum at x — 10. 


The curve is concave down on (—oo, 4) and concave up on 
(4,00). At x = 4 there is a point of inflection. 


When y = x + sin x, then y’ = 1 + cos x and y” = —sin x. 
The curve rises on (0,27). At x = 0 there is a local and 
absolute minimum and at x = 27 there is a local and absolute 
maximum. The curve is concave down on (0, 7) and concave 
up on (7, 27). At x = 7 there is a point of inflection. 


When y — x — sin x, then y' — 1 — cos x and y" — sin x. 
The curve rises on (0,27). At x — 0 there is a local and 
absolute minimum and at x — 27 there is a local and absolute 
maximum. The curve is concave up on (0, 7) and concave 
down on (7, 27). At x = 7 there is a point of inflection. 


When y = Уэх — 2cos x, then y' — УЗ + 2sin x and 

y” = 2cos x. The curve is increasing оп (0, х) апа 

(=, 2л), and decreasing on (=, эт), At x = 0 there 

is a local and absolute minimum, at x = ж there is a local 
maximum, at x = эл there is a local minimum, and and at 
x — 2m there is a local and absolute maximum. The curve 


is concave up on (0, т) апа (35, 2m) , and is concave 


down оп (2, Эт), Atx = 5 and x = т there are points 


of inflection. 
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Abs. max. 
(2, 512) 







Infl. (10, 0) 






y=x+sinx 


(т, т) 


Abs. max. (27, 277) 





Loc max 
(47/3, 4N3z7/3 + 1) 


(гт,2М3т – 2) 


Abs max 
тан //.. (5993, 543 /3--1) 
(37/2, 33т/2) Loc min 


0 
8 

6 

47 тай 
2 (т/2, УЗт/2) 
0 





т/2 т Зт/2 2m 


y 2 N3x - 2cos x 
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27. 


28. 


29. 


30. 
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When y = 4х — tanx, then y’ = 4 — sec? x and 
3 3 
у" = —2sec? x tanx. The curve is increasing on (— 


Y Loc. max. 


T 
Bie) 
and decreasing on (-8, -3) апа (т, т). Atx = -$ 


there is a local minimum, at x = 5 there is a local 


maximum,there are no absolute maxima or absolute minima. 


T 
2223 


down on (0, т), At x = 0 there is a point of inflection. 


The curve is concave up on ( 0) , and is concave 











When y = sin x cos x, then y’ = —sin* x + cos” x = cos 2x A ме 
y= sin x cos x 
and y” = —2 sin 2x. The curve is increasing on (0, 7) and || Abs max 
(7/4, 1/2) тоң Loc max 
3т : т 3т = 1 
(27, т) , and decreasing on (т, 38), At x = O there is a п/2,0) (7,0) . 
local minimum, at x — 1 there is a local and absolute lau 


(37/4, 1/2) 
Abs min 


maximum, at x — т there is a local and absolute minimum, 


and at x — 7 there is a local maximum. The curve is concave 


т 
^2 
there is a point of inflection. 


), and is concave ир on(3, 7). Atx— 32 


down on (0 2 


When y = cos x + УЗаш x, then y' = —sinx + \/3cos x 







and y" — —cosx — \/3sin x. The curve is increasing on (52 Abs. max: 
т 47 à т Ат 2 y-cosx *N3 sin x 
(0,7) апа (44, 27), and decreasing on (2, 5X). At fou \ Ді (2m, 1) Loc. max. 
. ... . 67 Е 
х = 0 there is a local minimum, at x — 2 there is a local 





3 
and absolute maximum, at x — 4л there is a local and -1 





absolute minimum, and at x = 27 there is a local maximum. e 4) emin 
T, 2) Abs. min, 


The curve is concave down on (0, эг) апа (H, 27) : 

: 57 11л — 5m = 
and is concave up on (=, ur). Atx = x and x = = 
there are points of inflection. 

— x1/5 ‚ _ 1 y-4/5 у 4 „—9/5 
When y — x!/^, then y' — 5X /5 and y" — — 3X (8, 


The curve rises on (—oo, oo) and there are no extrema. 
The curve is concave up on (—oo, 0) and concave down 
on (0,00). At x = 0 there is a point of inflection. 


When y — x?/^, then y! 2 2 x ?/? and y" 2 — & х 82. 
The curve is rising on (0, oo) and falling on (—00,0). At 
x — 0 there is a local and absolute minimum. There is 





no local or absolute maximum. The curve is concave 


Cusp 
Loc min 


down on (—oo, 0) and (0, oo). There are no points of 
inflection, but a cusp exists at x = 0. 
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31. 


32. 


33. 


34. 


35. 


1 
When y = Un then y' — gua and 
у" = Gm The curve is increasing on (—oo, со). 


There are no local or absolute extrema. The curve is 
concave up on (—oo, 0) and concave down оп (0, оо). 
At x = 0 there is a point of inflection. 





— x? PLE 2 
When y = ¥=~, then y’ = a S 


2х+1°? апа y 








7 —4х3 — 12х2 +7 


у" = хи 007: The curve is decreasing on 
X =X ' 


n" TEST 


(—1, —4) and (—4, 1). There are no absolute extrrema, uL 


1 
Loc. max. 1 


(0.69,0.30) Infl. 
(-1, 0) 


there is a local maximum at x = —1 and a local minimum 


(1,0) 
Loc. min. 





at x = 1. The curve is concave up on (—1, —0.92) and (-0.92,-0.48) 
(-і, 0.69), and concave down on (—0.92, = 1) апа ш 
(0.69, 1). At x zz —0.92 and x z 0.69 there are points of 

inflection. 


When y = 2x — 3x?/3, then y' = 2 — 2x-!/? and 

у" = 2 x4/3_ The curve is rising on (—oo, 0) and 

(1, oo), and falling on (0, 1). There is a local maximum 
at x = 0 and a local minimum at x = 1. The curve is 
concave up on (—oo, 0) and (0, oo). There are по 
points of inflection, but a cusp exists at x = 0. 





When y = 5x?/5 — 2x, then y 22x 35 2-2 (хээ = 1) 


and у” = — $ x78/5, The curve is rising on (0, 1) and 


(1, 3) Loc. max. 
falling on (—oo, 0) and (1, oo). There is a local minimum x 

. 5 у= 5х7" – 2х 
at x = 0 and a local maximum at x = 1. The curve is (0,0) 





Abs. min. 


concave down on (—oo, 0) and (0, oo). There are no 
points of inflection, but a cusp exists at x = 0. 


When y = х2/3 (3 = x) - 5 х2/3 — x°/3 then ^ 
y = $x-M8 — $35 — $ x- V1 — x) and | 
у" = – 5х 413 = 10 x M32. Sx (1 + 2x). : ша 


The curve is rising on (0, 1) and falling on (—oo, 0) and 
(1,00). There is a local minimum at x = 0 and a local 


maximum at x — 1. The curve is concave up on (-оо, - 1) 


1 
2? 
of inflection at x = — 1 and a cusp at x = 0. 


and concave down on (— 0) and (0, co). There is a point 
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37. 


38. 


39. 
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When y = 2 — 5) = х°/З — 5х2/5, {һеп 
y -3 х2/3 — Юю x 1/3 = 5х ЫЗ(х — 2) and 
у” = Dp x 13. 10 х-%З = 10 x4/3(x + 1). The curve 


is rising on (—oo, 0) and (2, oo), and falling on (0, 2). 






2/3, 
ysxt(x-5) 
There is a local minimum at x = 2 and a local maximum 


at x = 0. The curve is concave up on (—1, 0) and (0, oo), 


and concave down on (—oo, —1). There is a point of сі, (20,-4.76) 

inflection at x = —1 and acusp atx = 0. 

When y = x\/8 — x2 = x (8 — x2)”, then ^ c 
1/2 1/2 

y - (8- x^ o9 (1) (8 x3) "^ 29) 


-(8-х 2)- 1/2 (8 — 2x 2) 2 20 -x)04- x) and 
Qv2« x) (2У2-х) 


у" = (–1)(8 – x2) 2(—2x)(8 — 2x2) + (8 — x2)72(—4x) 
— 2x (x? — 12) 
(8 – х2)? 


п (-2У2, -2) апа (2,2,2) . There are local minima 
х = —2 and x = 24/2, and local maxima at x = -2/2 and 
x = 2. The curve is concave up on (-2У2, 0) and 


. The curve is rising on (—2, 2), and falling 





Loc min 


concave down on (o. 2/2) . There is a point of inflection 


atx =0. 


When y = (2—x 23/2, We m (2-х гү 2х) 


= –Зху 2 – х? = 3х ( у2-х) ED and 


y” = (—3) (2 — x2)? + (—3x) (4) (2-2) A 2x) 


= 80 CF) __ | The curve is rising on 


(v2-x) (v2+x) 
(-v2, 0) and falling on (0, v2) . There is a local су. 02.0 


maximum at x = 0, and local minima at x = + м2. Тһе 








curve is concave down on (—1, 1) and concave up on 


(-v2, -1) and (1, v2) . There are points of inflection at 





When y = y 16 — x?, then y’ = Jg 4 1 
у” AE 


ice . The curve is rising on (—4,0) and falling (Q, 4) -ADS DAR 


on (0,4). There is a local and absolute maximum at x = 0 





and local and absolute minima at x = —4 and x = 4. The 


; ; C4, 0) (4,0) 
curve is concave down on (—4, 4). There are no points Abs min Abs min 


of inflection. 
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40. 


41. 


42. 


43. 


44. 


When y 2 x? - 2, teny = 2х – 5 = ml and 
у'”=2+ = +4 The curve is falling on (—oo, 0) 

and (0, 1), and rising on (1,00). There is a local minimum 
at x = 1. There are no absolute maxima or absolute minima. 


The curve is concave up on (- -4/2) and (0, oo), and 
concave down on (-42. 0) . There is a point of 
inflection at x = —\/2. 


_ х2—3 ‚ _ 2х(х—2)—(х2—3)(1) 
When y = 4-5, then y’ = = Er X 
-- (х-3/х-1) 
^ («-2X 
" Qx-4A(x-2y-(9-4x-3)2(x-2) | 2 
yo (x — 2) (1-2) · 


апа 





The curve is rising on (—oo, 1) and (3, oo), and falling on 
(1,2) and (2, 3). There is a local maximum at x — 1 anda 
local minimum at x — 3. The curve is concave down on 
(-оо,2) апа concave up on (2, oo). There are no points 
of inflection because x — 2 is not in the domain. 


When y = y/ x? 4- 1, then y' = er and 


и — 2х wea 
у' = Ga pee The curve is risng on (—oo, —1), 


(—1, 0), and (0, oc). There is are no local or absolute 
extrema. The curve is concave up on (—oo, —1) and 


(0, oo), and concave down on (—1, 0) . There are points of 








inflection at x — —1 and x = 0. 
x –8(х2—4 
When y = 2H then y' — m and 
у' = 16%" 12) Тре сигуе 15 fallng on (—oo, —2) 


(2-4) 
and (2, oo), and is rising on (—2,2). There is alocal and 
absolute minimum at x — —2, and a local and absolute 
maximum at x — 2. The curve is concave down on 


(о, -2//3) апа (0. 243) ‚ апа сопсауе ир оп 
(-2,%, о) ала (2/3. со) . There are points of inflection at x = 


y = Qis a horizontal asymptote. 


When y = =<, then y’ = —29*, and 








xt+5? (4+5)? 
100x? (x* — 3 ЭЭГ: 
у” = e. The curve is risng on (—oo, 0), 
х 


and is falling on (0, oo). There is alocal and 
absolute maximum at x = 0, and there is no local or 
aboslute minimum. The curve is concave up on 







(1,3) 


Loc. min. 


(3, 6) Loc min 


(1, 2) Гос шах 








(2,2) 
Abs max (243, 43) 
Infl 








1 
(- -V3) and СЕ x) , and concave down on (-4. 0) and (o. УЗ) . There are points of inflection at x = — 4/3 


and x = 4/3. There is a horizontal asymptote of y = 0. 
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х? 1, |x| >1 
1 —x?, |x) <1’ 


х| > 1 „_ Jf 2, |х|>1 
апа у = eq oe 


When y = |x? — 1| = ( Шеп 


js 2x, 
y= —2x, 


curve rises on (—1, 0) and (1, oo) and falls on (—oo, —1) 








and (0, 1). There is a local maximum at x — 0 and local 





minima atx = +1. The curve is concave up on (—oo, —1) 


-2 (1,0) або 2 
and (1, oo), and concave down on (—1, 1). There are no Loc min Loc min 
points of inflection because y is not differentiable atx = + 1 (so there is no tangent line at those points). 





(х2-2х, х<0 
Wheny 2 |x? -2x| 2 4 2x - x; 0 € x € 2 ,then 
x? —2x, x >2 





2x -2, x « 0 2, х<0 
у/-42-2х,0<х<2,алду/-4 -2,0<х<2. 
2х-2,х>2 2, х>2 (0,0) (2,0) 


Abs. min. Abs. min. 
The curve is rising on (0, 1) and (2, oo), and falling on 
(—oo, 0) and (1, 2). There is a local maximum at x = 1 and local minima at x = 0 and x = 2. The curve is concave up 
оп (-оо, 0) апа (2, co), and concave down on (0, 2). There are no points of inflection because y is not 
differentiable at x = 0 and x = 2 (so there is no tangent at those points). 


y 
мау у) Vise D , then 





V -x, x«0 
E Lx 32 
; aA x0 5 xr x>0 
y == —1 х<0 апа у = —(—х)-3/2 . 
2,/-х” --4 › х<0 
Since lim. y ' — —ooand lim y'= œ there is a 
х- 07 x > 0+ 


cusp at x = 0. There is a local minimum at x = 0, but no local maximum. The curve is concave down on (—oo, 0) 
and (0,00). There are no points of inflection. 


whony = yie=al= | VARS цэн 


— L(x — 4)-32 
puc acq Red JS ac -Е-РГ-,х»4 
У =i тик апду = —(4— х)у-—3° | 
2/A-x^ —— Ó P 4 


Since іт у = —ooand lim y' = ov there is a cusp 
х— 47 х 4+ 





atx — 4. There is a local minimum at x = 4, but no local 
maximum. The curve is concave down on (—oo, 4) and (4, oo). There are no points of inflection. 


у =2+х—х°=(1+єх)(2—х),у =———-|+++|—-—- 
—1 2 


— rising on (—1, 2), falling on (—oo, —1) and (2, оо) 





— there is a local maximum at x — 2 and a local minimum 
atx 2 —1;y' 2 1—2x, y" 2 +++ | --- 
1/2 


х=-1 


1 


=> сопсауе ир оп (-оо, 1) , concave down on (1, оо) — apoint of inflection at x = 5 
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50. у = х2 -х- 6 = (х – 305+ 2), у = ++ | —-- | +++ 
—2 3 


— rising on (—oo, —2) and (3, oo), falling on (—2, 3) 
— there is a local maximum at x — —2 and a local 
minimum at x 2 3; y' 22x — 1,y' 2 ——— | +++ 





=> concave up on (1, оо) ‚ сопсауе down on (—oo, 1) 


= a point of inflection at x = 1 


51. у’ 2 xx — 33, y' 2 ——- | +++ | +++ = rising on 
0 3 


(0, oo), falling on (—co,0) = no local maximum, but there 





is a local minimum at x = 0; y” = (x — 3)? + x(2)(x — 3) 
= 3(x — 3)(x—- 1), y” =+4++|---— | +++ => concave 
1 3 


up on (—oo, 1) and (3, oo), concave down on (1,3) — points of inflection at x = | and x = 3 


52. у’ = х?(2 — х), у’ = +++ | +++ | --- = папе оп 
0 2 


(—oo, 2), falling on (2,00) = there is a local maximum at 
x = 2, but no local minimum; y" = 2x(2 — x) + х°(—1) 


= х(4—3х),у” = ——— |+++]|] ——— = concave up 
0 4/3 





оп (0, 4) » сопсауе аоу/п оп (-оо, 0) and (3, oo) — points of inflection atx — 0 and x — 1 


53. y = x(x? — 12) =x(x—2V3) (x +2v3), А 
№1 х= 2 


y сЕ == | +++ | SoS | +++ > rising on Loc min na Loc min 


2033 OU Oud х=-28 ха 26 
(-2V3, 0) and (2v3, oo) , falling on (7o. -2//3) 


апа (0. 2/3) — alocal maximum at x = 0, local minima at x = + 24/3; у" = 1 (x? — 12) + x(2x) = 3(x — 2)(x +2), 








у= +++ | ——— | +++ = concave up on (—oo, —2) and (2, oo), concave down on (—2, 2) => points of inflection 
—2 2 
арх = +2 
54. у’ =(х- 1)2х+3),у’=--- | +++ | +++ 


-3/2 


| 
1 
3 oo) , falling on (—oo, = 3) — no local 


-3, 
maximum, a local minimum at x = — 


— rising on ( 
3. 
2? 
у” = 2(х — 1)(2х + 3) + (х – 1)?(2) = 2(х – 1)(3х + 2), 
у" = +++ | 
—2/3 
2 


(-оо, тт 2) and (1, oo), concave down on (— 2, 1) = points of inflection at x = — 2 апах- 1 





——-— | +++ = concave up on 
1 


х=-3/2 
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y! — (8x — 5x?) (4— x)? = x(8 — 5x)(4 — x)’, Loe max 
y =---|+++| ---|--- = rising on (0, $), 
0 8/5 4 


falling on (—oo, 0) and (3, оо) = alocal maximum at 
8 
5^ 


у" = (8 — 10x)(4 — x)” + (8x — 5x”) (2)(4 — x) -1) 2 4(4 — x) (5x? — 16x + 8), 


у= +++ | ——— | +++ |---— => concave up оп (—оо, d) and (5446, 1) , concave down on 
8-24/6 8--24/6 4 
5 5 





x= a local minimum at x = 0; 








(=, ==) and (4,00) = points of inflection at x = 826 and x = 4 


y = (x? — 2x) (x — 5)? = х(х — 2)(х — 5)?, 
у = +++ | --- | +++ | +++ = пізіпе оп (-оо, 0) апа 
0 2 5 


(2, 00), falling on (0,2) = a local maximum at x = 0, a local 

minimum at x = 2; 

у" = (2х – 2)(х – 5)? + 2(х2 – 2х)(х – 5) 

= 2(х – 5)(2х? – 8х + 5), 

y seme | +++ ——-— | +++ > concave up on 
4—\/6 44/6 5 


2 2 








"S 














(53 6; ну?) and (5, oo), concave down оп (7o. x5) and Е 5) — points of inflection atx = eve and x = 5 


у = ес? х, у’=( +++) - risingon (- 2,2), 


-т/2 т/2 
never falling = no local extrema; y" — 2(sec x)(sec x)(tan x) Іші 
= 2 (sec? x) (tan x), y” = ( ——-— | +++) = concave x=0 
—п/2 0 т/2 
up on (0, т) , concave down on (-8, 0), 0 is a point of 
inflection. 
y =tanx,y’=( ———|+++ = rising on (0, 2) , 


—п/2 0 п/2 
falling on (- 25 0) — no local maximum, a local minimum 


atx = 0; y” = sec? x, y” = ( +++) = concave up 
—п/2 п/2 


on(— 2,2) = no points of inflection 





Гос шах 


у = сої, у! Бе — rising on (0, 7), б=т 
T 


falling on (7,27) — alocal maximum at 0 = т, no local 
minimum; y" — — i csc? 2 y" =(———) > never 
0 2т 


concave up, concave down on (0, 27) — no points of 
inflection 
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60. y = csc? £, y'=( +++) = rising on (0,27), never 
0 27 


falling = no local extrema; 


y = 2 (cse £) (ese f) (cot 8) (3) 
= — (csc? £) (cot £), y” = (——-— | +++) 
( 5) (cot $); y 6 1 a 


— concave up on (7, 27), concave down on (0, 7) 
— a point of inflection at 0 — 7 


61. у' — tan? 0 — 1 — (tan 0 — l)(tan 0 4- 1), 


y-( +++] ———| +++) -> гізіп оп 
—п/2  —m/A  m[íA т/2 


(- 25 = т) апа (4, т) , falling on (— T т) 





4*4 
=> а1оса1 maximum at 0 = — 2, a local minimum at 0 — 7; 
у" = 2 гап 0 ѕес? 0, у= ( ——-— | +++) 

—п/2 0 п/2 


т 
92 
— a point of inflection at 0 — 0 


— concave up on (0 ) , concave down on (- 28 0) 


62. y = 1 — cot? 0 = (1 — сог 0)(1 + сої 0), 





y-(---| | ---) = rising on (7, 2), 
0 т/4 37/4 Л 
falling on (0, т) апа (27, т) = alocal maximum at 
0 = Эл, a local minimum at 0 = 2 i 
у' = –2(сог 0) (—свс2 0), у" = (+++ | —--) 
0 п/2 m 


T 
32 
= a point of inflection at 0 = 5 


=> concave up on (0 ) , concave down on (5, т) 


2 


63. y' 2 cost, y y | ——— | +++] => пете оп (8 |. 
(0, т) апа (22, 27) , falling on (т, зт) = local maxima at qe m 
(= Z and t = 27, local minima at t 2 0 and t — 27 ; гр 


у” = —sin t, y" = [ Бе 25 | isis 
0 T 27 
= concave up on (7, 27), concave down 


on (0,7) = a point of inflection at t = 7 


64. у = зтьу =[+++|---] =& rising on (0,7), 
0 T 2т 


falling on (7,277) = a local maximum at t = 7, local tea? t= 30/2 
minima at t = 0 and t = 27; y” = cos t, 


у = [+++] ——— | +++] = concave up on (0, 5) =? t= 2a 
т/2 31/2 2m 
and (35, 2л) , concave down on (2, 


of inflection at = 2 and t = т 


3т 


зт) => points 
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66. 


67. 


68. 


69. 
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у' = +17, y = +++) (+++ > rising on 
—1 


(—oo, oo), never falling = no local extrema; 





у= – 2(х+ 1)5/°, у" = = 

= concave up on (—co, —1), concave down on (—1, 00) 

= a point of inflection and vertical tangent at x = —1 

у =(к- 2) 13, у’ =---)(++-+ = rising оп (2, оо), 
2 

falling on (—oo, 2) = no local maximum, but a local 

minimum at x = 2; у” = — 4 (х — 2) 15, 

у” = ——— )(——— = concave down on (—oo, 2) and 

(2,00) = no points of inflection, but there is a cusp at $52 

x=2 

у’=х 2/3 (х -— 1), y = --—)(—-— | +++ = rising on 

0 1 


(1, oo), falling on (—oo, 1) = no local maximum, but a 
local minimum at x = 1; y” = 1 х 28 + 2 х—5/3 


= {хх ау" = +++| ———)(+++ 
-2 0 





Loc min 


— concave up on (—oo, —2) and (0,00), concave down on 
(—2,0) = points of inflection at x = —2 and x = 0, anda 


vertical tangent at x = 0 


y =x У 5(х + 1), у! = –—— | +++)(+++ = rising on 
+f 0 


(—1, 0) and (0, oo), falling on (—oo, —1) — no local 
maximum, but a local minimum at x — —1; 
у” EN px 4/5 2 4х 9/5 zu lx 9/5 (х — 4), 


у” = +44+)(—--— | +++ = concave up on (—oo, 0) and 
0 4 


(4, 00), concave down on (0,4) = points of inflection at 





х = 0 and x — 4, and a vertical tangent at x = 0 


= 2% 50 y = rising on 
Y=] 2x, x>0 — 0 5 
2 < 0 Infl 
x y Slt: —4, X 
(—оо, оо) => no local extrema; y ={ Fe gor x=0 
у” = ——— )\( +++ = concave up on (0, 00), concave 
0 


down on (—co,0) = a point of inflection at x = 0 


{=з х®0 '=--- | +++ = rising on 
y= x, x>0 222 0 5 
(0, oo), falling on (—co,0) = no local maximum, but a 
23 —2x, x <0 
бе c 2 = 
local minimum at x = 0; y" — { 2х, х>0’ тес 


у" = +++ | +++ = concave ир оп (-оо, оо) 
0 


= no point of inflection 
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7]. The graph of y — f"(x) — the graph of y = f(x) is concave 
up on (0, oo), concave down on (—00,0) — a point of 
inflection at x — 0; the graph of y — f'(x) 

= у = ++ | --- | ++ = the graph y = f(x) has 
both a local maximum and a local minimum 





72. The graph of y = f"(x) > у'=+++|——— => the 
graph of y = f(x) has a point of inflection, the graph of 
y — f'(x) 2 y 2 ——— |---|--- > the graph of 


y — f(x) has both a local maximum and a local minimum 


73. The graph of y 2 f"(x) 2 y" 2 ——— | 44 |--— 
— the graph of y — f(x) has two points of inflection, the 
graph of y = f'(x) => у = ———|+++4+ = the graph of 


y — f(x) has a local minimum 





74. The graph of y — f"(x) — y” = +++ | ——-— > the 
graph of y — f(x) has a point of inflection; the graph of 
у=Ё® = у =---|+++| --- = the graph of 


y = f(x) has both a local maximum and a local minimum 





____х2—49 __ 1 _ 5 
16. Y= gfx a 7! 





y 









(-7, 14/9) 
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1 
х2-1 





x2 
х2-1 





80. y 





2 
х2—2 





=1— 





х2-4 
х2-2 


82. у 
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85. y= Seth xy 1i 86. у=— = =—х— 1; 


х-1 








90. у= у=; 


92. 








y=8/ +4) 























93. Point y y 
P - + 
О + 0 
R + = 
5 0 = 
Т m = 
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96. 





97. Graphs printed in color can shift during a press run, so your values may differ somewhat from those given here. 
(a) The body is moving away from the origin when |displacement| is increasing as t increases, 0 « t « 2 and 
6 « t « 9.5; the body is moving toward the origin when |displacement| is decreasing as t increases, 2 « t « 6 
and 9.5 «t « 15 


(b) The velocity will be zero when the slope of the tangent line for y — s(t) is horizontal. The velocity is zero 


wm 


when t is approximately 2, 6, or 9.5 sec. 

(c) The acceleration will be zero at those values of t where the curve y = s(t) has points of inflection. The 
acceleration is zero when t is approximately 4, 7.5, or 12.5 sec. 

(d 


wm 


The acceleration is positive when the concavity is up, 4 < t < 7.5 and 12.5 « t « 15; the acceleration is 
negative when the concavity is down, 0 < t « 4 and 7.5 < t « 12.5 


98. (a) The body is moving away from the origin when |displacement| is increasing as t increases, 1.5 « t « 4, 
10 « t « 12 and 13.5 « t « 16; the body is moving toward the origin when |displacement| is decreasing as t 
increases, 0 < t < 1.5,4 < t< 10and 12 < t< 13.5 


(b) The velocity will be zero when the slope of the tangent line for y = s(t) is horizontal. The velocity is zero 


wm 


when t is approximately 0, 4, 12 or 16 sec. 
(c) The acceleration will be zero at those values of t where the curve y = s(t) has points of inflection. The 
acceleration is zero when t is approximately 1.5, 6, 8, 10.5, or 13.5 sec. 
The acceleration is positive when the concavity is up, 0 < t < 1.5,6 «t « 8and 10 « t < 13.5, the 
acceleration is negative when the concavity is down, 1.5 < < 6, 8 < < 10 and 13.5 < t < 16. 


(d 


wm 


99. The marginal cost is de which changes from decreasing to increasing when its derivative TIS is zero. This is a 


point of inflection of the cost curve and occurs when the production level x is approximately 60 thousand units. 


: . Ие : 5 : . Фу. n . 
100. The marginal revenue is == and it is increasing when its derivative a is positive = the curve is concave up 


; | : 2 : 
=> 0<t<2and5 <t < 9; marginal revenue is decreasing when Z < 0 = the curve is concave down 


=> 2<t<Sand9<t< 12. 
101. When y' = (x — 1)?(x — 2), then y” = 2(x — 1)(x — 2) + (x — 1)?. The curve falls on (—oo, 2) and rises on 


(2,00). At x = 2 there is a local minimum. There is no local maximum. The curve is concave upward on (—oo, 1) and 


(3, oo) , and concave downward on (1, 5) . Ах = Тогх = 3 there are inflection points. 
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102. 


103. 


104. 


105. 


106. 


107. 


108. 


109. 


110. 


111. 


Chapter 4 Applications of Derivatives 


When y’ = (x — 1)?(x — 2)(x — 4), then y" — 2(x — D(x — 2)(x — 4) - (x - D?(x - 4) - (x ? D?(x — 2) 
= (x — 1) [2 (x? — 6x + 8) + (x? — 5x +4) + (x? — 3x + 2)] = 2(x — 1) (2x? — 10x + 11). The curve rises on 
(-оо,2) апа (4, oo) and falls on (2, 4). At x = 2 there is a local maximum and at x = 4a local minimum. The 





curve is concave downward on (—oo, 1) and (=, ээ) and concave upward on (1, 5 52) апа 


(4, со) . Ах = 1, = апа + there are inflection points. 


The graph must be concave down for x > 0 because 
f"(x) 2 — i «0. 





The second derivative, being continuous and never zero, cannot change sign. Therefore the graph will always 
be concave up or concave down so it will have no inflection points and no cusps or corners. 


The curve will have a point of inflection at x = 1 if 1 is a solution of y” = 0; y = x? + bx? + cx + d 
= у' = 3x? +2bx +c = y” = 6x + 2b and 6(1)+2b = 0 => b=-3. 


(a) f(x) = ax? + bx +e =a(x?+2x) +e=a(x?+ba4H) — 4 ce а(х + 2)? – 0-4% а рагаБоја 





whose vertex is at x = — 2. — the coordinates of the vertex are (- i. =. zm) 
(b) The second derivative, f"(x) — 2a, describes concavity = when a > 0 the parabola is concave up and 


when a « 0 the parabola is concave down. 


A quadratic curve never has an inflection point. If y = ax? + bx + c where a # 0, then y’ = 2ax + b and 
y" = 2a. Since 2a is a constant, it is not possible for y" to change signs. 


A cubic curve always has exactly one inflection point. If y = ax? + bx? + cx + d where a # 0, then 
y! — 3ax? + 2bx +c and y” = 6ax + 2b. Since 58 is a solution of y" — 0, we have that y" changes its sign 
atx = — + and y’ exists everywhere (so there is a tangent at x = — 2). Thus the curve has an inflection 


point at x = — 2 . There are no other inflection points because y” changes sign only at this zero. 
a 


y” = (x + 1)(x — 2), when y” = 0 > x = -l or x = 2; y” = +++ | ——-— | +++ > points of inflection at x = —1 
—1 2 








and x = 2 

у” = х?(х — 2)3(х + 3), увепу” = 0 = x = —3, x = 0, or x = 2; y” = +++ | ——- | ——-| +++ => points of 
- 0 2 

inflection at x = —3 and x = 2 


у=ах? + Ъх? + сх => у’ = Зах? + 2х + сапа у” = бах + 2b; local maximum at x = 3 

= За (3)? + 2(3) + с = 0 => 27а + 66 + с = O; local mimimum at x = —1 > 3a(—1)* + 2b(—1) +c = 0 
= За — 2b +c = 0; point of inflection at (1, 11) > a(1)? + b(1)? + e(1) = 11 >a+b+c=11 and 

ба(1) + 2b = 0 > 6a + 2b = 0. Solving 27a + 6b + c = 0, 3a — 2b + c = 0, a + b + c = 11, and 6a + 2b = 0 
=> a = —1,b = 3, and c = 9 > y = —x? + 3x? + 9x 
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114. 


115. 


116. 
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x? +a 1 bx? +2cx-ab 1 : b(3) 4 
= => = Ack: local maximum at x = > 
> bx+c y bxc) ? 3 (b(3) 


2 5 EZ T 
(-1,-2)-» CLTC = 0 = b — 2c — ab = 0 and hie 


9b + 6c — ab = 0, b — 2c — ab = 0, and —a + 2b — 2c = 1 > a = 





~ 











If y — x? — 5x* — 240, then y' — 5x?(x — 4) and 
у” = 20x?(x — 3). The zeros of y' are extrema, and 
there is a point of inflection at x — 3. 


If y — x? — 12x?, then y’ = 3x(x — 8) and 
y” = 6(x — 4). The zeros of y’ and у” аге 
extrema and points of inflection, respectively. 


If y 2 $ x? 4- 16x? — 25, ћеп у = 4х (х? + 8) апі 
y” = 16 (x? + 2). The zeros of y’ апау” аге 
extrema and points of inflection, respectively. 


Ify = % — € — 4x? + 12x + 20, then 

у = х? — x? — 8x + 12 = (х + 3)(х – 2)?. 

So y has a local minimum at x = —3 as its only extreme 
value. Also y" — 3x? — 2x — 8 = (3x + 4)(x — 2) and there 


are inflection points at both zeros, -$ and 2, of y". 


The graph of f falls where f’ < 0, rises where f’ > 0, 
and has horizontal tangents where f’ = 0. It has local 
minima at points where f’ changes from negative to 
positive and local maxima where f’ changes from 
positive to negative. The graph of f is concave down 
where f” < 0 and concave up where f” > 0. It has an 
inflection point each time f” changes sign, provided a 
tangent line exists there. 


? 4.2¢(3) —ab 


цас 0 = 9b + 6c — ab = 0; local minimum at 


= —2 > —a + 2b — 2c = 1. Solving 
3b = 1, and c = -1 > y = E43, 









у’ = Зх(х - 8} 





у"=16(х3+ 2) 


y" - (3x « 4)(x — 2) 






У =(х-2)(х+3)(х-2) -10 


If (x) =2x* -4x7 +1 
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118. The graph f is concave down where f” < 0, and concave 
up where f” > 0. It has an inflection point each time 
f" changes sign, provided a tangent line exists there. 





4.5 APPLIED OPTIMIZATION 


1. Let £ and w represent the length and width of the rectangle, respectively. With an area of 16 in.?, we have 


таг (067) = 16 => ж = 16071 — the perimeter is P — 20 - 2w — 20 -- 3207! and P(() 22 — 3 — 20719. 


Solving P'(£) 20 — е = 0 = l= —4, 4. Since £ > 0 for the length of a rectangle, ( must be 4 and 





w —4 — the perimeter is 16 in., a minimum since P’(¢) = 19 > 0. 


2. Let x represent the length of the rectangle in meters (0 < x < 4) Then the width is 4 — x and the area is 
A(x) = x(4 — x) = 4x — x”. Since A’(x) = 4 — 2x, the critical point occurs at x = 2. Since, A’(x) > 0 for 0 < x < 2 and 
А’(х) < 0 for 2 < x < 4, this critical point corresponds to the maximum area. The rectangle with the largest area measures 
2mby 4— 2 = 2M, soit is a square. 


Graphical Support: 
A(x) 


H N WU № 





-1 





3. (a) The line containing point P also contains the points (0, 1) and (1,0) — the line containing P is y = 1 — x 
— a general point on that line is (x, 1 — x). 
(b) The area A(x) — 2x(1 — x), where 0 < x < 1. 
(с) When A(x) 22x - 2x2, then A(x) 20 => 2-4x=0 5 x= 1 . Since A(0) — 0 and A(1) = 0, we conclude 


that A (3) = 5 sq units is the largest area. The dimensions are 1 unit by i unit. 


4. The area of the rectangle is A — 2xy — 2x (12 — x?), y 
where 0 € x € 4/12. Solving A(x) 20 — 24—6x? «0 
=> х = —20r2. Now —2 is not in the domain, and since 


A(0) = 0 and A (У 12) - 0, we conclude that A(2) = 32 


square units is the maximum area. The dimensions are 4 units 
by 8 units. 


5. The volume of the box is V(x) = x(15 — 2x)(8 — 2x) 
= 120x — 46x? + 4x°, where 0 < x < 4. Solving V'(x) 2 0 
=> 120—-92x-12x? 2 4(6— x)5—3x) 20 9 x— 3 


3 
or 6, but 6 is not in the domain. Since V(0) — V(4) = 0, 


V (3) = 2250 £z 91 in? must be the maximum volume of 


the box with dimensions Ч х 33 х 3 inches. 
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: : 2521 —b y 
The area of the triangle is A — 5 ba — 5 V 400 — b?, where 
dà —l4/4A00—p2— —. 5 0. b) 
0 <b < 20. Then G = 5 V400—b = ( 
= 20-ы. = 0 = the interior critical point is b = 10/2. с 
(а, 0) 


When b = 0 or 20, the area is zero > A (10/2) is the 


maximum area. When a? + b” = 400 and b = 10/2, the 


value of a is also 10/2 = the maximum area occurs when 
а = Б. 


The area is A(x) = x(800 — 2x), where 0 < x < 400. river 


Solving A'(x) 2 800 — 4x 2 0 = x = 200. With x D x 


A(0) — A(400) — 0, the maximum area is 


A(200) — 80,000 m?. The dimensions are 200 m by 400 m. 956 

The area is 2xy = 216 => у = 1% . The amount of fence x x 
needed is P = 4x + 3y = 4x + 324x71, where 0 < x; y y 
Ж =4— 54 =0 = х?— 81 = 0 = the critical points are 

O and +9, but 0 and —9 are not in the domain. Then x x 





Р'(9) > 0 = atx =9 there isa minimum => Фе 
dimensions of the outer rectangle are 18 mby 12 m 


=> 


(a) 


(b 


wm 


(a) 


(b) 


72 meters of fence will be needed. 


We minimize the weight = tS where S is the surface area, and t is the thickness of the steel walls of the tank. The 
surface area is S = x” + 4xy where x is the length of a side of the square base of the tank, and y is its depth. The 
volume of the tank must be 500ft? > y = 500. Therefore, the weight of the tank is w(x) = t(x? + 2000), Treating the 
thickness as a constant gives w/(x) = t(2x — 200) . The critical value is at x = 10. Since w’(10) = t(2 + 200) > 0, 
there is a minimum at x = 10. Therefore, the optimum dimensions of the tank are 10 ft on the base edges and 5 ft 
deep. 

Minimizing the surface area of the tank minimizes its weight for a given wall thickness. The thickness of the steel 
walls would likely be determined by other considerations such as structural requirements. 


The volume of the tank being 1125 ft®, we have that yx? = 1125 > y= ue. The cost of building the tank is 
c(x) 2 5x? -- 30x (4329), where 0 « x. Then c'(x) — 10x — 992? — 0 — the critical points are 0 and 15, but 0 is not 


х2 х2 





in the domain. Thus, c”(15) > 0 = at x = 15 we have a minimum. The values of x = 15 ft and y = 5 ft will 
minimize the cost. 

The cost function c = 5(x? + 4xy) + 10xy, can be separated into two items: (1) the cost of the materials and labor to 
fabricate the tank, and (2) the cost for the excavation. Since the area of the sides and bottom of the tanks is (x? + 4xy), 
it can be deduced that the unit cost to fabricate the tanks is $5/ft?. Normally, excavation costs are per unit volume of 
excavated material. Consequently, the total excavation cost can be taken as 10xy — (£) (x?y). This suggests that the 


$10/ft? 
X 


unit cost of excavation is where x is the length of a side of the square base of the tank in feet. For the least 


Е : : 5 10/2 
expensive tank, the unit cost for the excavation is мол = 50.07 = 515 


$3375, which is the sum of $2625 for fabrication and $750 for the excavation. 


. The total cost of the least expensive tank is 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


218 


11. 


12. 


13. 


14. 


15. 


16. 


Chapter 4 Applications of Derivatives 


The area of the printing is (y — 4)(x — 8) = 50. 
Consequently, y = (2 3) +4. The area of the paper is 
A(x) =x (2% + 4) , where 8 < x. Then 

_ (_50 50 A(x — 8)?-400 __ 
A'(x) = (23 +4) х (87) = =y O 


=> the critical points are —2 and 18, but —2 is not in the 











domain. Thus A” (18) > 0 — at x = 18 we have a minimum 





Therefore the dimensions 18 by 9 inches minimize the 
amount minimize the amount of paper. 


The volume of the cone is V = 3 + mh, where r = x = 9 — у? and h = у + 3 (from the figure in the text). Thus, 
М(у) = 7 (9 – у?) (у +3) = 5 (27 + 9у — 3у — у?) > Vy) = § (9 — бу – 3y”) = «(1 — y)G + y). The critical 
points are —3 and 1, but —3 is not in the domain. Thus V"(1) = $ (—6 — 6(1)) < 0 > at y = 1 we have a maximum 
volume of V(1) = 3 (8)(4) = HE cubic units. 


The area of the triangle is A(0) — ab sind , Where 0 « 0 « m. Е 

Solving A'(0) = 0 = 00 =0 = 0 = £. Since A"(0) 
= — snd = А" (5) < 0, there is a maximum at 0 = 5. b 

A volume V = ar7h = 1000 => h= 1000 . The amount of 

material is the surface area given by the sides and bottom of h 

the can > S = 2rrh + пг? = 2000 + ar?,0 <r. Then 

45 == 2090 +27 =0 => те = 1000 = 0. The critical points 


are 0 and V; , but O 1s not in the domain. Since 


25 3000 





ар = + 27 > 0, we have a minimum surface area when 
r= EZ cm and h — 10 = = Y cm. Comparing this result to 


the result found in Example 2, if we include both ends of the 
can, then we have a minimum surface area when the can is 
shorter-specifically, when the height of the can is the same as 
its diameter. 


With a volume of 1000 cm and V = zr?h, then h — 100 . The amount of aluminum used per can is 


= 8r? + 2nth = 8r? + 2%. Then A’(r) = lor – 200 = 0 = 821000 =0 = the critical points are 0 and 5, 


m 


but r = O results in no can. Since A"(r) = 16 + > 0 we have a minimum atr — 5 => h = 40 and h:r = 8:7. 


157% in., so the volume formula is М(х) = xq0-2008-2x) = 2x3 — 25x? + 75x. 


(b) We require x > 0, 2x < 10, and 2x < 15. Combining these requirements, the domain is the interval (0, 5). 


(a) The base measures 10 — 2x in. by 





V 


(1.9618739, 66.019118) 
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(с) The maximum volume is approximately 66.02 in.? when x ~ 1.96 in. 











= = 2 - ЕП Н 
(d) V'(x) = 6x? — 50x + 75. The critical point occurs when V'(x) — 0, at x = RUM eU c ONIS ШО 


2(6) — 12 
= Bosw that is, x ~ 1.96 or x & 6.37. We discard the larger value because it is not in the domain. Since 





V"(x) = 12x — 50, which is negative when x c 1.96 , the critical point corresponds to the maximum volume. The 


$ 25-5 i í 5 
maximum volume occurs when x = = & 1.96, which comfimrs the result in (c). 


(a) The "sides" of the suitcase will measure 24 — 2x in. by 18 — 2x in. and will be 2x in. apart, so the volume formula is 
V(x) = 2x(24 — 2x)(18 — 2x) = 8x3 — 168x? + 862x. 


(b) We require x > 0, 2x < 18, and 2x < 12. Combining these requirements, the domain is the interval (0, 9). 


wm 


v 


Maximum 
Х = 3.3944487 У = 1309.9547 





1400 
1200 
1000 
800 
600 
400 
200 


(c) The maximum volume is approximately 1309.95 in.? when x z 3.39 in. 








N 





ate жу 2. 
(d) У(х) = 24x? — 336x + 864 = 24(x? — 14x + 36). The critical point is at x = “EVOO ADOP _ из уш 


= 7+ y 13, that is, x + 3.39 or x z« 10.61. We discard the larger value because it is not in the domain. Since 


V" (x) = 24(2x — 14) which is negative when x z 3.39, the critical point corresponds to the maximum volume. The 





maximum value occurs at x — 7 — 1/13 = 3.39, which confirms the results in (c). 

(e) 8x? — 168x? + 862x = 1120 = 8(x? — 21x? + 108x — 140) = 0 > 8(x — 2)(x — 5)(x — 14) = 0. Since 14 is not in 
the fomain, the possible values of x are x = 2 in. or x = 5 in. 

(£) The dimensions of the resulting box are 2x in., (24 — 2x) in., and (18 — 2x). Each of these measurements must be 
positive, so that gives the domain of (0, 9). 


If the upper right vertex of the rectangle is located at (x, 4 cos0.5 x) for 0 < x < 7, then the rectangle has width 2x and 
height 4 cos 0.5x, so the area is A(x) — 8x cos 0.5x. Solving A'(x) — 0 graphically for 0 « x « 7, we find that 

x & 2.214. Evaluating 2x and 4 cos 0.5x for x « 2.214, the dimensions of the rectangle are approximately 4.43 (width) by 
1.79 (height), and the maximum area is approximately 7.923. 


Let the radius of the cylinder be r cm, 0 « r « 10. Then the height is 24/ 100 — г? and the volume is 
V(r) 2 217/100 — r£? em? Then, У'(г) = 2лт? (===) (—2r) + (27/100 = =) (21) 


__ —2nP -4mr(100—:7) ^ 2«r(200— 372) 
У100-12 ~ 4/100 = 12 








. The critical point for 0 « r « 10 occurs at r = 4/ 74° = 104/2. Since V'(r) > 0 for 
0<r< 10/2 and V'(r) « 0 for 10/3 « r « 10, the critical point corresponds to the maximum volume. The 


dimensions are r — 10/2 = 8.16 cm and h = 22 = 11.55 cm, and the volume is 22% ху 2418.40 ст. 
3 V3 3/3 
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20. (a) From the diagram we have 4x + £ — 108 and V — x?£. x 


The volume of the box is V(x) = x?(108 — 4x), where ! 
0 € x « 27. Then x 

V'(x) 2 216x — 12x? = 12x(18 — x) =0 

=> the critical points are 0 and 18, but x = 0 results in 

no box. Since V"(x) — 216 — 24x « Oatx — 18 we 

have a maximum. The dimensions of the box are 

18 x 18 x 36 in. 


In terms of length, V(£) — x?t — (104-і); 2. Тһе graph 


indicates that the maximum volume occurs near ¢ = 36, 


(b 


wm 


ү 


10000 
which is consistent with the result of part (a). 





20 40 60 80 100 


21. (a) From the diagram we have 3h + 2w = 108 and 


22. From the diagram the perimeter is P — 2r + 2h + ar, 


23. 


У = = >» У) = b? (54 — 3h) = 542 — 3h. 
Then V'(h) 2 108h — 25? 2 2hQ4 — h) 20 


=> h=0Oorh — 24, but h — Oresults in nobox. Since : 
V"(h) — 108 — 9h « O at h — 24, we have a maximum п 
volume at h — 24 and w — 54 — 2h — 18. Ч 
(5) 
v (24, 10368) 
Abs max 
10000 
8000 
6000 
4000 
2000 


0 
5 10 15 20 25 30 35 


where r is the radius of the semicircle and h is the 
height of the rectangle. The amount of light transmitted 
proportional to 
А = 2 + 1 п? = ҚР – 2r — nr) + inr? 

= ІР — 212 — лг? Тһеп 4 = Р – 47 – лг = 0 


= г= 2P = 2h=P— 4P 27Р = UEP 

















8+3т 8437 8430 8+3” 
Therefore, E = E gives the proportions that admit the 
: : ФА 3 
most light since Ga = —4— 57 <0. 


The fixed volume is V = «r?h 4- 5 тї > h= ВЯ = i , Where h is the height of the cylinder and r is the radius 
of the hemisphere. To minimize the cost we must minimize surface area of the cylinder added to twice the 


surface area of the hemisphere. Thus, we minimize C — 2zrh 4- 4n? — 2nr (5 — €) -- An? — ?* 4 8 пг. 





лг? 
dec. OV TA = LB e Lo (3v M3 : х 2 
Then 5 = – 5 + + 17 =20 = М= 1лг ->г- (37) . From the volume equation, h = —5 — 7 
_ _амуз 2-31/3.у13 __ 313.243 — 2.3/3 уз _ үзүү1/3 ос. ФС __ 47 | 16 
C0 qd/3.32/3 3-2-1/3 ^^ 3-2-т1/3 7 ( T ) . Since 12 15 T 372 0, these 


dimensions do minimize the cost. 
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24. The volume of the trough is maximized when the area of the cross section is maximized. From the diagram 
the area of the cross section is A(@) = cos 0 -- sin 0 cos 0, 0 < 6 < §. Then A’(9) = —sin 0 + cos? 0 — sin? 0 
— (2 sin?0 4- sin 0 — 1) 2 —(2 sin 0 — D)(sin Ó 4- 1) so A(0) =0 => sind = i or sin 0 = —1 = 60 — $ because 
sin 0 # —1 when 0 < 0 < 3. Also, A'(0) > O for0 < 0 < & and A'(0) « Ofor c « 0 « 5. Therefore, at 0 = 7 


there is a maximum. 


25. (a) From the diagram we have: AP — x; RA — VL — x?, 

РВ = 8.5 — х, СН = БВ = 11 — ВА = 11 у х2, А gH 

QB = \/x? — (8.5 - x», HQ - 11 — CH — QB 

-u-[u- х2 + хї — (8.5 — ху? 

= \1,— х? — \/х? — (8.5 - x, RO — RH - HQ Ж 
Е 2 2 

= (8.5)? + (Vi. —x - V7 (85 -3)) E ^ 5 

гоПочуз Һа: ЕР? -РО -ЁО => 12 = х2 + (VE -x - х? 857). + (8.5)? 

= 12 = х? +12 — х2 — 2/12 — х2 \/17х — (8.52 + 17х — (8.5)? + (8.5)? 


=> 172х2 = 4 (12 – х2) (17х — (8.5) > L? =x? + Шэн = pO == = cm р 
2 





о 








ЖЕНЕ, силау» се 
PUN CX 8.57 





(b) If f(x) = zc; is minimized, then L? is minimized. Now f'(x) — neus => f'(x) « 0 when x « X 
and f' c > Ер when x > x . Thus L? is minimized when x — x. 
(c) When x = $}, then L ғ 11.0 іп. L 


үс. 
L- N2x-8.5 


к кюю о 





26. (a) From the figure in the text we have P = 2x + 2y > y= Ё —x. If P = 36, then y = 18 — x. When the 
cylinder is formed, x = 27r > г = з andh — y — h— 18 — x. The volume of the cylinder is V — лт? 
> Ү(х) = = Solving V'(x) = зх02- х) - 0 = х = 0 ог 12; Бш when x = 0, there is no cylinder. 
Then V"(x) = = (3 - 5) => V"(12) <0 = there is a maximum at x = 12. The values of x — 12 cm and 

y = 6cm give the largest volume. 

In this case V(x) = 7x?(18 — x). Solving V(x) = 37x(12 — x) =0 => x =Oor 12; but x = 0 would result in 
no cylinder. Then V"(x) 2 61(6 — x) => V"(12) < 0 = there is a maximum at x = 12. The values of 

х = 12 cm and y — 6 cm give the largest volume. 


(b 


wm 


27. Note that h? + r? = 3 and so r = V3 — h?. Then the volume is given by V = $1°h = £(3 — h?)h — wh — Sh’ for 
0«1« УЗ, and so ү = п = пг? = п(1 — г?). Тһе сгїйса1 роїп{ (Ког һ > 0) оссиг аїһ = 1. Since &¥ У > 0 Гог 
0 « h « 1, and ү <Oforl<h< УЗ, the critical point corresponds to the maximum volume. The cone of greatest 
2T m3 


volume has radius V2 m, height 1m, and volume = m’. 


28. Letd = 4/(x — 0 c (y 2-0. — „/х2 + уг and ху = 1 > y = —?x + b. We can minimize d by minimizing 
D= (V2 +y) =x + (—2x +b)? > D' = 2x +2(—?x +b) (—}) = 2x + Bx- 2% 7-0 


2 ађ2 . Vis . 
-2(х bx- >) =0>x= Pa is the critical point > y = -325) +b= aes. 


a 
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29. 


30. 


31. 


32. 


33. 


34. 


35. 





2 «RE 2 lw k . 51%. a h2 а2 2 . 
D” =2+ Uu > D” (25) -2- шы > 0 = the critical point is local minimum => (255. 2555) is the point on the 


line * + { = 1 that is closest to the origin. 











Let S(x) = x + 4, x > 0 > S'(x)=1-— ea et 5(х)-0- <= -0->х2 — 1=0= x= +1. $шсех > 0, 
we only consider x — 1. S"(x) 2 3 = S$"(1) = 4 > 0 = local minimum when x = 1 
Let S(x) олон ) = -4 +8x = 1 $/(х) =05 1 =05 83 -1=05х=1. 


—2. + 8 > 0 = local minimum when x = 1. 


и) = +85 51( = 


(5 


The length of the wire b — perimeter of the triangle 4- circumference of the circle. Let x — length of a side of the 


b—3x 


m The area of 


equilateral triangle = P = 3x, and let r = radius of the circle > C = 27r. Thus b = 3x + 27 r > r = 





the circle is 7 r? and the area of an equilateral triangle whose sides are x is 3(х) ( к) = ма x’. Thus, the total area is 








2 
шог УЗ? үтү? = VB 42 4 op (B= 3x)? = узу? ү D cue Bx 3 (b — 3x) = VE mE 





=0= Ух — 2b + 2x =05>x= eo А” = Уз + i > 0 = local minimum at the critical point. 
P=3 (=) = Е m is the length of the trianglular segment and C = 2 7 (2525 23 =b- 3x 


=Ь— 2 a A m is the length of the circular segment. 











The length of the wire b — perimeter of the square 4- circunference of the circle. Let x — length of a side of the square 
=> P = 4x, and let r = radius of the circle > C = 27r. Thus b = 4x + 27 r > r = pax 


7 1? and the area of a square whose sides are x is x”. Thus, the total area is given by A — x? - s P 


=x mE ме + ба ӨГ => Al = 2x — &(b-4x) 22x — № E Sx А =0 =>2х– 2 + Ex = 0 


. The area of the circle is 











=> х = тү: А” =2 +8 > n = local minimum at the critical point. P = (ы) = 1 m is the length of the square 
segment and C = 2 п (5 > у = 4х = ~ = = PR m is the length of the circular segment. 


Геї (х, у) = (х, $x) be the coordinates of the corner that intersects the line. Then base = 3 — x and height = y = 3х, thus 
the area of therectangle is given by A 2 (3 — x)($5x) 2 4x - $x5,0 x С З,А' = 4 — $x, A' = 0 > x = 3. A" — -$ 
= А” (3 ) < 0 = local maximum at the critical point. The base = 3 — 5 = =$ and the height = 3 4(1) - =>; 


Let (x, y) = (x м9 – x?) be the coordinates of the corner that intersects the semicircle. Then base — 2x and height — y 


= 9 — x?, thus the area of the inscribed rectangle is given by A — (2x) /9 — x2, 0 € x € 3. Then 
"- 22-52 x - 20-х)- | 18—42 1283 52201013: 200 - Зу? = 3/2 
A’ =2V/9-x + (2x) Fs Sk т ‚„А' = 0 = 18 – 4х = 0=х = 1 , only x = lies in 


0 < x < 3. A is continuous on the closed interval 0 < x € 3 = A has an absolute maxima and absolute minima. 


A(0) = 0, A(3) = 0, and (82) = (3 у2) ez У) — 9 — absolute maxima. Base of rectangle is 34/2 and height 























(a) f(x) 2 x? c * — f'(x) 2 x? (2x? — a), so that f'(x) — 0 when x = 2 implies a = 16 
(b) f(x) 2 x? c * — f"(x) = 2x73 (x® +a), so that f”(x) = 0 when x = 1 implies a = —1 
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If f(x) = x? + ax? + bx, then f'(x) = 3x? + 2ax 4- b and f"(x) = 6x + 2a. 

(a) A local maximum at x = —1 and local minimum at x = 3 => f’(—1) = Oandf’(3) =0 => 3 — 2a + b = 0 and 
27+6a+b=0 => a= —3 апаЬ = -9. 

(b) A local minimum at x = 4 and a point of inflection atx = 1 => f'(4) 2 O and f"(1) 2 0 > 48+8a+b=0 
and6+2a=0 => a= —3 and b = —24. 


(a) s(t) = —16t? + 96t + 112 => v(t) = s' (t) = —32t + 96. At t = 0, the velocity is v(0) = 96 ft/sec. 

(b) The maximum height ocurs when v(t) = 0, when t = 3. The maximum height is s(3) = 256 ft and it occurs at t = 3 
sec. 

(c) Note that s(t) = —16t? + 96t + 112 = —16(t + 1)(t — 7), so s = 0 at t = —1 or t = 7. Choosing the positive value 


of t, the velocity when s = 0 is v(7) = —128 ft/sec. 


I— ——- 6 mi — — — 
Ех 6 -x— Village 


ВИА 
E 1 /V4 + x miles 
жа“ 
Let x be the distance from the point on the shoreline nearest Jane's boat to the point where she lands her boat. Then she 


needs to row 4/ 4 4- x? mi at 2 mph and walk 6 — x mi at 5 mph. The total amount of time to reach the village is 
у х2 —x x : 
f(x) = es + 9z* hours (0 € x X 6). Then f'(x) — 230022 (25)-1- шал i. Solving f'(x) = 0, we 














have: IITR = į > 5x = 2V4 + x? > 25x? = 4(4 + x°) > 21x? = 16 > x= + Сор We discard the negative 
value of x because it is not in the domain. Checking the endpoints and critical point, we have f(0) = 2.2, 

(-5) = 2.12, and f(6) = 3.16. Jane should land her boat c == 0.87 miles down the shoreline from the point 
nearest her boat. 


Ба bh > h=8 + 28 and L(x) = y/h? + (x + 27)” 


= \/ (8+ 216)? + (x + 27)” when x > 0. Note that L(x) is L 
minimized when f(x) = (8 + мөр + (x + 27): 15 

minimized. If f'(x) — 0, then ЖЕ 
28-16) - 28) + э(х +2Т) =0 ( 

= (х + 27)(1— 133) 2 0 9 x — —27 (not acceptable 

since distance is never negative or x — 12. ThenL(12) — V/2197 ~ 46.87 ft. 


27 


(а) $1 = s2 > sin t = sin (t + F) > sin t = sin t cos Z + sin 7 cos t > sin t = Lsint-F V? cost tant — VEI 





же Т Ат 
=> | = 3 OF => 
(b) The distance between the particles is s(t) = 81 -52| -5 [sin t — sin (t T т) | = i [sin і- /3 COS | 
sin t— V3 cost cost+ y3sint) | 5 ? . 
= “(0 = ( ) | ) since i |x| = i — critical times and endpoints are 0, зз эт, ат. Hr, 2m; 


2. ШЕ 1/3 сов Ч 


then s(0) = у ,5 (т) = 0, $ (22) = 1,5 (2) = 0, $ (2) - 1,8(27)-- 3B — the greatest distance between the 

particles is 1. 

(sinc- 3 cos t) (cos t+ V3 sin t) 
2 ШЕ V3 cos t| 


between the particles is changing the fastest near these points. 


(c) Since s'(t) — we can conclude that at t — 3 and ат, 8/(1) has cusps and the distance 
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41. 


42. 


43. 


44. 


45. 


[= 5, let x = distance the point is from the stronger light source = 6 — x = distance the point is from the other light 


source. The intensity of illumination at the point from the stronger light is I, = ч 
point from the weaker light is D; = oo Since the intensity of the first light is eight times the intensity of the second 


light > kı = 8k2. => Iı = $. The total intensity is given by = 1 +1 = #9 + 


x? ( 


3 3 
= плав ов and T = 0 > “ESE 0 —16(6 — х)? + 2л°К; =О x= 4m. 1" = + бы 


, and intensity of illumination at the 


16k: 2k 


(6-3) 





Sy = 


—х) 











= 1” (4) = BR + ( cd > 0 = local minimum. The point should be 4 m from the stronger light source. 


@R 


— 2% d 
E да? | _ 
а= 


2162 2у2 4у2 ü 4у2 " 
R= “sin2a = 2 = = е сова апд = 0 > “cos 2a = 0 > а = 7. 46 — "sin 2e — = ——®51п 2(®) 
g da g da g 4° da g g 4 


T 





=- e « 0 = local maximum. Thus, the firing angle of a = 7 = 45° will maximize the range R. 


(a) From the diagram we have d? — 4r? — w?. The strength of the beam is S 2 kwd? — kw (4? — w?). When 
г — 6, then S — 144kw — kw?. Also, S'(w) — 144k — 3kw? — 3k (48 — w2) so S'(w) 20 > w= =4/3; 
5” (4/3) < 0 and -44/3 is not acceptable. Therefore S (4\3) is the maximum strength. The dimensions 





of the strongest beam are 43 Бу 46 inches. 


(b) (c) 
60 600 
50 500 
400 400 
300 300 
200 200 в = 02144-02 
10 100 









i 6 $8 10 12 ев 710, 12 


Both graphs indicate the same maximum value and are consistent with each other. Changing k does not 
change the dimensions that give the strongest beam (i.e., do not change the values of w and d that produce 
the strongest beam). 


(a) From the situation we have w? — 144 — d?. The stiffness of the beam is S = kwd? = kd? (144 — 42)”, 


where 0 < d < 12. Also, S'(d) = 209-0) —› critical points at 0, 12, and 6/3. Both d = 0 and 


V 144-2 
d — 12 cause S — 0. The maximum occurs at d — 64/3. The dimensions are 6 by 6/3 inches. 
(b) (с) 
6000 
5000 
4000 
3000 


s = V144 -d 





6 В 10 12 
Both graphs indicate the same maximum value and are consistent with each other. The changing of k has 


no effect. 


(а) s = IO cos(zt) — v = —10r sin (mt) — speed = |107 sin (at)| = 107 |sin(zt)| — the maximum speed is 
107 ~ 31.42 cm/sec since the maximum value of |sin (7t)| is 1; the cart is moving the fastest at t — 0.5 sec, 1.5 sec, 


m 


2.5 sec and 3.5 sec when [sin (zt)| is 1. At these times the distance is s — 10 cos (5 


а = —107? cos(zt) — |а| = 107? |cos(mt)| = |а| = 0 cm/sec? 
(b) |a| 2 1072? |cos (zt)| is greatest at t = 0.0 sec, 1.0 sec, 2.0 sec, 3.0 sec and 4.0 sec, and at these times the 


) — 0 cm and 


magnitude of the cart's position is |s| — 10 cm from the rest position and the speed is 0 cm/sec. 
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46. (a) 2sint — sin2t — 2sint—2sintcost — 0 — (2 sin t)(1 — cos t) = 0 > t = kr where k is a positive integer 
(b) The vertical distance between the masses is s(t) = |s; — s2| = ((si — 82) ) По ((sin 2t — 2 sin 92) 


= s'() — (1) (sin 2t — 2 sin 9?) "^ Q2y(sin 2t — 2 sin )2 cos2t — 2 cos t) = WC 
__ 4(2cos t 4- I)(cos t — 1)(sin t)(cos 


[sin 2t — 2 sin t| 


s (2) — |sin (47) — 2sin (27)| = 22 ио О ИЕ 


3 


tD = critical times at 0, 2 E УЛТ, ат , 27: ер $(0) = 








— the greatest distance is 38 att = = and ы 


47. (а) з= \/а2 — 1292 + (89? = ((12 — 120? 4- 642)!? 


(b $ = # (02 – 120: + 642) У 12012 – 12012) + 1280 = - прва => 81, = –12 knots and 





ds = = 8 knots 
(c) The graph indicates that the ships did not see (d) The graph supports the conclusions in parts (b) 
each other because s(t) > 5 for all values of t. and (c). 


5 


s - N(12-129? «64 











fgs 208! – 144 


-1 4 - 
% -------” a `Чагалу® „ва? 


-1 





9. 24 

(8%) 

(e) „lim Ча lm COSE Hr lim ЁС 208° = \/208 = 44/13 
Уо MI- PFA T 144464 — = 


= оо 1-9 00 ша(1-1) за (1-1) јан 


which equals the square root of the sums of the squares of the individual speeds. 


48. The distance OT + TB is minimized when OB is 
a straight line. Hence Za = (В = 0, — 65. 





49. If v = kax — kx?, then v/ = ka — 2kx and v” = —2k,sow =0 > x= $. At x — $ there is a maximum since 
у” (2) = —2k < 0. The maximum value of v is kat 


50. (a) According to the graph, y'(0) — 0. 
(b) According to the graph, y'(—L) — 0. 
(c) y(0) = 0, sod = 0. Now y’(x) = 3ax? + 2bx + c, so y/(0) = 0 implies that c = 0. There fore, y(x) = ax? + bx? and 
y'(x) = 3ax? + 2bx. Then y(—L) = —aL? + bL? = H and y’(—L) = 3aL? — 2bL = 0, so we have two linear 
equations in two unknowns a and b. The second equation gives b = зас. Substituting into the first equation, we have 


—aL? + зай - =H, or “> =H, soa= 2755 H Therefore, b = 313 H. and the equation for y is 


ae ас нро +3(f)’]. 
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51. 


92; 


ЭЭ: 


54. 


55. 


56. 


57; 


58. 


59. 


The profit is p 2 nx — nc — n(x – с) = [a(x — c)! -- b(100 — x) (x — c) = а + b(100 — x)(x — c) 
= а + (bc -- 100b)x — 100bc — bx?. Then p'(x) — bc + 100b — 2bx and p”(x) = —2b. Solving p'(x) = 0 > x = 5 + 50. 
At x = § +50 there is a maximum profit since p’(x) = —2b < 0 for all x. 


Let x represent the number of people over 50. The profit is p(x) = (50 + x)(200 — 2x) — 32(50 + x) — 6000 
= —2x” + 68x + 2400. Then p'(x) = —4x + 68 and p" — —4. Solving p'(x) =0 > x = 17. Atx = 17 there isa 
maximum since p"(17) « 0. It would take 67 people to maximize the profit. 


(a) A(q) = kmq™! + cm + £q, where q > 0 = Ад) = –Ккта > + 8 = Мт 2:" and A"(q) — 2kmq ?. The 


critical points are —, / 2km , 0, and 2km , but only 4/ 2km is in the domain. Then A” ( / ца >0 = at 


9 = 4/ =" тыш there is a minimum average weekly cost. 


(b) А(а) = Cam ор В 3 q = kmq™ | + рт + ст + 8 4, where q > 0 > A'(q) = 0at q = \/ Ж as in (a). 


2km 


Also A” (q) = 2kmq~? > 0 so the most economical quantity to order is still q = xm which minimizes the 


average weekly cost. 


We start with c(x) = the cost of producing x items, x > 0, and <(х) = the average cost of producing x items, assumed to 


be differentiable. If the average cost can be minimized, it will be at a production level at which 3- ЧЕ де W) = =0 


хе) 600) L 0 (by the quotient rule) — x c' (x) — e(x) — 0 (multiply both sides by x?) 2 c'(x) — ы where c'(x) is 


x2 


— 


the marginal cost. This concludes the proof. (Note: The theorem does not assure a production level that will give a 
minimum cost, but rather, it indicates where to look to see if there is one. Find the production levels where the average cost 
equals the marginal cost, then check to see if any of them give a mimimum.) 


The profit p(x) = r(x) — c(x) = 6x — (x? — 6x? + 15x) = —x? + 6x? — 9x, where x 7 0. Then p'(x) = —3x? + 12x —9 
= —3(x — 3)(x — 1) and p(x) = —6x + 12. The critical points are 1 and 3. Thus p”(1) = 6 > 0 = at x = 1 there is a 
local minimum, and p’(3) = —6 « 0 — at x = 3 there is a local maximum. But p(3) = 0 = the best you can do is 
break even. 


The average cost of producing x items is c(x) — «9 — x? — 20x 4- 20,000 2: c'(x) 2 2x - 20 2 0 2 x = 10, ће 


only critical value. The average cost is c(10) — $19, 900 per item is a minimum cost because c"(10) — 2 > 0. 


Let x = the length of a side of the square base of the box and h = the height of the box. V = x*h = 48 > h = +. The 
total cost is given by C = 6- x? + 4(4- xh) = 6x? + 16x(4) = 6х2 + 18, х>0=С' = 12x — 8 = Ix 768 
С' =0 = 1205768 = () = 12x? — 768 = 0 => х = 4; С" = 12 + 58 = С'(4) = 12 + 1586 5» 0 > local minimum. 
x=4>h= $ =3 andC(4) = 6(4)? + 768 — 288 = the box is 4 ft x 4 ft x 3 ft, with a minimum cost of $288 


Let x = the number of $10 increases in the charge per room, then price per room = 50 + 10x, and the number of rooms 
filled each night = 800 — 40x = the total revenue is R(x) = (50 + 10x)(800 — 40x) — —400x? + 6000x + 40000, 

0 <х < 20 = R'(x) = —800x + 6000; R’(x) = 0 > —800x + 6000 = 0 > x = 5; R"(x) — —800 

= R"(45) = —800 « 0 = local maximum. The price per room is 50 + 10(2) - 5125. 


We have $ = CM — M”. Solving €R — C — 2M = 0 > M = €. Also 


= =ë : 
ae = —2 < 0 = atM = š there is a 


? TR 272 
maximum. 
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60. (a) If v — cror? — cr?, then v’ — 2cror — 3cr? = сг (2г0 — 3r) апа у" = 2crg — 6cr — 2c (ry — 3r). The solution of 


- 


61. 


62. 


63. 


64. 


65. 


у! = 0 іѕг = Оог 20 , but 0 is not in the domain. Also, v' > 0 forr < 2m and v’ < 0 forr > 2m = atr— 2m 
there is a maximum. 
(b) The graph confirms the findings in (a). 





2 


If x > 0, then (x — 1) > 0 => x? +1 >2x > xH 2 2. In particular if a, b, c and d are positive integers, 


а2-1 b2 cl Ф + 
ies (£22) (52) (2:2) (£8) 2 16 














2+ х2)! — x2 (a2 + x2) "2 а2 х2 х2 42 
(а) fo) = A = Г = € x ах а > 0 
а2 + x2 (a? + x2) (a2 + х2)3/2 (а2 ++ х2)2/2 
=> f(x) is an increasing function of x 
= - (b? + (d - x}?)"? + (d - x)? (b? + (d— x2)” 

(9) g0) = к = Е = 2 уе уена =) 

22-(024(4-ху)-44-х9 _ -ь . : | 

= (Pd која = Pia” < 0 = g(x) is a decreasing function of x 


(c) Since cy, co > O, the derivative a is an increasing function of x (from part (a)) minus a decreasing 


function of x (from part (b)): a = с f(x) — e g(x) > a = & f'G) - i g (x) 7 O since f'(x) > 0 and 


2 
g(x)«0-2 4 is an increasing function of x. 


At x = c, the tangents to the curves are parallel. Justification: The vertical distance between the curves is 
D(x) = f(x) — g(x), so D/(x) = f(x) — g’(x). The maximum value of D will occur at a point c where D' — 0. At 
such a point, f’(c) — g/(c) = 0, or f’(c) = g'(c). 


(a) f(x) = 3 + 4 cos x + cos 2x is a periodic function with period 27 
(b) No, f(x) = 3 + 4 cos x + cos 2x = 3 + 4 cos x + (2 cos? x — 1) = 2 (1 + 2 cos x + cos? x) = 2(1 + cos x)? > 0 
= f(x) is never negative. 


(a) Ify =cotx — \/2 csc x where 0 < x < 7, then y’ = (csc x) (V2 cot x — ese x). Solving y’ = 0 = cos x = 95 


=x = 1. Бог0 <х < Į we have y’ > 0, and y’ < 0 when | <x <7. Therefore, at x = 7 there is a maximum 
value of y = —1. 


(b) 





y » cotx - V2 cscx 


-4 
-6 
-8 


The graph confirms the findings in (a). 
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66. (a) 


(b) 


67. (a) 


(b) 


68. (a) 


Chapter 4 Applications of Derivatives 





If y = tan x + 3 cot x where 0 < x < Z , then y' = sec? x — 3 csc? x. Solving y' = 0 = tanx = + Уз 





Sx = cb 3, but — 7 is not in the domain. Also, y" — 2 sec? x tan x - 6csc?x cot x » Oforallü «x « 23 


Therefore at x = 3 there is a minimum value of y = 2 3. 






y= tan x +3 cot x 








0.25 0.5 0.75 





Г. 12515 


The graph confirms the findings in (a). 


The square of the distance is D(x) = (x — 2s + (4/х + 0) = x? — 2x + 3, so D/(x) = 2x — 2 and the critical 
point occurs at x — 1. Since D'(x) « 0 for x « 1 and D’(x) > 0 for x > 1, the critical point corresponds to the 
minimum distance. The minimum distance is ,/D(1) = da 


y. D(x) 


D() 2 3 -2x 42. 
(x) = х X 





0.5 1 1.5 2 2.5 
The minimum distance is from the point (3, 0) to the point (1, 1) on the graph of y — х/х, and this occurs at the 


value x = 1 where D(x), the distance squared, has its minimum value. 


Calculus Method: 
The square of the distance from the point e v3) to (x, vy 16— x? is given by 
2 
D(x) = (x — 1) + (У16-х- v3) = x? — 2x + 1 + 16 — x? — 2y/48 — 3x2 +3 = — 2x + 20 — 2/48 — 3x2. 
Vy) — i. 2 = бх : aM 26x — 94/48 — 2x? 
Then D'(x) 2 —2—5 Увс i бх) = -2+ ЕВГЕ Solving D'(x) 2 0 we have: 6x — 24/48 — 3x 


— 36x? = 4(48 — 3x”) = 9x? = 48 — 3x? > 12x? — 48 = х = + 2. We discard x — —2 as an extraneous solution, 
leaving x — 2. Since D'(x) « 0 for —4 < x < 2 and D’(x) > 0 for 2 < x < 4, the critical point corresponds to the 








minimum distance. The minimum distance is ,/D(2) = 2. 
Geometry Method: 


The semicircle is centered at the origin and has radius 4. The distance from the origin to (1 v3) is 


2 
12 + (v3) — 2. The shortest distance from the point to the semicircle is the distance along the radius 


containing the point (1 v3) . That distance is 4 — 2 = 2. 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


Section 4.6 Newton's Method 229 


(b) 





-4 -2 2 4 


The minimum distance is from the point (1, v3) to the point (2, 2/3) on the graph of y = y 16 — x?, and this 


occurs at the value x = 2 where D(x), the distance squared, has its minimum value. 


4.6 NEWTON'S METHOD 


1. 




































































2 
22222 E Fo Хх +—1, _1+1-1_2 
y=x°+x-1 > у = 2х +1 Xy — X, x +1 ;Xo=1 Ху = 1 от = $ 
4 2 
—2— 5+3=1 —2. 446-9 —_ 2 _ 1 _ 13, "P о Леле хо 
=> Хо == TH => Ху == 1559 = 3 эт = 51 2 61905; x) =-1 > xy = 1 “зт = 2 
оф а ТО зе Тр. 
> x = –2 – 42-1 = 5 = —1.66667 
3 
— „3 1 2,2 = xa t3Xatl  __ Е 12-24 
у=х*+3х+1 > y =3x +3 > ы = Эру 00 5 0-3 3 
1 
= wg Vi DT з] дыр. „199. 
> ю=-3- Я = р др =~ д^ —0.32222 
4 
=й ! 2 Ax3 — Ха+Ха-3 __ 23 1+1-3 _ 6 
YSrre-3 > у =4х +I S Xas% pa Sl > xsl AI —$ 
1296 6 
_ 6 gs t+3—3 _ 6  12964750—1875 _ 6 _ 171 _ 5763 „, м суга л УЛ 
POETS 5 S.I 5 43301635 — 7 $ — 4945 = 4945 & 1.16542; х =-1 = м=-1- Чт 
Сака 2 16-2-3 _ И 5153: 
=-2 3 9 =-2- M3 = -24 = 3 s —1.64516 
2 
= 2 jo x - а-а __ = 0—0+1_ _1 
y=2x=-x +1 > y =2-2x > Xmu Кин да ОИ веже ер) ==> 
Ж Meg udo mdr e mo _ 2 _ 4–4+1 _ 5 _ 5 5-841 
=> Хо = 2 211 = 5 + 1 = i^ 41667; хо - 2 -> ху = 2 2-4 7 5 > = 2-3 
L5 20525344 2$. . 1 229 5 
2 =з = 27 2 = 2 © 2.41667 
4 625 
NT ‚ 3 х—2, 1-35 5 _ 5—2 _ 5 _ 625—512 
y=x*-2 y —4x Хан = XQ — aa 3X0 = 1 Hale а Seas їз = 5 — C 
_ 5 113 _ 2500-113 __ 2387 „~ 
— 4 — 2000 = ~ 2000 = 5000 ^ 1.1935 
4 625 
: х-2 A 625 2 
From Exercise 5, X,,4 — X, — a 3X0 = —1 —x--1-i22-1-12-i2ox2-i-Hy 
n 16 
22225 65-512 _ S, 13 „, 
Уи X000 — — 1 + 2006 ^ — 1.1935 


Ехо) = О апа (хо) 20 = х = х, es gives Xj — Хо => Х2 = хо = X, = xo for all n > 0. That is, all of 


the approximations in Newton's method will be the root of f(x) = 0. 


It does matter. If you start too far away from x — 7 , the calculated values may approach some other root. Starting with 


5 as the root, not x = © 


X9 — —0.5, for instance, leads to x — — T 
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9. 


10. 


11. 


12. 


13. 


14. 


15. 


Chapter 4 Applications of Derivatives 


fx) | Q4 fh) 
Po) РФ) 


=h- s -h- (vh) (2h) = в; 


if xo = -h«02o хі-Х0- 


If xo =h >0 > х= ҳу 











хо) _ f(—h) 


Poo — 7 РСВ) 


-ch- dS c ch (vh) (2v) =h: 








1/3 
yx 


= —2x,;X9 = 1 хү = —2, X2 = 4, хз = —8, and 


Кх) =x => ['(х) = (1) х-23 2 x = Xa — 








ха = 16 and so forth. Since |x,| = 2|x,_,| we may conclude 


thatn > œ > |х| — оо. 





i) is equivalent to solving x? — 3x — 1 — 0. 
ii) is equivalent to solving x? — 3x — 1 — 0. 
iii) is equivalent to solving x? — 3x — 1 — 0. 
iv) is equivalent to solving x? — 3x — 1 — 0. 
All four equations are equivalent. 


fx) 2x—1-— 0.5sinx 2 f'x) 21—0.5cosx 2 х, 2x, — &-1-035sinx | if x) = 1.5, then x, = 1.49870 


1 — 0.5 cos xy 


tan (X5) — 2X, 
sec? (Xn) 


f(x) 2 tanx — 2x — f'(x) = вес? 


=> хә = 1.155327774 = xjg — xi; — 1.165561185 


X—2 — Xq17X4— ; Xo = 1 = xı = 1.2920445 


x4 — 2x3 — x2 — 2xn +2 , 


f(x) 2 x! - 2339 — x? — 2x +2 > f'(x) = 4x — 6x? — 2x -2 5 х = х, – ы о 


if xy — 0.5, then x4 — 0.630115396; if x; — 2.5, then x4 — 2.57327196 


(a) The graph of f(x) — sin 3x — 0.99 + x? in the window y 
3} y = sin(3x) — 0.99 +x 





—2 < x < 2, —2 < y < 3 suggests three roots. 2 


However, when you zoom in on the x-axis near x = 1.2, 
you can see that the graph lies above the axis there. 
There are only two roots, one near x = —1, the other 
near x = 0.4. 

(b) f(x) = sin 3x — 0.99 + x? > f'(x) = 3 cos 3x + 2x 


біп (3ха) - 0.99--х2 
3 cos (3Xn) + 2Xn 


are approximately 0.35003501505249 and 
—1.0261731615301 


=з х= and the solutions 
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< 


16. (a) Yes, three times as indicted by the graphs 
(b) f(x) = cos 3x —x ^ f'(x) 
= —3 $1 3х —1 = хи 


со5 (ЗХа) — Ха , 
—3 #10 (Зха) — 1 > at 


approximately —0.979367, 
—0.887726, and 0.39004 we have 
cos 3x = x 


-0.84 


= X, — 





-14---------------.----1- Хх 


720.84 





4. 4x2 
17. f(x) 2 2x! - Ax? c 1 = f'(x) 2 82 — 8x Xny1 = XQ— m Зан ; Ехо = —2, Шеп хє = —1.30656296; 1Ї 


Xo = —0.5, then x3 = —0.5411961; the roots are approximately + 0.5411961 and + 1.30656296 because f(x) is 
an even function. 











tan (Xn) 
sec? (x4) 








18. f(x) = tanx f'(x) = sec? x Xayt = Xn — ‚хб =3 = x, = 3.13971 — x» — 3.14159 and we 





approximate 7 to be 3.14159. 


19. From the graph we let xy — 0.5 and f(x) — cos x — 2x 
cos (Xn) – 2х2 


RICE => хр = 45063 


=> X = 45018 = atx = 0.45 we have cos x = 2x. 


=> Хан = Ха = 


20. From the graph we let x; — —0.7 and f(x) 2 cos x + x 


Xn + cos (Xn) 
Хи = Хи — Чт ба) Хі - -.73944 





=> хо = —.73908 = аёх = —0.74 we have cos x = —Xx. 





21. The x-coordinate of the point of intersection of y = x(x + 1) and y = + is the solution of x?(x +1) = + 


=> x3 +x? — 1 = 0 => The x-coordinate is the root of f(x) = x3 + x? — 4 => f'(x) = 3x? + 2x + 4. Let xy = 1 


ай 
Ех =. 


"мг => х, = 0.83333 = x = 0.81924 = хз = 0.81917 = ху = 0.81917 = r 0.8192 


2L 
3x? + 2x, + 2 





=> Хан = Ха == 


22. The x-coordinate of the point of intersection of y = ух and y — 3 — x? is the solution of ух -3-х2 
— Vx — 3-- x 2 0 5 The x-coordinate is the root of f(x) = \/x —3 +x? 9 f'(x) 2 5+. + 2x. Letxo = 1 


EE 
Vx -34xX 
= ы = — c > Хр = 14 => Хр = 1.35556 => хз = 1.35498 = ху = 1.35498 = r ~ 1.3550 
2 5n = 





Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


232 Chapter 4 Applications of Derivatives 


23. 


24. 


25. 


26. 


27. 


28. 


If f(x) = x? + 2x — 4, then f(1) = —1 < 0 and f(2) = 8 > 0 = by the Intermediate Value Theorem the equation 
x3 + 2x, —4 
3x2 42 
Then xy = 1 = ху = 1.2 = xg = 1.17975 = x3 = 1.179509 = x4 = 1.1795090 = the root is approximately 
1.17951. 


x? -- 2x — 4 — 0 has a solution between 1 and 2. Consequently, f'(x) = 3x? + 2 апах, у = х, – 


We wish to solve 8x4 — 14x? — 9x? + 11x —1 =0. Let f(x) = 8x* — 14x? — 9x? + 11x — 1, then 


4 3 2 
! = 3 2... _ 8х. — Ах — Эха + Иж —1 
f'(x) 2 32x? — 42x 18х + 11 Хал = Ха 3555 — 4252 — 18x, + TI 











хо | approximation of corresponding root 
—1.0 —0.976823589 

0.1 0.100363332 

0.6 0.642746671 

2.0 1.983713587 








ju: 
f(x) 24x! — 4x? 2 f'(x) = 16x? — 8x > Xi = Pu =х, — i ==. Iterations are performed using the 








procedure in problem 13 in this section. 

(a) For x9 = —2 or Xp = —0.8, xj — —1 as i gets large. 
(b) For xo — —0.5 or xo = 0.25, x; — 0 as i gets large. 
(c) Forxo = 0.8 or Xo = 2, xj — 1 as i gets large. 


(d) (If your calculator has a CAS, put it in exact mode, otherwise approximate the radicals with a decimal value.) 
For xp = — Уң or Xp = 001; Newton's method does not converge. The values of x; alternate between 
Хо = E ог хо = 2 as i increases. 


(a) The distance can be represented by 
D(x) = y (x — 2} + (x? + 1)? , where x > 0. The 
distance D(x) is minimized when 
f(x) = (x — 2)? + (x? + 1)" is minimized. If 
f(x) = (x — 2)? + (x? + 1)”, then 














f(x) =4(84+x—- 1) and f"(x) — 4 (3x? 4- 1) > 0. 5 
Now f(x) =0 > x°+x-1=0 > x(x +1)=1 
— 1 
> x= яв t 
(b Let gx) = zH -x = (х +1) -x 9 ga)--(QG 1) "Q9-1- c —1 
(84-58 
= хи =Х„—-———А^-;ху = 1 > X4 = 0.68233 to five decimal places. 
-2хһ 
(e) 
f(x) 2 (x — D = f'(x) 2 40x — 19? S x, = х, s — 9*1. With x, — 2, our computer 
сауе хз7 = хзз = Хз9 = ::: — Xooo — 1.11051, coming within 0.11051 of the root x — 1. 


Since s = r0 > 3 =гд = 9 = 3, Bisect the angle @ to obtain a right tringle with hypotenuse r and opposite side 
(г) 


of length 1. Then sin б = = 1 — sin 4 = 1 = sin(+) = 1 => sin x = 1 = 0. Thus the solution r is a root of 


f(r) = sin(+) — 1 > f(r) = —;cos(+) + 5310 =1=5 41 = – mu => rı = 1.00280 
21 In 


=> 12 = 1.00282 = гз = 1.00282 = г = 1.0028 = 0 = 2 2.9916 


1. 0282 
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4.7 ANTIDERIVATIVES 


1. (а) х? b) $ (с) -x +x 

2. (a) 3x? Ы) = (с) = — 3x? + 8x 
Зар" ® -= (c) – 5 + х + 3х 
4. (а) —x? (b) — +9 (te as 
5. (а) =! (b = (c) 2x+2 

6. (а) 2 (b) xs ©) 9+ 55 


7. (а) үх (b) Vx (с) 2:/х3--2,/х 


8. (а) хУ3 (b) x? (c) x13 4 2 х2/8 

9. (а) х2/3 (5) х/3 (c) x-¥/3 

10. (а) х!? (5) х-1/2 (с) х 3/2 

11. (a) cos(zx) (b) —3 cos x (c) 20030) 4 сов(3х) 
12. (а) 8ш(лх) (b) sin (Z) (с) (2) sin (Æ) +7 sin x 
13. (a) tanx (b) 2tan (3) (c) —$ tan (2X) 

14. (a) —cotx (b) cot (23) (c) x 4- 4 cot 2x) 

15. (a) —csex (b) 1 сѕс (5х) (с) 2 сөс (1%) 

16. (a) secx (b) 4 sec (3x) (c) 2 sec (=) 

17. | к-1)4х-5-х-4С 18. [ (5 – бх) ах = 5х – 3x? +C 

19. (32+ 1) а= 8+8 +С 20. (5 +4) а= 5и 

21. | (2х3 — 5х +7) ах = 1х4 — 52 +75 +С 2. [ü0-xi - 35) x 2x - 16 - 1x64 C 


23. [0-0 0) = 0) к-с 5-С 


24. f (4-3 +2x) dx = Ј (0 2х9 «2) ix (2) 3 серв 46 
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х2/3 


ope 





25. fx- dx = 3х55--С 26. f x5 dx = 


27. [ (yx х) ах = | (куху) da= EP rco EP cix ec 


а Јо) Ганна) (р) ст ђе зен кс 
2 3 


5 





3. [x*&ndx- f G^ x?) ax- zi e (S5) &c--1- dc 
3/2 1/2 К? А 1/2 -1/2 
33. | viv а= J (e+ += tr) dt = f (246?) d= + (SP) +С=2у— 2 + С 


34. | а= (8 





а) «= f (4 + 172) а=4 (5) + (27) +С=–—#— а +С 


—2sint+C 


35. f —2 cost dt — 
37. 
39. 


41. 


J7 sin ё 40 = —21 cos $ +C 
f —3 csc? x dx = 3 cot x + C 


f set 40 = — £ csc 0 +C 


36. f —5 sin t dt = 5 cos t +C 
38. [3 соѕ 50 40 = ? sin 50 +C 
40. | – 8х ах = – ах С 


42. J 2 sec @тап 040 = 2 зесӨ+ С 


43. f (4 sec x tan x — 2 sec? x) dx = 4 sec x — 2 tan x + C 
44. || 1 (све? х — ese x cot x) dx = — £ cot x + £ csc x +C 


45. f (sin 2x — csc? x) dx = — Ł cos 2x + cot x + C 


1 46. Ј (2 сов 2x — 3 sin 3x) dx = sin 2x + cos 3x +C 


47. | 15954 = | (1+1 0846) 4-164-1(5 5 |-0-1-41  -С 


48. | 1=<°%® ф = | (5 — 1 совбо) 46 = 11— 2 (556) –-"С= 2 — 6 + С 


49. | (1 + ‘ап? 0) 40 = ] зес? 0 d0 = tan 0 +C 





50. | (2 + (ап? 0) 40 = f (1+ 1+ tan? 0) d0 = | (1 + ес? 0) 40 = 0 + tan 0 +C 


51. Ј соё х ах = | (свс2х – 1) dx 2 —cotx — x - C 
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56. 


57. 


58. 


59. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 
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; ГА — соех) ах = ] (1 - (сзе?х — 1)) dx = f (2 — csc? x) dx = 2x + cot x + C 


: J cos 0 (tan 0 + sec 0) d0 = f (sin 0 + 1) d8 = —cos 0 + 0 + C 





f EAS 9- Ј (сео) (286) 40 = S т- 40 = f Ьу 40 = f sec? 9 40 = tang +C 























4 (24 2y4 +C) 2 40-200) = (7х — 29 

4 (- вэ 1 +С) = -(- > | = (3x +5)" 

& (i tan(5x — 1) 4- С) = 4 (sec? (5x — 1)) (5) = sec? (5x — 1) 

ax (~3 cot (447) + C) = —3 (—esc® (*5*)) (3) = ese C37) 

4 (=- +0) = –)– бе + 3 = giy 60. d (4 .C)- S0 ue Lug 
(a) Wrong: а (% sinx +C) = 2x sinx + © cosx =x sinx + © cosx # x sin x 

(b) Wrong: “(-х cos x + C) = —cos x + х sinx # x sin x 

(c) Right: & (—x cos x + sin x + C) = —cos x + x sin x + cos x = x sin x 

(a Wrong: $ (se +C) = 3 кес? 35e? (sec 0 tan 0) — sec? 0 tan 0 Z tan 0 sec? 0 


(b) Right: $ (4 tan? 0 +C) = 1 2 tan 0) sec? 0 = tan 0 sec? 0 
(c) Right: 5 1 вес? Ө + С) = 5 (2 ес 0) вес 0 tan 0 — tan 0 sec? 0 


(a) Wrong: € (257 +C) = 99x 1000) 9005 +1)? A (2x + 1)? 
d 
а 


(b & ((2x + 1)3 + C) = 3(2x + 1)°(2) = 6(2х + 1)? £ 3(2x + 1)? 
(c) Right: # (2x + 1)? +C) = 6(2x + 1)? 


Хи 


Wrong: 


1/2 -1/2 


(a) Wrong: & (х2 +х+ С) @х+1у= AVE 
(b) Wrong: & (x? +x)" +C) = 1 (х2 + х) 0х + 1) = os ZzZ 2x 4*1 


(c) Right: 4 (3 (у2х + D «c) = $ (1Qx - D3? C) 2 2 Qx - D'2Q) 2 2x 1 


= }(x?+x+C) 























2а, а ((х--зү3 _лүх+з\2(х—2)-1—(х+3)1 _ „(х+3)® -5 _ —15(х+з)? 
Right: &(GH) +C) =) (х= 2)? Е 30-28 (х-2/ (x-2f 
sin(x? x:cos(x?) (2x) — sin(x2)- x? cos (x?) — sin(x? xcos(x?) — sin(x? 
Wron: £ ( 2) -с) - (е) 951 (са m E E (2) 


Graph (b), because Фу =2х > y=x?+C. Theny(1) =4 > C=3. 


Graph (b), because & = —x => y=—4x?+C. Theny(-1)=1 > C=3 
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69. 


70. 


71. 


72. 


73. 


74. 


75. 


76. 


77. 


78. 


79. 


80. 


81. 


82. 


83. 


84. 


Chapter 4 Applications of Derivatives 


% =2х —7 > y=x?—7x+C; atx =2 andy = 0 we have 0 = 22 – 70) +С > С=10 = у= х? – 7х + 10 


dy 
dx 





10—х = у = 10x — Ë +C; at x = 0 and y = —1 we have -1 = 100) - Č +C > C= -1 > y= 10x- Ï -1 


Y= }4+x=x?+x = у=—х®+%+С;ах = 2 апду = 1зуеһауе1 =—21+ 5 + С = С == 


1 
dx 2 2 


= 2 1 1 2 1 
СЕНЕ =. 


X 


9 = 9x? — 4x +5 => y = 3x? — 2x? + 5x +C; atx = —1 and y = 0 we have 0 = 3(—1) – 2(—1)? + 5(-1) +С 
> C=10 => y = 3x? — 2x? +5x+4+ 10 


S Rap > y= 355 + С = 9; at x = 9x!/3 + C; atx = —1 and y = —5 we have -5 2 9(—1)/35 EC — C —4 
3 


=> y=9x'/3 +4 


го = ах => y = x! +C; at x = 4 and y = 0 \е вауе 0 = 41/2? + С = С=—2 = у=х!?—2 





d — 1 +cost > s=t+sint+C;att=Oands=4wehave4 =0+4+sin0+C = C=4 => s=t+sint+4 


ds 
dt 


=> s = sin t — cos t 


= cos t + sin t > s = sin t — cos t + C; at t = m and s = 1 we have 1 = sin m — costr +C > C=0 





4 = r sin 70 => r = cos (t0) + C; at r = 0 апа 0 = 0 we have 0 = cos (m0) + C C=-1 r= cos(70) — 1 





* = cos) = г= l sin(10) -- C; atr 1 and 0 = 0 we have 1 = Ł sin (70) + C C=1 r= Ł sin (r6) + 1 


dv 
dt 


5 sec t tant = v = 4sect+C; atv = 1 andt = 0 we have 1 — 5 зес(0) + С = C=} = у= 5 весі+ 5 


ү = Bt + csc? t > у = 4@ — cott +C; at v = —7 and t = 7 we have —7 = 4 ()” — cot (2) +C => C=-7 -r 


= у= 40 — cott- 7- r? 


Ту =2—6х > % — 2x — 3x? + Cy; at © = 4 and x = 0 we have 4 = 2(0) - 3(0? c C, => С, =4 
=> % = 2х — 3х2 +4 => у=х? — х3 + 4х + Co; at y = 1 and x = О ме Вауе 1 = 0? — 03 + 4(0) + С> = С, = 1 


> у=х?—х%+4х+1 


dy -0 — Z = Cı; at & = 2 and x = 0 we have C; = 2 => % =2 => y = 2x + C3; at y = 0 and x = 0 we 


have 0 = 2(0) +C: => C2 =0 => у= 2х 


f— 2-3 > # = t? 4 Cat = 1 andt = 1 we have 1 = -(1)? +C > G =2 > ¥ =t? +2 


>r =t! +2t+ C; atr = Т ава { = 1 we have 1 = 17! + 2(1) + C > C = —2 >r =t! +2t— 2 or 
r-i42t-2 


t 


ds _ 3t ds _ 3 sap ds г. — 34? 45 _ 32 8 : 
чс = => а = we + С; ма —3andt 24 we have3 — 76 + С С,=0 dm E $ = 16 + C2; at 


s —4andt — 4 we have4 — £ 4- Cs = С =0 = 8-5 
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86. 
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88. 


89. 


90. 


91. 


92. 


93. 


94. 


95. 
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fy —6 > Ñ = 6x + Cı; at $ = —8 and x = 0 we have -8 = 60) +C) > C, =-8 5 S3 —6x—-8 

=> & = 3x? — 8x + Co; at & = 0 and x = 0 we have 0 = 3(0)? — 8(0) +C, > C2 =0 => Ẹ = 3x? — 8x 
= у= х? – 4х? + Сз; аіу = 5 and x = 0 we have 5 = 0? — 4(0) + Сз => Сз = 5 = у= х – 4х? + 5 
О #8 — Cy; at © = —2 and t = 0 we have ©? = -2 > $ — —2t + Cz; at = — 1andt 2 0 we 
have — 1 = —2(0) + C; > QQ =-} => #=-2-f => 0 = —? — 1 t+ Cs; at 0 = \/2 andt = 0 we have 


/2 = –0 – 1(0) + Са = Са= /2 5 90=-@-114+ 2 


уз) — —sin t 4- cos t > y” = cos t + sin t + C1; at y" = 7 and t = 0 we have 7 = cos (0) + sin (0) + C1 > C1 = 6 
— y" — cost 4-sint-- 6 — y” = sin t — cos t + 6t + Со; ау” = —1 and t = 0 we have 

—1 = sin (0) — cos (0) + 6(0) + С, => С, = 0 > y” = sin t — cos t + 6t > y' = —cos t — sin t + 3t? + C3; at 

y’ = —1 and t = 0 we have —1 = —cos (0) — sin(0) + 3(0)? +C3 > G = 0 > y = —cos t — sin t + 3t? 

> y = —sin t + cos t + tè + C4; at y = 0 and t = 0 we have 0 = —sin (0) + cos (0) + 0° + C4 > C4 = —1 

= у = —sin t + cost + t — 1 








y® = —cos x + 8 sin (2x) 2 y" = —sin x — 4 cos (2x) + C1; at y™” = 0 and x = 0 we have 

0 = — 11 (0) — 4 со$ (2(0)) + С! = С, =4 = у = —sin x — 4 cos (2x) + 4 => y” = cos x — 2 sin (2x) + 4x + Cy; 
at y” = 1 and x = 0 we have 1 = cos (0) — 2 sin (2(0)) +40) +C2 => C = 0 — y” = cos x — 2 sin (2x) + 4x 

=> y' = sin x + cos (2x) + 2x? + C3; at y' = 1 and x = 0 we have 1 = sin (0) + cos (2(0)) + 2(0)? + C3 > C3 =0 
=> у! = чт х + cos (2x) + 2x? => у = —cos x + { sin (2x) + $x? + Cy; at y = 3 and x = 0 we have 

3 = —cos(0) + 2 ѕіп (2(0)) + 2 (0)? + Са = С =4 = у= —cos x + 1 ѕіп (2х) + 2 х? +4 











т= у = 34/х = 3х1/2 => y = 2x9/? + C; at (9,4) we have 4 = 2(9)7/? + C => С = –50 = у= 2х3/? — 50 


Yes. If F(x) and G(x) both solve the initial value problem on an interval I then they both have the same first derivative. 
Therefore, by Corollary 2 of the Mean Value Theorem there is a constant C such that F(x) = G(x) + C for all x. In 
particular, F(xo) — G(xo) + С, so C = F(x9) — G(X) = 0. Hence F(x) = G(x) for all x. 


У —1— #хуз = у= /(1—4х'%) ах — x — x1? 4- C; at (1,0.5) on the curve we һауе 0.5 = 1 – 14? +С 
> С=05 > у=х—х%%+ 

$—-x—-1-y-f(x-Ddx- ® —х-+Е С; а (—1,1) оп (һе сшуе we have 1 = G* —(-1) +C 3 C=- 
—y-£-x-1 


1 
2 


Фу = sinx — cosx > y= J (sin x — cos x) dx = —cos x — sin x 4- C; at (—7, —1) on the curve we have 
—1 = —cos (—r) — sin (—7) + C > C= —2 > y= —cos x — sinx- 2 
В = zx +T sin Tx = Ix 7pm sinax = y = / (1х 1/2 + sin qx) dx — x!/? — cos «x + C; at (1, 2) on the 


curve we have 2 = 1'/? — cos m(1I) +C > C=0 > y= x — cos ax 


(а) 5 =98—3 = s= 4.9? — 3t + C; (i) at s = 5 and t = 0 we have C = 5 = 5 = 4.92 – 31+ 5; 
displacement — s(3) — s(1) = ((4.9)(9) — 9 4- 5) — (4.9 — 3 4- 5) — 33.2 units; (ii) ats = —2 and t = 0 we have 
C=-2 > s=4.9t? — 3t — 2; displacement = s(3) — s(1) = ((4.9)(9) — 9 — 2) — (4.9 — 3 — 2) = 33.2 units; 
(iii) at s = sy and t — 0 we have C = sy) > s = 4.9t? — 3t + so; displacement — s(3) — s(1) 

— ((4.9)(9) — 9 + so) — (4.9 — 3 + so) = 33.2 units 
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(b) True. Given an antiderivative f(t) of the velocity function, we know that the body's position function is 
s = f(t) + C for some constant C. Therefore, the displacement from t = a to t = bis (f(b) + C) — (f(a) + О) 
= f(b) — f(a). Thus we can find the displacement from any antiderivative f as the numerical difference 
f(b) — f(a) without knowing the exact values of C and s. 


96. a(t) = v(t) = 20 = v(t) = 20t + C; at (0, 0) we have C = 0 — v(t) = 20t. When t = 60, then v(60) = 20(60) = 1200 2". 


97. Step1: =-К > Ë = —kt-- Ci; at $ = 88 andt = 0 we have C; = 88 > S — —kt 4-88 — 


s=-k (5) + 88t + Cy; ats = 0 andt = 0 we have Cp = 0 =% s=- 4+ 88t 
5. 245 = = _ 88 
Step 2: &—=0 > 0=-kt+88 > t=% 


—k (88)? : : | 
Step 3: 242 = —*G) +88 (88) = 242 = – 88 + 687 = 240 = 880 > k=16 


98. $35 — —k — $ = f —k dt = —kt + C; at $ = 44 when t = 0 we have 44 = —k(0) --C => C — 44 


= g = к + 44 = s = — +4 А40 C1; at s = 0 when t = 0 we have 0 = — © + 44(0) + С, — C120 








2 
= s=—K 444. Then ® 20 => —kt+44=0 > t= S ands (4) =- К) +44 (44) =45 
= АЕ эв — 45 > k=% 521.5 №. 
99. (a) v= fadt= f (15:92 — 3712) ac— 108? — 682 c c; 8) 4 9 4— 1007? 60)? 4 C = C=0 

= у= 108/2 — 6/72 
(b) s= fvat= f (1082 — 62) ai — 46 — 482 c C;s( =0 5 0— 49? — 408? +C > C=0 

> s = 40/2 — 43/2 

ds 


100. 4@® =—52 > ® — —52t4- Ci; at $ 2 0andt — 0 we have C; =0 => = –527 = 5 = —2.6 + Cz; ats = 4 


andt — 0 we have C4 — 4 => s=—2.6t?+4. Thens=0 = 0=-2.6?+4 => t= VX 1.24 sec, since t > 0 


101. ds a > ds — fadt = at +C; $ = vo when t = 0 > C= v = &® = at + vo => s= Ë + vot + C1; s = So 


when t=0 > so = 39* + 0 (0) + С: > Q =s) > s = 3É + vot + so 


102. The appropriate initial value к is: Differential Equation: as = —g with Initial Conditions: ds = Vo and 
s = sọ when t = 0. Thus, = =f —g dt = —gt + Cı; 4 (0) = vo > vo =(—g)(0)+C, => С => 
= ds = —gt+ vo. Thus s = 277 Vo) dt = — 1 gt? + vot + Co; s(0) = sp = — 1 (g)(0)? + vo(0) + Cy = Cy = 89 


Thus s = — 4 gt? + vot + so. 


103 — 106 Example CAS commands: 
Maple: 
with(student): 
f := x -> cos(x)^2 + sin(x); 
= [x=Pi,y=1]; 
F := unapply( int( f(x), x ) +C, x ); 
eq := eval( y=F(x), ic ); 
solnC := solve( eq, {C} ); 
Y := unapply( eval( F(x), solnC ), x ); 
DEplot( diff(y(x),x) = f(x), y(x), х=0..2*Р1‚ [у(Р1)=1]], 
color=black, linecolor=black, stepsize=0.05, title="Section 4.7 #103" ); 
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Mathematica: (functions and values may vary) 
The following commands use the definite integral and the Fundamental Theorem of calculus to construct the solution 
of the initial value problems for exercises 103 - 105. 
Clear[x, y, yprime] 
yprime[x_] = Cos[x]* + Sin[x]; 
initxvalue = 7; inityvalue = 1; 
y[x_] = Integrate[yprime[t], {t, initxvalue, x}] + inityvalue 
If the solution satisfies the differential equation and initial condition, the following yield True 
yprime[x]==D[y[x], x] //Simplify 
y[initx value]==inityvalue 
Since exercise 106 is a second order differential equation, two integrations will be required. 
Clear[x, y, yprime] 
y2prime[x_] = 3 Exp[x/2] + 1; 
initxval = 0; inityval = 4; inityprimeval = —1; 
yprime[x_] = Integrate[y2prime[t],{t, initxval, x}] + inityprimeval 
y[x_] = Integrate[yprime[t], {t, initxval, x}] + inityval 
Verify that y[x] solves the differential equation and initial condition and plot the solution (red) and its derivative (blue). 
y2prime[x]==D[y[x], {x, 2}]//Simplify 
y[initxval]==inityval 
yprime[initx val]==inityprimeval 
Plot[{y[x], yprime[x]}, {x, initxval — 3, initxval + 3}, PlotStyle — {RGBColor[1,0,0], RGBColor[0,0,1]}] 


CHAPTER 4 PRACTICE EXERCISES 


1. 


No, since f(x) = x? + 2x + tanx => f'(x) = 3x? -24- sec? x » 0 = f(x) is always increasing on its domain 


: = 1 == prp cos X 2 1 
No, since g(x) = csc xX + 2 cotx => р(х) = —csc x cot x — 2 ese" x — — 3x — ask ^ — aa, (cosx+2) <0 











= g(x) is always decreasing on its domain 


No absolute minimum because , lim. C 4- xy11 — Зх) — —oo. Next f’(x) = 
(11 — 3х)1/3 — (7+ х(11 — 3х)-2/3 = C XS D = а 5228 = x= l and x = Ч are critical points. 


Since f' » Oif x « l1 and f' « Oif x » 1, f(1) — 16 is the absolute maximum. 








= Bt > P = DED L TEED 5 £3) = 0 > — (да + 6b +a) = 0 > 5a + 3b — 0. 


We require also that f(3) = 1. Thus 1 = Заг => 3a+b = 8. Solving both equations yields a = 6 and b = —10. Now, 
ЕС) = “ooh so that f' 2 ——— | ——— | 4-4 | 4-44 | ——-. Thus f' changes sign at x — 3 from 

pm 1/3 1 3 
positive to negative so there is a local maximum at x = 3 which has a value f(3) = 1. 


Yes, because at each point of [0, 1) except x = 0, the function's value is a local minimum value as well as a 
local maximum value. At x = 0 the function's value, 0, is not a local minimum value because each open 
interval around x = 0 on the x-axis contains points to the left of 0 where f equals —1. 


(a) The first derivative of the function f(x) — x? is zero at x = 0 even though f has no local extreme value at x = 0. 


(b) Theorem 2 says only that if f is differentiable and f has a local extreme at x = c then f’(c) = 0. It does not 
assert the (false) reverse implication f'(c) — 0 — f has a local extreme at x = c. 
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7. No, because the interval O « x « 1 fails to be closed. The Extreme Value Theorem says that if the function is continuous 
throughout a finite closed interval a < x < b then the existence of absolute extrema is guaranteed on that interval. 


8. The absolute maximum is |—1| = 1 and the absolute minimum is |0| = 0. This is not inconsistent with the Extreme Value 
Theorem for continuous functions, which says a continuous function on a closed interval attains its extreme values on that 
interval. The theorem says nothing about the behavior of a continuous function on an interval which is half open and half 
closed, such as [—1, 1), so there is nothing to contradict. 














9. (a) There appear to be local minima at x = —1.75 Y 
and 1.8. Points of inflection are indicated at 
approximately x — 0 and x — +1. 
3 х 
Ку) = х/8 – хб/2 – х“ + 5х3 
(b) f'(x) 2 x! — 3x3 — 5x* - 15x? 2 x? (32 - 3) (x3? — 5). The pattern y = ——— | +++|+++ | --- | +++ 
-ү3 0 4/5 УЗ 
indicates a local maximum at x = V5 and local minima at x = + уз 1 
(с) 
y 
7.0179 
7.0178 
7.0177 
7.0176 
7.0175 у =®8—х°/2—х° +5 


1.72 1.74 1.76 1.78 


10. (a) The graph does not indicate any local 
extremum. Points of inflection are indicated at 
approximately x = -3 and x = 1. 





25 _ 
5 


8 
Го) = 


5x- 5 
T 


(b) Р(х) = х7 – 2х1 5 + 10 = х (х? — 2) (x7 — 5). The pattern f’ = ———)(+++ | ——-— | +++ indicates 
9% 5 чо 
a local maximum at x = 175 and a local minimum at x = 4/2, 


(с) 


» 





1.2585 1.2599 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 
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(a) g(t) =sin?t—3t > g/(t) =2sintcost—3 =sin(2t)—3 => g' «0 — g(t) is always falling and hence must 
decrease on every interval in its domain. 


(b) One, since sin? t — 3t — 5 = 0 and sin? t — 3t = 5 have the same solutions: f(t) = sin? t — 3t — 5 has the same 


wm 


derivative as g(t) in part (a) and is always decreasing with f(—3) > 0 and f(0) < 0. The Intermediate Value Theorem 
guarantees the continuous function f has a root in [—3, 0]. 


(a) y=tand => 9 = sec? 0 > 0 = y = tan Ü is always rising on its domain — y — tan Ó increases on every interval 


in its domain 


The interval Н x] is not in the tangent's domain because tan 0 is undefined at 0 — 5. Thus the tangent need not 


(b 


wm 


increase on this interval. 


(a) f(x) = x*+2x?-2 => f(x) = 4x? 4+ 4x. Since f(0) = —2 < 0, f(1) = 1 > 0 and f'(x) > O for 0 < x < 1, we 
may conclude from the Intermediate Value Theorem that f(x) has exactly one solution when 0 < x < 1. 


(b) х2 = 222418 2 0) = х? = УЗ – Landx 20 > x & V/.7320508076 © 8555996772 





EN 


(а) у= = у = złp > 0, forall x in the domain of = > y = 5 


= + 
(b) y=x?+2x > y’ = 3x?+4+2> 0 forallx => the graph of y = x? + 2x is always increasing and can never have a 


is increasing in every interval in its domain. 


local maximum or minimum 


Let V(t) represent the volume of the water in the reservoir at time t, in minutes, let V(O) = ag be the initial amount and 
V(1440) = ap + (1400)(43,560)(7.48) gallons be the amount of water contained in the reservoir after the rain, where 
24 hr = 1440 min. Assume that V(t) is continuous on [0, 1440] and differentiable on (0, 1440). The Mean Value Theorem 


says that for some tg in (0, 1440) we have V'(to) — ын 40) 0 = 20-0400) (43,560)(7.48) — о 


= 316,778 gal/min. Therefore at to the reservoir's volume was increasing at a rate in excess of 225,000 gal/min. 








Yes, all differentiable functions g(x) having 3 as a derivative differ by only a constant. Consequently, the 


difference 3x — g(x) is a constant K because g'(x) = 3 = 2 (3x). Thus g(x) = 3x + K, the same form as F(x). 











№, -1- ТЇ — i differs from 2 by the constant 1. Both functions have the same derivative 
а ( х ) = Se = 1 ле a (=) 

dx \x+1/ — (х +1)? © (х+1)# — ах \х+1/ 

f'(x) = g(x) = 2к =» а g(x) = C for some constant C — the graphs differ by a vertical shift. 


(х2 + 1)? 
The global minimum value of i Occurs at x — 2. 
(a) The function is increasing on the intervals [—3, —2] and [1, 2]. 
(b) The function is decreasing on the intervals |—2, 0) and (0, 1]. 
(c) The local maximum values occur only at x = —2, and at x = 2; local minimum values occur at x = —3 and atx = 1 
provided f is continuous at x = 0. 


(a) Е = 0, 6, 12 (b) t=3,9 (с) 6<t< 12 (d) 0<t<6,12<t< 14 


(a) t=4 (b) at no time (c) O<t<4 (d 4«t«8 
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23. 
25. 4 
у= =x} + 6x? — 9x +3 
27. Я 
500 (6, 432) 
29. 
31. 32. 
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33. (а) 


(b) 


34. (a) 


(b) 


35. (a) 


(b) 


36. (a) 


(b) 
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y =16-x? > y =--- | +++ | ——— = the curve is rising on (—4, 4), falling on (—oo, —4) and (4, oo) 
—4 4 
= a local maximum at x = 4 and a local minimum at x = —4; у” = —2х = y" = +++ | ——-— > the curve 


is concave up on (—oo, 0), concave down on (0,00) = a point of inflection at x = 0 


х=4 







Loc max 


Loc min 


х=-4 


у= х2 -х-–6 = (х – 3)(х +2) = у= +++ | ––—– | +++ = е симе іѕ гіѕіпр оп (—оо, —2) апа (3, со), 
—2 3 


falling on (—2,3) = local maximum at x = —2 and a local minimum at x = 3; y” = 2x — 1 


1 
23 


> у” =——— | +++ = concave up on ( oo) , concave down on (-оо, 1) — a point of inflection at x — i 


1/2 


х--2 





y’ = 6x(x + 1)(K — 2) = 6x? — 6x? — 12x = у=---| +++| --- | +++ = the graph is rising on (—1, 0) 
—1 0 2 


and (2, oo), falling on (—oo, —1) and (0,2) = a local maximum at x = 0, local minima at x = —1 and 

















у= +++ | ——— | +++ > the curve is concave up on (-; 157) апа (447, 00) , concave down 
1-7 1-7 
3 3 
on (=, сы) = points of inflection at x = я 
ET Loc max 
3 
х=-1 х=2 
у = x°(6 — 4x) = 6x? — 4x3 = у = +++ | +++ | ——— = the curve is rising on (—co, 3), falling on (2, 00) 
0 3/2 
= a local maximum at x = 3; y” = 12x — 12x? = 12x(1— x) = y” = ——-— | +++ | -—— = concave up on 
0 1 


(0, 1), concave down on (—oo, 0) and (1,00) = points of inflection at x = 0 and x = 1 


x = 3/2 
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37.(à) y 2x! - 2x02 2 X900 -2) 9 y 2| ---|--- | +++ = thecurve is rising on (- -/2) and 
-4/9 0 ,/2 
(v2, х) , falling on (-v2, v2) => a local maximum at x = 25000 апа а local minimum at x = 42: 
у” = 4х3 — 4х = 4х(х — D(x c1) A y' 2 ——- | 4-4 | ——- | +++ = concave up on (—1, 0) and (1, oo), 
—1 0 1 





concave down on (—oo, —1) and (0, 1) — points of inflection at x = O and x = +1 


(b) 


Loc max 






Infl 
х=1 
Loc min 


38. (а) у’ = 4х? — х1 =х? (4-х?) = у 2 ——- | +++ |+++ |-—-—- = the curve is rising on (—2, 0) and (0, 2), 
—2 0 2 
falling on (—oo, —2) and (2,00) = alocal maximum at x — 2, a local minimum at x — —2; y" = 8x — 4x? 
= 4х(2- х?) = у" = +++ | ---|+++ | ——— > concave up on (oo, - 2) and (o. v2) , concave 


ЧЭ м2 0 1/2 
down on (-у2, 0) апа (v2, oo) = points of inflection atx = 0 and x — c м2 
(b) 








x= 2 


39. The values of the first derivative indicate that the curve is rising on (0, oo) and falling on (—00, 0). The slope of the curve 
approaches —oo as x — 0, and approaches oo as x — 0* and x — 1. The curve should therefore have a cusp and 
local minimum at x = 0, and a vertical tangent at x = 1. 
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40. The values of the first derivative indicate that the curve is rising on (0, 1) and (1, oo), and falling on (—oo, 0) 
and (3, 1) . The derivative changes from positive to negative at x = І, indicating a local maximum there. The 


slope of the curve approaches —co as x — 0^ andx — 1°, and approaches со as x — 0* andasx — 17, 
indicating cusps and local minima at both x = 0 and x = 1. 





41. The values of the first derivative indicate that the curve is always rising. The slope of the curve approaches oo 
asx — Oandasx — 1, indicating vertical tangents at both x = 0 and x = 1. 





42. The graph of the first derivative indicates that the curve is rising on (0. c) and (23:3, oo) falling 
on (—oo, 0) and (2x95, ce) — alocal maximum at x — меми , alocal minimum at 


17 + уза г _ 
= UR . The derivative approaches —oo as x — 0^ andx — 1, and approaches oo asx -» 07, 


indicating a cusp and local minimum at x = 0 and a vertical tangent at x — 1. 
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51. (а) Maximize f(x) = \/x — /36 — x = x!/? — (36 — x)!/? where 0 < x < 36 


=> Р) =1х-!/5— 1(36—х)-!/9(—1) = ae derivative fails to exist at 0 and 36; f(0) = —6, 





and f(36) = 6 — the numbers are 0 and 36 
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52. 


53. 


54. 


55. 


56. 
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(b) Maximize g(x) = \/x + v36 — x — x!? 4- (36 — x)!? where 0 € x < 36 


= Е(х)-1х-92-01(36-х)17(-1) - DA critical points at 0, 18 and 36; g(0) — 6, 


g(18) 22/18 — 6/2 and g(36) — 6 — the numbers are 18 and 18 





(a) Maximize f(x) = /x Q0 — x) 2 20x17? — x3/? where 0 < x < 20 > f'(x) = 10x7! — 2x12? 
= Жо =0 = х = 0апах = 5 are critical points; f(0) — fQ0) = Oand f (3) = /3 (20 — 3) 
|... 40/20 


20 40 
= the numbers are = апа = . 
3/4” 3 3 








(b) Maximize g(x) = x + \/20 — x 2 x - 20 — x)? where0 < х <20 = g'(x) = а = 0 


=> V20-x= 1 = х= 2 . The critical points are x — 2 and x = 20. Since g (2) = Ч and g(20) = 20, 


the numbers must be D and i . 


A(x) = § (2x) (27 — x°) for 0 < x < 27 
=> А’(х) = 3(3 + х)(3 — x) and A"(x) 2 —6x. у-27-к? 
The critical points are —3 and 3, but —3 is not in the 


domain. Since A"(3) — —18 « O and A (v27) =0, 


the maximum occurs atx = 3 = the largest area is 
A(3) = 54 sq units. 


The volume is V = x*h = 32 => h = 32. The 
surface area is S(x) = x? + 4x (32) = х? + 128 ^ 
where x > 0 — S'(x)— Paese ans) 

=> the critical points are 0 and 4, but 0 is not in the 
domain. Now S"(4) 2 2 4- 256 > 0 => atx = 4 there 
is a minimum. The dimensions 4 ft by 4 ft by 2 ft 


minimize the surface area. 


2 
From the diagram we have 6 : +r = (v3) 


> P= 


po . The volume of the cylinder is 


У = т = т (1250) n = 4 (12h — h?) , where 
0<h<2\/3. Then V'(h) = 27 (2 + h)(2 —h) 


— the critical points are —2 and 2, but —2 is not in 
the domain. At h = 2 there is a maximum since 
V"(2) 2 —3« « 0. The dimensions of the largest 
cylinder are radius — v2 and height — 2. 


| 6) 020 38 


From the diagram we have x = radius and 

у = height = 12 — 2x and V(x) = 1 mx?(12 — 2x), where 
0<х<6 = V'(x) 2 2nx(4 — x) and V'(4) 2 —8z. Тһе 
critical points are 0 and 4; V(0) — V(6) 20 — x—4 
gives the maximum. Thus the values of r — 4 and 


12 


h — 4 yield the largest volume for the smaller cone. 
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57. The wae Р = 2px + py = 2px +p (29-10%) , Where p is the profit on grade B tires and 0 < x < 4. Thus 
Р'(х) = x (x? — 10x 4-20) = the critical points are (5 - v5). 5, and (s + V5). but only (5- v5) isin 
the domain. Now P’(x) > 0 for0 <x < (5 — v5) and P’(x) < 0 for (5 — "3 <х<4 = ах = (5 — V3) there 


is a local maximum. Also P(0) — 8p, P (s К v5) — 4p (s z v5) = Ир, апа Р(4) = 8р > atx = (5 z v5) there 





is an absolute maximum. The maximum occurs when x = (5 = v5) and y = 2 (s = v5) , the units are 


hundreds of tires, i.e., х ғ2 276 tires and y ~ 553 tires. 


58. (a) The distance between the particles is |f(t)| where f(t) — —cos t -- cos(t + 7). Then, f'(t) = sint — sin(t 4- 2). 


Solving f’(t) = 0 graphically, we obtain t « 1.178, t e 4.320, and so on. 
2 








-2 
Alternatively, f'(t) — 0 may be solved analytically as follows. f'(t) — sin[(t +1) – d = sin| (1 +1) + d 


= [sin(t + т) соз т — cos(t + 2) sin z| — [sin(t + т) соз т + cos(t + т) т d = —2sin £cos(t + т) 





so the critical points occur when cos(t + т) = 0, огі = 3л + kz. At each of these values, f(t) = + cos H 





= + 0.765 units, so the maximum distance between the particles is 0.765 units. 


(b) Solving cos t = cos (t + т) graphically, we obtain t + 2.749, { яз 5.890, апа so on. 


— 








(2.7488936,0.9238795) 


-2 


Alternatively, this problem can be solved analytically as follows. 
cos t = cos (t+ т) 


соз| (1+1 т) - d = cos[ (t + т) + z 
cos(t + т) соѕ в sin(t + түзіп 7 8 = cos(t + £)cos 5 — sin(t + т) ѕіп 7 
251п (t + £)sin 7 =0 
sin (t+ т) =0 
= T + Кт 
The particles collide when t = 7 А 2.749. an multiples of 7 if they keep going.) 


59. The dimensions will be x in. by 10 — 2x in. by 16 — 2x in., so V(x) 2 x(10 — 2x)(16 — 2x) — 4x? — 52x? 4- 160x for 
0 « x « 5. Then V'(x) 2 12x? — 104x + 160 = 4(x — 2)(3x — 20) , so the critical point in the correct domain is x = 2. 
This critical point corresponds to the maximum possible volume because V'(x) > 0 for 0 « x « 2 and V'(x) « 0 for 


2 « x « 5. The box of largest volume has a height of 2 in. and a base measuring 6 in. by 12 in., and its volume is 144 in.? 
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61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 
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Graphical support: 








The length of the ladder is d; -- do — 8 sec 0 4- 6 csc 0. We 
wish to maximize I(0) — 8 sec 0 -- 6 csc 0 — I'(0) 
= 8 sec 0 tan 0 — 6 csc 0 cot 0. Then T'(0) = 






8 sec 0 - d, 
6 csc 0 = ад, 


= 85130 — 6 cos 9 = 0 > tan 9 = % = oe 


dy = 44/4 + 4/36 and d; — 4/36 4/4 -- 4/36 





— the length of the ladder is about 


(4+ 86) a 36 = (4+ 86) ion. 


g(x) = 3x — x3 +4 > g(2) = 2 > 0 and g(3) = —14 < 0 => g(x) = 0 in the interval [2, 3] by the Intermediate 
Value Theorem. Then g/(x) = 3 — 3x? > Xanı = X, — xcu pd 5X9 =2 > xy =2.22 > xo = 2.196215, and 


so forth to x5 = 2.195823345. 


3-3х2 


g(x) = xt — x? — 75 > g(3) = —21 < 0 and g(4) = 117 > 0 = g(x) = O in the interval [3, 4] by the Intermediate 


x4- x3 -75 


Value Theorem. Then g'(x) = 4x? — 3x? Хар Xn "X Хо = 3 xj — 3.259259 
= Xx» — 3.229050, and so forth to x5 = 3.22857729. 


4 


[G3 95x- 7) dx e X 5E — + С 


f (se - 


2 8d 
к+)й=% —Е+Е+С=2—Е+Е+С 


/[@ус+ 4) & = f Be? +412) а = Ж° + ж“ +с=28%—4+С 





(5) 


f(x -3) a facio ses «-1(2)-4 et pes fae 


Letu=r+5 => du = dr 
dr mE -2 ~ = —1 xS 1 
I> = [а = Га du = = +C = —u Tes tt 





Letu =r — y2 => du = іг 


J 


6dr 


@ 2) 








ы р = илаш 2) С--3:2-0-- ate 
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69. Теги = 0? +1 = du = 20 40 = 5 ди = 0 а0 


зов + 140 = | уз (3 аи) = јаја = (+ )+с=шт+с= (02 +1) +С 






70. Letu 2 7 + 02 = іо = 20 40 = 5 ди = 0 а0 


Го [ 3:02) = 3 fru = 3 (4 сил +с- V7+02 +C 






71. Letu=1+x* => du = 4x? dx > ji du — x? dx 











Jeata as fG в) =} [из а={ (5°) +с=} ш/С-1(1-97 С 
4 
72. Letu —2—x du — — dx — du — dx 
Јо – ху ах = [8 (- аи) = — Гиз du = – E C= – 5/5 С 802-285 +€ 


(3) 


73. Letu= = du= $ ds > 10 du = ds 
f'sec? $ ds = f (sec? u) (10 du) = 10 f sec?u du = 10 tan u + C = 10 tan $ +C 





74. Letu = 7s du = 7 ds du = ds 


1 
T 





ficsc? msds = f ( (csc? u уе du) = т | сзс? и ди = — 1 cot u + C = – Ł cot ms + С 


75. Letu = V20 > du = /2ад = J ди = db 


f exc 20 cot /20 40 = f (esc u cot u) (5 du) = Jz esc u) +C = — —; ese V20 +C 





76. Letu = 5 = ди = 540 = 3 du = 40 





Ј sec £ tan ® 40 = f (sec u tan u)(3 du) = 3 sec u + C = 3 sec 8 +C 








77. Теги = + ди ах 4 du = dx 
J sin? i dx — f (sin du) = [ 4( (1520) du = 2 (1 — cos 2u) du = 2 (и — #92) +С 
5 


) (4 
= 2u — sin 2u + C = 2 (ž) — sin 2 (ž ) + C= 


ES 





u 
— sin * +С 


78. Letu - du ł dx 2 du = dx 


J cos? ¥ dx = f (cos? u) (2 du) = f2 (1e) du = f (1 + cos 2u) du = u + #92 +C = E E isinx4 C 











79. у=] *41ах= f (0 +x°?)dx=x-x+C=x-}+C;y=-—1whenx=1 > 1-1+С=-1 
-0--1-у-х-1-1 


80. у= | (к+= 1) ах= | (х2+2+ 1) dx = |] (х?+2-++х7?)4х= #+2х—х-1+С = #+-2х— 1+ 
у = 1 мВепх = 1 = i42-14C-1 C=-} у= +2х i-i 


X 





8-1 (15+ 3) dt = / (15° +317) @ = 107° 4-687 C; € 2 8whent- 1 


= 10072 + 6072 + С =8 = С= –8. Триз 4 = 108/2 + 602 -8 > r= [ (108/2 + 60/2 — 8) dt 
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= 40/2 + 403/2 — 8t + C; r = О мће (= 1 = 40)72 + 40)92 – 80) + С, = 0 = С; = 0. Тћегејоге, 
г = 46/2 + 48/2 — 81 


82. 41 = f —costdt — —sint-- C; i" 20 whent 2 0 => —sin0--C —0 — C- 0. Thus, £ dr 5 = —sint 


dt — 
=> «= f —sin tdt = cos t + C1; r' =Owhent=0 => 14+C,=0>5> Сі--і1. Then ¥ = cost — 1 
=> r= f (cos t— 1) dt = sin t — t + C2; r = —1 when t = 0 = 0—0-+„С» = —1 = С» = —1. Therefore, 


r—sint—t—1 
CHAPTER 4 ADDITIONAL AND ADVANCED EXERCISES 


1. If M and m are the maximum and minimum values, respectively, then m < f(x) < M for all x € I. If m =M 
then f is constant on I. 


—2< 
2. No, the function f(x) = { > 0 22%. 27 has an absolute minimum value of 0 at x = —2 and an absolute 


maximum value of 9 at x = 0, but it is discontinuous at x = 0. 


3. Onan open interval the extreme values of a continuous function (if any) must occur at an interior critical 
point. On a half-open interval the extreme values of a continuous function may be at a critical point or at the 
closed endpoint. Extreme values occur only where f' — 0, f' does not exist, or at the endpoints of the interval. 
Thus the extreme points will not be at the ends of an open interval. 


4. The pattern f’ = +++ | -——— | ———— | +++4++4 | +++ indicates a local maximum at x — 1 and a local 
1 2 3 4 


minimum at x = 3. 


5. (а) Ку’ = 6(х + 1)(x — 2), then y’ < 0 forx < —1 andy’ > 0 forx > —1. The sign pattern is 
f = ——-— | +++ | +++ => fhasa local minimum at x = —1. Also y” = 6(x — 2)? + 12(x + 1)(х – 2) 
2 


= 6(x — 2)(3x) > y” > 0 for x < Oorx > 2, while y” < 0 for 0 <x < 2. Therefore f has points of inflection 
at x = 0 апа х = 2. There is no local maximum. 

(b) If y’ = 6x(x + 1)(x — 2), then y’ < 0 for x < —1 and O < x < 2; y’ > O for —1 < x < Oandx > 2. The sign 
sign pattern is y’ = ——— Кой: | --- | +++. Therefore f has a local maximum at x = 0 and 


local minima at x — —1 and x = 2. Also, y" — 18 [x — (57) | [х — (47) ,so y" « 0 for 
14/7 
a 





E х= an and y” > 0 for all other x = f has points of inflection at x = 


6. The Mean Value Theorem indicates that с = f'(c) < 2 for some c in (0,6). Then f(6) — f(0) « 12 indicates the 


most that f can increase is 12. 


7. If fis continuous on [a, c) and f'(x) X 0 on [a, c), then by the Mean Value Theorem for all x € [a, c) we have 
ко) – 109 <0 = Ко - f(x) <0 = f(x) > f(c). Also if f is continuous on (c, b] and f'(x) > 0 on (c, b], then for 
all x € (c, b] we have Ko -fo 20 — f(x)—f(c) 20 — f(x) > f(c). Therefore f(x) > f(c) for all x € [a,b]. 


8. (a) Forallx, -x +1} <0 < &- 1? > -(1+x?)<2x<(1+x°) > – 1 51 
= ®- fa) 25, Ko - fw 





з < 


юн 


iux 


(b) There exists c € (a, b) such that 7 < 





= | S| < J, from part (a) 


=> fb) — f(a| « i|b — al. 
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9. 


10. 


11. 


12. 


13. 


14. 


15; 


16. 


No. Corollary 1 requires that f’(x) = 0 for all x in some interval I, not f’(x) = 0 at a single point in I. 


(a) h(x) = f(x)g(x) = h’(x) = f’(x)g(x) + f(x)g’(x) which changes signs at x = a since f'(x), g'(x) > 0 when 

x < a, f'(x), g'(x) < 0 when x > aand f(x), g(x) > 0 for all x. Therefore h(x) does have a local maximum at x = a. 
(b) No, let f(x) = g(x) = x® which have points of inflection at x = 0, but h(x) = x® has no point of inflection 

(it has a local minimum at x = 0). 





















































.. хо -1-а = ЭР ы ... . ЕЕ . 22 . . 

From (ii), f(—1) = mi = 0 = a= l; from (iii), either 1 = , lim. f(x)or1— z lim | f(x). In either case, 

22 : х+1 = Ге = 1 = 
еш. fx) —.lm TaT - lm. 5047 =1= b=0 andc = 1.Forifb = 1, then 

E 1 ДЕ 
lim 3, = 0andifc=0, then lim +55 = lim H = +o. Thusa = 1,b = 0, andc = 1. 
хә +оо Х+С+ хх В+; хә Хх 
Z = 3x? +2kx +3 =0 > x= сәкі уа 36 = x has only one value when 4k? — 36 =0 => k? =9ork= +3. 
The area of the AABC is A(x) = 4 (2) \/1 — x? = 2)/2 y 
—х Қ? 2 

where 0 € x € 1. Thus A'(x) — Jm — Oand 7. GN Tu )c 5 
critical points. Also A (+ 1) = 0 so A(0) = 1 is the x a 
maximum. When x = 0 the AABC is isosceles since 
lim Perm-fo — f"(c) — for e — 3 [f"(c)| > 0 there exists a 6 > 0 such that 0 < |h| < 6 


ћ— 0 

=> НОРО pc) -l|f'(). Thenf'(c) 20 > — i[f"(o)| « F&E9 — Рис) < 1 (с) 

= (с) – 5 [£"(c)| « Perm « f"(c) 4- i [£"(c)|. If f"(c) « 0, then |f"(c)| 2 —f"(c) 

— if'"(c)« PEtP < 1 f”(c) < 0; likewise if f"(c) > 0, then 0 < 4 f”(c) < ËE < 35%), 

(a) If f”(c) < 0, then — <h < 0 = f'(c--h) »0andOch« ó — f'(c+h)< 0. Therefore, f(c) is a local 
maxımum. 


ШЕЕ” (с) > 0, Шеп —6 <h <0 > f'(c+h)<0and0<h< 6 — f'(c+h)> 0. Therefore, f(c) is a local 
minimum. 


(b 


wm 


The time it would take the water to hit the ground from height y is 4/ > , where g is the acceleration of gravity. The 


product of time and exit velocity (rate) yields the distance the water travels: 
Diy) = ,/% уу) 2. ћу – ујУ осу сћ = рбу) = —4,/2 (ћу – у) УЗћ – 2у) => 0, 8 апаћ 


1/2 
are critical points. Now D(0) = 0, D( —8 у (һ(%) - (%) у = Аћ, / = 2 апа D(h) 2 0 = the best place to drill 


the hole is at y = 3 ; 











From the figure in the text, tan(@ + 0) = bta, tan (8 + 0) = mS ; and tan 0 = è. These equations 
А Б+а _ tan 6+? — htan B+ s ‘ ББ 
give 5-4 = Т- сай = foam: Solving for tan B gives (ап В = салы ог 


(h? — a(b + a)) tan G = bh. Differentiating both sides with respect to h gives 
2h tan 8 + (h? + a(b + a)) sec? 8 $ — b. Then $$ 2 0 > 2htanB=b > 2h ( 
= 2bh? = bh? + ab(b+a) => h? = a(b +a) > h= yala + b). 


вту) = b 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


Chapter 4 Additional and Advanced Exercises 253 


17. The surface area of the cylinder is S — 21r? -- 2zrh. From 
H-h 


: il. — RH-rIH 
the diagram we have ; — ^q^ = В = ^^" and T 
50) = 2rr(r +h) = 27r (r +H — r 8) £ 
= 2r (1 — E) r? + 2rHr, where 0 < r < R. H 
Case 1: H< R => S(r)is a quadratic equation containing h 


the origin and concave upward = S(r) is maximum at — 
т= К. R 
Case 2: Н = = S(t) is a linear equation containing the 
origin with a positive slope = S(r) is maximum at 
r=R. 
Case 3: H>R => S(r) is a quadratic equation containing the origin and concave downward. Then 


® = 4n (1— #)r+2nHand $ =0 2 4r(1— B) r-2:H20 > r= For simplification 


RH 
XH-R' 
__ЕН__ 

we let r* = ню. 


(a) IFR < H < 2R, then 0 > H-—2R > H>2(H-R) > r*= = a 
right endpoint R of the interval 0 < r < R because S(r) is an increasing function of r. 
(b) If H = 2R, then r* = R = в = S(r) is maximum at r = R. 


> R. Therefore, the maximum occurs at the 


2R 
(с) IfH > 2R, then 2R +H < 2H => H< XH -R) > xn «12 Hg <В = г* < R. Therefore, 
S(r) is a maximum at r — r* = нк) ЮС 
Conclusion: If H € (0,2R], then the maximum surface area is atr = R. If H € QR, со), Шеп the maximum is at 
ж ЕН 
r= 


18. f(x) = mx — 1 + 1 = ['(х)=ш— 5, and f"(x) — 2 > 0 when x > 0. ТһпепЇ'(х)=0 => x= Um yields a minimum. 


и! (35) 7 0, then /m— 1 - /m-2//m-12 0 = m> 1. Thus the smallest acceptable value for m is 1. 


19. (а) The profit function is P(x) = (c — ex)x — (a+ bx) = —ex? + (c — b)x —a. P’(x) = —2ex +c —b=0 
c—b 


=x = £P. P'(x) 2 —2e « 0ife » 0 so that the profit function is maximized at x = “2. 





(b) The price therefore that corresponds to a production level yeilding a maximum profit is 
PI a =c—e(S*) = $ dollars. 
x= 
(c) The weekly profit at this production level is P(x) = -е(5Ы2) -(с-0)(552)-а- ew - 
(d) The tax increases cost to the new profit function is F(x) = (c — ex)x — (a + bx + tx) = —ex? + (c — b — t)x — a. 
Now F'(x) = —2ex + c — b—t = 0 when x = ‘+8=£ = €—b-!. Since F’(x) = —2e < Oife > 0, Fis maximized 
<) — ctb+t 
2e 2 











— 





units per week. Thus the price per unit is p — c — e( dollars. Thus, such a tax 


енын __ с+ђ 
2 


when x = 





increases the cost per unit by = 5 dollars if units are priced to maximize profit. 


20. (a) 





The x-intercept occurs when 1 –3=0= 1 =3>x= i. 
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4-3 
(6) Ву Меу/опв шейһой, хинт = x, — Lw- a Here f'(x,) = —x,7 = a So Xp41 = Xn — > = да + (5 - 3) x2 


Xn 
xn 


= Xn + Xn — 3x2 = 2х, – 3Х2 = ха (2 — 3x;). 








q 
f(xo) xj-a _ 90-х -а xa(q—1) +a q-1 а (1 : : 
21. х = х =X = = =x = ) so that x; is a weighted average of x 
1 0 f(x) 0 ТІН -І qxi- T qx T 0 q ян хал q 1 5 g 0 
and —*; with weights mp = 4— and m, — 1. 
X9 q q 
2 21 а 1 а 4-1 1 а 
In the case where xy — -24 we have x — aand x, — -24( 2 =] = 1) = а. 
0 xd 0 1 xt q + ха: q Хо 4 + q xt 


22. We have that (x — h)? + (y — h)? — r? and so 2(x — h) + 2(y —h)® = 0 and 2+ 2% + 2(y — n)2 = 0 hold. 
x+y% 


1-2 


dy 
) — 0. Dividing by 2 results in 1 + 9 + уза — (529) = 





Thus 2x + 2yz Чу оћ+ 25 y , by the former. Solving for h, we obtain h = . Substituting this into the second 


4 
х-уФ 
1+2 





dx? dx? 


equation yields 2 + 29 + дуу - ( 
23. (a) a(t) — s"(t) 2 —k (k » 0) 2 s'(t) 2 —kt 4- C1, where s'(0) 2 88 2 C, — 88 2 s'(t) 2 —kt + 88. So 
s(t) — = + 88t + С, ућеге $(0) = 0 = 2. = 0 so s(t) = = + 88t. Now s(t) = 100 when 
=k? + 88t = 100. Solving for t we obtain t = S= -X $5 — 200k . At such t we want s'(t) — 0, thus 
Ё лан ын E ) + 88 = 0 or — (ee — —— S8 —200k - + 88 = 0. In either case we obtain 88? — 200k — 0 


882 
so that k — 200 ^ 38.72 ft/sec?. 


The initial condition that s'(0) — 44 ft/sec implies that s'(t) = —kt + 44 and s(t) = с + 44t where k is as above. 
The car is stopped at a time t such that s'(t) = —kt + 44 = 0 > t = a At this time the car has traveled a distance 


164 - => (4) "E 44(4) = ас и 968 .- = 968 (203) = 25 feet. Thus halving the initial velocity quarters 


stopping distance. 





(b 


wm 


24. h(x) = £?(x) + 8°(x) > h'(x) = 2f(x)f"(x) + 2g(x)g’(x) = 2[х 8(5)8 (5)| - 2[f(x)g(x) + g(x)(—f(x))] 
— 2.0 = 0. Thus h(x) — c, a constant. Since h(0) = 5, h(x) = 5 x | x in the domain of h. Thus h(10) = 5. 


25. Yes. The curve y = x satisfies all three conditions since ду = 1 everywhere, when x = 0, у = 0, and ту = 0 everywhere. 
26. y’ = 3x? +2 forallx > y = x? + 2x + C where – 1 = 1 +2.1+С5 С = 4 у= х? + 2х – 4. 


27. s'(t) =a = -° > v = s'(t) = = + С. Ме seek vo — s'(0) — C. We know that s(t*) — b for some t* and s is at a 
maximum for this t*. Since s(t) = E + Ct + k and s(0) = 0 we have that s(t) = Е + Ct and also s'(t*) — 0 so that 
2 —(acyi/3)4 
r* — (3C)! 9. go FEST + с(зс)!# = b a (c)! (c — 3€) 2 6 o (3C)! (36) = b => 312си = $ 


Gn аы", Thus vo = s’(0) = us m 2уз зу. 








28. (а) 57 (0) = 02 – 0712 = v(t) 2 s'(t) = 208/2 — 20/2 + К where v(0) =k = $ > v(t) = 208/2 – 20/2 + 1 
(b) s(t) = 20/2 — 48/2 + ft + kz where s(0) = ks = — 5. Thus s(t) = 20/2 – 208/2 4- $t— i. 


29. The graph of f(x) = ax? + bx + c with a > 0 is a parabola opening upwards. Thus f(x) > 0 for all x if f(x) = 0 for at most 





=; ae 225. ас 
one real value of x. The solutions to f(x) = 0 are, by the quadratic equation a 


(2b)? — 4ac € 0 — b? — ac < 0. 


. Thus we require 
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30. (a) Clearly f(x) = (a1x + b1)? +... + (anx + bn)” > 0 for all x. Expanding we see 


(b 


Хи 


f(x) = (ax? -- 2aibix + b?) +... + (a2x? + 2anbnx + b2) 

= (аа +... + а2)х? + 2(а1 61 + а26> +... + anbn)x + (b? + b2 + ...+b?) > 0. 

Thus (a,b, + agby + ... + agb,)? — (a? + a3 +... +a?)(b? + b3 + ... +b?) < 0 by Exercise 29. 
Thus (ab; + agby + ... Ба)? < (а2 + а2 +... + а2)(Ь2 +2 +... + 2). 

Referring to Exercise 29: It is clear that f(x) — 0 for some real x & b? — 4ac — 0, by quadratic formula. 





Now notice that this implies that 
f(x) = (ax + b1)? +... + (anx + bn)” 
= (а) + а +... + а2)ха + 2(ајбу + або + ... + адбрјх + (54 + 52 + ... +52) = 0 
& (ayb; + agby + ... + anbn)” — (а) + а2 +... + а2) (62 + 62 + ... +52) = 0 
<> (азбу + аб, + ... + авђу) = (а: + а2 +... + а2) (52 + 62 + ... + 62) 
But now f(x) 2 0 & aix + b; = 0 for alli = 1, 2, ... , n & ax = —b; = 0 for all i = 1, 2, ..., n. 
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NOTES 
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CHAPTER 5 INTEGRATION 


5.1 AREA AND ESTIMATING WITH FINITE SUMS 





1. f(x) =x? Since f is increasing on [0, 1], we use left endpoints to obtain 
lower sums and right endpoints to obtain upper sums. 
Y 
1 
+ > xX 
1 
: 19 
(a) Ax= Бу! = 1 and x; = iAx = 5 = a lower sum is os . 1 - (0 + (0°) ES i 
i=0 
: 9-5. 
(Ы) Ах = Lt = 1 and xj = iAx = { = a lower sum is х 1 = (o? + (is + [D + (9) - 1 2 - 5 
i=0 
у 2e 
(c) Ах = Бу! - i and x; = iAx — 5 — an upper sum is хү . i = i (ы?) =? 


> 
4-Қ 


(0) + (2) + (8) +) ==. (8) == 


BI 
| 
BI 


: А ы, 
(d) Ax= Lt = + and x; = iAx = 1 => an upper sum is XQ 





ЗО хүсээ” Since f is increasing on [0, 1], we use left endpoints to obtain 
lower sums and right endpoints to obtain upper sums. 
Y 
1 
x 
1 
1 
i : i TE 3 
(a) Ах= — = 1 and x; = iAx = 5 = a lower sum is > (4) . 1 = 2 08 + (5) ) = 16 


i=0 ( 
3 
221-021 21 _ 1 : i43 
(b) Ax = 4^ — 4 and x; 2 iAx — 1 = alower sum is 2 (3) ( 





кн 
c 
~ 
+ 
"=. 
Ble 
м-т 
~ 
-- 
ит 3 
NI 
М.У 
~ 
+ 
tm 
Зоо 
ыы” 
о 
NS 
1 
N 
PUES 
| 
Ф|ю 


2 
= еј = 1 2-3 Lo i гү? 
(с) Ax = 13? = y and x; c iAx — j — an upper sum is $` (3) : 


мін 


ын 
| 
BI 


> 
4-4 


: 4 uir 
(а) Ах = 1-0 = 1 and x; = iAx = 7 > an upper sum is XQ (er + (117 + (уыз) эээ 100 = 2 
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3. f(x) -4 Since f is decreasing on [1, 5], we use left endpoints to obtain 
upper sums and right endpoints to obtain lower sums. 
Y 
1 
| + + > xX 
1 2 3 4 65 
2 
(a) Ax= ML = 2and x; = 1+iAx =1+ 2i => a lower sum is Nx? =2(1 + i) = 16 
i=l 
4 
(Ы) Ах = x = landx; = 1+iAx =1+i= a lower sum is SN = 1(1 +: + + Ic 5) = Т 


- 


(c) Ах- ан = 2and x; = 1+iAx = 1+ 2i = an upper sum is 551-2 — 2(14- 1) =$ 
i-0 





3 
(d) Дх = 31 = 1 ава х; = 1 +1Дх = 1 +1 = an upper sumis 0+ -1=1(1+5+ 3+) = 5 
i-0 


4. f(x) 24- x? Since f is increasing on [—2, 0] and decreasing on [0, 2], we use 
left endpoints on [—2, 0] and right endpoints on [0, 2] to obtain 
Y lower sums and use right endpoints on [—2, 0] and left endpoints 
on [0, 2] to obtain upper sums. 





| - > xX 
-2 2 


(a) Лх = 2202 — 9 and x, = -2 +iAx = —2 + 2i > a lower sum is 2- (4 — (—2)") + 2-(4— 2%) =0 











1 4 
(b) Ax = 2- (22) = land x, = —2+iAx = —2+i =a lower sumis )>(4— (ж)“) :1+ >:(4– (ж)“) 1 


1=0 
= 1((4- (—2)°) + (4— (—1)°) + (4—1?) - (4-25) = 6 
(с) Ах = 2202 = 2 апа х = —2++1А\х = –2 + 21 => a upper sum is 2- (4 — (0)?) +2. (4—0?) = 16 











2 3 
(d) Ax= 2-3) = land x, = —2+iAx = —2+i = a upper sum is ? : (4 — (х0)) 1+ У(4— (х:)?) 1 


-1((4-(-1)-(4-07)--(4-07)--(4-12) -14 | 


5. f(x) =x? Using 2 rectangles = Ах = 150 = 1 = i(f(i)-f(3)) 


y -40740))-8-4 


1 


eA 


E 4 rectangles > Ax = === = 
=> а (Ка) + £05) + (3) + бу” 
- (ы (9 (9 (09-8 


мін 
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6. f(x) 2x? Using 2 rectangles = Ах = 150 = 1 = 4(f(4) + f(3)) 


nu 
3 3 
: = 1000) (9) = 2 = 2 





1 
Using 4 rectangles = Ах = 120 = 1 
> ИЩ +18) +108) +10) 
= i (sese) . 496 14. 31 
7724 83 — 4.83 — 83 198 
х 


7. Қх) 


1 


1 


Using 2 rectangles => Ax — 253 — 2 — 2(f(2) + f(4)) 
y 
-20+ =} 


Using 4 rectangles > Ax = x =1 


= (5) +83) + 65) + £6) 


(22, 2\ — 1488 _ 496 _ 496 
Е ++ +5) = 579 = БТ B5 








| ai а 
8. f(x) 24- x? 


= 
2 
3 


x 


Using 2 rectangles > Ax = 2- (2) = 2 => 2(f(-1) + f(1)) 
y =2(3+3) =12 


Using 4 rectangles > Ax = 2-03 =1 

+19 +19 +8) er) 

-1((4- C97) * (47 C9") * (47 9) 40:07) 
-16-(1-2-1-2)-16-12-11 











9. (а) 
(b) 


10. (a) 


(b 


wm 


11. (а) 


(b 


Хи 


12. (а) 


(b 


wm 


1 
+ == 
4 5 
+ = 
-2 2 


D ж: (0)(1) + (120) + (220) + (100) + 520) + 434) + (11)(1) + (600) + 20) + (6)(1) = 87 іпсһеѕ 
D S (120) + 2220) + 0000) + 530) + 330) + (150) + (6)(1) + (2)(1) + (6)(1) + (0)(1) = 87 іпсһеѕ 














D z (1)(300) + (1.2)(300) + (1.7)(300) + (2.0)(300) + (1.8)(300) + (1.6)(300) + (1.4)(300) + (1.2)(300) 
+ (1.0)(300) + (1.8)(300) + (1.5)(300) + (1.2)(300) = 5220 meters (NOTE: 5 minutes = 300 seconds) 

р ~ (1.2)(300) + (1.7)(300) + (2.0)(300) + (1.8)(300) + (1.6)(300) + (1.4)(300) + (1.2)(300) + (1.0)(300) 
+ (1.8)(300) + (1.5)(300) + (1.2)(300) + (0)(300) = 4920 meters (NOTE: 5 minutes = 300 seconds) 








D ~ (0)(10) + (44)(10) + (15)(10) + (35)(10) + (30)(10) + (44)(10) + (35)(10) + (15)(10) + (22)(10) 
+ (35)(10) + (44)(10) + (30)(10) = 3490 feet ~ 0.66 miles 

D © (44)(10) + (15)(10) + (35)(10) + (30)(10) + (44)(10) + (35)(10) + (15)(10) + (22)(10) + (35)(10) 
+ (44)(10) + (30)(10) + (35)(10) = 3840 feet ~ 0.73 miles 








The distance traveled will be the area under the curve. We will use the approximate velocities at the 
midpoints of each time interval to approximate this area using rectangles. Thus, 

D & (20)(0.001) + (50)(0.001) + (72)(0.001) + (90)(0.001) + (102)(0.001) + (112)(0.001) + (120)(0.001) 
+ (128)(0.001) + (134)(0.001) + (139)(0.001) ~ 0.967 miles 

Roughly, after 0.0063 hours, the car would have gone 0.484 miles, where 0.0060 hours = 22.7 sec. At 22.7 
sec, the velocity was approximately 120 mi/hr. 
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13. 


14. 


15. 


16. 


17. 


18. 


Chapter 5 Integration 


(a) Because the acceleration is decreasing, an upper estimate is obtained using left end-points in summing 
acceleration - At. Thus, At = 1 and speed © [32.00 + 19.41 + 11.77 + 7.14 + 4.33](1) = 74.65 ft/sec 


(b) Using right end-points we obtain a lower estimate: speed z [19.41 + 11.77 - 7.14 + 4.33 + 2.63](1) 
= 45.28 ft/sec 

(c) Upper estimates for the speed at each second are: 
t | 0 1 2 3 4 5 





у | 0 32.00 51.41 63.18 70.32 74.65 
Thus, the distance fallen when t = 3 seconds is s © [32.00 + 51.41 + 63.18](1) = 146.59 ft. 


(a) The speed is a decreasing function of time = right end-points give an lower estimate for the height (distance) 
attained. Also 
t | 0 1 2 3 4 5 
у | 400 368 336 304 272 240 
gives the time-velocity table by subtracting the constant g = 32 from the speed at each time increment 
At = 1 sec. Thus, the speed ~ 240 ft/sec after 5 seconds. 
(b) A lower estimate for height attained is h ~ [368 + 336 + 304 + 272 + 240](1) = 1520 ft. 





Partition [0, 2] into the four subintervals [0, 0.5], [0.5, 1], [1, 1.5], and [1.5,2]. The midpoints of these 
subintervals are my = 0.25, mọ = | 75, m3 = 1.25, and = 1.75. The heights of the four approximating 
а, Ко) = (0.75)3 = 21, Киз) = (1.25)? = 28, and f(my) = (1.75)? = 38 


64° 
Notice that the average value is approximated by } 2 [o (3) + G)’ (5) + (217 (5) + (ar ©] = 2 


rectangles are f(m;) — (0.25)? - 27, 


approximate area under 


— Lum 7 3 . We use this observation in solving the next several exercises. 
length of [0,2] curve f(x) =x 


Partition [1,9] into the four subintervals [1, 3], [3, 5], [5,7], and [7,9]. The midpoints of these subintervals are 


m; — 2, m» = 4, ms = 6, and my = 8. The heights of the four approximating rectangles are f(m;) = 1, 


т») = 1, f(m3) = 1, and f(m4) = 1. The width of each rectangle is Ax = 2. Thus, 
25 "T area — (5) 25 
Area = 2(3) + 2 (8) +2 (1) +2 (1) = 5 > average value = ад та = ЧО = 8. 


Partition [0, 2] into the four subintervals [0, 0.5], [0.5, 1], [1, 1.5], and [1.5,2]. The midpoints of the subintervals 
are m, = 0.25, my = 0.75, mg = 1.25, and my = 1.75. The heights of the four approximating rectangles are 


2 
шн аа d CIE 


2 
= lc = = 1, апа (пц) = $ + sin? т = i + (- 5) = 1. The width of each rectangle is Ax = 2. Thus, 
NO NUS: = 2 = average value ~ length of [02] = 2 = 1. 


Partition [0, 4] into the four ле [0, 1], 1,2, ], [2,3], апа [3,4]. The midpoints of the subintervals 


2, m; = 3, and m, — 


1 = 
5; Ш2 = >, 


2, 


7 
2" 
f(m,) = 1 — СЕ =1- (с 0$ ( 
f(m) = 1 — (cos БЭЛ = 1 – (соѕ (27 

E 


are m; — The heights of the four approximating rectangles are 


2))* — 0.27145 (to 5 decimal places), 
3:))* — 0.97855, fim) 2 1 — (cos (ау)! кеб 


8 
4 
= 0.97855, and f(m,) = 1— (оз (702)} =1- (соз (1=))* = 0.27145. The width of each rectangle is 
9 


Ax = 1. Thus, Area © (0.27145)(1) + (0.97855)(1) + (0.97855)(1) + (0.27145)(1) = 2.5 = average 
агеа 2.5 5 
8 





(2) 
2 





value ~ length of [0,4] = 4 — 
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19. Since the leakage is increasing, an upper estimate uses right endpoints and a lower estimate uses left 
endpoints: 
(a) upper estimate = (70)(1) + (97)(1) + (136)(1) 4- (190)(1) 4- (265)(1) = 758 gal, 
lower estimate = (50)(1) + (70)(1) + (97)(1) + (136)(1) + (190)(1) = 543 gal. 
(b) upper estimate = (70 + 97 + 136 + 190 + 265 + 369 + 516 + 720) = 2363 gal, 
lower estimate = (50 + 70 + 97 + 136 + 190 + 265 + 369 + 516) = 1693 gal. 
(с) worst case: 2363 + 720t = 25,000 => t z 31.4 hrs; 
best case: 1693 + 720t = 25,000 => t £& 32.4 hrs 











20. Since the pollutant release increases over time, an upper estimate uses right endpoints and a lower estimate 
uses left endpoints: 
(a) upper estimate = (0.2)(30) + (0.25)(30) + (0.27)(30) + (0.34)(30) + (0.45)(30) + (0.52)(30) = 60.9 tons 
lower estimate = (0.05)(30) + (0.2)(30) + (0.25)(30) + (0.27)(30) + (0.34)(30) + (0.45)(30) = 46.8 tons 
(b) Using the lower (best case) estimate: 46.8 + (0.52)(30) + (0.63)(30) + (0.70)(30) + (0.81)(30) = 126.6 tons, 
so near the end of September 125 tons of pollutants will have been released. 











21. (a) The diagonal of the square has length 2, so the side length is V2. Area = (v2) | =2 
(b) Think of the octagon as a collection of 16 right triangles with a hypotenuse of length 1 and an acute angle measuring 
RE 
Area — 16(3) (sin т) (соз т) = 4ш 1 — 2/2 & 2.828 
(c) Think of the 16-gon as a collection of 32 right triangles with a hypotenuse of length | and an acute angle measuring 
20 = 16: 
Атеа = 32(1) (sin 5) (сов =) = 8 sin § = 2/2 & 3.061 
(d) Each area is less than the area of the circle, 7. As n increases, the area approaches 7. 
22. (a) Each of the isosceles triangles is made up of two right triangles having hypotenuse 1 and an acute angle measuring 
27 = £., The area of each isosceles triangle is Ay = 2(1) (sin т) (соз т) = i sin a, 
(b) The area of the polygon is Ap — nAT — 5 sin 2л, so lim sin 21 = іт т. т = тп 
(c) Multiply each area by r°. 


Qn 
n 

а +: 2T 
Ap — 5r^sin 7 


2 


Ат = Пят 


lim Ap = ar 
23-26. Example CAS commands: 


Maple: 
with( Student[Calculus1] ); 
f := x -> sin(x); 


а := 0; 

b := Pi; 

plot( f(x), x=a..b, title="#23(a) (Section 5.1)" ); 

N :- [ 100, 200, 1000 ]; & (b) 


for n in N do 
Xlist := [ a+1.*(b-a)/n*i $ i=0..n ]; 
Ylist := map( f, Xlist ); 
end do: 
for n in N do # (с) 
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Avg[n] := evalf(add(y,y=Ylist)/nops(Ylist)); 

end do; 

avg := FunctionAverage( f(x), x=a..b, output=value ); 

evalf( avg ); 

FunctionAverage(f(x),x=a..b,output=plot);  #(ад) 

fsolve( f(x)=avg, x=0.5 ); 

fsolve( f(x)=avg, x=2.5 ); 

fsolve( f(x)=Avg[1000], x=0.5 ); 

fsolve( f(x)=Avg[1000], x=2.5 ); 
Mathematica: (assigned function and values for a and b may vary): 
Symbols for 7, — , powers, roots, fractions, etc. are available in Palettes (under File). 
Never insert a space between the name of a function and its argument. 

Clear[x] 

f[x_]:=x Sin[1/x] 

{a,b}={7/4, 7} 

Plot[f[x],(x, a, b]] 
The following code computes the value of the function for each interval midpoint and then finds the average. Each 
sequence of commands for a different value of n (number of subdivisions) should be placed in a separate cell. 

n 2100; 4х = (6 — a) /n; 

values 2 Table[N[f[x]], (x, a 4- dx/2, b, dx] 

average-Sum([values[[1]], (i, 1, Length[values]]] / n 

n =200; dx = (b — a) /n; 

values = Table[N[f[x]],{x, a + dx/2, b, dx}] 

average-Sum([values[[1]], (i, 1, Length[values]]] / n 

n 21000; dx z (b — a) /n; 

values 2 Table[N[f[x]], (x, a 4- dx/2, b, dx]] 

average-Sum([values[[1]], (i, 1, Length[values]]] / n 

FindRoot[f[x] 22 average,(x, aj] 


5.2 SIGMA NOTATION AND LIMITS OF FINITE SUMS 


Me 
Р 
ж 
| 
Ё 
2 
= 

+ 
a 
S 
| 

NID 

+ 

als 
| 

-4 


~ 
+ 
+ 
N| 
+ 


т 
| 


N 
M- 
ж 
“| 
1 
Ч 
+ 
ы 
“| 
+ 
> 
4 
|| 
о 
-- 
Nie 
+ 
WIN 
1 
oM 


т 
|| 


4 
3. У) соѕ Кт = cos (17) + cos (277) + cos (37) + cos (47) = —1+1-—14+1=0 
k=1 


5 
4. )> sin ka = sin (1r) + sin (27) + sin 37) + sin (47) + sin(57) =0+0+04+0+0=0 


k=1 


3 
5. Y] (- D?! sin 2 = (—1) sin £ 4- (-D?* sin Z + (—D)*" sin F =0-14+ 58 = X372 


k=1 


6. 57 (—1)* соз Кт = (—1)! соз (1л) + (—1)? cos (27) + (— 1)? cos (377) + (—1)4 cos (4r) 


k=1 


= —(—1)+1—(—1)+1=4 
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10. 


11. 


14. 


17. 
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6 
(а) УХ 2! = 21-1 + 22-1 р 23-1 + 24-1 + 25-1 + 26-1 = | +240448 + 16+ 32 
k=1 
(b) 5p 2 = 294.214.224.234 244.25 =- 1424448416432 
к=0 
4 


(с) У дк — Q-H41 4 2041 + 211 | 22+1 | 23+1 | 24+41— 142444+8 + 16 + 32 


k——1 


All of them represent 1 + 2+4+ 8+ 16+ 32 


(a) > (–2) = (–2):71 + (–2)27—! + (–2)57! + (–2)571! + (–2)57! + (2)! = 1 — 2 +4 -— 8 + 16 – 32 
y (—1)k2 = (—1)92° + (—1)!2! + (—1)?2? + (— 1328 + (—1)424 + (- 1525 = 1-2 +4-—8 + 16 — 32 
(c) У (=1) H2 = (251) 792-2 $ (—1)-1+12—1+? + (—1)0+120+2 + (= 1)!+121% + (—1)2+122+2 


Е--2 


(b 


wm 


+ (—=1)8+128+2 — —1 +2 — 4 + 8 — 16 + 32; 
(a) and (b) represent 1 — 2 + 4 — 8 + 16 — 32; (c) is not equivalent to the other two 





са сіз | (051 | (ч _ LC 
fer = оет аа 


(а) 


| > 
nk 





т 





(-1* _ (1)? (-1) CAP _ 1 1 
k+1 бг т+ї Т луг ^1 2+3 


M» 


(b) 


Т 
© 





1 
(-1* CD (-1)° CD | 1 1 
(с) 2 К? cro P nan на 


(a) and (c) are equivalent; (b) is not equivalent to the other two. 


(a) 57 (к— 12 = (1 – 12 + (2 – 12 + (8 – 12 + (412 =0+1+4+9 


k=1 


(b) Y 6-0 (о 40-1344 1? 4-41? —0414 44-94 16 


© X9 - C3 4 C2? - (0D? 294441 


(a) and (c) are equivalent to each other; (b) is not equivalent to the other two. 


6 4 4 

УК 12. ую ia. 4 

k=1 k=1 k=1 

5 5 1 5 k 
х 2k 15. Beye 1 16. DED : 


(а) уза = 3} а = 3(—5) = —15 
0)38-15ь-10-1 

(с) ать) = а += -5+6=1 

(4) X -h-Xa-Xb--5-6--H 
(e) 5-24) = 3: —2} а = 6—2(—5) = 16 


k=1 
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18. (a) У 8a, =8 32a, = 8(0) =0 (b) > 250b, = 250 57 b, = 250(1) = 250 
k=1 k=1 = = 
( XR Di) -—3 4:5 250455 47570: 455 2511-51-24 
k=1 = = k=1 k=1 k=1 
10 
1900 D D — 4004 DOO) — 
19. (a) > k= UTI = 55 (b) уар = eee _ 385 


2 
(с) > KS = [mugen] = 552 = 3025 


13 
BORD. _ 13034 DQü3410 
20. (a) » k= = 91 (b Y; k? 2 BO3* DOO D — gig 


2 
d x B E — 91? — 8281 
2- 


7 7 5 5 
21. у -2k = -2 X k = -2 (822) =—56 2. у а= уке а (5550) = 
к=1 k=1 k=1 
6 6 6 
23. У (3 – К) = у)3 – у) к = 3(6) - $630009* D = _73 
k=1 k=1 k=1 
6 6 6 
= — 6(6--1)(2(6)--1) = 
24. У (к – 5) = у) к - 355 5 $6:0009*D — s(6) — 61 


т 
|| 


к=1 k=1 


5 5 
25. 5 kGK-+5) => Gk? + 5k) = 3 +5 k= s (38099) s (389) — 240 


К-1 k=1 k=1 


7 7 7 7 
26. 3: kQk c 1) 2 32 QO - K) = 2 У X? 4 3 k-2 (zm) + TY = 308 


k=1 =1 к=1 к=1 


ж 


k=1 


2 5 3 5 5 3 2 3 
Muss. > k) =o + (55 3 = у (5850) + (5550) = 3376 


к= 


- 


2 7 7 2 7 2 2 
28. PD - 5 = (2) -iD è= (2#) - i (2) — 588 


29. (a) 3:3 — 30) — 21 (b) 357 — 7(s00) = 3500 


k=1 
264 262 
(с) Lett} =k—-2>k=j4+2;ifk =3 >j = landifk = 264>j = 262 > У 10 = У: 10 = 10(262) = 2620 


k-3 j=l 


36 28 28 28 
30. (а) Letj =k-8 >k=j+8;ifk =9 >j =1andifk =36>j=28S k= `` (1+8) = У ]+ У8 


k=9 j=l j=l j=l 


= 38051 | 8(28) — 630 


17 15 
(b) еј = К- 25 к=ј+2;ік=3 = ј = 1 ааік= 17 = ј= 15 = УЮ = У (ј+ 2)? 


кез іі 


15 
= У (2 +41+4) = 20 + ха» y4= BUS + DEUS) +) 4 4. BUSFD + 4(15) 
jel 





= 1240 + 480 + 60 = 1780 
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(с) 


31. (а) 


(с) 


32. (а) 


(с) 


33. (а) 


34. (а) 





35. (а) 
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71 
Letj =k — 17 >k =j + 17; ifk = 18 >j = 1 andifk = 71 >j = 54 > Y. k(k— 1) 
k=3 
54 54 54 54 54 
= Y g-c-12(j-17)-1 2 У 02 +331+272) = У 7 + У 331 + У 272 
j=l ЕЛ је! 


гі jet 


= HGH DGO90*D (33. 3670 | 272(54) = 53955 + 49005 + 14688 = 117648 






n n 
у]4=4п (6) У с = сп 
k=1 k=1 
n n n 1 2 
(k= 1) =D k- 0600 а= а 
k=1 k=1 k=1 
^ (d 1 2 ~ 
= = с_ с 225, 
У (1+ 2а) = (44 2n)n = 14 2n Е > 
k=1 k=1 
S k _ lnn+l) _ n41 
п? m 2 at Diy, 
k=1 
(b) (c) 
) у у 
(2,3 
3L (2,3) 3 5 з 
fx) 2x?- 1, fe) 2x?-1, 
0<х<2 0<х<2 
Ті Midpoint 


ü 
1 
1 





0 сі Сә-і сұ сұ-2 











(b) (с) 








(b) (c) 


y 
f(x) = sin x, ЈО) = віп х, | JS (x) = sin x, | 
-т<х<т -т<х<т -т<х<т 

4 1 


Left-hand Right-hand Midpoint 
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36. (a) (b) (c) 








-1 f(x) =sinx+1 








f(x) =sinx+ 1 


37. |xi — xo| 2 [1.2 — 0] = 1.2, [хо — жа| = |1.5 — 1.2] = 0.3, |x3 — x9] = [2.3 — 1.5] = 0.8, [xa — x3] = |2.6 — 2.3] = 0.3, 


and |x5 — x4| = |3 — 2.6] = 0.4; the largest is ||P|| — 1.2. 





38: Їх1 — хо] = |—1.6 — (—2)| = 04, 
[x4 — xa| = |0.8 — 0| = 0.8, апа 





х — xi| 2 |—0.5 — (—1.6)| = 1.1, [хз — х2| = [0 – (-0.5)| = 0.5, 
X5 — X4| = |1 — 0.8] = 0.2; the largest is ||P|| = 1.1. 














39. f(x) =1-—x? Let Ax = £ = 1 and ci = iAx = i. The right-hand sum is 
y xü-qi-:x(-))-3»o-:) 
i=l i=l i=l 
1 n ‹ 
Е m КЩ ау? -1 sor DOR 1) =] anra rn 
i=l 
24344 : п 
=1——— E, Thus, lim 50-4; 
l2 
| e -iim(1- 1:8) -1-1-1 
40. f(x) = 2x Let Ах = 5—0 = 35 and cj = iAx = ©. The right-hand sum is 





n n n 
i . 2 
э Б рз озы се ра 
i= i= i= 

















6 n 
6i, 3 — Jim 9+9 _ j; 9) _ 
5 Thus, lim а -$= lim non = lim (9+ 2) -9. 
4 = 
з 
2 
1 
+ + > х 
1 2 3 
41. f(x) =x?+1 Let Ax — 2-9 = 3 and cj = iAx = ©. The right-hand sum is 
n n : i j 
y Yer +2 = YX() +1)2=2 D(F +1) 
i=l i=l i=l 
10 n 
: E туз? +. 3 mm а (шы шан) +3 
i=l 
6 : 219 
i = Эл зй +в) qu rage 5 *2 43. Thus, 
2 : n 3 6 184-27 4$ 
lim (c? 41) -lim| —5— +3) =9+3= 12. 
| + + + »- Xx noo 1=1 noo 
1 2 3 
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42. f(x) = 3x? Let Ax = +2 = 1 and ci = iAx 


— i, The right-hand sum is 


| уз (1) = (0700) Зайн a (Seriea) 
| = mbto = HEt, Thus, ји 2061) 
| = im (7444 ) -1-1 | 
1—5 х 


43. f(x) =x+x? =x(1+x) 














Let Ax — 1—9 — 1 апа с; = 1/Ах = +. The right-hand sum is 
ч 1_ fi 1 
у Уа +еђа = > (5 + (2) j- afe Ay? 
i= i= 
2 2 
2 3 (18:51 4: 4. ку — i ШЕ 213 E +n 
1 24344 2 п 
1 = 1+4 4T, Thus, іт У (а +) 
noo 1=1 
| 1+1 2-245 1,2_5 
2 = im |( 2 )5(23251|-144-8 
1 


44. f(x) = 3x + 2x? 1-0 


Let Ax = 1—0 = 1 and c; 2 iAx — i, The right-hand sum is 


Уза +20) - 1 (8 200) = ар + ар 
=. i=l 1=1 = 


3 (se) +2 ку _ 302+ 3n " 202 + 3n+ 1 
TR 2 3 6 Бр 202 





n 








H M о À л 
UK 
| 

Y 
м 
| 


3n 
343 | 223-1 3 n 231 
= 5" Б 5. Тһиѕ, іт > (За + 2с); 
noo 1-1 
zi 3+ 25384118: 2013 
=m | (252) + (744 Soka 5 


45. f(x) = 2x? nd c; — iAx — +. The right-hand sum is 


ЯС п 2 
d... 02 NM 2, Dan n(n- 1) 
); PE 42 = | 2 

_ 2n?(n?+2n4+ 1) _ 


4һ4 = 2n? — 


Thus, lim У (2с) 


-900 2 
n—090: 41 





117 
жее 
N 
С) 
EIN 
М 
Бе 
и ~ 
N 
m~ sie 
шін чь E £e 
+ 
S 
E + 
= 
БЭЭ 
к 
+ _ 1 
кује + — 
+ bof Bly 
то + 
--4 Re 
| Б 
мін 
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46. Қх) = х2 – x? 


-1 


5п+5 4n?+6n+2 
2n "E 3n 


РЕ п?+2п+1 _ 
=2 4n2 =2 


з 5+5 448423 
— lim р y+ 


noo 


5.3 THE DEFINITE INTEGRAL 
2 
1. 1 x? dx 
0 
4 
f 1 ах 
1х 
0 
T. J е x) dx 


2 
1 g(x) ах = 0 


ын 


9. (а) 


e 


( 


бй. 41:02:58 
ng mU al. 5 
3 1 EE 5+ 


2 2 
) [| 3f(x) dx = s f, f(x) dx — 3(—4) — — 





Let Ax = 9— CD - lande — —1-4iAx— —14- 
hand sum is Уа — с?) 1 => eium 


1-1 


i. The right- 


(14-47) 





545 44848 142 ME: ; n 
jid —E . Thus, lim > (с: — 0): 


э. : 
Пп— 00 i=l 


ээ 
ale 
- 
N 


5 

3. Јо зх) в 
1 

6. f, "x 


0 
2. Јох ах 


3 


5. г- ах 
2 х 


т/4 
8. f (tan x) dx 


1 5 
() [sco dx — — f, sco dx - -8 
5 5 2 
(d) Í. f(x) dx = f f(x) dx — f. f(x) dx 26— (—4) 2 10 


5 5 5 
(e) f [f(x) — g(x)] dx = if f(x) dx — f. g(x) dx =6-—8=-2 
5 5 5 
(f) 1 1410) — g(x)] dx = 4 f. f(x) dx — f. g(x) dx 2 4(6) — 8 2 16 


10. ( 


e 


© 


( 
( 


e 


9 9 
) f —2f(x) dx = —2 f. f(x) dx 2 -2(-1) 22 
9 9 9 
) f. [f(x) + h(x)] dx = Í. f(x) dx + Ї h(x) dx =5+4=9 
9 9 9 
) f. [2f(x) — 3h(x)] dx = 2 Ї f(x) dx — 3 Г h(x) dx = 2(5) — 3(4) = — 


1 9 
(а) fiwa- f f(x) dx = —(-1)= 1 


( 


о 
— 


7 9 9 
Јај, f(x) dx — ff f(x) dx = —1 — 5 = —6 


7 9 9 9 
(f) 1 [h(x) — f(x)] dx = 1 [f(x) — h(x)] dx = f. f(x) dx — 1 һ(х)йх=5—4=1 


f кода = f, 19-5 


Гша--(Гюа-- 


11. (а) 


( 


С 
ми 


2 2 

(b) 1 V3 f(z) dz = V5 [, f(z) dz = 5/3 
2 2 

(d) f. [—f(x)] dx = — T f(x) dx = —5 
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2. ® |Гаоа--/Гафа--у? Ф | ewau= fi, sas /5 
© f solas- f swav @ fi ear=4 fy ea= (4) (v2) =1 


4 4 3 
13. (a) Ј, ков: = Ј, код: – f f(z) dz=7-3=4 
3 4 
(b) f. f(t) dt = — f. f(t) dt = —4 


3 3 1 
14. (а) Ј ко ad= f noa- f, h(t) dr =6 -0=6 


1 3 3 
(b) Гмәш--(-/ 22 =f, h(u) du = 6 


15. The area of the trapezoid is A = i (В + b)h 


4 
= 25 +2%6) =21 = Í. (3 +3) dx 


= 21 square units 


16. The area of the trapezoid is A = 1 (B + b)h 





3/2 
=i = Е 
= 5(3+10(0) =2 = i5 (—2x 4- 4) dx 
— 2 square units 
17. The area of the semicircle is A = 1 пг? = 3 (3) зу. 


3 
219 -3Х214х-09 1 
=57 => Г. м х? dx = $ 7 square units 


-3 -2 -1 1 2 3 
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18. The graph of the quarter circle is A — į mr? = 1 л(4)? 


0 
=4т > ЈЕ 16 — x? dx = 4m square units 


19. The area of the triangle on the left is A = $ bh = 5 (272) y 
= 2. The area of the triangle on the right is A = i bh 
— 1(1)) 7 1. Then, the total area is 2.5 





(x) = [x] 





1 
=> ШТ; |x| dx = 2.5 square units 


-2 == 
20. The area of the triangle is A = i bh — i (2)(1) = 1 y 
1 
=> f (1 — |x|) dx = 1 square unit 
л f(x) =1—[х| 
-1 


21. The area of the triangular peak is A = 1 bh = 1 (2)(1) = 1. 
The area of the rectangular base is S = €w = (2)(1) = 2. 


f(x) = 2— |x| 






1 
Then the total area is 3 => | 0 — |x|) dx = 3 square units 





2 


А А К лыы 





22.у-і1-У1-х2 -> у-і-у1-х?2 
= (у- 12 =1-х? = х? + (у – 1)? = 1, a circle with 
center (0, 1) and radius of 1 = y = 1 + y 1 — x? is the 
upper semicircle. The area of this semicircle is 
A= i тт? = 1 т(1)? = z The area of the rectangular base 
is A = £w = (2)(1) = 2. Then the total area is 2 + 5 


1 
= T (1 +V1 =x?) dx = 2 + 5 square units 
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b . b 
23. | зах-10Х0-5 24. Ї 4х ах = 1646) = 2b? 


у 





b b 
25. ], 2sds = }b(2b) — }.a(2a) = b? — a? 26. Ї 3t dt = 1 Ъ(ЗЫ) — 1 а(За) = 3 (b? — a?) 


у 


у 





3b 






< 
н 
2 


деди ААА АА ААда далу АдАм? 


3a 


P eene itt tnt 
- 


27. (а) [^ — х2 ах = 1[п(2)?] = 27 (b) [^ — х2 ах = 1[п(2)?] = т 


28. (а) f. + V1-x?) dx = f dx 4- ЈЕ 1— x? dx = —1[(1)(3)] + 1[л(1)2] = 1—2 
(b) (> Е X41 E dx — f dx + f» dx + Гу — х2 4х = —1[(1)(3)] + &((1)(3)] + tr)? = = 





























29. | шы шй 30. fio REIS 

31. "оао = ой шэг 32. [A az БИГ 09. 5, 
33. T а = 34. fas = 22% = 0.009 

35 ["ea- 8 = 2 36 Pea- Bor 

37 [xax - e? шаа 38 Їр Бей 
39. е к 40. ЇГвас- ӨВ = on 
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41 


43 


1 
fi tax =70-3)=-14 





Га-за-2Га-(эа-2( 1 32—-0)=4—6=—2 


2 





: p (t- v2) acf aoa Е | "audaces 


1 1 1 1 2 
7 = 7. Е 1 => 1 | 22 12| _ 1 (3) _ 
„Г а+@= 1dz4 f, 5az- f, 12-1] = 11-21-18] =- -1(1)-- 


2 2 . 
42. |, эхах-5 | хах-512-91-10 


BI 


| Ј, вг зув = |, заа | заа--2 | заг- | заг--2| -4|-30-31--9-9-0 


Р Гэ-э Ја Је Ја -3(%-4-( 91) =з [а 


! : : 1/2 sy Q) 
„Јожеф = | wdu=24] fo wau- [wan] =24fe - =24 [90] =7 
1/2 1/2 0 0 3 3 3 


| Т.өёхх-зуах-з | хх | хах- | 5ах- | 2-54|-12-4|-52-01-4842)-10-0 





Lp бе +х-5)& =- |, (д +х—5)4=- з, х®ах+ уха fy 50x 
=-[(#-#)+(#-®) -э0-о]--@-®—4 








51. Let Ax = ?=09 = 5 апа 1еї хб = 0,ху = Ах, 


n 


X9 — 2Ax,... ,X,4 — (n— l)Ax, x, — nAx = b. - 
Let the c,'s be the right end-points of the subintervals у“ 
=> сү = х1, со = хә, апа so on. The rectangles 
defined have areas: {(x) = ae 
Кеј) Ax = f(Ax) Ax = 3(Ax)? Ax = 3(Ax)? 
(сә) Ax = f(2Ax) Ax = 3(2Ax)? Ax = 3(2)?(Ax)8 
f(c3) Ax = f@Ax) Ax = 3(3Ax)? Ax = 3(3)2 (Ах)? 
(сь) Ах = f(nAx) Ax = 3(nAx)? Ax = 3(n)?(Ax)? 
Then S, = У) Ко) Ах = У ЭК (Ах) 
k=1 k=1 х,20 Я ХЕ Хы 


- (Ах)? 57 i (&) (эз н 


k=1 


b 
– поља нај = Јузеак- ли, #08 +а) = 
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52. Let Ax = = = ? and let xọ = 0, xı = Ax, 


53. 


54. 








Xo = 2Ax,... ,X,_) = (n— 1)Ax, x, = nAx = b 2 | (олы?) 
Let the с, 5 be the right end-points of the subintervals m 
=> сү = ху, со = Xo, and so on. The rectangles 
defined have areas: f(x) = 
f(ci) Ax = f(Ax) Ax 2 a( Ax Ax 2 n( Ax)? 
f(c3) Ax 2 fGAx) Ax 2 1(2Ax)) Ax 2 n (2 (Ax? 
f(c3) Ах = КЗАх) Ах = л(ЗАх)? Ах = л(3)?(Ах)з 
сь) Ах = Ах) Ах = пп Ах)“ Ах = п(п) (Ах) 
Тһеп $, = У о) Ах = У ak! (Ax)? 
к=1 к=1 х 
5 =0 X Xo X44. XQ 2b 
= (Ax? Y: Kà 0 (5) (26529222) қ жан 
kel Ч 
mb 3 1 ч 2 5 Tb? 3 1 mb? 
= 7 (2+,1 + 2) = fom dx = lim, (2+ +в) =. 
Let Ax = 50 = = 2 ® and let xp = = 0, x; = Ax, 
X2 = 2Ax,... ,X,-) = (n — 1)Ax, x, = nAx = b 
Let the c,'s be the right end-points of the subintervals 
=> Cı = X1, со = хә, апа so on. The rectangles 
defined have areas: 
f(c1) Ax = f(Ax) Ax = 2(Ax)(Ax) = 2(Ax)? 
(сә) Ax = f(2Ax) Ax = 2(2Ax)(Ax) = 2(2)(Ax)? 
f(c3) Ax = f(3Ax) Ax = 2(3Ax)(Ax) = 2(3)(Ax)? 
f(c,) Ax = f(nAx) Ax = 2(nAx)(Ax) = 2(n)(Ax)? 
Then S, = =X с) Ах = P» 2k(Ax)? 
k= k=1 
= 21x)? 3 k= 2(%) (2222) 
k=1 
2 1 2 1 2 
= (1+ 1) > [, 2x dx - „lim, 6? (1+1) =. 
Геї Ах = °—9 = 2 and let xo = 0, хі - Ах, у 
Xp = 2Ax,... ,X,_) = (n— 1)Ax, x, = nAx = b. 5 +1 : 
Let the c,'s be the right end-points of the subintervals f(x) - 5 +1 
=> Cy = X1, Co = Xg, and so on. The rectangles 
defined have areas: 
Ка) Ах = ҚАх) Ах = (4% + 1) (Ax) = $ (Ах)? + Ах 
Ax 
Ке) Ах = Дх) дх = (28 +1) (Дк) = 0А Ах SS 3, — — "e X, 


Кез) Ах = КЗАХ) Ах = (32x + 1) (Ах) = 5 (3)(Ax)? + Ax 





Ке) Ax = f(nAx) Ax = (225 + 1) (Ax) = 4 (n)(Ax)? + Ax 
Then S, = =X Ко) Ах = > (1А) -- Ax) — EAS)! Y ec Ax 1 2 1 (E) (222) « 


БІС 


(5) (9 


ip (14 1)4b > [G ) dx= lim, (fb? (1+5) +b) = 7b? +b. 
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55. ау(ђ = (сін) Í e E 


уз уз 
-4 |J, x? dx — + 1 dx 


3 J0 








1 


57. av = (35) f, 5 - 0 dx — 


= з Ја Је -з(#) -а-0 


= —2 





1 
58. аб = (55) Ј, (3x? — 3) dx = 


-3 | xax- f зак=3 (2) зао 





3 
59. avif) = (545) f, (t— 1)? dt 


3 3 3 
: |, ёа-3 frati fia 


1) - 18-2) Чө-өнь 
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60. av — (+5) | (8 — 0) dt 








1 
61. (a) av(g) = (==) f. (|x| — 1) dx 
0 1 
s (=х—1)4х+ f, 6 - Ddx 
0 


0 1 1 
Ib l —d 
f xa f, 1ax+} f xax г тах 


cg) -ie-cmei(f-5)-ia-o 


= 





жы, 
em 
| 


Nie IO aps 


3 3 
(b) av(g) — (ын) f. (|x| — 1) dx = i f. (x — 1) dx 


3 3 
ew 1 1 (32 12 1 
-3| ха-31 14х-1(5-5)-10-1 
1. 


© ака = (52) 00а 


1 3 
=} f x-1 a+} f (x-1) ax 
1 (-1+2)= 1 (see parts (a) and (b) above). 


62. (a) av(h) = (=) fi- = | сэ) dx 


° 0? (192 
= 2207 ие ВЕН 
=f x=% Qr E E 
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g(x) = |x|-1 








h(x) = 4x] 
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1 | 
(b) av(h) = ар —|х|4х=—/, x dx 





(edes (5) ЈЕ — |x| dx y 


0 1 
= s |x| dx + 1, — |х| 8) h(x) =—|х| 


4 (— 4+ (— 4)) = — į (see parts (a) and (b) 





above). 
63. Consider the partition P that subdivides the interval [a, b] into n subintervals of width p = ?—? and let cy be the right 
endpoint of each subinterval. So the partition is P — (a, a + =, a + 20-80) 2 „а + == EN апа ск = а + Қы-а) 8 








We get the Riemann sum У Кој Ах = Ус. сЗа. ef boa) i = s-a) -n = c(b — 43 As n — oo and ||P|| — 0 
k-i k=1 k=1 


b 
this expression remains c(b — a). Thus, f c dx — c(b — a). 





64. Consider the partition P that subdivides the interval [0, 2] into n subintervals of width Ax — 2-0 = 2 and let cy be the 





right endpoint of each subinterval. So the partition is P — (0, 2, 2. 2, eo nt 2 = 2} ап4 ск = К. 2 = Ж, We get the 
Riemann sum Кој Ах = >: [2() + 1] 2-2 ас 2y1= 5. sot he Аа) 4 2, 
к=1 к=1 к=1 к=1 k=1 


2 
As n — oo and ||P|| — 0 the expression tat) + 2 has the value 4 + 2 = 6. Thus, 1 (2x + 1) 4х = 6. 





65. Consider the partition P that subdivides the interval [a, b] into n subintervals of width 5. = 2—2 апа Іе cx be the right 
endpoint of each subinterval. So the partition is P = T a+”, a+ Ar e e ze) n Cc — adc к) Ч, 
п 2 
We get the Riemann sum Y f(a)Ax — У се (5=) = Ele T" = Pe c + 20-а) + -— 
k=1 k=1 k=1 k=1 








k=1 k=1 = 


3 1 
2 | 2+1+5 


— (b — a)a? - a(b — a)? - ath + к „КОВИН (b — a)a” + a(b a)?» itg EC 1 


n 








As n — oo and ||P|| — 0 this expression has value (b — a)a? + a(b — a)” - 1 + 18 -2 





b 
= ba? — a? + ab? — 2a?b + a3 + 1(b3 — 3b?a + 3ba? — a3) = & — 2. Thus, |, xdx = E — 5. 
66. Consider the partition P that subdivides the interval [— 1, 0] into n subintervals of width Ax — 9- CD == 1 апі let c be 
the right endpoint of each subinterval. So the partition is P — (—1, —1 4 1, —1+2. Lo. ,—l4n к= = 0} and 
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68. Consider the partition P that subdivides the interval [—1, 1] into n subintervals of width Ax = 
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ск = -1+К. 1 = —1+ £. We get the Riemann sum )7 f(cx)Ax = > ((-1 + *)-(-1+ 57) 4 
k=1 








ксі 
n 2 n n n 
И ЕЕ 
k=1 ксі ксі k=1 
--2- 30:31) GrDOR D) As n — oo and ||P|| — 0 this expression has value —2 +  — 1 — —$. Thus, 


0 
f. – х2)ах = -$. 


Consider the partition P that subdivides the interval [—1, 2] into n subintervals of width Ax = 2 =) 3 and let cy be 





the right endpoint of each subinterval. So the partition is P — (—1, —1 4 3, —1+2. 3, ,-—l-4n: 3 = 2} and 
ск = —1+К.3 = -1+ % X, We get the Riemann sum > Кај Ах = 2: (3(-1+ #)* —2(-1+%) +1) 3 
k=1 k=1 


n n n n 
-180 3 — 18k Doaa ук+ 81 у= 18.1 т. ао алан Ор 
К=1 k=1 k=1 k=1 


= 18 3б(а +1) + 21011281), As n — oo and ||P|| — 0 this expression has value 18 — 36 + 27 = 9. Thus, 
2 

J Ge —2x+1)dx =9. 

1-6) = 2 апі let cj be 


,-1-4n 22 аа 





the right endpoint of each subinterval. So the partition is P = 1—1, –1 + 2, —1+2. 2,.. 


ск = —1 +k- Ž = —1 + Ж. We get the Riemann sum У Кој Ах = 225) == (–1+ 2) 
k= 


= 


-ix(- 1+ & — г = (Eo tbe seat) 
k=1 k=1 k=1 k=1 k=1 


2 
2 2224 аб) 3. оопа) 1$. (seen) = 2+6. "4 4. кешби doge кы 


зул 244 
--2--6. мн даа талан ду ыа дел > co and ||P|| — 0 this expression has value —2 + 6 — 8 + 4 = 0. 


Thus, Г. хах- 0. 















































69. Consider the partition P that subdivides the interval [a, b] into n subintervals of width Ax = be the right 
endpoint of each subinterval. So the partition is P — (a, a + =, a + 2-а) а. СИ 1-а) 2 ы апа 
ск = a+ к). We get the Riemann вит Уо) Ах = bac) = вэ (a + эн 
k=1 k= k=1 
> boa (г 4 = + кке а)? + кше SEL NE a улу? + es) 
x 24% k=1 k=1 
а)? nin ајр—а З nin n nin 1 
= 5=8 . паз TT а) ` CHD 4 ae, : ` ( +? Hye шш ~) 
a? —a 2 n+ —а n n a n 
= (b — a)a? + e ee F i ab- Pt zd tD bo у е0 
344 ! 244 
= (b — a)a? + ule o DE w- 3r. cer + шонд шэг =. Азп — оо апа ||Р|| — 0 this expression has value 
b 
нэг тэлэн Thus, Ж rd a Eas, 


120 = 1 and let cą be the 


70. Consider the partition P that subdivides the interval [0, 1] into n subintervals of width Ax = 
= l}andck = 0 +k- t= E, 


right endpoint of each subinterval. So the partition is P = {0, 0 + т, 0+2. 1, 


Ї 
We get the Riemann sum » /f(cy) A = > (За – с (1) =1У (3 E (5) = ЈЕ Xk-i EK) 
к k=1 k=1 


k=1 К-1 
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2 2 1 2,1 
г По. ВЫ 3. ati 1, att 3, lti T. Ret i i 
= = 5 м : = 5: 1 qe хийний - 1 12. Аѕп — oo and ||P|| — 0 this expression 
1 
3 _1_5 zaras 
has value 5 — 1 = 4: Thus, f (3x x” )dx = 1. 


71. To find where x — x? > 0, letx—x?=0 => ха –х = 0О> х=0огх = 1. КО Сх < 1, ћепо <х —х > а=0 
and b — 1 maximize the integral. 





72. To find where x! — 2x? < 0, let x! — 2x? =0 => x?2(x?-2) =0 = x=Oorx= + y2. By the sign graph, 


++++++ 22 -- 0 —— 0_+4+++4++++, we can see that xt — 2x? < 0 on |-v2, У2| => а=—\/2апдЬ = \/2 
—\/2 2 
minimize the integral. 





73. f(x) = is decreasing on [0, 1] = maximum value of f occurs at 0 — max f = f(0) — 1; minimum value of f occurs 


pex 





at | = min f = f(1) = їр = 1. Therefore (1 Ове ЈУ Tre dx < (1 — 0) max f > $< Нэгт 


That is, an upper bound = 1 and a lower bound = 5 : 


74. See Exercise 73 above. On [0,0.5], max f = 





156 го ӨГ Аз доод 
ro = l, min f = ГҮ(058 7 0.8. Therefore 


(0.5 — Omintz f^ f(x) dx € (0.5 — 0) max f — 2 EI Ds dx € 1. On [0.5, 1], max f — тор - 0:8 апі 


1 


min f = = 0.5. Therefore (1 — 0.5) min f < dx € (1 — 0.5) max f => i < E ма те dx < 2. 


1 
1-12 Жс 


0.5 1 1 
1. 2 1 T 1 9 
Then 1 i « f, Tee + Jostee KS E+5 > GS Jy TRS 10: 


1 
75. —1 < sin (x°) < 1 forallx = (1 — 0)(— n<f sin ( (x2) dx < (1 — 0)(1) er f, sin x? dx < 1 > Г sin x? dx cannot 
equal 2. 


76. f(x) = yx + 8 is increasing on [0,1] => max f = f(1) = \/1 + 8 = 3 and min f = f(0) = V0 + 8 2242. 
1 1 
Therefore, (1 — O)min f < | /x+8 dx < (1-0) maxf > 2\2. < f yxF8dx <3. 


b 
77. Tf f(x) > 0 on [a, b], then min f > 0 and max f > 0 on [a,b]. Now, (b — a) min f < Ї f(x) dx < (b — a) max f. 


b 
Thenb>a => b-—-a>O0O => (b—-a)minf>0 => Јах > о. 


b 
78. If f(x) € 0 on [a, b], then min f € 0 and max f € 0. Now, (b — a) minf € Í f(x) dx < (b — a) max f. Then 


b 
b>a => Б-а>0 = (b-a maxf<0 > f ioa «o. 


1 1 1 
79. sin x < x for x > 0+ sinx—x <Oforx>0= f, (sinx—x) dx <0 (see Exercise 78) > f Япхах- | xdx <0 


1 
> [| захах< || хах = Јапхак< (8 – 5) = fi sinxdx <3. Thus an upper bound is +. 
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81. 


82. 


83. 


84. 
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: 1 
secx > 1+ S on(- 5,2) > secx — (1+ $) 200n(- 5,5) 5 fy [sec x- (1+ $)] dx 2 0 Gee Exercise 77) 
1 1 1 1 
since [0, 1] is contained in (- 5,2) 9 f, seex ax - Ј, (1+5) 4х > 0 = | see x di aj (1+5) 
1 1 1 1 1 
= весак > лак: ак = | зесхак> 1 –0)+ 1 (5) = Ј зесхах > 1. Таиза Јомег bound 
7 
15 <. 


b b 
Yes, for the following reasons: av(f) = 1 Í f(x) dx is a constant K. Thus Í 





b 
Б=з av dx — f. Kdx —K(b— a) 


b b b 
> avi) dx =(b-aK =(-a)- Lf оа = te ax. 


All three rules hold. The reasons: On any interval [a, b] on which f and g are integrable, we have: 
b b b b b 
(a) av(f- g) 2 c Ї [f(x) + g(x)] dx = zh у f(x) +] g(x) ax = 201 f(x) dx + L. g(x) dx 
= av(f) + av(g) 
b b b 
(b) av(kf) = 51 Í kf(x) dx = 51 | f f(x) ax =k Е f f(x) к = kav(f) 

















1 
b-a 


b b b 
(c) av(f) = Vv f f(x) dx € |. g(x) dx since f(x) < g(x) on [a, b], and v Ї g(x) dx = av(g). 


Therefore, av(f) < av(g). 





(a) О = max; Ax + maxy Ax+... + max, Ax where max, = f(x;), max) = f(x5), ... , max, = f(x,) since f is 
increasing on [a, b]; L = min; Ax + ming Ax +... + min, Ax where min, = f(xo), ming = f(x,),... , 
min, — f(x, 4) sincef is increasing on [a, b]. Therefore 
U — L = (max, — min) Ax + (max — ming) Ax +... + (max, — min,) Ax 
= (а) — f(xo)) Ax -F (f(K2) — FK1))Ax +... + ((х„) — Кх,1)) Дх = (Кх,) — Кхо)) Дх = (КБ) - Қа)) Ах. 


(b) Ч = мах, Axı + max, Ax +... 4- max, Ax, where max; — f(x1), maxo — f(x3), ... , max, — f(x.) since f 


wm 


is increasing on[a, b]; L — min; Ax; + ming Ax +... + min, Ax, where 

min; — f(xo), mino — f(x1),..., min, — f(x, ;) since f is increasing on [a, b]. Therefore 

U —L = (max, — min,) Ax; + (max, — ming) Axy +... + (max, — min,) Ax, 

= (Кх1) — Кхо)) Дх, + (#00) – Та) Ах +... + (Кх,) — Кх,_,)) Ах, 

< (ху) – Кхо)) Ах,» + (Кх2) — х1) Ах +... + (а) – 01) Ах. Then 

U-L< (f(,) — Кхо)) Ах, = (Ы) – Қа) Ахы, = |f(b) — f(a)| AXmax since f(b) > f(a). Thus 


(0-1) = jim 5 (f(b) — f(a)) AXmax = 0, since AXmax = ||P]| . 


lim 

|Р| +0 
(а) О = тах; Ах + тах» Ах +... + тах, Ax where 

max, — f(xo), maxo — f(x), ... , max, — f(x, 4) 

since f is decreasing on [a, b]; 

L = min; Ax + mins Ax +... + min, Ax where 

min; — f(x1), ming = f(x2), ... , min, = f(x,) 

since f is decreasing on [a, b]. Therefore 

U-L — (max; — min;) Ax 4 (maxo — mino) Ax 

+... + пах, — min,) Ax 

= (Кхо) — Кх!)) Дх + (Кх!) — Кх2)) Ах 

+... + (©) — Кх,)) Ах = (хо) — Кх,)) Ах 

= (Ка) — f(b)) Ax. 
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(b) Ч = мах, Ax; + maxy Axy +... 4- max, Ax, where max; — f(xo), maxo = f(x;), ... , max, = f(x,_,) since 
f is decreasing on[a, b]; L = min, Ax; + ming Ax2 +... + min, Ax, where 
min; — f(x1), mino — f(x2),... , min, — f(x,) since f is decreasing on [a, b]. Therefore 
U — L = (max, — min,) Ax, + (max — ming) Axy +... + (max, — min,) Ax, 
= (Кхо) — Кх,)) Ах! + (ху) – 5))Ахә +... + (1) — Кх,)) Ах, 
X (f(xo) — f(x,)) AXmax = (f(a) — f(b) Ax, = |f(b) — f(a)| AXmax since f(b) < f(a). Thus 
lim (0-1)- ша |f(b) — f(a)| Ax,,,, = 0, since Ax,,,, ЇР |. 
|Р| — 0 ІР|-0 | | ІРІ 
(a) Partition (0, т] into n subintervals, each of length Ax = on with points x; — 0, x = Ах, 


X2 = 2Ax,...,X, =nAx = 5. Since sin x is increasing on (0, Я , the upper sum U is the sum of the areas 
of the circumscribed rectangles of areas f(x,) Ax = (sin Ax)Ax, f(x?) Ax = (sin 2Ax) Ax,... , f(x,) Ax 


cos 4* — cos( (n+ 5) Ах) 


— (sin nAx) Ax. Then U — (sin Ax + sin 2Ax +... +sinnAx) Ax = | 2 DEUS Ax 
2 





и EE à (4) = x (cos # — cos (3 + Z)) cos £ — сов (5 + 2) 


2sin = 2n 4n sin Z D sin fa 
4n 4n (=) 
7/2 2- тат — сов 5 
(b) The area is 1 sin x dx = lim osa- cra) = 1992 o 
0 n — oo ( Sn dn ) 
an 
(a) The area of the shaded region is } *Ax; - m; which is equal to L. 
ігі 
(b) The area of the shaded region is $` Ax; - Mj which is equal to О. 
і=1 
(с) Тһе area of the shaded region is the difference in the areas of the shaded regions shown in the second part of the figure 


and the first part of the figure. Thus this area is U — L. 


By Exercise 86, U — L = )\ Ax; - Mj — }> Ax; - m; where Mj = max{f(x) on the ith subinterval} and 
1-1 1-1 


m; = min{f(x) on the ith subinterval}. Thus U — L — $:(Mi — mi)Ax; « 5e: Ax; provided Ax; « ô for each 
1-1 i=1 


i — L,...,n. Since $e: Ax; 2 e$; Axi — e(b — a) the result, U — L « e(b — a) follows. 
1-1 1-1 


The car drove the first 150 miles in 5 hours and the 


second 150 miles in 3 hours, which means it drove 300 т 


miles in 8 hours, for an average of 49 mi/hr —— 


= 37.5 mi/hr. In terms of average values of functions, 
average 


the function whose average value we seek is value 
<t< 
мо = [50 0<1<5 


= 37.5 mi/hr 


e 


50, 5 <1<8' and the average value is 


(305) + (503) __ 
GOON ONG) — 37,5, 


t Time 
hr 
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Section 5.3 The Definite Integral 


Example CAS commands: 


Maple: 


95-98. 


with( plots ); 

with( Student[Calculus1] ); 

f :=x -> 1-x; 

а:=0; 

b:=1; 

М :=[ 4, 10, 20, 50 ]; 

P := [seq( RiemannSum( f(x), x=a..b, partition=n, method=random, output=plot ), n=N )]: 
display( P, insequence=true ); 


Example CAS commands: 


Maple: 


89-98. 


with( Student[Calculus1] ); 
f := x -> sin(x); 
а := 0; 
b := Pi; 
plot( f(x), x=a..b, title="#95(a) (Section 5.3)" ); 
К := [ 100, 200, 1000 |; # (b) 
for n in N do 
Xlist := [ a+1.*(b-a)/n*i $ i=0..n ]; 
Ylist := map( f, Xlist ); 
end do: 
for n in N do # (с) 
Avg[n] := evalf(add(y,y=Ylist)/nops(Ylist)); 
end do; 
avg := FunctionAverage( f(x), x=a..b, output=value ); 
evalf( avg ); 
FunctionAverage(f(x),x=a..b,output=plot); —# (d) 
fsolve( f(x)=avg, x=0.5 ); 
fsolve( f(x)=avg, x=2.5 ); 
fsolve( f(x)=Avg[1000], x=0.5 ); 
fsolve( f(x)=Avg[1000], x=2.5 ); 


Example CAS commands: 


Mathematica: (assigned function and values for a, b, and n may vary) 


Sums of rectangles evaluated at left-hand endpoints can be represented and evaluated by this set of commands 


Sums of rectangles evaluated at right-hand endpoints can be represented and evaluated by this set of commands. 


Clear[x, f, a, b, n] 

{a, b}={0, 7}; n =10; dx = (b — a)/n; 

f = Sin[x]?; 

xvals =Table[N[x], {x, a, b — dx, dx}]; 

yvals =f/.x — хуа; 

boxes = MapThread[Line[{ {#1,0},{#1, #3}, {#2, #3}, {#2, 0}]&,{xvals, xvals + dx, yvals}]; 
Plot[f, {x, a, b}, Epilog — boxes]; 

Sum[yvals[[i]] dx, {i, 1, Length[yvals]}]//N 


Clear[x, f, a, b, n] 
{a, b}={0, 7}; n =10; dx = (b — a)/n; 
f = Sin[x]?; 
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xvals =Table[N[x], (х, a+ dx, b, dx}]; 
yvals 2 f/.x — xvals; 
boxes 2 MapThread[Line[( (311,0), (1, £3), (82, 33], (422, 0] ]&, (xvals — dx,xvals, yvals}]; 
Plot[f, (x, a, b), Epilog — boxes]; 
Sum[yvals[[i]] dx, (i, 1,Length[yvals] ] //N 
Sums of rectangles evaluated at midpoints can be represented and evaluated by this set of commands. 
Clear[x, f, a, b, n] 
{a, b}={0, 7}; n =10; dx = (b — a)/n; 
f = Sin[x]?; 
xvals =Table[N[x], {x, a + dx/2, b — dx/2, dx}]; 
yvals = f /.x — xvals; 
boxes = MapThread[Line[{ {#1,0},{#1, #3}, (#2, $3), (82, 0] ]&, (xvals — dx/2, xvals + dx/2, yvals}]; 
Plot[f, {x, a, b},Epilog — boxes]; 
Sum[yvals[[i]] dx, {i, 1, Length[yvals]}]//N 


5.4 THE FUNDAMENTAL THEOREM OF CALCULUS 


1. fo + 5) ах = [x? + 517; = (0? + 5(0)) — ((—2)? + 5(—2)) = 6 





2. [.6-9«- [- 2]. - (s =) – (5039 – 5) = =: 





4. Je — 2x + 3) dx = [5 - х? + 3x] 1 = (“ — (1)? +30)) М (S -(-1) +3(-1)) = 20 
5. 5 (з 8) «-[-#,- (2-8) - (1-9) в 


6. Ге — 2x +3) dx = Б — х2 + 3x] 4 = (2 – 22 +30)) = (= -(-2) +3(—2)) — 12 





1 1 
n fero [Eb] poi 


оо 


* —6/5 —1/5] 32 5 5 
J 88 dx = [Sx]? = (9) -C =f 
т/3 
9. f 2 sec? x dx = [2 tan x]q/* = (2 tan (2)) — (2 tan 0) = 2\/3 — 0 = 2\/3 


10. / а +совх) dx = [x + sin x]j = (7 + sin 7) — (0 + sin 0) = 7 





3т/4 

и. Л, ®е®#со#а# =[—се д = (-се(%))-(-е«(2)--У2-(-У2)-9 
т/3 

12. f? 4 sec u tan u ди = [4 sec ију = 4 зес (5) — 4 sec 0 = 42) - 4(1) = 4 
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0 
n 1+2 = Ј „(5 + 5 сов2) а: = Пи + 1 зт 20 = (4 (0) + } sin 2(0)) — (3 (5) + 1 502 (5)) = – 


1 — сов 21 сов 2t Ета 1 14 т/3 
ЫГ dt = Ј сов 21) dt = [3t — 1 sin 2t] M 


1 
2 
- (2 -35n2(9) -G(-) -3s2(7 9) - 8 - Eine pe bin (45) - 5 2 


T 2 ТШ 2 т/4 T T T 
, amxdx- J (ѕес2 х – 1) х = [tan x — x]ọ — (tan(2) - 2) - (tan(0) -0) 21- 2 


7/6 


7/6 т/б 
j 1 (sec x + tan x)* dx = || (sec? x -- 2sec x tan x + tan? x)dx = f (2sec? x + 2sec x tan x — 1)dx 


= [2tan x + 2secx — x]q/* = (2tan(Z) + 2sec(Z) — (Z)) — (2tan0 + 2sec 0 — 0) = 24/3 = ы. 


2 2 2 


т/8 т 
: 1 sin 2x dx = Е өк” = (—4 cos2(4)) — (—4 cos 2(0)) = 248 


-т/4 -т/4 
= n] —7/4 
I. (4 set 4- 5$) dt = ЈЕ (4 sec? t 4- nt 2) а= [4tant — 1] 75 


= (4n (- 3) - 5) - (4n(3) - 5) = 4-9 +4)- (4(-V3) «3) -4v3-3 





-1 -1 = 
| c4 D*ar- f, (2+2с+1)4с= [++] =(S¥ +c? +b) -(F4+P41)=-3 


|” 1) (€ 4- 4) d [ eene a кадра] 
utt )(t +4) 4 = GU tU t4 4) c= [$4 $4204 (|. 


(Ga тя м 











Дер ды наи (Ен) (еды) i 





f 968- fae ca- [- A] - (6-8) - 0-3) ms 


- V2- 81 


8 | 8 8 
; f ee) 422 J шинэ ae ce 1 (2 — x2/3 4. 2x-1/3 — x1/3) dx = 


X 


[2х — 359 + 352/5 — 34/3]? = (2(8) — 3(8)° + 3(8)7 — ау — (20) — 3(1)9 30^ - $(*^) 


— 138 
^ %0 





" sinax gq _ [ 2 _ [ E are и 
: ІШ dx = | ме» dx = J sos dx = [sinx] T (sin (1)) — (sin ($)) = -1 
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26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


35. 


36. 


37. 


Chapter 5 Integration 


т/3 т/3 т/3 
Г (cosx + sec x)? dx = f (cos? x + 2 + sec? x)dx = f, (S521 2 + sec? x)dx 
т/3 
= E 5cos 2x + 3 + sec? x)dx = [}sin 2x + 3x + tan x] 
0 


= (Јат 2 (5) + 5 (2) + ап(5)) – (11 2(0) + 5(0) + тап(0)) = 52 + 273 


‘ ° i : $ 2] 0 aj о: | «4 2 02 
fax faac f kx - f xaxa f. х4-|-5 981 ,-( + ©; )+ (5 Е)-16 


т/2 


т т/2 т 
1 2 1 1 2 = _ Te п/ 
f 5 (cos x + |cos x| ) dx = f 5 (COS X + COS x) de f. 5 (cos x — cos x) dx — f cos x dx = [sin x], 





=sin > – 8900 = 1 


ук үк _ 
(а) Í cos t dt = [sin t]¥* = sin кто чп ух е 8 ( cos dt) = d (sin v/5) = eos x (1^ 


_ соз\/х 
= 2\/х 


ъ 2 (eos ar) = (сов \/х) (& (V) = (cos x) (Fx) = SE 





(а) | зае [Реша (Л ЭС a) =; 4 (sin? x — 1) = 3 sin? x cos x 


(b) а (Л зё 4) = (3 sin? x) (4 (sin х)) = 3 sin? x cos x 


са ЈУ уља = ЈУ пада = [ней оне = a (fe vim) - 29) - en 
b) $ Dr уча) = уй (4 (0) = 2 (48) = 405 


tan 0 


(ал 0 
(а) f sec? y dy = [tan У| = tan (tan 0) — 0 = tan (tan 0) > i (7, sec? y a) = i (tan (tan 0)) 


= (вес? (tan 0)) sec? 0 


tan 
(b) a (f, sec” y dy = (sec? (tan 0)) (5 (бап 0)) - (вес? (ап 0)) вес? 0 
y=f Vita > = Vite 34. y= fo dat > 2=1,x>0 
0 ух | 
y= f sine а--/ sin t? dt > 5 = — (sin (/x)") (2 (/x)) = —(sin х) (1 х-1/2) = ва 


x? x? x? х2 
= in e dy: lcd in e gros ы даа о 33 
у-х/ sint d > Z =x: al, sin t a) er f sin t? dt = x - sin (x^) 4 (2) + f, sin t? dt 


x2 
= 2x?sin xÓ + Í sin t? dt 





х х 
= dy | 2 Хан 
y- f. ч dt ie gya dt > aT gy жүда ^0 
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Зы (Г (+ Dar), epe (ЈГ озу (° +1)"ar) = "(е (e +0“) 








sin x 
=> dt т dy _ 1 d : 1 __ со$х __ cosx __ : т 
39. у= f. Troe 4 < 5 = de = Troms (ae біпх)) - Foz (COS x) = a = 1 since |х| < 5 


COS X 


cos? x 


40. y= [, 7s > 2 = (bm) (San) = (Ag) (ee?) = 1 


41. —х? — 2х =0 = —x(x+2)=0 => x =Oorx = —2; Area 
_2 0 2 
=-/, (—х* — 2х)4х + ]` „(—х° — 2х)йх— |, (—x? — 2x)dx 
-2 0 2 
a raii 
| a a ын x 
E сар 
-- (Cte) Cen) 
T 
23 0% _ 28 
-(C3-2)-Ct-9) -5 
42. 3x? -3=0 => x?=1 => x= + l; because of symmetry about 
the y-axis, Area = 2 sfs (3x? — 3)dx + [ве — 3)dx 
y , 0 1 


2 (- [x3 — 3x] } + [x3 — 3x] 3 — 2[- ((13 — 3(1)) — (08 — 3(0))) 
+ ((28 — 3(2)) — (19 — 3(1))] = 2(6) = 12 











43. х5-3х2--2х-0-» х(х2-3х--2)-0 
= х(х – 2)(х– 1) = 0 = х-0,1,ог2; 


1 2 

Атеа = |, (x — 3x? + 2х)ах – |, (x? — 3x? + 2x)dx 
-[£-eex] |е 

mE o L4 1 

— fi 04 

«(i-e (omen 


24 14 ub 
gm) Gn 
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44. x! -x =0 > x (1 -x)= 0 Sex SV or 


45. 


46. 


47. 


48. 


49. 
50. 


51. 





1— х2/3 =0 х= 0ог 1 = х2/3 х = бог 


2 > х=0ог+1 
жекс] ( хуз—х ке (х з _ х)ах— ЈУ (а — ах 
рее не 
АЛЖ: 
(1^ - 2) - ($^ - £)] 
(3*5 - 8) - (1095 - £) 
+ 


+4-(-20- $49) =8 








=x 











The area of the rectangle bounded by the lines y = 2, y = 0, x = 7, and x = 0 is 27r. The area under the curve 


y = 1 + cos x on [0, 7] is | (1 + cos x) dx = [x + sin x]§ = (7 + sin 7) — (0+ sin 0) = m. Therefore the area of 


the shaded region is 27 — 7 = т. 








The area of the rectangle bounded by the lines x = е, х эт, у = 5ш 1 sin = , and y = Ois 
51/6 
1 Е — т) = . The area under the curve y = sin x on (5, 3] is S, sin x dx = [—cos хоо 





- ( COS F ( cos т) E ( Xi) + УЗ = 1/3. Therefore the area of the shaded region is уз ===" 


Оп [— 43 0] : The area of the rectangle bounded by the lines y = V2, y-0,0—0,and0 — — 115 /2 (4) 

= т . The area between the curve y = sec 0 tan 0 and y = 0 55 ы] ‚5°С 0 tan 0 d — [—sec 0]? a 

— (—sec 0) — (—sec (— х)) = У2 — 1. Therefore the area of the shaded region on Ес 13 0| 18 шд + (02 — 1) : 
Оп (0, т] : The area of the rectangle bounded by д = + д = фу = V2, апа у = 015 /2 (4) = mE . The area 
under the curve y = sec 0 (ар 0 15 1 i sec 0 tan 0 d0 = [sec aye’ * = sec 2 -86с0-- /2 — ]. Therefore the area 
of the shaded region on (0, 7] is 22 - (v2 — 1) . Thus, the area of the total shaded region is 


(52 + 2-1) « (8E - Уз +1) = 52 


The area of the rectangle bounded by the lines y = 2, y = 0,t = — +, andt = 1 is 2 (1 B (— т)) =2 + 5. Тһе 


0 
area under the curve y = sec” t on |—7, 0] is J see? t dt = [tan 00 а = tan 0 — tan (— 7) — 1. The area 


13 


1 1 
under the curve у = 1 - &on[0,1]is f, (1 &)àc- [i $] E -£)-( — | 2 2, Thus, the total 
0 


area under the curves on -4 45 1| 151+ 2 = 5 . Therefore the area of the shaded region is (2 + т) - 3 = + dos 


у= | 14-3 => & = 1 апйу(л)= | 14-3-0-3--3 = (d) is a solution to this problem. 


x —1 
у=] зесїй+4 => 5 = sec x and y(—1) = f sectdt+4=0+4=4 = (c) isa solution to this problem. 


x 0 
y= J sect at+4 = У — sec x and y(0) = | sectdt--4 044 — 4 = (b) is a solution to this problem. 
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x T 
52. y- f 14-3 = v= lady) = f + dt —3 = 0—3 = —3 = (a) isa solution to this problem. 





dx 
53. y= f, sec t dt 4- 3 54. y- f V1+t? dt— 
44 4h авх 177 у 
55. Area = (АЎ (h — (8) x?) dx = [nx — И Һ у-һ-(4Һ/57 )х2 





- (n9 - 58^) - (n(- 9) - 22") 
! =ЗЬ 


ас 





—b/2 b/2 


56. k > 0 = one arch of y = sin kx will occur over the interval [0, z] = the area = e sin kx dx = 1-1 k Cos кх], oe 


= 60s (k (f)) — (= cos (0)) = 2 





57. &£- d. - ix? oc fiera [0] = ук: с(100) — с) = /100 – v1 = $9.00 


3 3 _ 3 
58. г= 1, (2- кане) dx = 2| (1 = ar) dx z2[x - (z35)], 72 [(3+ aix) 7 (0+ д) 
1 
4 


2 (21) = 4.5 ог $4500 





1 
ко 
- 
mm 
| 
55 
рн 
| 


59. (а) 1=0 = T = 85 — 3y 25 — 0 = 70° F; t = 16 => T = 85 — 3y 25 – 16 = 76° Е 
t = 25 > T = 85 — 3y 25 — 25 = 85° F 


25 2 
average temperatuve = 55 —5 | (85 — 3\/ 25 — ) dt — $ + 2(25 — 9? : 


= 55 (85(25) + 2(25 – 25)*) шад (85(0) +2(25 — 0)? — 75° Е 


(b 


wm 


60. (а) г=0 > Н= /уо +1 + 5(0)У3 = 12 (= 4 > Н= уд +1 + 5(4)73 = У5 + 5474 7% 10.17 ft; 
t=8 > H= /84+14+5(8)'? = 13 ft 

8 8 

average height = мэн (У 1+5) dt = iie 12 4 ge 1 


t+ 
= 3 (308 + 1°? + (88) - (0+0 + 30°) = 8 = 9678 





(b 


wm 


61. | ков= – 2 +1 — #00) = а [пора =: 4 (x? 22x - 1) 22x - 2 





62. 1 f(t) dt = x cos rx = f(x) = 2 | f(t) dt = cos 7x — 7x sin 7x Қа) - сов л(4)- т(2) sin п(4) = 1 


xt 1+1 
= 9 —9 9 = — 92. 
63. фу=2— | d > fo =- pren = R 5 #0) = -3; 0) =2- | 2 dt =2-0=2; 


L(x) = —3(x — 1) + #]) = —3(x – 1) +2 = —3х + 5 
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64. g(x) =3+ J sec (t— 1) dt = g'(x) = (sec (x? — 1)) (2x) = 2x sec (x? — 1) => g'(-1) 2 2(-1) sec ((-1)?? — 1) 


(-1) 1 
--228-0-3-1 sect - Dd -34 f. sec (t — 1) dt = 34+ 0 = 3; L(&X%) 2 -2(x - (-10) + g(—1) 
--2Х-1)-3--2Х-1 


65. (a) True: since f is continuous, g is differentiable by Part 1 of the Fundamental Theorem of Calculus. 
(b) True: g is continuous because it is differentiable. 
(c) True, since g'(1) = f(1) = 0. 
(d) False, since g"(1) — f'(1) > 0. 
(e) True, since g'(1) — O0 and g"(1) — f'(1) > 0. 
(f) False: g'"(x) — f'(x) > 0, so g” never changes sign. 
(g) True, since g’(1) = f(1) = 0 and g'(x) = f(x) is an increasing function of x (because f'(x) > 0). 


66. Leta — xo € X1 € Xo:: € xy — b be any partition of [a, b] and let F be any antiderivative of f. 
(a) > [F(xi) = F(xi-1)] 
i=l 


= [F(x1) — F(xo)] + [F(x2) — F(x1)] + [F(x3) — F(x2)] +--+ + [F(Xn-1) — F(xn-2)] + [F(Xn) — F(xn-1)] 
= – Е(хо) + F(x1) — F(xi) + F(x2) — F(x2) + +++ + F(%a_-1) — F(Xn-1) + Еба) = F(xn) — F(xo) = F(b) — F(a) 
(b) Since F is any antiderivative of f on [a, b] => F is differentiable on [a, b] = F is continuous on fa, b]. Consider any 


subinterval [xi—1, xi] in [a, b], then by the Mean Value Theorem there is at least one number c; in (xi—1, Xi) such that 


[F(xi) — F(xi-1)] = F'(ci) (xi — xii) ^ f(ei)(xi ^ xi-i) ^ f(ci) Ax;. Thus F(b) — F(a) = У [F(xi) — F(xi-1)] 


(с) Ах.. 


Me 


i=l 


(c) Taking the limit of F(b) — F(a) = УК) Ах, we obtain yea EC — F(a)) nek (еда) 
1-1 Р|-» Р|-90 Х1:1 


67-70. Example CAS commands: 
Maple: 
with( plots ); 
f = X -> х^3-4*х^2+3*х; 


а := 0; 

Ь:= 4; 

Е := unapply( int(f(t),t=a..x), x ); # (a) 

pl := plot( [f(x),F(x)], x=a..b, legend=["y = f(x)","y = F(x)"], title="#67(a) (Section 5.4)" ): 
pl; 

dF := D(F); # (b) 


91 := solve( dF(x)=0, x ); 

ptsl := [ seq( [x,f(x)], xzremove(has,evalf([q1 ]).I) ) ]; 

p2 := plot( pts1, style=point, color=blue, symbolsize=18, symbol=diamond, legend="(x,f(x)) where F '(x)=0" ): 
display( [p1,p2], title="81(b) (Section 5.4)" ); 


incr := solve( dF(x)>0, x ); # (с) 

decr := solve( dF(x)«0, x ); 

df := D(f); # (d) 

p3 := plot( [df(x),F(x)], x=a..b, legend=["y = f '(x)","y = F(x)"], title="#67(d) (Section 5.4)" ): 
p3; 


42 := solve( df(x)=0, x ); 
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pts2 := [ seq( [x,F(x)], x=remove(has,evalf([q2]),D ) J; 
p4 := plot( pts2, style=point, color=blue, symbolsize=18, symbol=diamond, legend="(x,f(x)) where f '(x)=0" ): 
display( [p3,p4], title="81(d) (Section 5.4)" ); 


71-74. Example CAS commands: 
Maple: 

а := 1; 
и :=х -> х^2; 
f := х -» sqrt(1-x^2); 
Е := unapply( int( f(t), t=a..u(x) ), x ); 
dF := D(F); # (b) 
cp := solve( dF(x)=0, x ); 
solve( dF(x)>0, x ); 
solve( dF(x)«0, x ); 
d2F := D(dF); # (с) 
solve( d2F(x)=0, x ); 
plot( F(x), x=-1..1, title="#71(d) (Section 5.4)" ); 


75. Example CAS commands: 
Maple: 
f= f; 
ql := Diff( Int( f(t), t=a..u(x) ), x ); 
dl := value( q1 ); 


76. Example CAS commands: 
Maple: 
f:-f 
q2 :- Diff( Int( f(t), t=a..u(x) ), x,x ); 
value( q2 ); 


67-76. Example CAS commands: 
Mathematica: (assigned function and values for a, and b may vary) 
For transcendental functions the FindRoot is needed instead of the Solve command. 
The Map command executes FindRoot over a set of initial guesses 
Initial guesses will vary as the functions vary. 
Clear[x, f, F] 
{a, b}= (0, 27}; f[x_] = Sin[2x] Cos[x/3] 
F[x_] = Integrate[f[t], {t, a, x}] 
Plot[(f[x], F[x]). (x. a, b]] 
x/.Map[FindRoot[F'[x]==0, {x, #}] &,(2, 3, 5, 6]] 
x/.Map[FindRoot[f [x] --0, (x, #}] &{1, 2, 4,5, 6}] 
Slightly alter above commands for 75 - 80. 
Clear[x, f, F, u] 
а=0; fix ]2x? 22x - 3 
u[x ]21— x? 
F[x_] = Integrate[f[t], {t, a, u(x) }] 
x/.Map[FindRoot[F'[x]==0, { x, #}] &,{1,2,3,4}] 
x/.Map[FindRoot[F"[x]==0, {x,#}] &,{1, 2, 3, 4}] 
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After determining an appropriate value for b, the following can be entered 
b=4; 
Plot[ (F[x], (x. a, b]] 


5.5 INDEFINTE INTEGRALS AND THE SUBSTITUTION RULE 


1. Letu 22x - 4 => ди = 2 4х = 5 ди = 4х 
|>(ох+4) ах = | 228 1аа- | игап= 116+С= (2х+4) + С 


2. Letu = 7x — 1 > du = 7 dx = ; du = dx 


fo x-1ax-. [70x - 1^ ax 2. [ 792 1a —. f аи? ди = 22 c c-2 gx 1+ С 


3. Letu =x? +5 > du = 2x dx > $ du = x dx 


fox(G2 5) "axe f 2 аи = fu du=-}u3+C= -t(x +5) 4C 


4. Letu = xt + 1 > du = 4x? dx = + du = x? dx 


= ах = [49668 + 1) “ах = Га tdu = fw? du = — u™! +C = Sa +С 


(x4 +1)? 


5. Letu = 3x” + 4x > du = (6x + 4)dx = 2(3x + 2)dx => 4 du = (3x +2) dx 
5 
/ (эх + 2)(3х° + 4х)°ах = | ий 14а =1 [= т +С= (3х2 + 4х) +С 





6. Letu 1 4 /x du = 5^ dx 2 du — 7 dx 


Га = Га) аак [| а'®2аа=2[ и ап=2.3 49 +С =3 (1+ /3'^ «c 





7. Letu = 3x du = 3 dx idu dx 





/ зїп 3х ах = / $ sin u du = — į cos u + C = —4 соз 3х-+С 





8. Letu = 2x? du = 4x dx 1 40 х ах 





Ј хіп (2х2) ах = | 1 зтиди = – 1 сови + С = – 1 соѕ 2х2 + С 








9. Letu = 2t du = 2 dt ; du dt 


f sec 2t tan 2t dt = f } sec u tan u du = } sec u +C = $ sec 2t+ C 
10. Letu = 1 — cos 5 => ди = j sin § dt = 2 du = sin 5 dt 
|| (1 – соз +)” (sin 5) dt= f 2u? du = 2u3+C = 2 (1-2 cos) «C 


11. Letu = 1- r’ — du 2 —3? dr — —3du — 9? dr 


a = ij; —3u 12 du — —3(2)u!/2 +С =< —6(1 та. py? + С 





12. Letu=y*+4y?+1 = ди = (4y? + 8y) dy > 3 du = 12(y? + 2y) dy 
| 12 (у + 4у2 + 1)' (уз + 2у) ду = f 3u? du = u3 +C = (у* + y! 1 + С 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 
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Letu 2 xj? —] => ди = x! dx > 2 аи = \/хах 


КМ (хУ2-1) dx = f 2 sin?udu = 2 (2 - 1 sin2u) -C — 1 692 — 1) - 1sin (2x32 -2) +C 


= i dx 


Letu = — = 
21 Чи = Ј сов? (ш) ди = (8 + } sin 2u) +C = — 4 + Ł sin (—2) +C 
+C 


1 
X 
] го“ (08 dx 
= абд 


(a) Letu = cot20 = du = -2 сөс?20 40 => — 4 du = сѕс? 20 10 


BIS 1 


2 


J csc? 20 cot 26.49 =— f Sudu=-3(¥)+C=-¥+C=-} co? 29+C 
(b) Letu = csc 20 — du = —2 csc 20 cot 20 d0 => — i du = esc 20 cot 20 аб 


2 2 


J esc? 2 cot 20.49 = | -іаШш--1(%)ыс--%-с--ісө?20-С 





(a) Letu = 5x +8 => du = 5dx > ł du = dx 


Гаа = Ја (к) а Гаа Qu?) «c- += УС 


(6) Теги = у5х +8 = ди = 1 (5х + 8) 1/2(5) dx => 2 du = aa 
Је = [2 =2и+С=2 5х +8+С 








Letu = 3 — 2s => du = —2 ds > — i 4и = ds 
f V3=2sds = f yu (-} du) =- 4} fu? du = (-1 (209?) + = -1G - 25)? +€ 


Letu=5s+4 > du = 5ds > i du — ds 


| две ј (па) = Ди и = (1) шп) += 2/55 +4+С 


Letu = 1— 62 = du = –2040 = – 1 ди = 0 а0 


Јоут—еав = f gu(-1a) 2-1 f ui^ au- (-3) (454) c2 -20 - 82^ e c 


Letu = 7 — 3y? => du = —6y dy > — 4 du = 3y dy 


| зуу7-зугау- |Гул(- ; du) =– 1 Ји аи = (1) (2138) + С = – 1 (7 – зуг)? +С 


Letu=1+/x > du= 5, dx => 240 = — ах 





Јат d =-1+с=ни+ 


Геи = 32+4 > du=3dz — idu-dz 
/ соз (3® + 4) 42 = f (cos w (4 du) — 1 f/cosudu - 1sinu С = 1 вїп (37 + 4) +С 


Letu =3x+2 => du-3dx — 4 du = dx 
ff sec? (3x + 2) dx = ff (sec? u) (5 ди) — 1 | зе иди = ! апи + С = ! ап (3х +2) + С 


Letu = tanx => du = sec? x dx 


J tan? x sec? x dx = f u? du = tu +C = $ tanx +C 
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25; 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


Let u = sin (3) > du = 1 cos (1 ) dx = 3 du — cos (3 ) dx 


К (3) cos (4 ) dx= fu’ (3 du) = 3 (106) +C = 1 ѕіп (х) +С 


Гера = (ап (>) = => du u = 1 sec 2 (3) dx => 2 du = sec? (3) dx 

J tan” ( 5) sec? (3) ) dx = [аи (240) = 2 (1 u) +C = І бап $ (*) +С 
Letu=jg—-1 > du=§ * dr — 6 du = r? dr 

fe гЗ — 5 = 5 - u 13 6 

r е) ас- Габа) =6 маи =6 (№) +с= (8-1) +с 
Letu-7- 10 => du--jir'dr — -2du-r'dr 


Jagas dr = Гас-аар- -2 | ёаы--2(95) с--1(7-6) +с 


Letu 2 x1? 1 — du = 3 xi? dx — 2 ди = ху2 ах 


Jf x? sin (92 4.1 ) ах = | (ти (2 (4 du) = 3 f sinudu = 2(— cos u) + C = — 3 соз (хУ2 + 1) + (С 


1 


Let u = csc (*5*) > ди = – 1 све (757) cot (252) dv => –2 ди = све (757) cot (54 


| exe (553) cot (252) = f -2du= —2u+C= —2 csc (352) +С 


Let u = cos (2t + 1) => du = —2 sin (2t + 1) dt => — i du — sin Qt 4 1) dt 


sin 2t 4- 1) 1 ди _ 1 
Ip dt — 1-4 ou tes zaar +C 

















) dv 














Let u = sec z => du = sec z tan z dz 


J e az= f y du = f u du = 20? + C = 2 /seez & C 


Leu=!-1=t!-1 > da= -tdt > -du = 4 dt 


f 5 cos (+ — ) dt = f cos u)(—du) = — f cos udu = —sinu +C = —sin (1 — 1) +С 


= — 41/2 — 1,-1/2 cu 
Letu=Vt+3=t?+3 > du=je?dt > 2du= у 4 


f “л cos (vt+ 3) dt = f (cos uX(2 du) = 2 f cos u du = 2 sin u + C = 2 sin (Vt + 3) +C 


Let u = sin 4 => du = (cos 1) (- >) 40 => -du = £ Я сов 1 40 


J Asin} cost ao = | -udu--iw +С = – 5 ѕіп? +С 


Пеги = све уд => йш = (—сзс 0 cot V/0) (55, E = —24и = сой 0 сөс (/0 а0 
J 4, 0 = [ со 8 све \/840 = f -2 du = -2u +C = -2 ose VO +C = - -23 +C 





Letu=1+t*? > du=4dt > 4 du =ť dt 


Їёа-иу аг Га (14) -1(16) -С-4(1-4)-С 
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38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 
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Letu = 1 — Ł = du = 5 dx 


f x dx- f xdldx- f 5 1-1dx- f fadu= fu? d=? 03/2 +С = 2 (1 job ep 


Letu-2-1 = ди = > ах 


f 34/2-1dx— f Yadu= ful? а = 29 +С= 2 (2- 1) +С 











Letu = 1 + => du- å dx idu = 4 dx 

fiy a= |] 5ү/1— ах = [о du =} ful? du = 109? +0=1(1- 4)? +0 
хз м то 73 x2 

Letu = 1 3 > d= 4 dx 5du— Ld 








Лу а = fa ак fhi- id= [yai = 1 Јизац= ги -с= 2 (1– 3) с 


Letu = x? — 1 > du = 3x? dx = 4 du = x° dx 


x4 21.5 4411 2 = = 2 3/2 
Лу em usd [ie 1 fuitau- 242 4 0-2 (99 - "^ e C 


Let u — x — 1. Then du — dx and x — u + 1. Thus fx(x- ах = fat du! du = fo" + u!) du 
= pu + hu С = he1 HAE HC 





Let u = 4 — x. Then du = —1 dx and (—1) du = dx and x = 4 — u. Thus fx 4—xdx = [(4—u)/u(-1)du 
= Га-чСса/ ш- f (v? — 4u!/2) du — 295 E 8072 + С = 2(4 — x)? -3 &(4 — х)?? +С 


Let u = 1 — x. Then du = —1 dx and (—1) du = dx and x = 1 — u. Thus fo^ 1(1 — x)dx 
fe — и)? (—1) du = fev + 416 — 4?) du = — $u? + $u – 206 + С 
-i -x +40 -x 2001) 4С 


Let u = x — 5. Then du = dx and x = u + 5. Thus f + 5)(х — 5)!ах = Га + 10)u!/3 du = КСЕ + 10u!/?) du 
= 5/3 jr 151/3 +C= 3(x 22 5)7/3 S Bx - 5) +С 


Let u = x? + 1. Then du = 2x dx and $du = x dx and x? = u — 1. Thus [ev +1dx= fa — 1)iudu 
= 4 | (132 – уз )аи = у | визе = gu? +C = 105/2 — 1432 LC — 162 417? — 162 41? + С 


Let u = x? + 1 > йи — 3x?dx and x? = u — 1. So | за? хз тах = [(u—1)/udu= | (15? — в) ди 
= 245/2 2439 „С = ааыр 2a meque 


Let u = x? — 4 = du — 2x dx and j йи = хах. Thus f zy a ;dx— f (2 — 4) ^xdx — fut du = 1 fu? du 
= 2 С = (х2 4)” +С 

-3 — fa = -2 -3 
Let u = x — 4 > du = dx and x =u + 4. Ts / сг т? “ёх-(х-4) хах = fu (u-- 4)du — | (и + 40 ) du 


= u! — W7? +C = (x-4)! —2(x—4)° +C 
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51. 


52. 


53. 


54. 


55. 


56. 


57. 
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(а) Letu = tanx => з ыле => dv = 3u? du > 6 dv = 18u? du; w = 2 +v > dw = dv 





18 tan? x sec? x x sec? х ы = 64 2 d ~ 2 = —1 
J (2 + tan? x)” х= | зе, сан Qrv =6 fw dw = —6w та тү +С 
иж 6 
Е а Сааб 
(b) Letu = tanx = du = 3 tan? x sec? x dx > 6 du = 18 tan? x sec? x ах; у= 2 +и => ду = ди 
18 tan? x sec? x = баш 2 6dv _ 6 e 
J (2 + tan’ x)? dx = Qr 5 =—Ф+С=—»5+С= eee 


(c) Letu=2-+tan?x = du =3 tan?x sec?x dx = 6du = 18 tan’ x sec? x dx 





18 tan? баб _6 Ez 
E ах = om =—£4+C=-5,85,4+C 
(а) Геи =х- 1 du = dx; v = sin u dv = cos u du; w = 1 +v? > dw = 2v dv > 5 dw = уйу 








J JTF sin? & D sin(x- 1) cos(x — 1) dx = f v1 +sin?u sin u cos u du = f vy/1 +v? dv 
= [1 ywdw= 1w +C=1 (1+3 + С = 1 (1 + пи) + С = (1 + sin? a- 1) + С 
(b) Letu = sin (x — 1) = du = cos (x — 1) dx; v = 1 +u? => dv = 2u du = І ду = иш 
PATE EE а 
- (1(3) 95) фс= 18 + С = 1+2) С = 1 (1 шк – 0) + 
(c) Letu = 1 + ѕіп? (х = 1) = шар лал = 00 
тус еы унн ене ПЫН: 


= į (1 + sin? (x — 1))?? + 











Let u = 3(2r — 1)? + 6 = du = 6(2r — 1)(2) dr > {5 du 2 Qr 1) dr; v — уп dv = 57, du 6 У = тл 40 
(2r — 1) cos /3Qr — 1? - 6 cos „y/u 
VOS а-Л( у") (йи = | (сову) (1 (1 ау) = $ sin v +C = i sin y/u +C 


= ł sin y3(2r — 1? +6 +C 
Letu = cos Vô = du = (— sin V8) (555 1) 46 > -2%- mvt ag 


t. фей 40 | RUE де = | == = – fus? йа = —2 (-2v2) «c — ‚+С 


= +С 
лол 
Letu 23? —1 > du = 6tdt > 2 du = 12t dt 


s= f 1232-1) dt= f аи) =2 (11) +С = 11: + С = 1 (32 – 1) + С; 
s=3whent=1 > 3=13-1'+C > 3=84+C > С=-5 > 5=1(32 – 1) 5 














Letu = x? +8 — du 22x dx > 2 du = 4x dx 
у= Ѓах(х2 +8) 7 ах = f u" (2 du) = 2 (3 u?) +C = 3u? +C = 3 (x? + 8) 
y=0whenx=0 => 0=3(8}3 +C > C=-12 > y=3(x +8) — 12 


о 


Letu=t+7 => du=dt 

з= f 8sin? (t+ £) &= 8 мп? а аи = 8 (1 — 15 24) +С=4 (1+1) —2 9 (21+ £) +C; 
s=8whent=0 > 8=4(4) - 2sin(Z)+C > C=8-F4+1=9-% 

=> s=4(t+ =) — 2 sin (2t+ 2 т) 9—7 = 41 2 зіп (2+7) +9 
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58. 


59. 


60. 


61. 


62. 


63. 


64. 
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Letu= 7-0 => -du = dð 

r= | 3 сог ( т-0) ад = – Ј з сов и ди = —3 (1 418820) +C = —3( 
шаг а ЈЕ 1+3 = г=—– 2 ( 
5 г= 20 5 ап(1—20) +5+3 = г= 30 — 3 сов20 + 5 + 3 


sin 
9) 1 sin ( 


же. 
NIA wa 
| 
15) 
© 
М 
+ 
Q 





Leu=2t- 5 => du=2dt => —2 du = —4 dt 


& — f —4 sin (2t— 3) dt = f (sin w)(—2 du) = 2 cos u + C1 = 2 cos (2t — 5) + Су; 

at t = O and $ = 100 we have 100 = 2 сов (– 2) + С; = С, = 100 => ® = 200$ (21 — 2) + 100 

= s= f (2cos (2t — 4) + 100) dt = f (cos u + 50) du = sin u + 50u + Cz = sin (2t — 2) + 50 (2t — 3) + Cz; 
at t = 0 and s = 0 we have 0 — sin (— 3) + 50 (— 7) + C2 => C, = 1 + 25r 

= $ = sin (2t — 5) + 100t — 257 + (1 +257) = s= sin (2t — 3) + 100t + 1 





Letu = tan 2x => du = 2 sec? 2x dx => 2 du = 4 sec? 2x dx; v = 2x dv = 2 dx 1 dv = dx 





& — [4 sec? 2x tan 2x dx = f u(2 du) = v? + Су = (ап? 2х + Су; 

atx = 0 and Ẹ¥ = 4 we have 4 = 0 +C > C =4 > Ẹ = tan? 2x + 4 = (sec? 2x — 1) + 4 = sec? 2x +3 
= y = f (sec? 2x +3) dx = f (sec? v + 3) (1 ау) = 4 tan v + å v + Cz = 1 tan 2x + 3x + C3; 

atx = 0 and y = —1 we have —1 — 4 (0) +0 + C3 => С=–1 = у = 5 (ап 2х + Зх – 1 





Let u = 2t du = 2 dt 3 du = 6 dt 
s = f 6 sin 2tdt = f (sin wG du) = -3 cos u + C = —3 cos 2t 4 C; 
at t = 0 and s = 0 we have 0 = —3 cos 0+ C = С=3 = 5= 3 – 3с0521 = 5(5) = 3 — 3 cos (r) = 6m 








Letu = 7t du = 7 dt 7 du — п? й 





v= fr cos mt dt = f (cos u(r du) = s sin u + С) = m sin (nt) + C]; 





at t= 0 and v = 8 we have 8 = 7(0) + Ci C =8 v=% =r sin (zt) 4- 8 s= f (r sinr +8) dt 


= f sinu du + 8t + C3 = —cos (1t) + 8t + C2; at t = O and s — 0 we have 0 = —1 + С; = Со = | 
=> $ = 81 — соѕ (л) 1 = 5(1) = 8 – соѕт + 1 = 10 т 


All three integrations are correct. In each case, the derivative of the function on the right is the integrand on 
the left, and each formula has an arbitrary constant for generating the remaining antiderivatives. Moreover, 


sin? x + Cy = 1—cos?x+C,; > C = 1 + C4; also —cos? x +C = — 9923 - 1.0; > Су= С = Су + 2. 





(а) (= fv їп 120лї & = 60 [- V, (15-) cos (12050] /^^ — — Ye [cos 27r — cos 0] 
a 2-0 0 max SIN T =r шах | 1207 COS TU Dat COS LT COS 
V max иа 
г: [1 ш 1] =0 
(b) Vinx = V2 Vins = V2 (240) z 339 volts 


1/60 23 5 1/60 4 5540 (V? 1/60 
(c) 7. (Мах) біп? 1207t dt = (Vmax) f, (=?) а = а Í (1 — cos 240rt) dt 


222 1/60 (Ух 2 i : ae 
= ©” [(— (эу) эп 240л] у = ©” [(& — (зар) эш (4т)) — (0 — (э) зїп (0))] = © 
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5.6 SUBSTITUTION AND AREA BETWEEN CURVES 





1. (a Letu-y-1 du = dy;y =0 u=ly=3 u=4 


Ј, ут ау = Jw а= [чё] = (ф) @%— (4) аз? = (8) ®- (ф) а) = ® 


Use the same substitution for u as in part (a); y = —1 u=0,y=0 ucl 


0 1 
Ју Тау f was [9]! — (3) 92 -0- 3 











(b 


wm 








2. (a) Геи =1-г = du=-—2rdr > — 1 du гаг; г = 0 u—lr-l u=0 


1 0 
Јава f —} ааа = [19] °=0- (- ая =з 


























(b) Use the same substitution for u as in part (a); r — —1 u=0,r=1 u=0 
1 0 
— 1 = 
Jiv a= f -immo 
3. (a) Letu = tanx = du = sec? x dx; x = 0 и = 0, х 1 u=1 
т/4 1 | 1 1 
T tan x sec?x dx = [udu = [ -1-0-1 
(b) Use the same substitution as in part (a); x = 1--і,х- 0 1-0 
5 £ ша? 1 1 
J jtanxsec?xdx = J udu = H uode Ey 
4. (a Letu— cosx — du-— —sinxdx — -du-sinxdx;x—0 u=1,x=7 и=—] 
|Гзоойхэтхах- —3u? du = [—u3]7* = —(—1)3 — (—(1)3) =2 
(b) Use the same substitution as in part (a); x = 27 и = 1, х = Зп и = –1 








Зл 


-1 
: 3.cos?x sin x dx = | —3u? du = 2 




















Ж du = 4t dt j du 8451:-0 u=1,t=1 u=2 
1 2 1 
3 1 ut 24 14 15 
feat d= fitas jg] -$-5-8 


(b) Use the same substitution as in part (a); t = —1 u=2,t=1 u=2 
1 2 
3 гү =f} M 
f eate a= f iduso 


6. (a) Lettu=?+1 > du=2tdt > ¢du=tdtt=0 > u=1,t 


| 
S een a- ff joa (0 и! - Q) e - Q) ^ - 
8 


Use the same substitution as in part (a); t — — ул и ,t=0 u=1 
0 8 
ЖЕУІ f 1/3 --1 ltd de lx. 248 
{2 (2 + 1) —фе= | ги У ди = gu dice 


7. (а) Геги =4 + г2 du = 2r dr 1 du =r dr; r = —1 u=5,r=1 u=5 


2 
if ax ar=s ju 7 du-0 


Use the same substitution as in part (a); r = 0 u=4,r=1 u=5 


1 5 5 5 
| ази й-5|, 1u24a-5[-17125(-19)) -5(-10) - 1 








Ту 








u=8 











(b 


wm 














(b 


wm 
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10. 


11. 


12. 


13. 


14. 


(а) 


(b) 


(a) 


(b) 


(a) 


(b) 


(a) 


(b 


wm 


(a) 


(b 


хи 


(а) 


(b 


хи 


(а) 


(b 


wm 
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2... 0 u=lv=1 u=2 


1 2 
10 /v = 20 4 20 а а 207172 2011-11-10 
la Li vnl [fia э )-2 |. Шш--2 і--%2 -іі-% 
у 


Use the same substitution as in part (a); v — 1 u= 2, 


4 9 
9 
Га [aG0--*[--20-D--2C3)-3 























Letu 2 x? c1 du 22xdx = 2 du = 4x dx;x = 0 u=1,x УЗ и = 4 


уз 
E 1/2 a4 — 1/2] 4 _ 17973 1/2 — 
o Tea dx = [3 T du = f 2u /^ du— [4u |; = 4(4) 4(1)/2 = 4 
Use the same substitution as in part (a); x -4/3 u=4,x /3 u=4 











Me 4 52 
Ј и «= 2709020 








Letu=x'+9 > du=4x3 dx = 1 ди = х3 іх; х 0 u=9,x=1 u= 10 


1 10 10 
Jisas f наза оте], = зоре у = i£8-3 


Use the same substitution as in part (a); x = —1 и = 10, х=0 u=9 
0 3 9 1 / 0 / 3 MIU 
x = р ИИ 1172р 3- 
ЈЕ а ах Ја du Í qu du 5 


Letu— 1 —cos3t — du—3sin3tdt => 4 du = sin 3t dt; t 0 и = 0,1 6 u 1 — соѕ 5 = 1 


и" : f: 1 (u : 1 2 1 2 1 
: (1 — cos 3t) sin 3t dt = :134:-1 (5)|,-10) – 6 (0) = 6 


Use the same substitution as in part (a); t = в u=1,t= 3 о =1—со5л =2 


т/3 | Жа r 5 2 : 2 i 5 
Je (1 — cos 3t) sin 3tat = | Јиди = [8 (8) | = 02 – 1 (1) = 




















Letu=2+tan$ => du = ł sec? t dt > 2du=sec? $dtt== => u=2+tan(=)=1,t=0 > u=2 


0 2; 
2 
[m i) зе за = | ч (2 ди) = ји] = 2-1? =3 














Use the same substitution as in part (a); t = =" u=1,t= 5 u=3 

т/2 

he (2 + tan 5 £) sec? dt =2,f udu = [02] = 32 – 12 =8 

Гега =4 + 3 812 => ди = 3 с05 2.472 => 5 ди = сов 7 dz; z 0 и =4,7 = 2л u=4 


27 4 
cos 7. 23 1 1 = 
0 2/4--3 віһ2 dz = J. Vu (3 du) = 
Use the same substitution as in part (a); z = -r > u=4+3sin(—7)=4,z=7 > u=4 


T 


4 
Weta = J Jp G au) =0 








Letu=3+2cosw => ди = –2 пп у ду => — } du = sin w dw; w = u=3,w=0 u=5 
0 5: 
sin w = -2 1 = Пао р ү 1 
Даня аи = а (– а ди) = ; [07] =  (5– 5) =— 5 
Use the same substitution as in part (a); w = 0 u=5,w 5 u=3 








т/2 3 5 
sin w Е -2(1 ILI —2 — № 
f Grow ЧУ = Í u ( 2 du) = 5 Ja du = 15 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


298 Chapter 5 Integration 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 





Letu=t?+2t > ди=(5%+2)@ї=0 > u=0,t=1 u=3 
1 3 
0, М5 + 21(5— + 2) а= Ја? du = [2v9/2]5 — 2 33/2 — 2 (092 = 24/3 

















Геи =1+ \/У du ay I 1 u=2,y=4 u=3 
4 2 3. 
d z -113 
zm „аё [o a-pes-co9-CD-1 


Let u — cos20 => ди = –2 ѕіп 20 dð = — 1 ди sin 20 d6; 0 0 о=10=7 u сов 2 (5) = 1 


т/6 1/2 1/2 
1 сов“ 320 зт 20 аб = f џ“3 (— 5 du) -- 1 f и іу = [- 
0 1 1 











юн 
ә 
її 
N| v 
nS” 
p 
= E 
~ 
N 
| 
= 
— 
мн | 
LI 
NI 
| 
д 
eS 
3 
| 
Aw 











Let u = tan (2) => du = i sec? (©) 90 = 6 ди = sec? (©) 40; 0 = 1 => и = (ап (7) 


3т т 
б 0-2 u—tan?—l 


^ 
37/2 1 5, 1 
[е 02 (@ = Л дөөө - (Ч), л а= н (у) = 


3 


Let u = 5 — 4 cos t > du = 4 sin t dt > $ du = sin t dt; t = 0 > u = 5 — 4 cos 0 = 1,t = r >u =5-—4cost=9 


7 1/4 с; ~ 1/4 (1 5 1/4 5 (4 5/419 5/4 5/2 
[56-450 sintdt= f su (id) = 5 Ја ди = |? (iu )] 992 = 1 = 3% – 1 


[^ 





Letu = 1 — sin 2t => du = —2 cos 2tdt => — 4 du = cos 2t dt; t 0 и=1,{ 
т/4 


п 
1 u 0 


0 
(1 — sin 209? cos 2t dt — J — $$? йи = [-1 (25/2) ] i = (– 1(0)7/2) — (– 4 (172) = 1 








Let u = 4y —y?+4y?4+1 > du = (4 — 2y + 12y?) dqy;y = 0 > u=1,y=1 u—4(1) - (0? -4(0? +1 =8 
1 8 
Jy 3 + 4y? +177 (129? — 2y +4) dy = f wi du = [3u/3] * — 3(8)У3 – ЗЈУЗ = 3 





Геї и = у? + бу? – 12у +9 = йи = (Зу? + 12у — 12) ду = ! ди = (уг +> 4у – ФУ дуу=0д>и= 9 у=1 =>и=4 


1 4 
= 4 
|| (уз + буг – 12у +9) 7? (у? + 4у – 4) ду = Í 10712 ац = [2 (201/)], = 24)? — 8(9)/2 = 2(2— 3) = – 2 





Letu — 09? — ёи = 301/2 40 = 2 du = 090; 0 0 и = 0, 90 = Ул? = u-m 


уг 4 
Í 1/0 сов? (63/2) 40 = f cos?u (2 du) 2 [2 (3 - 1 вш 21)| -3(1-18:27)-2(0)-1 














Їес0-1-1- 4 --02451--1 u=0,t=-4 u 1 

—1/2 -1 

ЇЕ sin? (1+1) at= f -sin?u du = [- (8 — 1 sin 2u)]>' = ( 4 — 4 sin(—2)) — ($ } sin 0)| 
—i-isin2 








Геи =4—х? => du = —2x dx => — + 4и =хах; х —2 и = 0, х= 0 0= 4, х = 2 u=0 


0 2 4 0 4 4 
A-- f,xVa-xi ax f, x 4-xidx- – – ата аи + е – пио аи =2 Ј hudus f u au 


4 
- [b^]; - 2 2" = ¥ 








Letu = 1 — cosx => du = sin x dx; x = 0 u=0,x=7 u=2 


т 2 332. 4 
Л а-соз махах = Ј ови = [5] == сео 
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27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 
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Let u = 1 + cos x > du = —sin x dx => —du = sin x dx; x = -T => u = 1] + со (–-л = 0, x = 0 > и = 1 + с050 = 2 


0 2 2 2 
А=- Їз (sin x) 1 + cos x dx = — f 3012 (—du) = 3 |; шу ди = [2и$/?] , = 2(2)3/? — 2(0)3/? = 257? 


Letu=a+7sinx => du = 7 cos x dx => + du = cos x dx;x = — 4 = u-—m-msin(— £) =0,x=0 > u=7 


0 т 
Because of symmetry about x = — 5, A = 2 f 3 5 (cos x) (sin (m + 7 sin x)) dx = 2 f 5 (sin u) (i du) 


= 1 sin u du = [—cos u]j = (—сов л) — (—cos 0) = 2 


For the sketch given, a = 0, b = л; f(x) — g(x) = 1 — cos? x = sin? x = 1—02; 


A= ЏИ а-ез^® ду = 1 [С (1 — cos 2x) dx = 4 [x — 352]: = 1[(т — 0) —(0—0у] = 2 


For the sketch given, a = — 7,0 = $; f(t) — g(t) = 5 sec? t — (—4 sin? t) = 


3 20 sec? t + 4 sin? t; 


2 
7/3 af т/3 | 

А = (ЙГ 5 sec?t+ 4 sin’ t) dt = if ы. кшз setda f (00820 ар 
-т/3 -т/3 ^ -т/3 


a 
= 1 7/3 sin 2 аг Ж E 
Fe ванн ¢ (1 — cos 2t) dt = z [tan t] „+2 — өңү” = \З+4- = ЗЕМ 


For the sketch given, a = —2, b = 2; f(x) — g(x) = 2x? — (x* — 2x?) = 4x? — хе; 
Е: 
A= f 4x2 — àx- [8-5 _ (32 2 32 321] _ 64 _ 64 _ 320—192 _ 128 
2 — x!) de ' -(£- 3) -[-2- C] 





ERE. $75 3 5 3 5 15 15 
For the sketch given, c — 0, d — 1; fy) — (у) = у? — y*; 
A= fo = у ву = 1: ye dy Ї у? dy = [| | 
For the sketch given, c = 0, d = 1; f(y) — g(y) = (12y? — 12y?) — (2y? — 2y) = 10y” — 12y? + 2y; 


1 1 1 1 
А = | (10у: – 12у? +2у) ау = > 10у? ау – | 12узау+ ff 2y ay = [29 уз], – [у] + + [252]. 
-(2-0)-0-0)-0-0)-3 


У | на бен с 5 4 
Ф| 774 dcr 135 Д 


For the sketch given, a = —1, b = 1; f(x) — g(x) = x? — (—2x*) = x? + 2x?; 


А Ј бб +2к) ак = он а. 





We want the area between the line y = 1, 0 < x < 2, and the curve y = 7, minus the area of a triangle 


1 
2 


2 
(formed by y = x and y = 1) with base 1 and height 1. Thus, A = f х 2 x) ах – } (1)(1) = [x E 8| V 


12 
-0-4)-1-2-4-1-4 


We want the area between the x-axis and the curve y = x”, 0 < х € 1 plus the area of a triangle (formed by x = 1, 


1 1 
x +y =2, and the x-axis) with base 1 and height 1. Thus, А = Í x? dx +} (1)(1) = [=] +ї=ї+1=$ 
0 


AREA = Al + A2 
Al: For the sketch given, a = —3 and we find b by solving the equations y ^ x? — 4 and y 2 —x? — 2x 
simultaneously for x: x? — 4 = —x? — 2x > 2x? +2x—4=0 — 2(x-2)x—1) > х= –Фогх = 150 


-2 
b = —2: f(x) — g(x) = (x? -4)- (2X - 2x) 223 2x -4 > AL= fo (2x? +2x—4) ах 
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Р => 
=| +2 — 4x] =(- $4448) -(C18+94 12) =9- B= 4, 
А2: For the sketch given, a = —2 and b = 1: f(x) — g(x) = (—x? — 2x) — (x? — 4) = -2x? - 2x - 4 
1 
23-02 6 
Pa a 





1 
= А2=- | (2x? +2x—4) dx = — [8 +х%— 4м] 
--31-144-1-4-48-09, 
Тһегеѓоге, АКЕА = АІ +А2 = У +9 = 2# 


38. AREA = Al + A2 
Al: For the sketch given, a = —2 and b = 0: f(x) — g(x) = (2x? — x? — 5x) — (—x? + 3x) = 2x? — 8x 
о 0 
= Al= f (2x - 8x) dx = [5 – 8: | 250-8-160-68; 
А2: For the sketch given, a = 0 and b = 2: f(x) — g(x) = (—x? + 3x) — (2x? — x? — 5x) = 8x — 2x? 
2 : 2 
= А2= [ (5x – 2х3) ах = 2-2 1,-06-8)-8, 
Therefore, AREA = Al + A2 = 16 


39. AREA — A1 4- A2 4- A3 
А1: For the sketch given, a = —2 and b = —1: f(x) — g(x) = (-x + 2) -(4- x) 2x -x-2 
X . 21 
»A fe -x-3&-[$-$-m].-2Ci-0)42-Ci-129-21-1- 2-2 
A2: Forthe sketch given, a — —1andb — 2: f(x) - g(x) 2 (4— x?) -(-x c2) 2 - (x2 - x - 2) 
Ё x3 х2 2 
=> А2=– | (08-х-2)8--| -4-3| --(1-4-4)4(-1-142)--348-1-8 
АЗ: Бог һе sketch given, a = 2 and b = 3: f(x) — g(x) = (—x + 2) — (4 — x?) 2x -x-2 
3 x3 x2 У 
> a3= fi (xt—x-2)ax= [8-8-2] = (2-3-6) - (8-4-4) =9-3-§ 
8 
3 


Therefore, AREA = Al + A2+ A3 = п E 3 + (9 = 2 e 


40. AREA = Al + A2+ A3 
Al: For the sketch given, a = —2 and b = 0: f(x) — g(x) = (% - x) === +X = 5 (x? — 4x) 


0 0 
= А-1], (x3 — 4x) dx = 5 [5 – 200 


= — 4. 
250-14-Ә- 5 


A2: Forthe sketch given, a — 0 and we find b by solving the equations y = х — x and y — 3 simultaneously 








fox: € x5 E—1x-0- &(х—2)(х+2) 0 x = —2, х = 0, огх = 2306 = 2: 
2 2 2 
К) в) = 5 – (8 –х) = – 1 (3 – 4х) > А2=-} ], (Ф-4к)йх= 1}, (хэ) = 1 [0—8], 
4. 
-1(8-4-% 


A3: For the sketch given, a = 2 and b = 3: f(x) — g(x) = (5 — x) – += i (x3 — 4x) 


3 3 
= 1 — 1 |х — 17/81 16 — 1 [81 25; 
> A3=4 f 08-4)4х-1| -26|-1( -2-9)-(8-8|-1(8-14)-4: 
Therefore, AREA = Al+A2+A3=$4+ + 5 = 3205 =№ 








41. а= 2,6 = 2; 
Кх) – р(х) = 2 – (х2 – 2) = 4 – х? 


2 


_(4—x2)dx = [a-3] = (8-8) -(-8+98) 







53 
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42. 


43. 


44. 


45. 


46. 


47. 


Section 5.6 Substitution and Area Between Curves 
а = —1,Ь = 3; 
f(x) — g(x) = (2x — x”) — (—3) = 2x — x? +3 
з 3 
Еа _ 2 cars cx 
= А= | ох х2 + 3) ах = х с + 3x| 2 


-(9-2-9)-(1-1-3)-11-1-2 


a=0,b=2; 
2 
f(x) — g(x) = 8x —xt = А = | (вх) ax 


? „12 
= [82 || ува Еш 80-32 _ 48 
|0, S orem Si RS tS 


Limits of integration: x? - 2x =x => x? = 3x 
= х(х — 3) =0 = a=Oandb=3; 
f(x) — g(x) = x — (x? — 2x) = 3x — x? 


= a= f aea [2 – | 


2 310 
— 27 _9 — 27-18 _ 9 
нэ БИБ. 
Limits of integration: x? = —x? + 4x => 2х? – 4х = 0 


= 2х(х – 2) = 0 = а= О апар = 2; 
f(x) — g(x) = (—x? + 4x) — x? = —2x? + 4x 


2 
> A= | (2x? +4x) ax = [ss 


2 


0 


__ 16 | 16 _ —32+48 _ 8 
Е qo eSI es RE 


Limits of integration: 7 - 2x? — x? c4 — 3x? - 3-0 
= 3(х – 1)(х +1) = 0 = а= –Тапађ =]; 
f(x) — g(x) = (7 — 2x”) — (x? + 4) = 3 — 3x? 


= А-/(8-здуах-3|х-4 


-3(0-0-0(-140)-60) -4 


Limits of integration: x+ — 4x? + 4 = x? 

-> Х4-5х2--4- 0 -> (х2-4)(х2-1)-0 
> (х+2)(х—2)(х+1(х—1)=0 э х=-—2,—1,1,2; 
f(x) — g(x) = (x* — 4x? + 4) — x? = xt — 5x? + 4 and 
g(x) — f(x) = x? — (xt — 4x? + 4) = —x* + 5х2 —4 


21 1 
= А-Г, (—х* + 5х2 — 4)4х+ ] (х1 — 5° +4)х 


2 
+ Ј (—х* + 5х? — ах 


ЭР, 





о | „ы + | + =: 
gorse 25 3 5 3 
-0-1-4-08-849-0-1-9-0104 


211160 ү 60 300—180 _ 
ај pure eer 6 
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48. 


49. 


50. 


51. 


Chapter 5 Integration 


Limits of integration: xy a — x? = 0 > x=Oor 
ya? — x? =0 = x-20oraà-x 2-0 => х=-а, 0, а; 
0 
A= f Vat ах + Јх a? — x? dx 
0 a 
2( (a2 — x2 ee 5? E i 


1 
2 0 
= - [- 165^] 2 9 


мін 


/—x, x <0 
Limits of integration: y = \/|x| = | Jk E 0 and 
X, X2 


5у =х+ богу = & + 8; for x < 0: J/-x=%4+8 
=> 5\/—х=х+6 = 25(—x) = x? + 12x + 36 
=> x?437x4-36 20 — (х + 1)(х + 36) = 0 

=> x = —1, —36 (but x = —36 is not a solution); 
forx > 0: 5,/x=x+6 > 25x =x? + 12x + 36 
> x? — 13х+ 36 =0 = (х-4)(х-9)=0 

= x =4, 9; there are three intersection points and 


А= ] (®- \/—х)ах+ ЈУ (65 – ges f C — 28) s 


; 0 4 9 
_ | к+62 | 2 3/2 (x+6? 2 .3/2 2 „3/2 _ (х+6)2 
а Е ы ша) 


36 25 2 00 2 36 2 : 225 00 50 20 5 
aig ag sa) te ae ag POT ee ay eee ay) Sg ha SG 











Limits of integration: 

укы се е 

for x < —2 апах > 2: х? -4-5-4 

=> 2х2 — 8 =х2 +8 = х? = 16 > х = +4; 

Рог —2 <х<2: 4-х2 = +4 => 8— 2x? =x? +8 
=> x? = 0 => x =0; by symmetry of the graph, 


у =?/2+4 








Limits of integration: c = 0 and d = 3; 
f(y) — g(y) = 2y? – 0 = 2у? 


3 A 3 
=> A= fry? ay = [3] =>2-9=18 
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54. 


55. 


56. 
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Limits of integration: y? 2 y -2 => (y 1)(у – 2) = 0 
= c = —l and d = 2; f(y) - g(y) - (y - 2) - y? 


2 2 
> A= J (y+2-y%)ay= [ze2y- 5| : 


-034-0-0-240-6-1-1-2-1-1 





Limits of integration: 4x = y? — 4 and 4x = 16 + y 
= уг—4—16+у = уг—у—20=0 = 
(у – 5)(у +4) = 0 > c= —4and d = 5; 
16 2—4 —у?+у+20 
fy) — ety) = (492) - (44) = =e 


5 
= 1] (-y? +y +20) dy 
5 


ly 
> 


Ale Ale BIR 


[- 5+ $ +209] 
(— 125 + 25 + 100) – 1 (5 + 16 — 80) 


(eden) = 28 


Limits of integration: x = y? and x = 3 — 2y? 
= уг=—3—2у: ~ зу =—3 > Ху-1Ху-1)-0 
= с = –1апда = 1; Ку) – г(у) = (3-2y)-y? 


1 
=3 -3y =3(1- у?) > АЗ || (1-52) 49 


-3| -8| әз(1-4)-з(-141) 


Limits of integration: x = y? — y and x = 2y? — 2y – 6 
=> y? -y=2y?-2y-6>y?-y-6=0 

= (у – 3)(у +2) = 0 > c = —2 and d = 3; 

Қу) – в(у) = (у? – у) – (2у? – 2у - 6) = -y° +y +6 
> A= | (y +y+6)dy= |-5 by? + 6y | 
= (-9+8 +18) – (8+2—12) = 55 


Limits of integration: x — y?/? and x = 2 — y? 
= у23 =2-у => с= —Таваа = 1; 
fy) - g(y) 2 2 - y) - y? 

1 
= A- [a7 y yi) dy 


Copyright € 2010 Pearson Education, Inc. 








х+2у2=3 
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57. Limits of integration: x = y? — 1 and x = |y| \/1 —y? 
See ty] yy eye Saye eye hye) 
-> у4-2у2--1-у?2-у -> 2у4-23у2--1-0 
> (2y? – 1) (у – 1) =0 = 2у2 – 1 = 0огу? – 1 = 0 





=> у? = огу? =1 > y= + УЗ огу = + 1. 








Substitution shows that zum are not solutions => у = + 1; 
for 1 су < 0, f(x) — g(x) = —y 1 — y? —(y?-1) 


=1-y-y(1—y?)”, and by symmetry of the graph, 
0 
A-2[ [i-? -va-y»^] dy 
0 0 1/2 Я 
=> | (1 у) ау-2 у-у) dy-2]y- 5 7 


=2[0-0- (-1+3)] + (3-0) =2 








58. AREA = Al + A2 
Limits of integration: x = 2y and x = y? — y? > 
у’ — У’ =2у = у(у —у—2) = у(у+ (у – 2) = 0 
=> у= -1, 0, 2: 
юг —1 <у< 0, Ку) — #(у) = у? - y! - 2y 
> А1= | (у-у 2у) бу = [¥-¥-y] 
—0-(ф+}-1)=$ 
for0 <y <2, f(y) — gy) = 2y - y? +y? 
= А2 = || @у— у? +у?) ду = [o - € « £]. 
5 (- «fot 


Therefore, Al + A2 = 5 8 31 





37 


59. Limits of integration: y = —4x? + 4 and y = x*— 1 
=> xt—1=—4x74+4 => х + 4х2 – 5 = 0 
=> (х2 + 5) (х – 1)(х +1) =0 = а= –1 апар = 1; 
f(x) — g(x) = —4x? +4 — xt + 1 = —4x? - x! £5 


1 Е 1 
-А= | (а х5) = -gts 


-(-1-145)-044-3-2-1-1-9-3 
60. Limits of integration: y = x? and y = 3x? — 4 
=> x’ — 3x? +4=0 > (х?—х—2)(х—2)=0 
= (х+ 10)(х – 2)? = 0 = а= –1 апа = 2; 
f(x) — g(x) = х? – (3х2 – 4) = х? – 3х? + 4 
2 2 
> A= f бб — 358 +4)ах = [5 – 38 + ах | 


= (8-4 48)- (41-4) =2 
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61. Limits of integration: x = 4 — 4y? andx — 1 — y? 
=> 4- 4у? =1-у => y*—4y?+3=0 


> (y- v3) (y+ V3) y-DU+)=0 + с=-1 
and d = 1 since x > 0; f(y) — g(y) ^ (4 — 4y?) —- (1 — y*) 


1 
-3-4y ry = А= ] (3-47 +5) ду 
1 
4 56 
=2(3- + =@ 


3 5 
528 


62. Limits of integration: x = 3 — y? and x = == 
2 2 
>3-y=-% => + –3=0 > З(у—2Ху+2)=0 


=> с = —2 and d = 2; у) — 80) = (3-52) – (=>) 


-3(1-%) -> А-3| (-4)4/-31-4 
-20-8-(2%М1-34-9)-1-4-8 


63. a = 0, b = 7; f(x) — g(x) = 2 sin x — sin 2x 
=> A= {2 sinx — sin 2x) dx = [-2 cos x 202516 
= {[-2(-1) + 4] - (-2-1+4) =4 


64. а=—1,Ь= ®; {(х) — р(х) = 8 соз х — sec” x 
71/3 


71/3 
= А= | (8 cos x — sec? x) dx = [8 sin x — tan x] 5/3 


=T; 


- (8:33 - 3) - (-8- 2+ V3) = 63 


2 


66. А = А1 + А2 
a, = —1, bj = Oand ap = 0, by = 1; 
fi(x) — gi(x) = x — sin (15) and f(x) — go(x) = sin (=) —х 


= by symmetry about the origin, 
1 
Ај ФА; =2А/ > А-2| [sin (£5) — x] dx 


=2[-2 0s () - ¥] ,=2[(-2-0- 4) - (-2-1-0)] 


=2(2- 3) =2(58) = 5 


T 
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67. a= — $,b — §; f(x) — g(x) = sec? x — tan? x 
т/4 
SAS f „(вес X — tan? x) dx 


т/4 
= [ „Бес х — (sec? x — 1)] dx 
т/4 


68. c = — 4,d— f; f(y) — g(y) = (ап: у — (— tan? y) = 2 tan? y 
т/4 
—2(se?y—1) > A= [aec y - 0 ay 


— 2[tan y — y, 2 2 [(1 2) - (-14 1)] 
-4(1-1)-4-т 


69. c=0,d = 5; Ку) — g(y) = 3 sin y,/cos y — 0 = 3 sin y,/cos y 


т/2 E 
=> А-3| sin y,/cos y dy = —3 [3 (cos y? p? 
= —2(0—1)=2 


70. a= —1,b = 1; f(x) — g(x) = sec? (Z) — хуз 


1 
=> А = die sec? (5) - x dx — [2 їап (15) — И 2 


| 
ле ы ыр Кге 





71. А = А] ФА; 
Limits of integration: x 2 y? andx =y > y=y? 
= y-y=0 > yy-Dyt+)=0 > 4 =-1Ld =0 
and c; = 0, do = 1; fi(y) — 81(у) = у? – у апа 
fo(y) — go(y) = у— у? = by symmetry about the origin, 


1 2 4. 
Ај ФА, = ЗА; => A-2f (y-y)ay=2[¥- 4], 


=2(}- 4) =} 


72. А=А, ФА» 
Limits of integration: y ^ x? andy 2 x? > x? — x? 
= х»—х=0 => (х 1х+" )=0 > а = —1,ћ =0 
and a» — 0, b = 1: 5(Х) – 21 (х) = x? — xř and 
fo(x) — go(x) = x? — x? => by symmetry about the origin, 


611 


| x4 X 
Ај ФА; = ЗА» => A-2f G6 -x)a-2[$ - £]. 


-2(-)-| 










f 
12227 


% 





-1 
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73. А = А] ФА» 
Limits of integration: y = x and y = 5, => Х = 5, x #0 


> x=1 > x=1,f,(x)—gi(x%)=x-0=x 


1 ӨЙ 
> А = ј хах= [8] = Бед –вбд = 1 


“= 
| 
© 


2 
= gs —112 
=x? 3 A= f x?ax=[S]?=-141= 
А-А) -Аз-%-і-і 


юн 


74. Limits of integration: sinx =cosx > х=т => а=0 
and b = a f(x) — g(x) = cos x — sin x 


т/4 
=> А = f, (cos x — sin x) dx — [sin x 4- cos хр 


= (+ 2)-б+)=\2-1 


75. (а) The coordinates of the points of intersection of the 





line and parabola are c = х? > x= + Ус апау = с 


fy) — gy) = y- (— У) = 2\/у = the area of the 
lower section is, A, = f TO — g(y)] dy 


=2 | Jy sy =2 [2 7"), = + 09/2, The area of the 


(b 


wm 





entire shaded region can be found by setting c = 4: A= (4) 43/? = 48 = 32, Since we want c to divide the region 
4 
3 


835) > c= 42/3 


into subsections of equal area we have A = 2A, > 2 = 2 
vi va м 
(с) #00 – р(х) =с- х? ~ А, = 2 [f(x) — g(x)] dx = Ге — x?) dx = [ex 2 5 


= 3 с3/?. Again, the area of the whole shaded region can be found by setting c — 4 > A= 32, From the 


нг 3/2 с3/2 


-vē 
condition A = 2A, we get $c9/? = 2 = с = 42/3 as in part (b). 


76. (a) Limits of integration: y = 3 — x? andy = —1 y 
> 3-x?=-1 > xX=4 > a=-—2andb=?2; 
f(x) — g(x) = (3 — x?) —-(-l) =4- 

2 2 

= i) = EE 

> A- f. x?) dx = [4x | 
= (6-8) = (8+) =16- $= 3 
Limits of integration: let x = 0 in y = 3 — x? 


= у= 3; у) – 20) = J3-y- (-/3- y) у=-1 | 


= 2(3 – у)? 
> A=2f 6-92a =-2 f з урра a [e] = (—4) [0— +157] 
-(o-3 





(b 


wm 
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77. Limits of integration: y = 1 + x and y — k 


=> D /x — dx 0 Eb xi ОХЕ у 
— x-4—4x4- x? 2 x?—5x 4-20 
=> (x—4)x—1)202 x—1,4(but x = 4 does not 

Din, m X 


satisfy the equation); y — T апау = ł > а 


8 х\/х 64 — x? X — 4. 
Therefore, AREA = Ay + Ao: f(x) — 2160 = (1+хУ2) – х 


1 1 
> А = || (1 +x! — х) ах = 2204 











4 514 
- (122-1) -0-2 Z;fx) - gx) 2 2x12 — 1 5 A; — if (2x712 — =) ах = [4x1 x. 3 


8 
1 
= (4-2 1) – (4-1) =4- 5 = 7%: Therefore, AREA = A; + A. = 31 + 11 = 37851 = 88 = 1 





78. Limits of integration: (y — 1? 23—y — у? – 2у +1 y 
-3-уэу-у-2-0-(у-2Ху-1)-0 
=> y —2 since y > 0; also, 2,/y 2 3— y 
=> 4у=9- бу+у? = у? - 10у+9=0 
= (у—9(у—1=0 => y= l since y = 9 does not 
satisfy the equation; 
AREA = Ау + А 
Ё (у) – gily) = 24/у – 0 = 2у!? 


1 „11 
> А => Ју бау => [8] = ћед- ви) = 6-у- у – 1» 


х = (у-1)? 





2 
2 
> Аз = ] [3-у-(у—17]4у = By-4y?-4y-]? = 6-2-1) -G-14+0) =1-14+1=4, 
Therefore, Ay + Ap =4+2= и =$ 


79. Area between parabola and y = a7: А = 2f (a? — x?) dx = 2 [a?x — 4 x°] p = 2 (2° — 5) —0= Ж 





Area of triangle AOC: + (2а) (а?) = aĉ; limit of ratio = lim 


b 


= 3 which is independent of a. 


80. A= 1 " Жо) dx — 1 ко) dx =2 f "Ко dx — f ко) dx = f | f(x) dx = 4 


81. The lower boundary of the region is the line through the points (z, 1 — z”) and (z + 1,1- (2+ В} The equation of this 





line is y – (1—22) – 158 0)-0-2) (Х – = –(22 + 1(х – 1) = у = –(22 + Dx - (2 $24). 


7-1 
The area of theregion is given by ЇГ: (1—х2) – (–(27 + 1)х + (72 + 7 + 1)))ду 
1-1 
-j[« —х? + (22+ 1)х — 22 - z)dy 2 [|-1х3 + 1(22 + 1)х2 — (22 Жа 
- т + 1(22+ 1)(2+ 1)? — (2? nae) – (– 123 + 1(27 + 1)22 + 2)2) = %. No matter where we 
choose z, the area of the region bounded by y — 1 — x? and the line through the points ү 1 — Z2) and 
(2+1, 1- (2+1) 2) is always 4 


82. It is sometimes true. It is true if f(x) > g(x) for all x between a and b. Otherwise it is false. If the graph of f 
lies below the graph of g for a portion of the interval of integration, the integral over that portion will be 
negative and the integral over [a, b] will be less than the area between the curves (see Exercise 71). 
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83. Let u = 2x du = 2 dx j du dx;x = 1 u=2,x=3 u=6 


1 шік ақ. f sau (1 du) = f $ du = [FW] = 66) – ВО) 











84. Letu = 1 — x du = —dx —du = dx;x = 0 u=1,x=1 u=0 
1 0 0 1 1 
1 А] – х) дх = J Ки) (— du) = c f(u) du = Í f(u) du = Í f(x) dx 


85. (a) Letu = -х = а = — dx; x = -1 u=1,x=0 u=0 


fodd = f(—x) = —f(x). Then Г ко ах = (КЕ (— du) = fw (— du) = Ј ко ди = m f(u) du 
= —3 
(Б) Таи = —х = 4 = - 4х; х=-1 и = 1, х= 0 u 


Ғеуеп = f(—x) = f(x). Then fio dx — ІШКЕ” (— йи) = - Го du = (КУ du = 3 

















0 
86. (a) Consider f f(x) dx when f is odd. Let u = —x = du = —dx => —du = dx and x = —а = и = a and x = 0 
0 0 0 a a 
= и = 0. Thus f f(x) dx — f —f(—u) du — if f(u) du = af f(u) du = -] f(x) dx. 
a 0 а а а 
Thus f. f(x) dx — f. f(x) dx + 1 f(x) dx = ЫГ f(x) dx + f f(x) dx = 0. 


(b) ЈЕ sin x dx = [— cos x], — —cos (2) + cos (— $) =0+0=0. 











87. Letu=a—x => 94 = - 4х; х=0 у= а, х = а u=0 
[= Ї f(x) dx = | f(a—u) (— d ) 2 Ї f(a—u) du =f f(a—x) dx 
= f(x)+f(a—x) a f(a—u)+f(u) u) — f(u)+f(a—u) f(x)+f(a—x) 


СЕ ч _ f(x) dx — _Ка-х) ах | f(x)+f(a—x) | = dam = 
= 1+1= |. tia T 1: Қ) ах) =| год Ка—х) dx = f dx = [х] =а- 0 = а. 


Тһегеѓоге, 21 = а = [= 2 . 














88. Letu= > du=—Pdt > —-idu-idt— -idu t dtt х и = у, Е = ху u= 1. Therefore, 
xy 1 1 y y 
f 8-1 -148--| 1du- | га= | за 
х у u у Ч 1 u 1 


89. Letu =x +c du = dx; x =a- c u—a,x—b-c u=b 


ЈЕ atodas f twd | о) ах 


"иу (6) 17 f(x) = sinx © y 











у 
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91-94. Example CAS commands: 
Maple: 


f := x -» x^3/3-x^2/2-2*x4*1/3; 
gi=x->x-l; 
plot( [f(x),g(x)], x2-5..5, legendz["y = f(x)","y = g(x)", title="#91(a) (Section 5.6)" ); 
1 := [ -5, -2, 1,4]; # (b) 
42 := [seq( fsolve( f(x)=g(x), x=q1[i]..q1[i+1] ), i=1..nops(q1)-1 )]; 
for i from 1 to nops(q2)-1 do # (с) 
area[i] := int( abs(f(x)-g(x)),x=q2[1i]..q2[i+1] ); 
end do; 
add( area[i], i=1..nops(q2)-1); #(а) 


Mathematica: (assigned functions may vary) 


Clear[x, f, g] 

f[x_] = x? Cos[x] 

gi ]2x -x 

Plot[(f[x], g[x]). (x. —2. 21] 


After examining the plots, the initial guesses for FindRoot can be determined. 


pts = x/.Map[FindRoot[f[x]==g[x],{x, #}]&, {—1, 0, 1}] 
il=NIntegrate[f[x] — g[x], {x, pts[[1]], pts[[2]]}] 
i2=NIntegrate[f[x] — g[x], {x, pts[[2]], pts[[3]]}] 

il +12 


CHAPTER 5 PRACTICE EXERCISES 


1. (a) Each time subinterval is of length At = 0.4 sec. The distance traveled over each subinterval, using the 
midpoint rule, is Ah = 1 (v; Е у) At, where v, is the velocity at the left endpoint and v;,, the velocity at 
the right endpoint of the subinterval. We then add Ah to the height attained so far at the left endpoint v; to 
arrive at the height associated with velocity vi} at the right endpoint. Using this methodology we build 


the following table based on the figure in the text: 


















































t(sec) | O | 0.4 | 0.8 | 1.2 | 1.6 | 2.0 | 2.4 | 2.8 | 3.2 | 3.6 | 4.0 | 4.4 | 4.8 | 5.2 | 5.6 | 6.0 
v (fps)| O | 10 | 25 | 55 | 100 | 190 | 180 | 165 | 150 | 140 | 130 | 115 | 105 | 90 | 76 65 
h(ft) | O} 2 9 |} 25 | 56 | 114 | 188 | 257 | 320 | 378 | 432 | 481 | 525 | 564 | 592 | 620.2 








t(sec) | 6.4 6.8 | 7.2 | 7.6 8.0 
v (fps) | 50 37 25 12 0 
h (f | 643.2 | 660.6 | 672 | 679.4 | 681.8 





























NOTE: Your table values may vary slightly from ours depending on the v-values you read from the graph. 


Remember that some shifting of the graph occurs in the printing process. 
The total height attained is about 680 ft. 


(b) The graph is based on the table in part (a). h (feet) 
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(a) Each time subinterval is of length At = 1 sec. The distance traveled over each subinterval, using the 
midpoint rule, is As = i (vi + vii) At, where v, is the velocity at the left, and v;,; the velocity at the 
right, endpoint of the subinterval. We then add As to the distance attained so far at the left endpoint v; 
to arrive at the distance associated with velocity v;,, at the right endpoint. Using this methodology we 
build the table given below based on the figure in the text, obtaining approximately 26 m for the total 
distance traveled: 


















































t (sec) 0 1 2 3 4 5 6 7 8 9 10 
у (пузес) | 0 0.5 1.2 2 3.4 | 4.5 | 4.8 4.5 3.5 2 0 
s (m) 0 0.25 | 1.1 2.7 5.4 | 9.35 | 14 | 18.65 | 22.65 | 25.4 | 26.4 
(b) The graph shows the distance traveled by the 
moving body as a function of time for 
0 € t x 10. 
10 z 1 10 1 1 10 10 10 
(0), 2511, 4-11-25-, (b Y, (b-3a)-2 У. 5,—3 У. а =25—3–2) = 31 
k=1 k=1 k=1 k=1 k=1 
10 10 10 10 
(с) SS (@+b-D= SS at >) Ь— SS 1=-2+25-(0Ц0) = 13 
k=1 KE k= k=1 
10 5 10 5 10 5 
(d У. (3 —b,) = Y 3- >, = 2 (10) – 25 = 0 
к= 1 kat k=1 
20 20 20 20 20 
(а) У) За =3 У) а= 300) = 0 (6) У (+6) = У а+ У = 0+7=7 
к= 1 к= 1 к= 1 к= к= 1 
20 20 20 
Љу — 2 = 2 (ту — 
o X g-3)- E 1-33 &-1a9- 10-8 
20 20 20 
(дф >; (&—2)= >; а— »,2-—0-200)-— —40 
k=1 k=1 k=1 





Let u = 2x — 1 du = 2 dx 1 аи = ах; х = 1 u=1,x=5 u=9 
9 
1 


: 1/2 1/2 (1 1/2] ? 
f, ox- v dx = fw (i du) 2 [u!7]; 23- 1-2 








Letu — x - 1 => du -2xdx — + du = x dx; x 1 u=0,x =3 u=8 


3 8 
Јо) ах = f, ui (1 аа) = [341] 8 = 36-0 =6 








Let u 2 du = dx; x = п u=—35,x=0 > u=0 


ох 





| сов (5) dx = ЇЇЙС u)(2 du) = [2 sin и y = 2 sin 0 — 2 sin (— т) = 2(0 — (-1)) =2 








Letu = sin x => du = cos x dx; x = 0 u=0,x 2 u=1 


т/2 1 2 1 
: = —iwv| — 1 
f (sin (cos x) dx = Ј паа = [8] = 3 
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9. 


10. 


11. 


12. 


13. 


14. 


(а) Гоа = 1] эхх = i(12)—4 (b) f t00) ax = fiwa-  дювх-6-4-2 
| E excu ] “о шээсээ (4) Lo g(x)) dx = —т По 4х = —л(2) = —2л 
ы Ј (а) ae Џо dx + 1 Jf aeo йх-1(6)-1(2)-3 


@ Ji eo dx= 3 J, 7909 dx = $0) = 1 фу f god= f gwa- | водак=1–2= 1 
(с) (КУ ах = - бо) dx = =r (d) уз 42:12 Гео k= Jim =m 
(e) ЙГ — 3 f(x)] dx = (кә dx — з teo dece 


х2 —4х+3=0 = (х—3)(х—1)=0 > х=З огх= 1; 
Area = f(x? —4x +3) dx — f(x? —4x +3) dx 
= [= — 2x2 + 3x] – [eo = 25? + 3x] 
= [(5 – 20: +30)) – ој 

2 Є -20y £30) x: (5 — 2(1) +30)) | 
-(141)-10-(1-1)-3 








1-£=0 => 4-x7-0 > x= +2; 


2 3 
Ае = | ( -2)æ= f ( — =) dx 
2 


4 f(x) =1 — (x 4) 








5-5х23- 0 =~ 1—х/3=0 > x= +1; 

Area = Ї (5 - 5x2/3) dx — [`6 - 5х?З) dx 

= [5х — 3х5/3] u — [5x — 3x*/3] | 

= [(5(1) — 35/3) — (5(—1) — 3173) | 
— [(5(8) — 5(8)/3) -(5(1)- 3(1)5/3)| 

= [2 — (—2)] — [(40 — 96) — 2] = 62 





1- yx=0 > x=l; 
Ака = f| (1— \/х)4х— Г у) а 


= р-а л]; 
-(0-399)-4-18-1099)-01-3а9”) 
1-18-4)-11-2 
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15. (х) = х, g(x) = EA a=1b=2 > A= [ite — g(x)] dx y 


: 1 mo ТТР 4.1 1 2 уз: 
= к-3)8-1 -4,-041)-0-1)-1 









„ 
% 
2) 





16. f(x) = x, р(х) = da 10-2-» A= ff — 260] dx 








17. f(x) = (1 — \/x)’, g(x) =0,a=0,b=1 > а = ftteo - gcoáx fe 1 — /х)°ах =] (1 —2\/х+х) 


! E 
е 


о ФЕН 


18. 100 = (1 – х3)”, в(х) = 0,а =0,Ь =1 = a= fœ- eas f a- x) ax // (1 — 2х9 + хб) йх 


рева: 


Т 
gle 


19. f(y) = 2y?, g(y) =0,c=0,d=3 
— Ac ію)-ғолеу- (әу: -0) ду 


3 
3 
=2 | у“ ду = 5 [y]; — 18 





20. f(y) = 4 – у>, (у) = 0,с = –2,1 = 2 
> A= f| шуу—вулду= | (4 – у) ду 


2 
-|8-%| -26-9-3 
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2]. Let us find the intersection points: Е = rn 

=> y-y-2=0 > (у—2)(у+1)=0 > у=-—1 
+ g 2 


ory=2 > c—-1,d-2;fy — ay = 
5 A- f tto - stay - f (22 - x) ay 


< 





| à 
22. Let us find the intersection points: У = ул 19 


= уг—у—20=0 = (у—5у+4 =0 => у= –4 


огу=5 > c=-4,d=5; fy) = У 116 gy) = 44 


> a= f o-se f (a-i) e: 


15 2 1 [у E 
o +20-— у?) ду = 1 [5 +20у– 5] 
[(57 + 100 — 59) – (2 – 80+ $) 

243 


(5 +180 — 63) = 1 (3 +117) = :(9 + 234) = 2 











1 
Ble Ble BI 


23. f(x) = x, g(x) = sinx,a=0,b= 7 
=> А = Гк — g(x)] dx = ЇГ« — sin x) dx 


т/4 ; 
“ее eG) 


п 


24. f(x) = 1, gx) = хабе 5 
b т/2 
= А = f [f(x) — g(x)] dx — f „(1 — |sin x|) dx 
0 т/2 
= Јата, (1 — sin x) dx 


1/2 
=2 | (1 — sin x) dx = 2[x + cos E 
-2(g-1)2--2 
25. a — 0, b — m, f(x) — g() — 2 sin x — sin 2x 
= A= | Озах—ї2х)йх = |-2 сов х + 282%] © 
= [-2-(-1) +3] - (-2-14+4) =4 
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26. a= – 1,6 = §, f(x) — g(x) = 8 cos x — sec? x 
3 


7 
= А = | (8 cos x — sec? x) dx = [8 sin x — tan x], 


=T; 


- (8:33 - V3) — (-8- 2+ 3) = 6v3 


2 


27. Ку) = \/у, (0) =2-у,с=1,4=2 


2 


> A= tto - say - f, [ys - o - y] dy 


2 2129 
- (МУ-2+у) ду = [}у9°—-2у+ ®], 
- ($v2-4«2)- (86-249) -$/2- 1- 882 





T A- (КУ) – 2601 ду = f, (6— y - y) ay 


) 


| 
& me 
о 
< 
| 
wl 
| 
os 
1-- 
= = ~ 
| 
ж-- 
— 
N 
| 
N 
| 
loo 
— 
| 
ж” 
ON 
| 
мін 
| 
w= 


_ 24-1443 _ 13 
6 — 6 


29. f(x) = x? — 3x? = x2(x - 3) A f'(x) 2 3X? - 6x 2 3x(x - 2) => Р = +++ | ---—- | +++ 
0 2 
3 
=> КО) = 015 а maximum and f(2) — —4 is a minimum. A — E G3? — 3x?) dx = — E -» =—(®—27) = 
30. a= f (1-х)? а = Ј (а–2 ах! + x) dax = fax- $ ал3в + | =а--: а-а/а--“ 


-80-140-46-8-3-4 


1 
31. The area above the x-axis is Ay = Í (у2/8 — y) dy 


jj 1 
-[£-5- 


= + ; the area below the x-axis is 
5 о 10 








5 1 2/3 | [ay y 0 сп 
Asc] nes dy | 2850 


=> the total area is Ay + А> = $ 
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5т/4 


32. А = | (cos x — sin x) dx + J. (sin x — cos x) dx 


37/2 


+ унд (cos x — sin x) dx = [sin x + cos xp 


+ [— cos x — sin р + [sin x + cos xh 


Е о рю | 
+ [-1+9– (– 42 – 32) | = 5 -2-4v2-2 








x : 1 
33. y=x+ fora > ЧУ = 2х-+1 > в 2:0) =1+ ] i dt = 1апду )=2+1=3 


34. у= /, (1 +2у5ес!) dt > у = 1+24/зесх = ту EX ) (вес х)” 1/2(sec x tan x) = ,/sec X (tan x); 
0 
х=0 = y= f (1 +2Vseet) dt = 0 and x = 0 > Z = 1 +2ysec 0 =3 





x 5 
35. СЕЕ => о = y= fs a—3=-3 


x —1 
36. y= \2—зш?гй+2воїваа ® = V2- sin?x; x = —1 => у= |. М2 — ѕіп214+ 2 = 2 


37. Letu = cosx => du = —sin x dx => — du = sin x dx 


if 2(соз х)-1?? вїп х ах = [ 2u-1/2(— du) = —2 f» du = —2 ( зя) +С = 412 +С = —4(cos x)? 4 C 


38. Letu — tanx — du — sec? x dx 


| ((апх)-3/? бес? х ах = f үсэг du — C5 +С = 20712 +С = man tC 
т 





39. Letu=204+1 = du=2dé => 5 ди = 40 


Ј 20 + 1 + 2 соѕ (20 + 1)] 40 = [+2 соз) (du) = È + sinu + Gi = Cot? + sin (20 + 1) + С) 
= 6? + 0 + sin (20 + 1) + C, where C = Cı + 1 is still an ых constant 





40. Letu = 20 — « du — 2 d0 t du = dð 


+ 2 sec? (20 – п) | 40 = = + 2 зес2и ) (5 да) = 5 | (0-12 + 2 sec? u) du 
IG ) 40 = f ($5 +2) (44) =+ [Г ) 


= 5 :3 4- 1 tan u) - C — u!? tanu+C = (20 — m)!/? + tan(20 — r) + C 


41. fez (+2)a= f(e-s)a= fe-aya=$-4(S)+c=$4+4+e 


42. [HH a= faas fatias feted © 2 (9) +с=-1-Е+С 


43. Letu = XW > du = 3ytdt > fdu = yt dt 
Ју ( 2t3/?) dt = 1 [sin udu = —tcos u + C = —$c0s(2t?/?) + C 
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44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


Chapter 5 Practice Exercises 317 


Let u = 1 + sec 6 = du - вес б (ап0 40 -> | sec 6 tand М1 + зес 040 = ШЕТ = 33/2 +C = 2(1 + зес 0): + С 
` 1 
Ј ог – 4х + 7) ах = [3 — 2х? +7] 1. = [13 — 202 + 700] – [1 – 217 +7—1)] = 6 — (—10) = 16 
: 1 
f (855 — 1252 + 5) ds = [2s* — 48° + 5s], = [2(1)* — 40? - 5(] –- 0 = 3 
2. 
fo save fo av? av = [av = (59) - (59) =2 
27 
J x48 dx = [—3х-13]° = —3(27у-19 — (—3(1)-13) = –3 (5) +30) = 2 


4 4 
E 2 3/2 -19414--2 0-2 _ 
Ј а= Ex ТЕ де = [—2t = Fal 
du 


Letx 2 14 Ju > dx= 10712 ди 2 ах 





;0=1 = х=2,и=4 = x=3 


а= тоа = 28) 2%] 1-1 6%8) – 4 (298) -4ү3-142-14(3/5-247) 





шг 


Letu = 2x + 1 => du = 2 dx => 18 du = 36 іх; х = 0 u=1,x=1 
3 
36dx _ 2 E ..[-913  (-9 -9Y 
Їавь- fma - [ng] - n2 (32) – (5) =• 
Letu 2 7—5r => йи = —5dr > -1du dr; r = 0 u=7,r=1 u=2 


1 1 2 
Гея = f a-s f, ^ Ca a) = – 4 aut]? = 3 (у7– 2) 





= 
чә 

















Let u = 1 —x?/3 > du = —2x-/5 dx » -3du - x3 dx;x - 15 u-1- (1^ — э,х=1=пип=1—1?%9=0 
1 0 
2 3/2 52 \] 9 0 5 5/2 
Југа esae [^ eoi) - [9 (BY = Јо, = 0 C90) 
_ 2773 
= Teo 








Геи =1+ 9х4 > du = 36х? dx => + du = х? х; х 0 u=1,x 1 u 1+9 (1) = 5 


1/2 25/16 Г 25/16 
—3/2 i и-17 ы 25/16 
1 x? (1 + 9x*) / dx = f u 3/2 (55 du) = Е ( ын )| = [— x u 1/2] 1 


1 
3/11 
1/2 2 
27) T (15) ша 15 6D We) = а 








Let u = 5r du = 5dr idu dr;r =0 u=0,r=7 ü= Sr 


T Sr 
Jf sin? sear =f (ein? v) (4 au) = 3 [3 — S24] 5° = (g sger) — (0 80) = 3 

















Тап=4— 4 => du=4dt => 14:-4:1-0-011--1,-1- 11-32 
л/4 35/4 
T эе 1 — 1 Ги sin 2u ] 37/4 — 1 (32 sin (25) 1 T sin (= 5) 
fJ, cost (4-5) a= J, (cos? u) (4 du) = 1 [1 m9], — 1 (p ЕНЕГЕ 
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57. f sec? 6 dé = [tan gr^ = tan 3 — tan 0 = УЗ 


3т/4 
58. | csc? x dx = [—cot xp = — (— cot 32) — (- cot 3) 22 














59. Letu — £ du єє 6 du = dx;x=7 о=еХ= 53 => 
Зл 
Јова ЈУ “cot udu~6f ( (csc? uu — 1) du = [6(— cotu — uj], — 6(—cot € — £) — 6 (—cot £ — £) 
= 64/3 – 27 

60. Теги = => ди = 140 => 3du = d9; 0 =0 > 0= 0,0 = т = и = 1 





z = 2 = 23 т/3 __ T T 
f - f (sec? — ја – f. 3 (sec? u — 1) ди = [3 tanu — 3uJq/” = [3 tan 1 — 3 (2)] — G tan 0 — 0) 


-343-т 


0 
61. Л. seen xax c [see x} = sec 0 — sec (— )-1-2--1 
-т/3 


т/87- 


37/4 
62. J. csc Z cot z dz = [—csc d = (— csc зт) - (- csc The eode у = 0 





63. Letu = sinx = du = cos x ах; х = 0 и = 0, х и = 1 


т/2 1 
f 5(sin x)*/? cos x dx = 1 Su??? du — [s (2) u^] — [zu2]^ 2 209? — 2095? — 2 


NIA 











64. Letu = 1 — x? > du = —2x dx => — du = 2x dx; x = —1 u=0,x=1 u=0 


1 0 
f 2xsin(1—x2) ax = ff — sin u du = 0 


65. оолу ыо о и 
т/2 
Глаза жов жа - f 15u* y= fo зи ди = [и°]ү 1 = (—1)5 — (1) = -2 

66. Let u — cos (3) = du = — 2 sin (3) dx > -2 du = sin (3) dx; x = 0 > u = cos ($) = 1,x = Ж + u=cos($) =} 


2n/3 1/2 a 1/2 
f cos * (5) біп (5) «= | u-^(—2 du) = 205), 
67. Let u = 1 + 3 sin? x 2 du — 6sinxcosx dx > } du=3sinxcosxdx;x =O Su=1,x=% Su=14+4+3sin? 5=4 
т/2. 4 4 2 4 
3 sin x cos x = 1 (1 =Z 1-1/2 a, — |1 ful? — [11/214 _ 41/2 o 


68. Letu = 1 +7 tan x => du =7 sec? x dx > 5 du = sec?x dx;x =O >u=1+7tan0=1,x= 7 
=>» 0= 1+7 (ап 4 = 8 


12: 529 8 8 14418 8 
sec^x = = 1,—2/3 — fl fw — [3351/3 2553 1/3 3 1/3 _ 3 
1 arms k= J шв (7 du) = f 7% а= (um) -pBes-ie" -3 =3 


ые аы дейын 
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70. 


71. 


72. 


73. 


74. 


75. 


76. 


77. 


78. 
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E 0 и = sec 0 = 1,0 т u вес 5 2 





х 2 
(ап 0 : _ зес tan 6 _ вес 0 (ап 0 = 8-1 хайш 5] u 3/2 du 
М2 зес 9 0 secO/2sec 0 0 V (sec 09/2 (sec gan d uad 1 
2 2 
ШЕН ге | 5 —. 2 E 2 E = 
РЕ " Ls. s Б уй) = 2-1 


Letu = sin yt > du = (сов ҮЛ) (1772) а = ®*® at = 2du- aui 5 — u-—sin£-— 























2 x 
= => у= 5іп 5 = 1 


т?/4 1 1 
cos v/t NT А - MP 1 Ри = 
ЇГ = је: X а) => Ј 1773 du = [4 /u| 1/2 -4/1-4ү1-2(2- v2) 





(a) av(f) = === Г. (mx +b) dx = 4 ES + bx] s =1 Є +b(1)) = (5 +) =1(2b)=b 





(у амђ = == | (mx +b) dx = 4 [= + bx] й =i Є +o) = (a +e) | = 1 (2bk) =b 


yw = shy f, Vide = Bf hac МЕ [ах] а = У [oy – 30 = 58 (2/3) => 
® ya = i как = Јули ах = e [pe^]; = Ger - 10) = Gay) ja 


b 
fj — V f f'(x) dx = z [fG)]? — cL [f(b) — f(a)] — Hef) so the average value of f' over [a, b] is the 


slope of the secant line joining the points (a, f(a)) and (b, f(b)), which is the average rate of change of f over [a, b]. 





b 
Yes, because the average value of f on [a, b] is 5 ЕН i | f(x) dx. If the length of the interval is 2, then b — a — 2 


b 
and the average value of the function is i f f(x) dx. 


We want to evaluate 
365 


365 365 365 
3-8 o f% dx = 241 БАГ. (х- 101) + 25) dx = 25 > sin] (х- 101) dx + 885.) dx 





Notice that the period of y = sin E (x — 101) is т — 365 and that we are integrating this function over an iterval of 


365 


365 
length 365. Thus the value of af sin E (x — 101) dx + 35 dx is эг -0- xs - 365 = 25. 








ж 228 2 а 675 
61550 | (8.27 4- 1079(26T — 1.871?))dT = 515 E OTT ц. 2612 _ 18тт | 

















2.105 3-105 
20 
E 20(675)) 1.87(675) 26(20? — 1.87(20)3 28 
= as (s2767) оо === 3108 IE E 27(20) + ату |) ж 415 (3724.44 - 165.40) 


= 5.43 = the average value of С, оп |20, 675]. To find the temperature T at which C, = 5.43, solve 
5.43 = 8.27 + 107 ?(26T — 1.87T”) for T. We obtain 1.87T? — 26T — 284000 = 0 


+ 2_ = 
аии) зо улоо сот = _382.82 or T = 396.72. Only T = 396.72 lies in the 


interval [20, 675], so T = 396.72°C. 








>T= 








d 
2 = y2 + cosx 
% = \/2 + с053(7х2) . 4 (7х2) = 14х\/2 + cos? (7x?) 
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э. = (7 нш) зе 


2 sec X 
Ss wt 1. ысы. 1 а —. __ sec x tan x 
ee е 2 шиг 6) ina) 7700 sec2x +1 dx (sec x) = 1 + зес2х 


81. Yes. The function f, being differentiable on [a, b], is then continuous on [a, b]. The Fundamental Theorem of 











4 
80. #=&( 


Calculus says that every continuous function on [a, b] is the derivative of a function on [a, b]. 


82. The second part of the Fundamental Theorem of Calculus states that if F(x) is an antiderivative of f(x) on [a, b], then 


b 1 
| f(x) dx = F(b) — F(a). In particular, if F(x) is an antiderivaitve of у 1 + x4 on [0, 1], then f, v l4 x* dx 
— F(1) — F(0). 


1 x x x 
83. y= | ix ea- - f. vV1-c-8dt — =] Ува =-& ]] Мт] = Ут» 


0 cos x COS X cosx 
нг 1 = 1 а-а 1 _— _ 4 1 
84. y= fe. 1-2 dt = 1, 1-2 ш x dx dx | J, Lae а B М у ic а 


= — (т<) (д ©з )) = — (hs) Co sin x) = gis = ose x 











85. We estimate the area A using midpoints of the vertical intervals, and we will estimate the width of the parking lot on each 


interval by averaging the widths at top and bottom. This gives the estimate 
Awl5- (9-36 + а T ышы + 51 zm + 49.5 +54 + илы d 614467 + 675 +42) 


A = 5961 ft?. The cost is Area - ($2.10/ft?) (5961 ft?) ($2.10/f?) — $12,518.10 — the job cannot be done for $11,000. 


86. (a) Before the chute opens for A, a = —32 ft/sec”. Since the helicopter is hovering, vo = 0 ft/sec 
=> v= f -32 dt = -32t + vo = —32t. Then sp = 6400 ft = s = f —32t dt = –160 + 5) = —16t? + 6400. 
At t = 4 sec, s = —16(4)? + 6400 = 6144 ft when A's chute opens; 
(b) For B, sp = 7000 ft, vo = 0, a = —32 ft/sec? + v= f —32 dt = —32t + vo = -32t > s= f —32tdt 
= —16t? + sp = —16t? + 7000. At t = 13 sec, s = —16(13)? + 7000 = 4296 ft when B's chute opens; 
(c) After the chutes open, v = —16 ft/sec > s= f —16 dt = —16t+ sp. For A, so = 6144 ft and for B, 
So = 4296 ft. Therefore, for A, s = —16t + 6144 and for B, s = —16t + 4296. When they hit the ground, 


s=0 — forA,0— —16t4- 6144 > t= ын = 384 seconds, and for B, O = —16t+ 4296 => t= +6 


= 268.5 seconds to hit the ground after the chutes open. Since B's chute opens 58 seconds after A's opens 

— B hits the ground first. 
CHAPTER 5 ADDITIONAL AND ADVANCED EXERCISES 

1 1 
1. (a) Yes, because 1 f(x) dx = 1 1 7є(х) ах = 10) 21 
! 211 : хе] | 4/3 (13/2 _ 93/2) _ 4v2 
(b) No. Forexample, J, 8x ах = [4x?] = 4, but |, V/8xdx - py2(55)| = 4? (192 — 092) = 2 4 v4 
2710 





2 


2. (a) True: ЕС dx = – [хх dx — —3 
(b) True: Јав + g(x)] dx = / кх dx + Јо dx = Ј ко dx + 1: f(x) dx + Јо ах=4+3 +2 = 9 
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(c) False: [хх dx=44+3=7>2= Jf aom dx — | но — g(x)] dx > 0 > Гв — f(x)] dx < 0. 


5 
On the other hand, f(x) < gx) — [gG) — 100] > 0 = f „[8(х) — f(x)] dx > 0 which is a contradiction. 


3, y= af f(t) sin a(x — t) dt — |J f(t) sin ax cos at dt — 1 1 f(t) cos ax sin at dt 


= ны f f(t) cos at dt — S* Í f(t) sin at dt > ау = COS ах (7, f(t) cos at 4) 


+ = (% 1 f(t) cos at а) + sin ax Í f(t) sin at dt — ©%* (% Í f(t) sin at 4) 
= COS ax f f(t) cos at dt 4- amas (f(x) cos ax) + sin ax Í f(t) sin at dt — “°S* (f(x) sin ax) 
dy — 


= Jk = COS aX f, f(t) cos at dt + sin ax f, f(t) sin at dt. Next, 


ын = –ачпах f f(t) cos at dt + (cos ax) (# Í f(t) cos at 4) + а cos ax Ї f(t) sin at dt 
+ (sin ax) (% 1 f(t) sin at 4) = —a sin ax 1 f(t) cos at dt + (cos ax)f(x) cos ах 


+ a cos ax 1 f(t) sin at dt + (sin ax)f(x) sin ax = —a sin ax Í f(t) cos at dt + a cos ax f f(t) sin at dt + f(x). 
Therefore, y" -- a?y = a cos ax f f(t) sin at dt — a sin ax 1 f(t) cos at dt + f(x) 


+a? Є Í f(t) cos at dt — 2225 Ї f(t) sin at а) — f(x). Note also that y'(0) = y(0) = 0. 








y y y 
1 d d 1 d 1 d ; 
4. х = f Е d > (х) = 1 oa dt = di || iat а (8) from the chain rule 
d d d d 
= 1= 5 (8) > Ф® = \/1+4у?. Тпеп ® = & (1 +4у7) = & (у/1 + 4у?) (2) 


= Ay (8 4y (\/1 + 4y? 2 
= i (1+ 4у?) M (8y) (%) и 2m = хайн = 4y. Thus чу = Ay, and the constant of 





proportionality is 4. 


5. (a) ІМ f(t) dt = x cos 7x => iJ f(t) dt = cos 7x — 7x sin 7x => fx?) (2x) = COS TX — TX SiN TX 
> f (x?) = COSTS TX Sin TX Thus, x=2 > Қа) = cos 2m — 2n sin 27 == 1 
(b) f diss H | = IE)? > 1 (£00)? =x cos tx = (f(x)? = 3x cos mx => f(x) = \/3x cos Tx 
=> f(4) — 4/3(4) cos 4x — W/12 


6. f f(x) dx = £ + 8 sina + 2 cosa. Let F(a) = 1 f(t) dt > f(a) = F(a). Now Fa) = Ë + ê sin a + Z cos a 


=> f(a) = F(a) =a+ į sin a + å cos a — Ẹ sin a = f(2))-Z-isinz4 G) СОБ оез Поне таа 





т 1 
2. @ 


кюн 





7 | f(x) dx = Vb? +1- v2 = fb) = 5 1 f(x) dx = 1 (b? - 1) "^ Qp) — Je = б) = 335 


8. The derivative of the left side of the equation is: i | f | Í f(t) а au = di f(t) dt; the derivative of the right 


side of the equation is: 2 |] f(u)x — u) d = 2 f f(u) x du — i f, u f(u) du 
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=i ftw du 


f, f(u) du. Since each side has the same derivative, they differ by a constant, and since both sides equal 0 





xs 2 fou f(u) du = INS du + x 8 [к аш — xf(x) = Ј ко du + xf(x) — xf(x) 


when x = 0, the constant must be 0. Therefore, f | f, f(t) а ди = Í f(u)(x — u) du. 


9. $ —3x!42 = у = ] (3х? +2) 4х = х? + 2х + С. Then (1,—1) on the curve > 18? +2(1)+C = -1 > C= —4 
> у=х%+2х—4 


10. The acceleration due to gravity downward is —32 ft/sec? > у = | —32 dt = —32t + vo, where vo is the initial 


velocity > v= —32t+32 > s= f (—32t + 32) dt = —16€ 4- 32t 4- C. If the release point, at t — 0, is s = 0, then 
С=0 = з=–162 + 321. Тћеп 5 = 17 => 17 = –—162 + 327 => 16t? — 32t + 17 = 0. The discriminant of this 
quadratic equation is —64 which says there is no real time when s = 17 ft. You had better duck. 


3 0 3; 
11. Јов = f 2" dx f. —4 dx 
= [3x°°]", + [4x13 


= (0 – 3 (–8)7/3) 4+ (—4(3) – 0) = $ – 12 
— 36 


5 





12. f iwas f ак оа) ак 
= (3-092, e [$ - 4]. 


[o— (- 3 92] - [ (3 - 48) - 6| 


16 7 


ce BR. mS dg 





2 1 2 
13. f aac f, cac [f sin zt dt 


1 | E 
= [5]. + 1-2 совт] 


= (5 —0) + [— 4. cos 2x — (— 2 cos z)] 





14. fo dz = Г 1—zdz4 fa – 6) УЗ а w 
= [34 - 57] + [8 @2- 628], 
-34-199-1(-30-099) 
+ [8 00) - 9? — $00) - 99^] vis И 


-140-8)-8 


E 
м 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


15: 


16. 


17. 


18. 


19. 


20. 


21. 


22. 
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Гоа = Јак f 1 х2 Jax + / 24 : 


-1143-|8-5| ec A ees 
= (1-62) + |(1– 8) – (=1– 5) | + о - 20] | Ker 


=1+3-(-2)44-2=8 


во in NT Га – 13) аг + f 
"Bs Een 


(0– 50) + ((1– =) -0) +2-1 


23 1 2 Маң 





Ave. value = 





= z fimi fne fenes -3 831 -4, 
Руи 


Ave. AR x] = 4 1–0+0+3–21== 





Let f(x) — x? on [0, 1]. Partition [0, 1] into n subintervals with Ax = 


nt 
n? 


Bin 


., 2 are the 
n 


1 
right-hand endpoints of the subintervals. Since f is increasing on [0, 1], U =>, 1) 


i (1) is the upper sum for 
оо -ү5 5 5495 n? 

f(x) = x° on [0,1] > іт У) (1) (i) =, im, 1] (2) ар G+ (8) | = lim, [A 
j=l 


1 6 1 1 
0 0 


Let f(x) — x? on [0, 1]. Partition [0, 1] into n subintervals with Ax = 150 = LT еп +, 2, 25, ym are the 
right-hand endpoints of the subintervals. Since f is increasing on [0, 1], U =>. i Ө is the upper sum for 
о 7 .\3 
23-08 : j = је 1 | (1\3 2 13 + 23 +... + п3 
год == хе ов 10,1] E i) (0) = [ORO +. + (8) = ін, [E8938] 
-Jia E]: 
Let y = f(x) on [0, 1]. Partition [0, 1] into n subintervals with Ax = ин = 1, Then 1, 2, го: + are the 


right-hand endpoints of the subintervals. Since f is continuous on [0, 1], 2 f о (2) is a Riemann sum of 


= m Sefi y 1 Ге(1 2 (2) 
y = f(x) on [0,1] > nim 542) (3) 2 tim, i[f()) e £(2) ... (2 jeff f(x) dx 
(2). üm p[2+4+6+... +20] = hn; ilg 242 ЛЭ 2- == x?], — 1, where f(x) — 2x 


on [0, 1] (see Exercise 21) 
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23. 


24. 


25. 


1 
(b) п аш [1° +25 4%; +] = nim, i [ON + (2)” +... + ("| c /, x dx = ss] z ig; Where 
f(x) 2 x? on [0, 1] (see Exercise 21) 
1 
(c) п ШП 1 [sin Z + ѕіп 27 74+... + іп ат] = Í sin nz dx — [- 4 cos mx] 5 = – 1 соѕт – (— 1 cos 0) 


= 2, where f(x) = sin 7x on [0, 1] (see Exercise 21) 
1 
(d) lim. 3 [142 4... +n] = (lim, 1) (lim. a 4, [115 4 215 4... ш) = (, lim 1) [хз ах 
=0 (45) = 0 (see part (b) above) 
(е) lim, ae (18+ 2) +... +07] = lim, 3s (18+ 284+... +07] 


1 
= С lim. п) (lim, ES [129 +25 +... + п9)]) = С lim. п) | х!5 4х = оо (зее рагї (Ъ) above) 
(a) Let the polygon be inscribed in a circle of radius r. If we draw a radius from the center of the circle (and 


the polygon) to each vertex of the polygon, we have n isosceles triangles formed (the equal sides are equal 
to r, the radius of the circle) and a vertex angle of 0, where ог, = 2. The area of each triangle is 








A, = ir г“ віп 0, => the area of the Por is A = nA, = > sind, = ш sin = ar 
27. : 2n 
2 А = пт г 2 2) за (30) _ (2 : т (=) | 2 
(b) , lim. А = И ar sin Z = y lim. = 2 sin 22 = jim des ) раса (лг?) Жа 13 Ийн TT 
Partition [0, 1] into n subintervals, each of length Ax — 1 with the points xo — 0, x; — 1, X2 = 2, мед = р = 1. 


The inscribed rectangles so determined have areas 
f(xo) Ax = (0)? Ax, f(x;) Ax = Gy Ах, #00) Ах = (2): Ах, ..., 1) = (= гү? Ax. The sum of these areas 
ва (FEO Gt ees Gee etm es dae CSU Thea 


n 


1 
: из ДЕ (n-1?| — 24. 1 ..1 
„ће За = lim. (5 +5 т +. де) = [taxa Bah 


1 
200 
© (3) =f f(e) a = —3(2)(1) = -1 
(с) g(-1) - | « --[. f(t) dt = —} (42?) --т 
(d) g'(x) = f(x) = 0 > x = —3,1,3 and the sign chart for g’(x) = f(x) is | +++ | ——-— | +++. So g has a 
—3 1 3 
relative maximum at x = 1. 
—1 

(e) g’(—1) = f(—1) = 2 is the slope and g(—1) = J f(t) dt = —7, by (c). Thus the equation is y + 7 = 2(x + 1) 

у = 2х +2 – т. 
(f) g'(x) 2 f'(x) 2 0atx — —1 and g"(x) — f'(x) is negative on (—3, —1) and positive on (—1, 1) so there is an 


inflection point for g at x = —1. We notice that g"(x) — f'(x) « 0 for x on (—1, 2) and g"(x) — f'(x) » 0 forx on 
(2, 4), even though g"(2) does not exist, g has a tangent line at x — 2, so there is an inflection point at x — 2. 


Хи 


g is continuous on [—3, 4] and so it attains its absolute maximum and minimum values on this interval. We saw in (d) 
that g'(x) 2 0 => x = —3, 1,3. We have that 


g(-3) ЈГ eds f(t) dt — —*2 = —2л 
= fA a= 0 
ME ON 


4 
mE = 1 == 1 
= f fy a=-143-1-15-} 


Thus, the absolute minimum is —27 and the absolute maximum is 0. Thus, the range is [—27, 0]. 


(g 
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27. 


28. 


29. 


30. 
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T X 
y =sinx+ f cos2tdt+1 = sinx - f cos 2tdt + 1 => у = cos x — cos(2x); when x = 7 we have 


y — coss — cos(21) = —1 — 1 = —2. And y” = —sinx + 2sin(2x); when x = п, у = sina + f. cos 2t dt + 1 
-0-0-1-1. 


код = Југа: = Ред = 1 (#) – (1) (а (0) = 1 -х(-1)=1+1=: 








ко = | тїш dt > £6) = (eg) (4 Gin) — (Gg) (4 (совх)) = 2055 + л 
eub ql 


cos x sinx 














5 


ay) = Jis dt g(y- (sin (2,/9)”) (% Qs) z (вһ (,/9)”) (4 (V5) в 


=f (5-04 > f) = (х + 3)(5 – (х + 3)) (4 (х + 3)) – х(5 – х) (®) = (х + 3X2 — x) — x(5 — x) 
= 6 х – х? – 5х + х? = 6 — 6x. Тһиѕ Ё (х) = 0 > 6—6x=0 > x=1. Also, (х) = –6 < 0 = х = 1 рімеѕа 


maximum. 
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NOTES 
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CHAPTER 6 APPLICATIONS OF DEFINITE INTEGRALS 


6.1 VOLUMES USING CROSS-SECTIONS 
ы 2 
1. A(x) = Sa? М (СУ) _ ра=бђ=4 
v— f'Aco dx -. fr 2x ax = [х2] = 16 


: : : 22 ол12 
2. Абд = хивс 2 зк) к] B ши! 2 т(1 _ 9x2 4 x!) пера 





b 1 511 
у= ЈАК) ах = fi r(1— 2x? +x!) dx =a [x- 3x3 g] 


3. A(x) = (edge)? = [V1 = - (-v1 тә) = (2,1 58) =401 —x2);a=-l,b=1; 


v= f awas f a-ak] =a- = 


2 
2 
4. A(x) = SS 5 = 5 =2(1-x?); a= —1,b = 1; 


v= Гаож-2Г(1-х)жк-2 х— 8] = (-1)-3 





5. (а) $ТЕР1) A(x) = } (side) - (side) - (sin 2) =1- (2\V/sin x) (2 Е х) (sin 2) = V3 sinx 
STEP 2) a=0,b= 7 
STEP 3) V= [Ac ax = У3 | махах- |-у3 совх| , = \/З(1 +1) = 2\/3 
(Ы) STEP 1) A(x) = (side)? = (2 sin x) (2 an x) =A ae 
STEP 2) a=0,b=7 
b т 
STEP 3) V = f A(x) dx = f 4 sinx dx — [-4cos x]; — 8 


6. (a) STEP 1) A(x) = ааа = 1 (ѕес х — tan x)? = § (sec? x + (ап? х — 2 sec x tan x) 


= [sec? x + (sec? x — 1-2 sinx | 











cos? x 
STEP2) a=-1,b=% 
STEP 3) V= [ A(x) dx = 1 § (2 sec?x — 1 — 289) dx = § 2 tanx—x+2(-Z,)]™,, 








Т МЕН ы ез еа 
(b) STEP 1) A(x) = (edge)? = (sec x — tan x)? = (2 вес?х — 1 — 2 $5) 
ЅТЕР 2) а= – 7,6= 7 


ЅТЕР 3) V= Ј'Аб)ах = (2 sec?x — 1 2888) dx =2 (2 3-4) = 44/3 – 21 


cos2 x 








7. (a) STEP 1) A(x) = (length) - (height) = (6 — 3x) - (10) = 60 — 30x 
STEP 2) a=0,b=2 


b 2 
STEP 3) V = f'AGo dx — J, (60 — 30x) dx — [60x — 15x]; — (120 — 60) — 0 = 60 
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10. 


11. 


12. 


13. 


Chapter 6 Applications of Definite Integrals 


(b 


wm 


STEP 1) A(x) = (length) - (height) = (6 — 3x) - (229-99) = (6 — 3х) (4 + 3х) = 24 + 6x — 9x? 
STEP 2) a=0,b=2 

b 2 
STEP 3) V= f[ A(x) dx = fi (24 + 6x — 9x2)dx = [24х + 3х2 — 3x3]; — (48 -- 12 — 24) - 0 = 36 


(a STEP 1) A(x)- l(base)- (height) 2 (/x — 3) - (6) — 6 /x — 3x 
STEP 2) a=0,b=4 


b 4 
STEP 3) V= f A(x) dx = f° (6x!/? — 3x) dx = [4x3/? — 3x2] = (32—24) –0= 8 
i -хү? x— x /* t ix 
STEP D) AG) = p a(t = p (AA) =g = g(x Дю) 
STEP 2) a=0,b=4 


STEP3) V= ГА ах = zf (x - 232 + 152) дк = [52 — 32 рк] = (8416) 200) = 2 


(b 


wm 





2 2 4 


2 


2 
А(у) == 4 (diameter)? == F (vsy? ud 0) ын эт у“; 


с=0,4=2; у = ЈАСу) ду = | уу 


| 
г 
QE 
ai 
эм 
ич 
vl 
Масан? 
‚т, 
e N 
| 
AIS 


(25 — 0) =8л 





2... УТ-уй| -1(2/Т-у) -2(1-у):0--1,4-1 
4 1 311 
ve Amas [20-3942 - 5] , 240-9 23 


The slices perpendicular to the edge labeled 5 are triangles, and by similar triangles we have P = 4 = В = ib. The 
equation of the line through (5, 0) and (0, 4) is y — — x -- 4, thus the length of the base — – їх + 4 апа ће 
height 2 2(—$ix--4) — —$ix--3.Thus A(x) — i(base)- (height) 2 i(-ix-4).(—-ix43)-— 5х? — Вх+б 


and V = Ад ах = | (Sx? - 2x+6)dx= [4 x3 — §x2 4 6x]? = (10 — 30 + 30) —0 = 10 


The slices parallel to the base are squares. The cross section of the pyramid is a triangle, and by similar triangles we have 


2 d 5 5 
= $ > b= 3h. Thus A(y) = (Базе)? = (у) = буг > V= f Aly) dy = f, Sy ay = [2] 5 =15-0= 15 


(a) It follows from Cavalieri's Principle that the volume of a column is the same as the volume of a right 
prism with a square base of side length s and altitude h. Thus, STEP 1) A(x) — (side length)? — s?; 


b h 
STEP 2) a= 0,b =h; STEP3) V= f Ac) dx — f s? dx =n 


(b) From Cavalieri's Principle we conclude that the volume of the column is the same as the volume of the prism 
described above, regardless of the number of turns — V — s?h 
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14. 1) The solid and the cone have the same altitude of 12. 
2) The cross sections of the solid are disks of diameter 3 
Х- (5) — 5. If we place the vertex of the cone at the 
origin of the coordinate system and make its axis of 
symmetry coincide with the x-axis then the cone's cross 
sections will be circular disks of diameter 
= (— *) — 5 (see accompanying figure). 


3) The solid and the cone have equal altitudes and identical 





parallel cross sections. From Cavalieri's Principle we 2 A 
ш--2 
conclude that the solid and the cone have the same 3 
volume. NOT TO SCALE 
2 2 2 2 2 2 312 
15. К) =у=1- 8 = У Ј мкодрах ==) (1– 5) ==] (1-х+=) ж=т-2+5], 


2 2 2 
16. Ry 2x X > V= f «IRI dy 2 v [,; (3) ду = т 3 у2 ду = т[2у2]2 =л-3.8 = бл 














17. К(у) = tan (4 y) ;u ТУ ди = + ду 4du=7dy;y=0 u=0,y=1 1-7; 


У = m[R(y)]? dy — f, [tan (2y)] dy 4 [” tan2udu=4 [7 (–1 + вести) du = 4[—u 4- tan u]7/* 
-4(-5-41-0)-4-л 


т/2 
18. R(x) = sin x cos x; R(x) = 0 => a= 0andb = 2 are the limits of integration; V = Ї T[RGOP? dx 








m/2 m/2 ,. 2 
-т/ (sin x cos x)? dx — s f. Gin 29" dx: [u 2x du — 2 dx өш дох 0 и = 0, 


х= > о = т] — У ==! иди = 1 [8 — 1sin2u; - £[(£-0) -0] = ® 


19. R&) =x? > V= 15 z[RGOP? dx — т fey dx 


2 512 
=n fixtdx =n [5] = oe 
? 0 





ui 


20. Ro) 2x3 2 v— fJ TRO dx = nf (x) dx 


2 212 
Г 
=r f хб ах = т 5] = Би 
0 7 0 7 
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ARO ae => у= тїр ах-1| (9 — x2) dx 
E -3 -3 -(9-x2)'? 
= п |9х – #] _ = 2л [90 – 21] =2-п -18 = Збл Р” | 





22. Еб) = х – х2 = у = f TROP йх-л| х-х2у ах 


1 511 
= т /, (х® — 259 + хї) ах = т |$ — 5 +] 







“У 
2 


=л(1-1+1) =х (10- 15+6) = = 







@ % 22 22 
4. 












т/2 т/2 
23. R(x) = ycosx > V= f7 T[R@) dx = r f” cosx dx ý 


= п [уп х] 7/2 = (1-0) = т 






% Ж» 
% > 
56222555272 











т/4 т/4 
24. В(х) =зесх > V= атоо ах = т Г see? x dx 
7 


= q [tan x] ^ 


2: = л[1—(—1)] =2л 





т/4 
25. К(х) = м2 —secxtanx > V= f т[К(х)]? ах 
т/4 2 /2 
п | (2 - sec x tan x) dx : 


sf (aas ? x tan? 
=" o sec x tan x + sec’ x tan“ x] dx 





( Ja ах – 24/2 ЇГ x tan x dx + ІШІ Pse? x dx) 
но 
= T 1 3 = T 11 | | 1 
=" [(5–0) -2у2(у2-1) +1 (1 -0) =т(5+2/2-1) 


у швестїапт 
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т/2 
26. R(x) = 2 — 2 sin x = 2(1 — sin x) > V = Т, T[RGOP? dx 
7/2 т/2 
=r f 4(1 — зїп x)? dx = 4r f (1 + sin? x — 2 sin x) dx 
л/2 
= ат 1+1 — cos 2x) - 2 sin x] dx 


7/2 . у 
= ап (3 — 95?* — 2 sin x) 


т/2 
0 





= 4n [3x — #92 + 2 cos x] 


= 4т [(37 - 04-0) - (0 —04-2)] = ал — 8) 






1 1 
27. Ry) = /5у? = У = | чкорду=т | 5у' ду ў 
= п [y?] 21 == ТП а (1) = 2л 1 % ЯҒ” 


% А х= 4/5у2 


2 2 
28. Ку) = у? > V= f ROP dy =r f, yè dy 


y 
Lal 2a зе ы е 
т |2], T Be 





с 


29. R(y) = V/2sin2y 9 V — |" TROP dy 


T. л/2 
—m], 2sin2y dy — m [- cos 2y] o 


=л[1—(—1)] =2т 


30. R(y) =,/cos ¥ > V= ГГ тїк dy 


=n {cos () ду =4 [sin 2]^, 2 40 - (- 0] 2 4 


—2 





2 : 2 T d 
31. RO) = 27 o V J,sIRGP dy — 4n f, бу J 
3 
=4т 1-27 0 471—4 - (0) = 3т 
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2 ! ; -2 
32. RY) = YZ > у = | п) ду = т, 2у(у? +1)” dy; у 
[и = у2 +1 = du=2ydy;y=0 u=ly=1 и = 2] 


5 vosf'w?d-s[-1]? -2[-1- -0] - Z 


т = 2y/(? +1) 











33. For the sketch given, a = – 1,6 = 7; R(x) = 1, r(x) = \/созх; У = f n ([R(x)]? — [r(x)]?) dx 


т/2 
End ЕЛДЕ "(1 — cos x) dx — 2n[x — sin x]? = 27 (7 – 1) = т? – 2т 


34. For the sketch given, c = 0,d = 2 R(y) = 1, r(y) = tan y; V = for (RO)? — [г(у)]?) dy 


т? 


==" (1 –апгујду =" ЈУ (2 (2 — sec” y) ду = л[2у — tan у]/* -т(:-1)- 5-7 


35. r(x) =xandR(x)=1 > V= f 7 (IRGCOP — [rG)P?) dx 


=ка—)ах=т[х—5| =т[—34)-6] =® 





36. r(x) = 2,/x and R(x) =2 > V= T 1 (IRGOP — [rG)P?) dx y 


1 211 
= т], (4 — 4x) dx = 4n|x— 9] = 40 (1-3) =2л 





37. r(x) = x? + Land R(x) 2 x - 3 
> V= f? r (ROP ro) dx 
= nf (к 43)? — (x2 + Ју dx 
=f [(x? + 6x +9) — (x! + 2x? + 1] ах 


2 
=r Lit ло и 





(-8-168-10-03131-01-4(-8-3428-144) 65) - 


на 
= 

ofS 
3 
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38. r(x) = 2 — x and R(x) = 4 – х? 
> V= f? s (IRGOP — [го)]?) dx 
=: fi С -x-2 xl dx 
- T [(16 — 8x? + x) — (4 — 4x + x?)] dx 





2 
=r f (12+ 4x — 9x? + x’) dx 
= токо зз] 
= q |(24 + 8 — 24 + 22) – (-12+2+3- 1)| = (15 + 38) = 10" 


39. r(x) = sec x and R(x) = м2 
> V= [s Roo? — [rG) P) dx 
=л Ге — sec? x) dx = [2x — tan x] 
=я[@-1)-(-{+1] =лт-® 


т/4 
-т/4 


40. R(x) = sec x and r(x) = tan x 
> м = fe n (IRGOP — bP) dx 
— s f, (sechx — tan? x) dx =x f 14х- л т 


41. ry) 2 1and Ry) 2 1 - y 
= v= f' r (ROP =f?) dy 
= т 0+2 ]бу= т Ј (1+2у+у: – 1) ду 


1 311 г 
= Ј, буфујау=п ју+ 5] = 7(1+ђ == 





42. В(у) = Тапа ку) =1-у > V= f. т (Е(у]? — [(у)1?) dy > 
=r f t -a-yslay- «f, 1 - 0 —-2y - y) ay ү 


: 1 
= е], + 






(1, 1) 


“тг 
“2272 ОР ОР 
< 
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43. В(у) = 2 апа ку) = МУ 
> у= ЈУ л (18602 – под) ду а 


АВ е 
-4| (4 – у) ду = т [4у – 5 | = 116—8) = 8т p 





44. R() 2 V3 and (y) 2 /3— y? 
5 vo f^ «(RP - try) dy & | eom 
= [У 3-(3-у yay =n у? ду 3 < 


«р уз 


0 
45. R(y) =2andr(y) = 1+ /y 
~ у = лавы – 160) ду 
=r f 4 – (1+ у) ] ay 
=r f, (4-1-2yy-y)a 
=i "(3-2/%-у) у 
=" - 8], 


eur -4 iy (3) 






wl 


43 


46. Ry) = 2 — y"? and r(y) = 1 
> у = лавы — вр) у 
=т/ (( [(2- 8)? -Ц ду 
=f (4—4y"? + у°5 — 1) dy 
=r f ии а 


1 
шал шин 


47. (а) т(х) = \/x and R(x) = 2 
= V= fr (ROP — WP) dx 
4 
= „| С sl, — «(16 — 8) — 8r 
(b) r(y) 2 0 and R(y) 2 y? 
> у= fen (ERGO – (60) ду 
2 512 
(c) r(x) =Oand R(x) 22— /x => У = f (IRGOP. — [rGO P) )4х=х/ ( 2543 


-«f( (4 — 4/x 4 x) л -58 + 51 === (16–%+ 5) = 5 
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(d) (y) =4 - y andR() — 4 > V= fy TROP- troi?) dy ^s f; [16 (4 у?) 


Ё 204 aoa A 8.3 y] à 32 2247 


wm 


48. (a) r(y) = Oand R(y) = 1-3 
> V= f т([ул? — ДР) ду 
-я| (1-0) у= тј (1-y+4) y 
22. 


(b) r(y) = Тапа В(у) =2- $ 


wm 





> V= / т(уР —[у)Ё) == [ [@-3)°-1]а ду=т (4-2y + 4-1) dy 


2 2 


49. (а) r(x) = Oand R(x) = 1 — x? 
— V fn (IRGOP – fr) dx 
=n f ( 1 — x’) "ax- f 0-28 x!) dx 


-яЇ -4 6 | -240-12-1) 
= In (155 10+3) — lór 





(b) r(x) = 1 and R(x) =2- x? > V= f л (ВОР — [r(x)]?) dx = 7 рүе 


-- ко" 
- 
1 
с. 
ж 


1 1 
=r f (4-4 txt- 1) dx= r f (3 — 4х9 + х®) ах = т [3х — $ x° 
= 217 (45 – 20+ 3) = 26" 


(с) пбх) = 1 + хап (х) = 2 => У = f. ([IRGOP. — р) =] | -( (1 + х2] ах 
ти] 
=n f ( 4-1-2xt - xt) dx - n ff. (3— 2x? — x#) dx = [3x — 3x? - | =2n (3-3-3) 
= 2© (45 — 10 —3) = 57 


50. (а) г(х) = О апа В(х) = — Вх +В 
> у=] т "т ((В(х)]? — [г(х)]?) ах 2 







chc vee [ome 
2| х x2 Ў 2(b тһ?2Ь 22 Б х 
— ль з. (3 -ъ+ъ) = > b 


(b) r(y) = Oand Rly) = b(1— 5) > а 2. dy ^ sb? f" (1 — 2)! ay 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


336 Chapter 6 Applications of Definite Integrals 


51. R(y) — b 4- /2? — y? and r(y) = b — \/a? — y? y 
> у = Ј «(ROP - ior) 4 


=" Ј |(р+ /а#— у?) - (o- Vy dy 
зэ. 


— 4br - area of semicircle of radius a = 4bz - = 2a*br? 





5 
52. (а) A cross section has radius r = \/2y and area mr? = 27ry. The volume is Í 2пуду =п [у?] — 25m. 


(b) V(h )= fan) h)dh, so S = A(h). Therefore Sf = SF - St = A(h) - $, 80 = ху: 


For h = 4, the area is 27(4) = 87, so # = 4 38 ШИВ үнийн 


sec 8т sec ^ 


== 2 з а-ал 3,29 
Depot Cn £) 


=n ps — 1 (h3 — 3ha + 3ha? — a3) — 5 = q (ah — }Ẹ + h?a — ha?) = 2888 


53. à) Rp - Vi -y a vosf 08-у)4у-л у-5| 





(b) Given $* — 0.2 m?/sec and a — 5 m, find 9*|, |. From i (a), V(h) = mega) = 5rh? — ah 
ia: dv ау. dh}. 02, 11 
> фу =10лһ—лһ? => Sa e.g Зава һ) Ф 4 4700—4 = 006) = roz m/sec. 


54. Suppose the solid is produced by revolving y = 2 — x about 
the y-axis. Cast a shadow of the solid on a plane parallel to 
the xy-plane. 

Use an approximation such as the Trapezoid Rule, to 


estimate f z[R()]" PE P Ay. 





55. The cross section of a solid right circular cylinder with a cone removed is a disk with radius R from which a disk of radius 
h has been removed. Thus its area is A; = 7R? — th? = 7 (R? — h?). The cross section of the hemisphere is a disk of 


2 
radius / R? — h2. Therefore its area is Ay = 7 (v R? — h?) = 7 (R? —h’). We can see that Ay = Ag. The altitudes of 


both solids are R. Applying Cavalieri's Principle we find 
Volume of Hemisphere = (Volume of Cylinder) — (Volume of Cone) = (7R?) R — iz (R2) R 2 2 «R?. 


56. Еб) = V36- x > V= T T[R(x)]? dx = п 6 Ea (36 – х?) їх = 7h MES — x*) dx 
6 
65 7-63 36 1967 60—36 36т : 
= та [128 – 5] = hy (12:6 - $) = 38 (012 - 5) = (32) (99536) = сш), Тһе plumb bob will 





5 


weigh about W = (8.5) (32 т) яз 192 gm, to the nearest gram. 


57. Rly) = \/256-y2 > V= ie ВСР а ду=л/] (256 — у?) dy = т |256у – $] 
= т |056)(—7) + ® — (esecie  1)| = z (F +25616 — 0» — 1) — 10537 cm? ~ 3308 om? 
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58. (a) R) = |c — sin x|, so V = 7 | [RŒ]? dx = r f (c — sin x)? dx = wf." (c? — 2c sin x + sin? x) dx 


т], (с? — 2с зїп x + 121) dx = rf" (c? + } — 2e sinx — $525) dx 
= r |(c? + $) x + 2c cos x — 87%] 0 = m [(c?n - $ - 2c - 0) — (0 + 2c — 0) = (ст + 7 — 4c). i» 
Ме) = т (с?т + 2 — 4c). We find the extreme values of V(c): у = л(2сп — 4) =0 = с= 2 is a critical 


point, and V (3) = т (2 d5 8) = тп (7 4) = T 4; Evaluate V at the endpoints: V(0) — T and 





V(l)—m (3 п — 4) = т — (4— 1). Now we see that the function's absolute minimum value is т - 


taken on at the critical point c = 2. (See also the accompanying graph.) 
(b 


wm 


From the discussion in part (a) we conclude that the function's absolute maximum value is ©, taken on at 
the endpoint c = 0. 

(c) The graph of the solid's volume as a function of c for 

O < с < 1 is given at the right. As c moves away from 
[0, 1] the volume of the solid increases without bound. 
If we approximate the solid as a set of solid disks, we 
can see that the radius of a typical disk increases without 





bounds as c moves away from [0, 1]. 


59. Volume of the solid generated by rotating the region bounded by the x-axis and y = f(x) from x = a to x = b about the 


b 
X-axis is V = Ї пх)? ах — 4, and the volume of the solid generated by rotating the same region about the line 
b b b 
у=-1вУ= | ях) + 12 ах = 8r. Thus. f t6) - 1? dx — | т[(х)]?4х = 8т —4л 
b b b b 
= mf (LEO? + 2Ңх) + 1 — р) ах = Ап => f. Qfo9 - 1) dx 24 5 2 [feo dx - fr dx —- 4 
b b 
— [fco dx - 16 a) 22 f о) ах = += 


60. Volume of the solid generated by rotating the region bounded by the x-axis and y = f(x) from x = a to x = b about the 


b 
x-axis is V = Ї m[f(x)]? dx = 67, and the volume of the solid generated by rotating the same region about the line 
b b b 
y=—2isV= fo mff(x) +2)? dx = 107. Thus | л х) + 20 ах – Ј т) ах = 107 – бт 
b b b b 
5 т] (ОР +4 +4 — ФР) dx = 4r > f (4f09 4-4) dx 2 4 9 4 fi f60 dx 4 f dx — 4 


b b 
5 [59d (0-2 212 f fedx-1- ba 
6.2 VOLUME USING CYLINDRICAL SHELLS 


1. For the sketch given, a = 0, b = 2; 


shel!) shell : x ? х3 2 хї]^ 4 , 16 
Vv = fon (shel ie ах = 2х (1+%) dx - 2x f. (х--%) вх => [+] = 2n (4 + 18) 
= 2” -3 = бл 


2. For the sketch given, a = 0, b = 2; 
se 2 x 2 Я 2 2 
у= f'2s (9) ) (r) dx = f 2x (27 €) 2 f, (2x- $) àx 2n 8 - &], 204-0 6n 


3. For the sketch given, c = 0,d = м2: 


she. she. й v2 
у = Ј сл (28) ee = [7 2ny -( y!) dy 2 2s f" y dy oan [5]: = 2л 
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4. For the sketch given, c = 0,d = V3; 


5 she. she v3 з 4 v3 m 
V= от (ни) (еа) ву = Ј, 2лу-[8–(3– уд ду =2л Ју угау= 2 [5]. =3 


5. For the sketch given, a = 0, b = V3; 
b ' ; v3 
у = от) (а) ак = ЈУ 2m- (VEF 


1) dx; 
Ju =x? +1 => du = 2x dx; x 0 и=1,х =\/3 u 4] 








> V=rf u аи = п [1132] = 2 (45/9 — |) = (2ш) (8—1у= МЕ 





6. For the sketch given, a = 0, b = 3; 


> shell \ f shell 2 9х | 
йл Ap 2m (ш) Co dx = |. 27x (уә) dx; 
[u =x? +9 => du = 3x? dx > 3 du = 9x? dx; x = 0 > u=9,x=3 => u= 36] 
36 
> V= 2r f, 3u? du = 6r [20] 3 = 127 (V36 - V9) = 367 





7. a=0,b=2; 
5 she she 2 х 
у= от (sel) (eh) dx =f, 2mx [x — (— 3)] dx 


2 2. 
=f 2лх?.3ах=т f. 3x? dx = 1 [x3]° = 8x 





2 


> 

1 
shell shell 2 гу ЭХ 
тини) Їнэ dx = |: 27x (2x 2) dx 


( 
1 
=] эү) акт 3х2 бх = тк] = т 


9. а= 0,6 = 1; 
b de 1 
V= foam (sel) (eh) dx =f, 2mx (2 — 9) — x7] х 


1 1 
= > Ј, (2x — x? — x8) 4х = 2л [х2 — % — 5] 


3 4] 
-24(1-1-1)-24(84 5) -18-3 


10. a=0,b= 1; 
р she she i 
VS Т 27 (aan) fy dx — Т, 2mx [(2 – х?) — x°] dx 
1 1 
= 2r f x(2— 2x?) dx = 4r f (x — xê) dx 


-4л| -5| =4т(1-1)=т 
2 410 2 4 
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11. а= 0,6 = 1; 
у= fi 2a (AE) (A) dx = /, 2лх[у/х— Ох — 1)] 4х 
=2nf (3/2 — 22 + x) dx = 2m [2 5/2 — 28+ 1х2], 


= 2r (= +p) = 2e (258+) = i 


12. а= 1,6 = 4; 
v fion (8) (eb) ax —. [2x (8x17) dx 
= 3m fox? dx = 3 [2x97] 1 — 20 (49/2 — 1) 
= 2п(8 — 1) = 140 








13. (a) nfo = f° x 2. = мо = 505, 2 ; since sin 0 = 0 we have 


i < 
xf(x) = { 2 E То хКх) = зшх, 0 <х<л 


(b 


wm 


V= ТЕ 2m (255) ) ( shell ) dx = (Грлх - f(x) dx and x - f(x) = sin x, 0 < x X s by part (a) 


С height 


> V= 2x [7 sin x dx = 2т[— соз x]5 — 27(— cos 7 + cos 0) = 47 





2 
=> xg(x) = | ын | a 5 que. since tan 0 = 0 we have 


. Gas <T 
14. (a) мо = [> F E ~ 


2 < 


b : » т/4 
(b У = i 2n ( shel ) ( Da ) dx = Ї 2nx - g(x) dx and x - g(x) = tan? x, 0 < x < 7/4 by part (a) 


radius height 


2 


т/4 п/4 т 
> у=иј, tan? x dx — 2s f. (sec? x — 1) dx — 2z[tan x - x^ —2r(1— 2) = #5" 


15. c=0,d =2; 
v= from (Set) (tel) dy = Ј лу[уу- (ја 
wan f + ay = 25 [22 +]; 
= 2л | COE = 2n (8¥? 1) = 16m (22 + 
= lr (3/245) 





шн 
Salo 
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16. с= 0, а = 2; 


g 5116. she 2 

Y= f 2n du (o dy = Ї 2ny [у? m (—y)|dy 
2 4 312 

-28), њу ау = 2 [5 + 5] = 160 (5 + 3) 


= ви () = 


17. с= 0, d= 2: 
d һе 2 
у= Ј гл (258) (88) ду = |, 2лу(2у — у?)ду 


2 3 ae 
=2n fy (x? —¥8) dy = 21 [86 — 4] = 20 (8-4) 


18. c=0,d=1; 
Ч 5116. sne. | 
у=] 2х(# e e) dy = f 2my (2y — y? — y)dy 


radius 
1 1 
-2 f. y(y- y) dy 22x f. (y? – у") ду 


p y] ducti 
-2415 -4|,-250-1-14 


19. с= 0, = 1; 
а | 1 
ха 64) oy ду = 27 | yly —(-y)lay 


radius 


1 " 1 Ж 
= 2п | 29? ду = 4 уз] = 4 


20. c=0,d = 2; 
q she. sne. 2 
vo [2n GR) (n) ay = J, 27 y(y - ду 


2522; P 2 х 
=2r f Say = Fy] = 


21. c=0,d=2; 
ч she. sne. 2 
у Ј 2л (ш) n) dy = f, 2my (2-у)-у” dy 
2 3 4 
=2r f @у + у — у°) ду = 2л [у + ® — Ж) 
= 2r (4 + $ — 16) = 76048 +32 – 48) = 16 
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22. c=0,d= l; 


23. 


24. 


25; 


V= 


3 411 
=?л}, @у — у? — у?) ду = 2л [у9— ® —%], 
=#(12—4—3)=5 


=2n (1-3-4) 


(a) 
(b) 
(c) 
(d) 
(e) 


(f) 


(b) 


(c) 


(d) 
( 


о 
хи 


(5) 


(с) 


(255) 


Їл 


she 1 
Dos yo dy — Т, 2ту [(2 2%, у) 
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— y?] dy 








b shel 
M= 1 2m Е 
b he 
v= f 2m [s 
b she 
V= 1 2m a: 
d Бе 
Mies || 2m fea 
d she 
У = І 27 (21: 
= 2n(84 — 78 + 24) = 
d jie 
V= І 27 бін 
= 2n(24 4-24 — 
ve [2n GR) 
у= flan (Set) 
= 27 [24х — 4x? 
у= Јол (81) 
= 27 [16х + 4х2 
у = Ји (2) 
у = Ј (51) 
= 2n(96 — 38) = 
d hie 
¥ = f 2m e) 


= 2 (384 + 12) 


16:3 
16:3 
(ах = ff 2m (x + 0 G9 — 6 f; 6? + х)йх = 
16:3 
16:3 
6 





dx = ff 29x (3x)ax = on |" x2 dx = 2n [x3]? = 16s 

dx = f 2r (4 — x) (3x)dx = 6r f, (4x — x?)dx = 6r [2x? – 1х2] 2 = бт(8 – $) = 327 

215 = бл(3 
6 6 

dy = f 2лу (2 – 1y)dy =2т ] (2у — 1у?)ду = 2л [y? — by3] § = 20(36 — 24) = 240 


By? +4 iy 


бт [i + ix + 2) = 28m 


6 
ду = / 2т(7— у) (2— 1у)4у =2л | ( 14 — Sy 4 +у”)Чу = 2л [14у — 











shell $ 6 4 
Jn ду = [2:042 (2 – 1y)dy — 2 f, (4+ 30 = iy) )ду = 27 [4y + 3 зу? - iy 
24) — 48 
2 2 
ја = if 2nx (8 — x*)dx = 2т |, (8x — x*)dx = 2m [4x? — 1х3] : = 21(16 — 32) = 262 
2 2 
Jo. jas = /, 2n (3 —x) (8 - x)dx — 21 |, ( 24 — 8x — 3x3 + x*)dx 
— 3x4 4 155]? = 20 (48 — 16 — 12 + 32) = 265 
55:50:28 [2т(х +2) (8 — х?)ах = 2л] (16 + 8х — 2х2 — x*)dx 
height 0 0 
– 18 – 155] 5 = 21(32 + 16 — 8 – 22) = 5365 
(м )ду = Ј злу уузау = 2 учу = © [y] = (128) = 58 
) (а јау = Ју 2т(8 — y) ydy = 27 f, (8y'® — y*)ay — 2» [6y*5 — 37/5] 
i MeL 
8 8 
(ва )ау = Гон пак оке = ов 
— S 
2 


she 2 2 
) (цам ах = / 2л 2— х)(х+2— х?)йх = 2л] (4 
2n(—4+1+1) = 2m 


she 2 
mm ах = Ј от(к+ 1) (х 


— 3x? + x3)dx = 2m [4x — x3 + 4х4] 23 





2 


+2 —х?)ах = 2л] ( (2 + 3x — x3)dx = 2m [2x + 3x? — 1x4] x 





(фу), 
V= Г 2m (ы 
= 2n(8 — 8+ 4) — 
(561 
V= f 2т е 
= 27(4+6 – 4) 
же 
Nem ЈЕ 2n ( (210 


= аи, yay 2r f" (p? — y! e 2y)ay - & [yf] 1-27 [39^ - 
(1) +2n(S — & 4+ 16) — 2n(2 — i4 1) 


on(—24+}3 — 3) = 2 

shell ! 4 
) (eh, Уау = T 2n y( /y - (-уу) dy + f 2ту(ү/у— (у— 2))dy 
ly yn 


OT 
— 5 
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@ v= гл (5) (ха ау = [,2х(4-у)(/у— (—/ў))чу + /, 2х(4— у)(у/ў— (у —2))4у 


4 
— 4s f, (A/y - P)dy e 2 ff (? - y? - Gy e A/S 8)dy 
= 4n [8y3/? — 29512] | + 2m [Lys 2y5/2 — 3y2 + 8y%/2 + 8y] í 
= 4r(} — 2) +27 ($ — $ -48 + $ +32) - 2r(4 - 4 -3 + $ +8) = $ 





b 1 1 
26. @) V= fi 2r (A) (a Jax = f 2л (1 — х) (4 — 3х° — х°*)ах = 2r f (05 – хе + 358 — 3x? — 4x + 4)dx 


(b) 


27. (a) 


28. 


(b) 


(d) 


(a) 


(b) 


( 


e 


) 


(d) 


radius 
= 2л [156 — 155 + 854 — 3 — 22 4x], —2n(1— 12 -1-244) -2n(1 13 1-2— 4) 
V= Si (22) (2 јау = Јузљу(уу – (-у9)в + аку I5 – (у 52) |ау 
anf yay + 4 f уу уйу |= 4 -у=у= 4-05 = –бу;у= 150=3,у = 4510 = 0] 
ој 4 — пуулаи = (1) 4. 5s [" (4 п — ?/?)ай = 16 + 4 [53/9 298] 


UR 
= !б + 45 (8/3 -— 18 3/3) = = lon Br LED 








she. she. 1 1 4 5 1 
у= Ј 2л (1) (е) ау = Ј, 2лу-12(уг – уђу ву = 24т (у –уђву= 24т | — $] 
-247(1-01)- 28-95 

0) shell 2 3 ; 2 3 
V= [72s (88) (81) ay — fe 2a - (2? - уЗ) dy = 24r f; a 9? - 9) dy 

1 
= 24r f (y2 -27 +y а -4-4| = 240 (4-44 4) = 240 (4) = # 


1) 
T) shell 
V= f 2л ( [xus ) dy = = 


0 


x (3 — у) [12 (у? — у?)] ду = 24т | (8-5) 0? - уз) dy 
511 
= 24т | (8 уг – 2 -8У- 5], =24т(&- +1) = Ж @2-39+12) 
- 25-07 
у= /`2х (Ж) ) (е, ) dy =f, 2m (y + 2) 207 - У] dy = 24т]` (y - 2) (? - y) dy 
2280.22, 511 

-24| ( (y-yt-iy-iy)dy- x (Gy? +2 iy y!) dy 2242 |y -&y - £]. 
2. 


she! she 2 2 А 2 2 4 2 5 
V= f» (22 М ду =}, 2лу|®—(%—%)| dy= fi 2ny (y?- X) dy = 2r f (v - x) dy 
$ 24 _ 26 1 4 1-4 2 8т 
=ж[к-Ю], -24(1-43)-324(1-4)-324(1-1)-324(2)-8 
she she 2 2 4 2 2 4 
у= /[2х(д!) (д) dy =}, 2т0—у) [® — (® — > )] ду = Јо отоу) (уж) ау 
=r [| (2 уз) ау от | Ричи -02:(8-8-1440)-5 
=. д ку И од ју ЕТ ae а д аы А е 0 д 9) — 5 
shell) shell 2 2 4 y 
Мс Ј (ios yos) ду = Ј, an —y)|¥ - (4 -¥)] 
= 2л |? (5у — Sy#-y? +2) dy =2 ИИ“ рүш 10 _ 16 4 Ht) 8 
а Е) E лал ат асы) ат" 
a shell \ / shell 5 5) fy? 4 y У 5 4 
у= J 2n( (5) p ) ay = f, 27 (y +3) %-(%-%) dy = f 2n (y $) (у*— 5) ду 
0 


У + 52 5.24 2 4 y y. sl? 16 _ 64 | 40 160) _ 
= 2 Ј, (у – + + iy? Sy4) dy=2n|[S- 448-3 =2л (4 — 5b — 90) = 47 





= 
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— 567 


29. 


30. 


31. 


(а) 


(b 


wm 


(a) 


(b) 


(d) 


(a) 


(b) 


(d) 
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d 
About x-axis: V = p 2m ir) 


shell 
222 height 


)( 

= f глу(/у y)dy = 27 f (y3/? 

= – 5) = 
)( 








27 
15 
Эл 0 жей) ( shel 0. 
About y-axis: V = 1 2n ( (2 du шан |йх 
=f 2лх(х- х? )dx — 2s f. (х — x?)dx Rx 
1 
ma x x4 42 1 lY ст 
-xig-&|.- 21(1-1)-4 
b 1 
About x-axis: R(x) = x and r(x) = x? > У = J; 7[R(x)? – г(х) Јах = a T? - хЧах 


1 
=з Жш! шшр 192226 
=л[% 5| = 73 )=% 


d E 
About y-axis: R(y) = ,/y and r(y) =y => У = | т[к(у)* - r(y)?] dy = if. nly — у ду 
2 311 Pe d T 
-4| -5|,-10-3 =% 


v= f rRe -isr f E+ ах 

ү ене Е +x? + 4x| 
m(—16 + 16 + 16) = 167 

У = fo shell ) (кё )ах = /, 2лх(& +2- х)дх 


us height 


= / 2лх(2- &)ах = гл ЈУ (2х – ЭГ: 


= nx? — 9] = 2n(16 - #) Ш зат 
6 6 





3 
у = Ј 2л (51) (ай, Jax = Ј'гл(а – х)(5 +2 = хјах = Ј зла – х)(2 – §)dx — 2 f, (8 - 4x + $)ax 
= [вк – 28 + 2] = 2 (32-324 ) = и 

У = /т[к(х)# — о ах = = [8 - 3)? - (6 – 5) Јах = » f, [(64 16х+ х2) – (36 – бка) ах 
mf (3x? — 10x + 28)dx = [р — 5x? +. 28x] = т[16 — (5)(16) + (Т)(16)] = п(3)(16) = 48т 


а | | 2 
у= [.2х(Ж) (е, ) dy = | олуу – 1) у 





b 2 2 2 
у= Ј 2 (58) (88) ах = | 2лиа – x) dx = 2m fi (Ox — x2) dx = 20 |x? - 5]. 


= 2л [(4—$)—(1- Ж 2-039] 22«($- 2$ 

у- т x i) (a) a= Om (12 — x) (2—x) dx = 2m f (2 — 15x x?) dx 

= 2 [0х — +18], = n 3+3) - ($-3+3)] =2(3) = 27 

у= 2л " а) (а) dy = f2my — – 1 dy = 2n fy — 17 => [951] = = 
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d Ў | 2 
ао у Гн) (а) о Рени о 
2 112 
-2т/ y dy - 2n [5]. - 2« (£) = 8т 
b she. she. 
(b) У 1 гл tos) Don) dx 
= 2лх (2— \/х) dx — 2s f 2x — x9?) dx 
= 2m [x? — 2x57] = 2r (16-22) 
= 2r (16 — $) = % (80 — 64) = 321 


(©) v= fan (se!) Du dee Гота = x) (2 = V/x) dx — 2 f, (8 — xi? — 2x 4 x92) dx 


— 2n [8x — 8 x3/2 — x2 4 2x5/2]5 — 2s (32 — $t — 16 - $£) — 2 240 — 320 + 192) = 21 (112) = 28 





4 


4 ahs ца 2 2 2 
(a) v — fae (22) (a) ay — [Pos у) (уз) бу = 2л 02у – уз) бу -2« 2 - Y] 


0 
2 16 16 327 8т 
(2-1) => 4-3=F 


d В : 1 
33. (a) V= Ї 27 хэн) en dy = 1 2ny(y = у?) dy 
1 511 
- fno? -yoayo zn [$ - ], 2276 - 9 


= = 
= 


d с с 
©) VS fon) Cae) dy 


= Js 2n(1 — y) (y = у?) ду 





d she. she. 
34. (a) У= jJ 2m (њој CAR 
1 
= Ј, 2лу1 – (у — у®)]ду 
1 2 3 5 
- | (у – у: + у“) ду =2х | -% +] 


=2т(%—+1) = #(15—10-+ 6) 
— ur 


1 


1 


0 





(b) Use the washer method: 
d 1 2 1 ; 
у= | В?) у] ду = f, 7 |? - (y - y] ay v f, (1-y?—y8 + 2y4) dy=afy- 4-542 
=л(1-1-1+2) = 15 (105 – 35 – 15 + 42) = 91 
(с) Use the washer method: 
У= т) - oy à = /,т[1—( — уз)? — | 
“ale y УЛ dy = Jo y-y 
1 : әй 
nf (1+ у° + у® — 2у +2у9 —2у)ду=л|у+ УЕ =т(1+1+1- цасан 
= 5, (70 + 30+ 105 — 2-42) = Bit 
s she. she. ! 1 
) vo fan GRO (9) йу= /, 2л(1 — у)[1 (у – У ду 27 |a - 9 -y e y) dy 
| | 3 4 5] 1 
=2r f, И -у+у учу? фу ду = 2л], (1—2у+ у? + у? — уб) ду = 2л [у — у + $ «X - 5 
= 27(1-1+5+4-5) = 6 00715 12) = 50 


с. 


( 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


Section 6.2 Volume Using Cylindrical Shells 345 

35. (а) у= Јл (т) (аа) ау = | глу(/ву - y?) dy 
E 3/2. „3 = 4472 5/2 у? 
МЕГЕ у“) dy т [у а! 


4ү24(у2) a ооо 
= (9-4) -=(4 4) 


~ > 


&) У = Ј гл (20) (841 ) ах = | Vx- €) dx 22s f; (e - 9) ax 


—2m (3 250 5)- zs | 27 (32 — 20) = #23 = 1243 — 48 








Си height 
= =f 2пх [(2х – х?) – 
=2 f x (х= х?) )dx - 2n f. (x? — x3) dx 


-2618-4| -260-1-1 
Р 374 6 


(5 
36. (а) У = Ј РЕЛЕСІ Лав ах 
] dx 





фу У = Ј гл (281) Gu) dee / эта — х)[(2х — х?) — x] dx = 20 f (1 — х)(х — x?) dx 


1 ; 1 
= 2л /, (к — 2x? +8) dx = 20 [FP - $89 2] 2270 - 3*2 2 6-89 »- 1 


37. (a V — Js IR269 — 69] dx — s (х x-V/? — 1) dx 
= тр | = т [@-1)- (2-4 —)] 
=т(1- 2) = 3% 

& У = Ј гл (25) (8) ву = Ј глу (5 – =) ау 
= 2n f(y? — ф)ду => [-јуз— 8] 


1 
ве > (— 3 — 35)] = 2" (4 + 35) 
2 (8 4- 1) — 28 





зв. (а) у= f^) – Рој dy = for (4 5) 4 


y 
= 2 
-2|-iy'-&h-"l72-8) - (7$ 19] 
—-4C2-6416-3)- 17 


1 
(un shell 1 
(b) Ni f 27 (а Шы Чх = 1/4 2лх = 1) dx 
1 aft 
= = 2 х? 
=> | (699 -х) х -2л | 337 - 
2 
3 1 


1/4 .25 1 
-240-0-041-41-40-1-154)-40-16-48-4-3)-4 
39. (a) Disk: V — V, — Vo 


= | " [R1 (x)]? dx and V = f “ВОР with R (x) — ү/*#? апа Вз(х) = \/х, 


а = —2, 6: = 1; а2 = 0, bə = 1 two integrals are required 
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40. 


41. 


42. 


43. 


44. 


Chapter 6 Applications of Definite Integrals 


(b 


wm 


Washer: V=V,+ Vo 
ы 
У, = Ї 7 (IR1C)P — [ri GOP) dx with Ri (x) 2 4/ 22 and ri(x) 2 0; a; — —2 and b; — 0; 








МУ» = E ([Ro(x)]? = [ro(x)]?) dx with Ro(x) = 4/ 532 and (x) 2 уух; а = 0 and by = 1 


= two integrals are required 
Ч, she. she. 4 she Н 
(с) Shell: V = f 2л (80) a dy = if 2лу 3, dy where shell height = y? — (3y? — 2) = 2 — 2y?; 
c = 0 and d = 1. Only one integral is required. It is, therefore preferable to use the shell method. 
However, whichever method you use, you will get V — 7. 


(a) Disk: V — V4 — V9 — Үз 
di 
У, = Ї т[Ё‹(у)]? dy, i = 1,2,3 мі К (у) = 1 апас = –1, 4 = 1; Ҝ(у) = уу апа сә = Оапа а = 1; 


Кз(у) = (—у)!/* апа сз = —1, 4 = 0 = three integrals are required 


(b) Washer: V=V,+ V2 
di 
У; = ЈЕ mIR(y)? — f(y?) dy, i = 1, 2 with Ri(y) = 1, n(y) = /y, ci = 0 and d; = 1; 
Ro(y) = 1, re(y) = (—y)!/4, сә = —1 апа д; = 0 = two integrals are required 
b b 
(c) Shell: V = 1: 28( ан) (аш ах = Ї 2лх( дей Уау, where shell height = x? — (—x*) = x? + x4, 


a=Oandb=1 = only one integral is required. It is, therefore preferable to use the shell method. 


However, whichever method you use, you will get V = 37 


(a) у = [or (R(x) - Po] dx = fon (vas = ey а 23 dx = n f, [25 - x? — 9] dx = r f, (16 — x?)dx 


4 


= т[16х — 15°], = m (64 - $) — х(—64+ ®) = 286 


2007 5007 2567 2441 
3 


(b) Volume of sphere = ШЕ y= => Volume of portion removed = ==" – => = 


: у1-т 
V= fo a Mo ах = |, 2m x ѕіп(х2 – 1) ах; ju = х2 – 1 = йр = 2xdx;x =1>u=0, 


X= теит] > тј sinu du — —7 [cosu]; 2 —1(-1— 1) 22x 


v= fon (1) ) (шк) 4х= f 2x (ce b)dx = 2m ff (Bx? + hx) dx = 2л[- Виз + 87] 


ns height 


= 2л(—%# + eR) = Inrh 


v2 fm GL) ) (sith ey = Szy] vey (УУ) ay o an fe vie yy 


0 р 
[а = 2 — у? = du- -2ydy y = 0 = uo ry oro u-0]— —2x f; /udu = 2л | u!/? du 


= чи [узе] = 43 
3 0 3 
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6.3 ARC LENGTHS 


1. dy 1.3 (5242)? 2x = (x? + 2)-x 
3 3 
> реј уто ах ак = f V1 422 +x dx 


- fra x» a- fra exa [ee 8]. 


=3+ 27 = 12 





2. &S 3 /x 9 Lo fie3xdx [02143 


du 2 dx $ du іх; х= 0 i 4 
+ а= 1 va) «ien? 


- $ (10/10 - 1) 

















n 
2 
1 9 
- ул -(443)-04:)-1-1-3 








2116 | 1 — (1. 1Y A. 1. 1,1..128-1-844 _ 123 
= (2 - (i 3) =4 32 14% = 32 ~ 32 
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7. 8 2 MB ly » (a) =en- E 
= L-f = 
=f х2/3 + 1 jac 
уаз розта f x!/3 + 1 x718) dx 
= [3 x43 4 3218] 8 = 3 xt + ху/з] 5 
-3(0-23342) -041)-120244-3)-9 








8. z =x?+2x+1- асар =x?4+2x+1-1} ка 
=( +x} -i my >? 2) ее 
==], 1+(1+x}*- + @9“ ау 

2 


2372 
[а +x + H] ах 











2 Ё 
= f, [ax e 827] axi fu 1+х du = dx; x = 0 u=1,x=2 u — 3| 


—5L-f'Qeena-[$-1e] -(0-12)-ü-1)- 59-85-32 





2 
9. & — /secty—1 > (8) =secty—1 | 
= 4+ _ 
Шүр» i A ) х [4 x= ) vsec^t та 
> L= Er 1 4- (sec! y — 1) dy — _а5@6 y dy 


= [tan y| -1-(-1)-2 





=L=[, Vi+Gt—Dex= | 3x2 ax 
=v] -$ 3 1-( 2] = 58 ( 1+8) = 28 









x 
y=] ¥3t4—1at 
-2 





-2 -1 
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11. (а) 


12. (а) 


(с) 


13. (а) 


(с) 


14. (а) 


15. (а) 


2 
S = 2x > (2) = 4x? 


dx 
2 d 2 
=> L= f rs (8) ах 
2 
= [уға dx 
L = 6.13 


а ауу? 
Z = sec? x > (8) = sect x 
х ах 
0 
-1-1 1 + sect x dx 
—т/3 


L z 2.06 


2 
© = cos y = (8) — cos? y 
= L= | V1- cos y dy 


L & 3.82 


2 : 
dx __ у = dx = у? 
dy УТ-у? Фу 1-y? 


1/2 = 1/2 
im У. == 1 
= 15224 Ies =], 1—у? dy 


1/2 _ 
=) „1—У?) ' ay 


-1/2 


L z 1.05 








2 
242-2%- (8) -(у-іу 


3 
== [ут ау 


L z 9.29 


(b) 


(b) 


(b) 


(b) 


(b) 





Section 6.3 Arc Lengths 










NOT TO SCALE 


у: + 2у = 22 +1 
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16. (a) SY —cosx- cosx+xsinx => ( 


=) = 2 in? (b) 


dx = xX” sin” xX 


=> геј 1+ x? sin? x dx 















(с) L z 4.70 
2 
17. (a) у =tanx > (%) = tan? x (b) y 
2 2 0.14 
= = a y 1 + tan? x dx = T үш се пх соу х dx ~ 
л/6 л/6 D m. 
== 1 Z = 1 sec x dx - y [ tan t dt 
(с) L z 0.55 ae - -In cos(x) 


2 
18. (a) $ -Vsey-l > (8) =sec?y—1 (b) у 
т/4 
-> b= Jon 1 + (sec? y — 1) dy 


т/4 
=f", [sec y| dy — Г зесу ду 








+ > X 
(с) L& 2) -1 1 
-1 
19. (а) шү ds to Lh take © as 1. Then y = \/x +C and since (1, 1) li th С=0 
. (a) (3 } corresponds to z; here, so take = as зу епу = \/х and since (1, 1) lies on the curve, C = 0. 
So y = \/x from (1, 1) to (4, 2). 
(b) Only one. We know the derivative of the function and the value of the function at one value of x. 
2 
20. (a) (8) corresponds to я here, so take 5 аѕ 8-5. Then x = — = ae C and, since (0, 1) lies on the curve, C = 1 
50у = ї 1 
(b) Only one. We know the derivative of the function and the value of the function at one value of x. 


21. у =f V cos2t dt => iy = Усов2х > L= ne 1+ | Усов2х | | dx = 12 1+ cos2x dx = Te 2соѕ2х dx 
= ГГ” Узсовхак = У2| 2[sin x] p = V/2sin(* )- \/2sin(0) = 


/ ғ 2 
2. y- (123i, x8 «x «12 $ — 8(1 2/8) (25-03) ae 26: de! Анн ах 


xB 


1 1 1 
E / 1-2/3 4 _— / 1 = 1 = 1 2 -1/34, — 3 2/311 


2/3 
= 3(1)7? - 302) = 3 – 3(5) = $ > total length = 8(2) =6 
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23. 


24. 


23; 


26. 


27. 


28. 


29. 


30. 


Section 6.3 Arc Lengths 351 
2 2 2 
2. ї.= /, \/1+(—2)#4х = f, /54х = Ух) - 25. 
а= \/(2— 0)” + (3 — (—1))? = 2\/5 
Consider the circle x? -- y? — r?, we will find the length of the portion in the first quadrant, and multiply our result by 4. 


у= М —х1,0<х<г» #= сз o L-a4f, 1+ 5 a] аруа гах - 4 fo aa dx 


К r = | ах 
4 f, rm d а]: 














9х2 = у(у – 3): = fox] = 8 |у(у – 3) = 18х@ = 2у(у – 3) + (у 3)? = 3(у – 3)(у –1) = B= ей 
=. ах = 0-90-10) ду, ds? = dx? + dy? = Е y= ay): 4 dy? = & yy D dy? + dy? = £ a t dy? + dy? 


4у(у 
= | -7- E | дуг = Ууу ду = кыл 





452 — у? = 64 =› & |42 — у? = 4 [64] => 8x —2y% =0 5 8 = # = ду = “dx; ds? = dx? + dy? 


— dx? iu ЕСІ zd 4 166 ах? = (1+ Lox? МЕ јао = | ij dx? = —— x? = Ax Lege == 50x ES 16)dx? 











Vax- fera + (2) ) a,x >05 i-is Z +1 > y = Кх) = +x +C where C is any real 
number. 
(a) From the accompanying figure and definition of the 


differential (change along the tangent line) we see that 
dy = f’(x,_1) Ax, = length of kth tangent fin is 
V(A x)? + dy)? = JCA x)? H [E AXP. 








Tangent fin 
with slope 


1 
| н, 
ЖЕ | 76 
1 
1 


(b) Length of curve = іт, х (length of kth tangent fin) = | lim » v/ CA x? 4 [f'G ) А х] 


= 


= lim, ~ V 1-cI[f'o P Ax — ЈЕ 1 + [f'GOP? dx 


x+y =1>ys= v1-x?; P= {0, 1,4,3,1} > SESS (xi xii)? - (yi - yia)? — (1-0 (Z8 -1)' 
2 2 
e-r (E-E уа) Va- (o7 XD) ж 1ззәз 











Let (x1, y1) and (x2, y2), with x2 > xı, lie on y = mx + b, where m = 2—, then Чу =т= І = Г 1 + m? dx 


X2 — X1’ 


2 
= Ут+ и [х] г = М1-+ п? (х› = х) = 1+ ЕЗ (x2 — x1) = Qo x) + (уз – уп)“ (X2 — x1) 


(x2 — xi) 


(x2 = x1)" + (уг – yi)” 
А 2 — x1) = V (к — ж1)* + (уз — уп) 
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з1. у = 259? > ® = 3х!;1х) =}, үп + Be?) at = |, уто [и = 14+ 9 > du =9d,t=0 5 u=1, 


























(aes reas ap "учи = 2] из] ней 
32. у= xt x6 al НХ +2 +1 — дер = (+1 -1д 
L(x) = fr еа "j a= f ү" сал =] dt = r -j 4 
=; Е |. menn mera Jo 2—5 
о нуы a= өну ар Іш [u2t- 12 du2d;t20—u-Lt-2x—u- x4 I] 





xl 47x41 3 
= SE eee ja (8 or o (G6 = ach) 60) е = ay h 


33-38. Example CAS commands: 
Maple: 
with( plots ); 
with( Student[Calculus1] ); 
with( student ); 
f := x -> sqrt(1-x‘2);a := -1 
Ь:= 1; 
= [2, 4, 8 ]; 
for n in N do 
xx :z [seq( а+1*(Ъ-а)/п, 1=0..п )]; 
pts := [seq([x,f(x)],.x=xx)]; 


L := simplify(add( distance(pts[i+1],pts[i]), i=1..n )); # (b) 

T := sprintf("#33(a) (Section 6.3)\nn=%3d L=%8.5f\n", n, L ); 

P[n] :z plot( [f(x),pts], x=a..b, title=T ): # (a) 
end do: 


display( [seq(P[n],n=N)], insequence=true, scaling=constrained ); 
L := ArcLength( f(x), x=a..b, output=integral ): 
L - evalf( L ); # (с) 


33-38. Example CAS commands: 
Mathematica: (assigned function and values for a, b, and n may vary) 

Clear[x, f] 
{a, b} = {—1, 1}; f[x_] = Sqrt[1 — x7] 
pl = Ро ИХ], {x, a, b}] 
n=8; 
pts = Table[{xn, f[xn]}, {xn, a, b, (b — a)/n}]//N 
Show[{p1,Graphics[{Line[pts] }]}] 
Зита Зам (рів - 1, 1] — РИ, 11? + (р + 1,21 — р, 212], {1, 1, п} 
NIntegrate[ Sqrt[ 1 + Рр Ах, а, 5] 
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6.4 AREAS OF SURFACES OF REVOLUTION 


2 
1. (a) ЧУ = sec? x > (%) — sec^x (b) 


т/4 
= $ = 2л |, (tan x) y 1 + sec* x dx 





(с) S 3.84 
2. (а) 5 = 2 - (Z)-ae (b) 


2 
> S=2nf x 1+ 4х2 ах 
(c) S z 53.23 











2 
1 dx 1 у — 1 (6) 
3. (а) ху=1 х= y mu (2) m 
2 
B 1 = 
> S=2r f 1 уТку 'ау 


(с) 5 ~ 5.02 





2 
4. (а) у = созу = (%) = cos? y (b) 1 


> S=2r f in y) /1-t cosy dy 3 


(с) S z 14.42 2.5 


5. (а) хуз уз =3 = у = (3– хуг)“ (b) 
=> © —2(3—x'/2) (—1x-1/2) 


> (8) = (0-31) 


> S = 2r f (3 — x3)? y/1 + (1 — 3x712)? dx 


(c) S z 63.37 
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2 


> 8-2 f(y +29) 1+ (1 +y71/2)? dx 


(с) S z« 51.33 
yt2Vyex 





3 34 38 42 4648 


2 
7. @ 5 =апу > (8) =tan’y (b) | 


т/3 
= 5=2т |, ( tan cat) М 1 4- tan? y dy | 
т/3 
= > f. ( tan tat) sec y dy 0.6 


(c) S 2.08 КА 





Xx 
x- [ хап гат 
Јо 


0 0.1 0.2 03 0.4 0.5 0.6 07 





8 04 -ү6-1-(8 )-х-1 (b) 
> 8-24| (fr va-1a) VI+- T) dx 
= anf (Ув та) хак 


(с) 88.55 





1 1214 16 18 2 22 


b 4 
9 у-%- &-kbs- f'asy (8), dx > 8= | 2л(&)/1+14х= 5°] хах 
314 
= үз тэн 4т\/5 ; Geometry formula: base circumference = 27(2), slant height = \/4? + 2? = 24/5 


= Lateral surface area = i (Ат) (2 v5) = 47/5 in agreement with the integral value 








d 2 2 2 
10, у= => х=2у = #=28= | 2пх,/1+ (%) dy = f, 22 -2y 1-22 dy = 4т\/5 } уау = 2т\/5[у?| 
= 2т\/5 -4- 8т\/5 ; Geometry formula: base circumference = 27(4), slant height = \/4? + 2? = 2/5 
— Lateral surface area — i (87) (2 У5) - 8т\/5 in agreement with the integral value 


ies "туут + (8) dx = | гл «+n И + (2)? ax - 98 Patna = 56 [5 + 


= 775 [(9 43) – о п=1+1=1,0=&+1= 2, 


slant height = ,/(2 – 1)? + (3 – 1)? = 45 = Frustum surface area = m(r, + r2) x slant height = 7(1 + 2)\/5 
= 3т\/5 in agreement with the integral value 


d 2 2 я 2 
12. у=%+1 э х=2у—1 =» а =2;8= [олхүп+(®) ду = | 2nQy — 1/144 dy = 2т\/5 | 0у-1)4у 


= 2т\/5[у? — у| = 2т\/5[(4 — 2) — (1 — )] 2 4/5; Geometry formula: rj — 1, rz = 3, 
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slant height 2 4/2 — 1? -(3— 1? — 45 = Нгазцит загРасе агеа - т(1-- 3)\/5 = 4т\/5 in agreement with 


the integral value 


: 2 2 Е 

dy _ x dy С 2 2nx3 : 

3. # == = (и) = = в Је 1 + 5 ах 
4 








х=0 u=1,x=2 u 5] 
> $=2л] и 2.140 = 7 [2 ш8/2| 2379 


5 (7 ТЕНГЕ sr 





d lx- d 1 
14, 8 21g? > (8) ad 


dx 
үр 
> 8=/ 2 2тү/Хү/1--4 4 
15/4 3/2 15/4 
= 2т ya + } dx = 27 |2 (x + 1) (ЕМ 


~ 
эр 
г" 
ны 
NIS 
мж 
w 
на 
La 


В 3/2 3/2 
к -ü«9^]-* 


— 4m — 28m 
па 1) =з 











2 
ду _ 1 (2–20 _ _1~-x ауу“ (1—х)? 
15. dx 2 4 2E (0 77 2x — x2 


2 ух = х2 ух = х2 

== 9 go ies 
=> S= Ia x г 
о а Евы д. 


VV 2x — x? 





= 2л Г ‚ 4х = 2л[х]$ = 2л 








dy 1 dy 2 1 
16. = = ea 5” (8) = +D 
= S= аук \/1 + журт; х 


-23| /к+у+1 ах =2л x + 5 dx 


= 27 |2 (х n = & |(56+}°°- (1-3 977 
= Fen" 2110-9 
= £ (125 — 27) — 8t = ®т 


2 D 
mes (Ber = з= E Ves 
[а= 1+у* = du—4y? dy 2 jidu-y?!dyy-0 


= в=ђуг = и=2 8- Їл (047 (18) 


= g fiu? au = 2 [pw]? - § (V8-1) 
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18. x 2 (y?? — y!?) € 0, when 1 € y € 3. To get positive 


area, we take x 2 — (1y?? — y1/2) 
2 
нэх ааг БЖ 


= $ = – Ее у — у!) 1+1 (у = 2 +у1) ду 


_ =-2nf (3 у3/? — у!?) 1 (y - 24 y) dy 





—0.67 








= —2т | (155? – уз) YOR ay = r fiy Gy- 2) у= тј (21у = 1) (у+ 1) ду 
3 2 3 
--т/(1У-іу-1)4--,|У-4-у| --т(4-%-3-(4-1-)--т(-3-2-1-41) 


23 T — 167 
=- §(—18 — 1 +3) = 1§ 


2 15/4 15/4 
19, *& = 2 » (8) = 1. = 5= | 2n-2/4—y f A 415 dy 4n f, (4 — y) t 1 dy 





dy 4—y 


-4s [^ 5 уду = –ал [2 (5 - ys] P^ — — 8 (5 шэг s --8 (69 = 53/2] 
= вт (5v5 8) = 8т x (24- у = Bir 

















20. $= 1—7 (5) ыт =$ Готуу т л + las dy = 2л]. „у/@Фу —1)+14у = 2л}. уу? dy 
= 2/2 [399] = [19 - y] - 5 (1- $4) = 56 (98225) - & (16v2- v5) 


= 2r fav ei с "ВУ, =248* [(5/5) - (5/8)] o 22» (4-3) 
ена) 





v 
22. у= 1(х2 +2) > ду = хухо +24х = = у (22 +) dx 2 S=% f x V1 4- 2x? 4- x! dx 
=» ЖЕН 1)? dx = 20 fx (x? +1) dx = [У ( (x3 +x) dx = 2n [$+ 3 


2 
23. ds = Убе ду? = \/(у%— =) +1 dy J (ye 1e ids) + dy =4/ (yo +} + так) ду 
BE 34,1 2 e Ман der cda 
= (у + з) бу = (у + ds) dy;$ = fi 2ny ds = 20 fy (y ds) dy - 2, (y = ТУ ) ау 


5 ir 2 т 
=n | -1У7|, -25 44 -4-01-01-25(1-1)-208-3145)-22 


== 








d : dyV сэ Ын i 
24. y=cosx > 1 =-зшх = (2) = sin?x => 5 = 27 |7 (cos x) 1 + sin? x dx 
1/2 —х 2 х! 
25. у= Маё 2 = 8 = 1 (82 — 0) 02-2) = у = (2) = ww 


= $ = 2n fv a? — x? 4/14 Gum dx — mj. (a? — x2) + x? dx = 2r f a dx = 2та[х]*„ 


= 2та[а — (—а)] = (277a)(2a) = 47a? 
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2 | ћ ћ F : 
26. у=рх => at > (8) EE = 5=>=л | їх\ү/1+Ё4х=2х] £x noe dx 
2 ; һ һ = 
= ү [xox = g vere |S] = Р-р (Е) = mrvi tr 








а 2 
27. The area of the surface of one wok is S = f 27x " + (%) ду. Мом, х? + у? = 16? = х = \/16? — у? 


5 2 х 2 2 -7 2 -7 
> =z > (8) = gi S = Ј „2лтб у? 1 + та ду = 2л | „УП У) + У ду 
-1 
= anf, 16 dy = 327 - 9 = 2887 ~ 904.78 cm”. The enamel needed to cover one surface of one wok is 


V = S -0.5 mm = S - 0.05 ст = (904.78)(0.05) cm? = 45.24 cm?. For 5000 woks, we need 
5000 - V — 5000 - 45.24 cm? — (5)(45.24)L = 226.2L = 226.2 liters of each color are needed. 


2 | ath 
Шт, ду _ 1 хх dx) x2 .q f 2_ y2 х2 
28. у= уб = 9 = -1 Ж. ут (8) — 3348-22 [^ Vr? 1+ = dx 


= 27 |: — x?) 4- x? dx = 2ar p dx — 2zrh, which is independent of a. 



































2 
= dy __ 1 2x — —х ах == 
29. y= VR и = јан (8) = tas 8-24| Ма 
a+h a+h 
= 2m fo /(R2— 2) Fx? dx = 2nR fo dx = 2nRh 








2 2 2 
30. (а) х®+у%=45?° = x= (By = 8 = са = (8) = ле 
45 2 45 45 
S= Тал 452 = уз ај! + зар Фу = 2л 125 (452 — y2) + y? dy = 2т-45 fo dy 


= (277)(45)(67.5) = 60757 square feet 


(b) 19,085 square feet 


хи 


31. (a) An equation of the tangent line segment is 
(see figure) y = f(m,) + f’(m,)(x — m,). 
When x — x, , we have 
ry = f(m,) + f(m) Xs- — mx) 
= Ко) + Рату) (– 2) = Ку – Рап) ==; 
when x — x, we һауе 
го = (шк) - f'(m,)(x, — m.) 
= Ку) + Рат) ==; 

(b) Lg = (Axx)? + (2 – п)? 

= (Ax)? + [Pam А — (-Раво S 
= (Ах)? + [Г'(п)Ах]? > Lk = (Ax)? + [f/(m,) Ax], as claimed 


(c) From geometry it is a fact that the lateral surface area of the frustum obtained by revolving the tangent 





Хул т, х, 
khir 





line segment about the x-axis is given by AS, = T (r1 + r2)Lk = т[2Ї(т)] (Ах)? + [f’(mJAx,]? 
using parts (a) and (b) above. Thus, AS, = 27f(m,) \/1 + [f’(m,)]? Ax,. 
n п b 
(d 5 = Ша. SENE , lim, У 27 п) 4/1 + [Е (троје Ах, = Ї 27 (х) 4/1-- (р 4х 
k=1 k=1 








73) 1/2 2 у 
9. yc (99^ + ве (к) = = (BY = a = eI 


=> $- 2 f 2s (1 2x22)? fie (4 — 1) dx — 4n fe (1 x02)? Ух ах 
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e xum) 3/2 x 1/3 dx; [u 2 1 - x?/? => du = — 2х 3 ах > — 3 ду = x7!" dx; 





х и=1,х=1 >и 0] = S = 4r f из (– 8 ди) = –6т |2 155] | = —6r (0 — 2) = 12 





6.5 WORK AND FLUID FORCES 


1. The force required to stretch the spring from its natural length of 2 m to a length of 5 m is F(x) = kx. The work done 


by Fis = | F(x) dx =k fx dx = t [x?]a — 95. This work is equal to 1800J — 2k = 1800 = k = 400 N/m 








2. (a) We find the force constant from Hooke's Law: F = kx k E k 800 200 Ib/in. 


2. 2 2:22 
(b) The work done to stretch the spring 2 inches beyond its natural length is W = Ї kx dx = 200 Ї x dx = 200 
0 


= 200(2 — 0) = 400 in - lb = 33.3 ft - Ib 
(c) We substitute F — 1600 into the equation F = 200x to find 1600 = 200x => x = 8 in. 


3. We find the force constant from Hooke's law: F = kx. A force of 2 N stretches the spring to 0.02 m > 2 = k- (0.02) 


=> К = 100 к. The force of 4 N will stretch the rubber band y m, where F = ky > y E y т у = 0.04 т 








0.04 0.04 2 0.04 
4cm. The work done to stretch the rubber band 0.04 mis W = Г kx dx = 100 Г x dx = 100 
0 
= 1000.04" — 0.08 J 








4. We find the force constant from Hooke's law: F — kx k E k=% k= 9 x The work done to stretch the 


0 
. . . 5 5 х2 5 25 
spring 5 m beyond its natural length is W = Ї kx dx = 90 Ї x dx = 90 om (90) (2) = = 1125] 


5. (a) We find the spring's constant from Hooke's law: F = kx k Е 21214 2014 К 7238 ® 








0.5 0.5 0.5 
(b) The work done to compress the assembly the first half inch is W = Ї kx dx = 7238 | x dx = 7238 
0 


= (7238) Oe E (238025) &: 905 in - Ib. The work done to compress the assembly the second half inch is: 


1.0 1.0 57 1.0 
W = fi; kx dx = 7238 f, x ax = 7238 [$] = 28 (05)2] = 0299079 x 2714 in - Ib 


6. First, we find the force constant from Hooke's law: F = kx > k = ËE = = 16-150 =2 ‚400 ; p, If someone 


=H 


compresses the scale x = 1 in, he/she must weigh F = kx = 2,400 G)= 300 Ib. The work done to compress the scale 
=. 025 
16 


ft - Ib 


1/8 21 1/8 
this faris W= f, kx dx = 2400 [2] = ¥% = 18.75 1b- in. 
0 


7. The force required to haul up the rope is equal to the rope's weight, which varies steadily and is proportional to x, the 
50 50 21 50 
length of the rope still hanging: F(x) = 0.624x. The work done is: W = Г F(x) dx = Ї 0.624х ах = 0.624 
0 
= 780] 


8. The weight of sand decreases steadily by 72 Ib over the 18 ft, at 4 lb/ft. So the weight of sand when the bag is x ft off the 
b 18 
ground is F(x) = 144 — 4x. The work done is: W = Ї F(x) dx = f (144 — 4x)dx = [144x — 2x?] 2 = 1944 ft - Ib 


0 


9. The force required to lift the cable is equal to the weight of the cable paid out: F(x) = (4.5)(180 — x) where x 
180 180 
is the position of the car off the first floor. The work done is: W = Т, F(x) dx = 4.5 J (180 — x) dx 
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21 180 
= 45[180х— у] =45 (180? — №) = 42380 = 72,900 fi - Ib 


Since the force is acting toward the origin, it acts opposite to the positive x-direction. Thus F(x) = — 5. The work done 
b 
: = k B 1 1\ _ Ка-Ь) 
вж-1 -54-К 7-4 „жек ек ке ушт 
Let r = the constant rate of leakage. Since the bucket is leaking at a constant rate and the bucket is rising at a constant rate, 


the amount of water in the bucket is proportional to (20 — x), the distance the bucket is being raised. The leakage rate of 
the water is 0.8 lb/ft raised and the weight of the water in the bucket is F = 0.8(20 — x). So: 


20 2120 
у = Ј, 0.820 — x) dx = 0.8 [20x = 5] ‚ = 1608-10. 


Let r = the constant rate of leakage. Since the bucket is leaking at a constant rate and the bucket is rising at a constant rate, 
the amount of water in the bucket is proportional to (20 — x), the distance the bucket is being raised. The leakage rate of 
the water is 2 lb/ft raised and the weight of the water in the bucket is F = 2(20 — x). So: 

20 
у = | 220 – х) ах =2 [20-5] = 400 ft - 1b. 

0 


Note that since the force in Exercise 12 is 2.5 times the force in Exercise 11 at each elevation, the total work is also 2.5 
times as great. 





We will use the coordinate system given. of 
Groug 108 


level 


(a) The typical slab between the planes at y and y + Ay has 
a volume of AV = (10)(12) Ay = 120 Ay ft®. The force 
F required to lift the slab is equal to its weight: 
Е = 62.4 AV = 62.4- 120 Ay lb. The distance through 
which F must act is about y ft, so the work done lifting 
the slab is about AW = force x distance 
= 62.4 - 120 - y - Ay ft-lb. The work it takes to lift all 


20 
the water is approximately W ~ 35 AW 
0 


20 
— 5:624 -120y - Ay ft- Ib. This is a Riemann sum for 
0 


the function 62.4 - 120y over the interval 0 € y < 20. The work of pumping the tank empty is the limit of these sums: 
20 20 
М = f 62.4 - 120y dy — (62.4)(120) Б = (62.4)(120) (200) = (62.4)(120)(200) = 1,497,600 ft - Ib 


(b) The time t it takes to empty the full tank with ($)-hp motor is t = Мр = ib — 5990.4 sec = 1.664 hr 


Tb Tell 
250 fb 250 fb 


wm 


= t ~ 1 hr and 40 min 
(c) Following all the steps of part (a), we find that the work it takes to lower the water level 10 ft is 


М = / 62А - 120y ду = (62.4)(120) BH : — (62.4)(120) (1%) = 374,400 ft - lb and the time is t = 550 55 
= 1497.6 sec = 0.416 hr ~ 25 min 

In a location where water weighs 62.26 75 в: 

a) W = (62.26)(24,000) = 1,494,240 ft - Ib. 

b) t = 14424 = 5976.96 sec zz 1.660 hr > t ~ 1 hr and 40 min 


In a location where water weighs 62.59 № 


(d 


wm 


n 
a) W — (62.59)(24,000) — 1,502,160 ft - Ib 


b) t — 130399 — 6008.64 sec z 1.669 hr — 15: 1 hrand 40.1 min 
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14. We will use the coordinate system given. 


15. 


16. 


17. 
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Ground level 





(a) The typical slab between the planes at y and y + Ay has 
a volume of AV = (20)(12) Ay = 240 Ay ft®. The force 
F required to lift the slab is equal to its weight: 
Е = 62.4 AV = 62.4 - 240 Ay lb. The distance through 
which F must act is about y ft, so the work done lifting 
the slab is about AW = force x distance 


20 
= 62.4 - 240 - y - Ay ft - lb. The work it takes to lift all the water is approximately W ~ ДУУ 
10 


20 
— 53:624 - 240y - Ay ft- Ib. This is a Riemann sum for the function 62.4 - 240y over the interval 
10 


20 
10 € y € 20. The work it takes to empty the cistern is the limit of these sums: W — f A 62.4 - 240y dy 
27 20 

= (62.4)(240) ‘en (62.4)(240)(200 — 50) = (62.4)(240)(150) — 2,246,400 ft - Ib 
(b) t— zu. — 2297175 2; 8168.73 sec z 2.27 hours z 2 hr and 16.1 min 
(c) Following all the steps of part (a), we find that the work it takes to empty the tank halfway is 

15 21 15 
W= 1 ‚ 62.4 - 240у dy = (62.4)(240) В о = (62-40040) (42 — 4) = (62.4)(240) (42) = 936,000 ft. 


Then the time is t= тўе = 238.000 == 3403.64 sec 2: 56.7 min 
(d) In a location where water weighs 62.26 B 


a) W — (62.26)240)(150) — 2,241,360 ft - Ib. 

b) t= 2251200 = 8150.40 sec — 2.264 hours z 2 hr and 15.8 min 

с) № = (62.26)(240) (43) = 933,900 ft - Ib; t = 432% = 3396 sec ~ 0.94 hours ~ 56.6 min 
In a location where water weighs 62.59 15 

a) W = (62.59)(240)(150) — 2,253,240 ft - Ib. 

b) t= 2253240 = 8193.60 sec — 2.276 hours « 2 hr and 16.56 min 

с) № = (62.59)(240) (125) = 938,850 # -16; г = 3880 ху 3414 sec z« 0.95 hours 2 56.9 min 


The slab is a disk of area 7x? = т(У) >: thickness Ay, and height below the top of the tank (10 — y). So the work to pump 


the oil in this slab, AW, is 57(10 — ујл (5) * The work to pump all the oil to the top of the tank is 


10 10 
w- f, 5zaoy - yay - 3E [VE - x]. = 11,8757 ft- 1b ~ 37,306 ft - Ib. 


Each slab of oil is to be pumped to a height of 14 ft. So the work to pump a slab is (14 — y)(7) (3) * and since the tank is 


half full and the volume of the original cone is V = ілі?һ - 1л(57)(10) - 207 ft’, half the volume = 252“ #0, апі 
9/500 
with half the volume the cone is filled to a height y, а = у => у = 1/500 ft. So W = Т, 37 (14y? — y) dy 


y 


— Sm = 
нэ 3 4 


4 


"ET 
E |, ~ 60,042 ft - Ib. 


The typical slab between the planes at y and and y + Ay has a volume of AV = z(radius)?(thickness) = 7 (2) ? Ay 
= п - 100 Ay ft®. The force F required to lift the slab is equal to its weight: F = 51.2 AV = 51.2 - 1007 Ay Ib 
— F-51207 Ay Ib. The distance through which F must act is about (30 — y) ft. The work it takes to lift all the 


30 30 
kerosene is approximately W z $5 AW — $7 51202(30 — y) Ay ft - Ib which is a Riemann sum. The work to pump the 
0 0 


30 30 
tank dry is the limit of these sums: W — Ї 51207(30 — y) dy = 51207 | бу — 1 : = 51207 (200) = (5120)(4507) 
& 7,238,229.48 ft - lb 
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(a) Follow all the steps of Example 5 but make the substitution of 64.5 b for 57 B. Then, 
8 8 
— | 65r — 64.50 | 10y? A)" _ 645r (10-88 8!ү.. (645л 10 
w= f, #7 (10 — yyy? dy = 4 Е == i Е +) = (S82) (8°) (4 2) 
= ÉSTE? L 21.57 - 8? 2: 34,582.65 ft - Ib 
(b) Exactly as done in Example 5 but change the distance through which F acts to distance ~ (13 — y) ft. Then 
8 8 
—d sm — 57т | 13у3 A)" _ 57m (13-88 _ 84) _ (570 13 — 571.887 
W = а3— ууу? ду = Ye Рф 3 (88) - (22) (#8) (В-2) - 21 








о 4 
— (197) (82) (7)2) z« 53,482.5 ft - Ib 


The typical slab between the planes at y and y+Ay has a volume of about AV = 7(radius)*(thickness) = 7 (V9) Ay fe. 


The force F(y) required to lift this slab is equal to its weight: F(y) = 73 - AV = 73a (/y) ; Ay = 737 y Ay Ib. The 


distance through which F(y) must act to lift the slab to the top of the reservoir is about (4 — y) ft, so the work done is 
approximately AW z« 73s y (4 — y)Ay ft-Ib. The work done lifting all the slabs from y — 0 ft to y = 4 ft is 


approximately W = $7 73« yy (4 — yx)Ay ft-lb. Taking the limit of these Riemann sums as n — oo, we get 
k=0 


4 4 4 Я 
у = [ 73ту(4 – у)ду = 73т. |7 (4у – у2)ау = 73 [2у2 — 1 у?] , = 73л(32 — %) = 293% f b. 


The typical slab between the planes at y and y-- Ay has a volume of about AV = (length)(width)(thickness) 

== (2 25- у?) (10) Ay ft®. The force F(y) required to lift this slab is equal to its weight: F(y) = 53 - AV 

— 53(24/25 — y?) (10) Ay — 10604/25 — y? Ay Ib. The distance through which F(y) must act to lift the slab to the 
level of 15 m above the top of the reservoir is about (20 — y) ft, so the work done is approximately 

AW = 1060/25 — у2(20 — y)Ay ft- Ib. The work done lifting all the slabs from y = —5 ft to y = 5 ft is 


approximately W ~ $7 10604/25 — у: (20 — ук)Ду ft-lb. Taking the limit of these Riemann sums as n — oo, we get 
k=0 


w= [1060/25 — y2(20 — ујду = 1060 |“ (20 — y) /25 — yay = 1060] [20 V25 - ylày - | у 5 =у%у| 
To evaluate the first integral, we use we can interpret І | ,/25-у24у as the area of the semicircle whose radius is 5, thus 
[20/25 - yay = 20 f . 25 — y?dy = 20[1«(5)]] = 2507. To evaluate the second integral let u — 25 — y? 

=> du = —2y dy; y = —5 > u = 0, y = 5 > u = 0, thus [`уу?5—уау = —1] yudu = 0. Thus, 

1060 | Ј 20 м/25 – угду – Гу уза уму = 1060(250m — 0) = 2650007 ~ 832522 ft - Ib. 








The typical slab between the planes at y and y+Ay has a volume of about AV = z(radius)?(thickness) 
=" (4 /25 — у?) Ay m?. The force F(y) required to lift this slab is equal to its weight: F(y) = 9800 - AV 
— 9800 (4/25 — y?) Ay = 98007 (25 — y?) Ay N. The distance through which F(y) must act to lift the 


slab to the level of 4 m above the top of the reservoir is about (4 — y) m, so the work done is approximately 
AW = 98007 (25 — y?) (4 — y) Ay N - m. The work done lifting all the slabs from y = —5 m to y = 0 mis 


0 
approximately W ~ Y` 9800r (25 — y°) (4 — y) Ay N - m. Taking the limit of these Riemann sums, we get 
—5 


0 


AIK 


0 0 
W= f овоот (25 — y?) (4 — y) dy = 98007 Ј (100 — 25у — 4у? + у?) dy = 98007 [100у — 3 у? — + 
= —9800n (—500 — 7425 + 3-125 4- $2) == 15,073,099.75 1 


—5 


The typical slab between the planes at y and y+ Ay has a volume of about AV = z(radius)?(thickness) 
= 7 (/100 — y Ду = п (100 — y?) Ay f£. The force is F(y) = 3$ - AV — 567 (100 — y?) Ay Ib. The 
distance through which F(y) must act to lift the slab to the level of 2 ft above the top of the tank is about 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


362 


23; 


24. 


25: 


26. 


27. 


28. 


29. 


30. 


31. 
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(12 — y) ft, so the work done is AW z 567 (100 — y?) (12 — y) Ay Ib - ft. The work done lifting all the slabs 


10 
from y = 0 ft to y = 10 ft is approximately W ~ $7 561 (100 — y?) (12 — y) Ay Ib - ft. Taking the limit of these 
[U 


10 10 
Riemann sums, we get W = f^ 56x (100 — y?) (12 — y) dy = 56r f (100 — y?) 12 — y) dy 
10 10 
= 56r f, (1200 — 100y — 12y? + y’) dy = 567 [1200 — 95-88 +] | 


= 56m (12,000 — 19999 _ 4. 1000 + 19999) — (565) (12 — 5 — 4 + 3) (1000) z: 967,611 ft - Ib. 
It would cost (0.5)(967,611) = 483,805¢ = $4838.05. Yes, you can afford to hire the firm. 


F= т = v © by the chain rule > W = ЈА ту 4% & йх=т/ (у ) dx =m m [5 vG9]7 


= i m[v?(x5) – v*(x1)] = 1 mvj — j mvi, as claimed. 


weight — 2 oz — = lb; mass = АЕ — за slugs; W = (5) (55 slu s) (160 ft/sec)” ~ 50 ft - Ib 
5 16 32 $ = z Slug 2) 4956 505 


_ 90mi Ihr , lmin , 52808 0.312516 03125 
90 тарһ -- 7,“ 60шіп 7 60зес Лиш ~ 132 ft/sec; m = уаз = slugs, 


W = (5) (33423) (132 ft/sec)? © 85.1 ft- Ib 




















0.1 Ib 


weight = 1.6 oz = 0.1 lb > m= zire? 


zz zm slugs; W = (1) (55 slugs) (280 ft/sec)? = 122.5 ft - Ib 


vi =O mph = 04, v2 = 153 mph = 224.4 &; 2 02 = 0.125 b> m= 2/25, — zh slugs; 


sec? 


W = f F(x) dx = Imi - } mv? = 165) 0244 - 1 (345) (0)? = 98.35 fi-Ib. 





weight = 6.5 oz = $3 Ib > m= 7855 slugs; W = (4) (табу зе) (132 fu/see)? œ 110.6 ft - Ib 


We imagine the milkshake divided into thin slabs by planes perpendicular to the y-axis at the points of a partition of the 
interval [0,7]. The typical slab between the planes at y and y + Ay has a volume of aboutAV = hapa donee 


т (2 Е ү Ay in?. The force F(y) required to lift this slab is equal to its weight: F(y) = 5 АУ = 2 (rm TUA e Ay Oz. 
The distance through which F(y) must act to lift this slab to the level of 1 inch above the top is about (8 — y) in. The work 


done lifting the slab is about AW — (4 т) Guam — y)Ay in - oz. The work done lifting all the slabs from y — 0 to 


y = 7 is approximately W = Уы элу + 17.5)2(8 — y) Ay in - oz which is a Riemann sum. The work is the limit of these 


7 
sums as the norm of the partition goes to zero: W = J sp (y + 17.5)?(8 — y)dy 





4 7 
= тт | (2450-26.25у-27у?-у?)ду-- сар [- ® —9у% — yn 2450y] : 





ив [-1 9-78 — 25.7°-+-2450.7| я 91.32 in- 07 


35,780,000 35,780,000 
== ул? 1000 MG = ah 35,780,000 
Work = ==“ Фг = 1000 Ма g = 1000 MG [- 1] 6,370,000 


6,370,000 6,370,000 


= (1000) (5.975 - 1024) (6.672 - 10-11) ( ) = 5.144 х 1019] 


1 1 
6,370,000 35,780,000 


To find the width of the plate at a typical depth y, we first find an equation for the line of the plate's 
right-hand edge: y — x — 5. If we let x denote the width of the right-hand half of the triangle at depth y, then 
x = 5 + y and the total width is L(y) = 2x = 2(5 -- y). The depth of the strip is (—y). The force exerted by the 


=p) -2 
water against one side of the plate is therefore F = f. w(—y) - L(y) dy = K 62.4 - (—y)- 2(5 + у) ау 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


Section 6.5 Work and Fluid Forces 363 


= 124.8 ]` ( (—5у — у?) dy = 124.8 [— 2 y? - 13] = 1248 [(- 3-4 1-8) - (- 8-254 Ł - 125)] 
= (124.8) (498 — 42) = (124.8) (215234 ЕН = 1684.8 Ib 


32. An equation for the line of the plate's right-hand edge is y= x -3 => x = y + 3. Thus the total width is 

L(y) = 2x = 2(y + 3). The depth of the strip is (2 — y). The force exerted by the water is 

0 0 0 2 37 0 
Е= [м0 – уцу) йу = | 624- (2 – у)- 23 + у) ду = 1248 | (6 — y — y?) dy = 124.8 [бу = је | 2 
= (—124.8) (—18— 5 +9) = (—124.8)(— 27) — 1684.8 Ib 
B stri 
33. (a) The width of the strip is L(y) = 4, the depth of the strip is (10 — y) > F= f. м. (4% )FO)dy 
3 3 3 
= /, 62.4(10 — у)(4)ду = 249.6] (10 — y)dy = 249.6[10у E d , 7 249.6(30 — 3) = 6364.8 Ib 


b | 
(b) The width of the strip is L(y) = 3, the depth of the strip is (10 — y) > F= f. м. (55, )Е(УЈду 


4 4 4 
= J, 62.4(10 — y)(3)dy = 187.2 f, (10 — y)dy = 187.2| 10у = 5| , 7 1872(40 — 8) — 5990.4 Ib 


b . 
34. The width of the strip is L(y) — 2/25 — y?, the depth of the strip is (6 — y) > F = f w- (54%) Қу)у 


5 5 5 5 

= J, 62.4(6 — y)(2\/25—y) dy = 124.8 f (6 — y)\/25 — yay = 124.8 у 6 25 - yay — fy /25— Уау) 
5 
To evaluate the first integral, we use we can interpret Ї \/25 — y?dy as the area of a quarter circle whose radius is 5, thus 
Ї 6/25 — y? у?ау = ef \/25 — у?ду = 6[47(5 y] = Эт, To evaluate the second integral let u — 25 — y? 
5 0 25 

-du--2ydyy-02u-25y-5-2u-0,tus f. y /25 - yay - -1f. yudu = “| ш/2 да 
— 1[3/2] 77 _ 125 ? 3 2 r a 
= 1[u3/2] 2 — £25. Thus, 124.8} f 6/25 — у?ду — ], у \/25 Угу = 124.8(75= — 125) х2 9502.716. 


35. Using the coordinate system of Exercise 32, we find the equation for the line of the plate's right-hand edge to be 
y=2x-4> x= ын and L(y) = 2x = y + 4. The depth of the strip is (1 — y). 


0 5 0 
@) F= f wa —y)Lty) dy = f 624- (1 -yy +4) dy = 62.4 [ (4 — 3y —y?) dy = 62.4 4 -€-5| 


= (—62.4) ( 4)(4) өдө + | = (—62.4) (—16 — 24 + $) = <% 0056 — 1164.8 Ib 








(b) F = (—64.0) ( 4)(4) — O09 + “| = CHOC OM =. 1194.7 Ib 


36. Using the coordinate system given, we find an equation for 
the line of the plate's right-hand edge to be y = —2x + 4 
= x = 53! and L(y) 2 2x — 4 — y. The depth of the 


1 
strip is (1 у) = F- f wa - 4 - y dy 
1 : 1 
= 624], (у? — 5у +4) у = 624 [ў — 3 + 4y] 
= (62.4) (4 — 3 +4) = (62.4) (2-15 +4) = 62900 = 114.416 
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37. Using the coordinate system given in the accompanying 
figure, we see that the total width is L(y) = 63 and the depth 


33 
of the өшір і (33.5 —у) = Е= }, 33.5 — уугу) ду 
= ЈУ 68 .(835— у) -63ду = (8) (63) ЈУ (335 – у) ду 


33 
= (5) (6) [335у – $] = (48) [63.563 - 38 | 
64)(63)(33)(67 — 33 
– кнезу 39 — 1300 15 


38. Using the coordinate system given in the accompanying 
figure, we see that the right-hand edge is x = /1 —у? 
so the total width is L(y) = 2x = 2,/1 — y? and the depth 
of the strip is (Cy). The force exerted by the water is 


0 
therefore F — [м - (—у) - 2/1 — y? dy 





= 624] yI- F a(-y 2) = 62.4 [3 (1 =)" — (62.4) (2) (1 — 0) = 41.6 Ib 


39. (а) Е- (62.41 


fe 


) (8 ft)(25 £2) = 12480 Ib 
b 1 
(b) The width of the strip is L(y) = 5, the depth of the strip is (8 — y)  F — f w- (38, )FO)ay 
5 

= J, 62.4(8 — у)(5)ду = за 8 — y)dy = 312|8y = =]. = 312 (40 — 25) = 8580 Ib 

(с) Тһе width of the strip is L(y) = 5, the depth of the strip is (8 — y), the height the strip is \/2 dy 
501 5//2 
> Е= f» СЕЗІ (ydy- f,  624(8—-y 6) Bay = 3122 077 — ујду = 3122 [8y = 
= -312/2(%, = 8) = = 9722.3 


| 


40. The width of the strip is L(y) = 3 (2 3- у) , the depth of the strip is (6 — y), the height of the strip is v6 dy 
2/3 2/3 
>F= ІК 1631 (ydy — f," 624(6 - y) :3(2/3- y) -ау- 338 | “(2у3-6у- 2у\/3 + у?)ду 
- Se [zy 3 - зу? ууз) = 48 (72-36 — 12/3 + 8/3 ) ~ 1571.04 Ib 


41. The coordinate system is given in the text. The right-hand edge is x = МУ and the total width is L(y) = 2x = 2,/у. 
(a) The depth of the strip is (2 — y) so the force exerted by the liquid on the gate is F = |! "Мо — y)L(y) dy 
= f 502- y) -2/5 dy = 100 f 2 — y dy — 100 f, (2y!/2 — y?) ay — 100 [3/2 — 2S2]: 
— 100 ($ — 2) — (19) (20 — 6) — 93.33 Ib 
(b) We need to solve 160 — f w(H — y) - 24/y dy for h. 160 — 100 (22 — 3) = Н — 3 ft. 


42. Suppose that h is the maximum height. Using the coordinate system given in the text, we find an equation for 
the line of the end plate's right-hand edge is y — 5 Xx > x= 2 y. The total width is L(y) = 2x = і у апа ће 


h 
depth of the typical horizontal strip at level y is (h — y). Then the force is F = Г w(h — y)L(y) dy = Fmax, 
h h 
where Fmax = 6667 Ib. Hence, Fmax = W f (h — y) - 3y dy — (624) (1) f, (hy — y?) dy 


2 


= 624 (4) [EF - 5]' = 620 (4) ($ - $) = 620 $) G) - aeo (d) 9 — n- 0) Gen 
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= (3) (5667) ~ 9.288 ft. The volume of water which the tank can hold is V = 1 (Base)(Height) - 30, where 
Height = h and 4 (Base) = 2h = V = (2h?) (30) = 12h? © 12(9.288)? ~ 1035 f. 


The pressure at level y is p(y) = w -y = the average 
88-21 Уу-2| ду =1 у21” 
pressure is p — c o PO) y-gJ, wydy-gw 21, 


== (®) (5) - x . This is the pressure at level : , which 





is the pressure at the middle of the plate. 


b b b 215 
The force exerted by the fluid is F = Ї w(depth)(length) dy = f w-y-ady=(w- a) f, y dy = (w- a) [$] 


0 


=W (%) = (35) (ab) = p - Area, where p is the average value of the pressure. 


0 
When the water reaches the top of the tank the force on the movable side is | e (62.4) (2 4 — у?) (—y) dy 


— (62.4) Га — у2)!/(—2у) ду = (62.4) [3 (4 — y2)°/ | 5 = (62.4) (2) (43/2) = 332.8 ft -Ib. The force 


compressing the spring is F = 100x, so when the tank is full we have 332.8 = 100x = x z 3.33 ft. Therefore the 
movable end does not reach the required 5 ft to allow drainage = the tank will overflow. 


(a) Using the given coordinate system we see that the total 
width is L(y) = 3 and the depth of the strip is (3 — y). 


Thus, F =f w(3— y)L(y) dy = f 6246 -y) -3 dy 
3 2 3 
= (6246) f, (3 – у) ду = (6290) [зу – 5] 


= (62.4)(3) (9 — 2) = (62.4)(3) (5) = 842.4 Ib 
(b) Find a new water level Y such that Fy = (0.75)(842.4 Ib) = 631.8 Ib. The new depth of the strip is (Y — y) and Y is 





Дү: Ү 
the new upper limit of integration. Thus, Fy = Ї w(Y — y)L(y) dy = 62.4 Т, (Ү-у)-34у 
Y. 21 Y Р 2 
- (62463) | (У – у) dy = (62.4)(3) [Yy = У = (62.4)(3) (v - £) = (62.4)(3) (X) . Therefore, 
0 


Ү = \/ дау Vm -v6152 2508 ft So, AY —3— Y ~ 3 — 2.598 ~ 0.402 ft ~ 4.8 in 
MOMENTS AND CENTERS OF MASS 


Since the plate is symmetric about the y-axis and its density is 
constant, the distribution of mass is symmetric about the y-axis 
and the center of mass lies on the y-axis. This means that 

x = 0. It remains to find y — №. We model the distribution of 


mass with vertical strips. The typical strip has center of mass: 


(X,Y )= (5 2+) , length: 4 — x?, width: dx, area: 








dA = (4 — x?) dx, mass: dm = 6 dA = 6 (4 — x?) dx. The moment of the strip about the x-axis is 


у ат = (==) 6 (4 — x?) dx — 2 (16 — x*) dx. The moment of the plate about. the x-axis is M, = [9 dm 


5 


2 2 
- f,5a06-x9 ах = $ [16х – 5] aoe 2 |(16- -3) - (-16-2- 7) = 2 (32 — 3?) = 28. The mass of the 
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2 128 
plate is M = | 6(4—x?)dx=6 [4x - 3 = 26 (8 — 8) = 38. Тһегеѓоге у = М = es = в. The plate's center of 
=> = 


mass is the point (x, y) = (0, 2) 3 
2. Applying the symmetry argument analogous to the one in 
Exercise 1, we find x — 0. To find y — МА, we use the 


vertical strips technique. The typical strip has center of 


mass: (X ,y)— (x, ы) ,length: 25 — x?, width: dx, 
area: dA — (25 — x?)dx, mass: dm = ô dA = 6 (25 — x”) dx. 


The moment of the strip about the x-axis is 








У dm = (==) 6 (25 — x?) dx = £ (25 — х2)? dx. The moment of the plate about the x-axis is M, = [У dm 
5 5 519 5 
= /,4@5—х%)*ах =# |, (625 — 50х° + x4) dx = § [625х – 2x94 8] -2.$(85.5- 3-543) 


5 5 
= ô - 625 (5 — £ + 1) = ô - 625 - ($). The mass of the plateis M = f dm= f 6 (25 — x?) dx = 6 [25x – 5] : 


5.54. (8 
= 26 (5 = 5) = 3 6-53, Therefore y = Ms = шан = 10. The plate's center of mass is the point (x, y) = (0, 10). 
3. Intersection points: x — x? = —x > 2x—x?=0 

= х(2—х) =0 = x=Oorx=2. The typical vertical 


Үү А РТ 
2727, 


strip has center of mass: (X ,y ) — (x, х © УР х 
= (x. - =) , length: (x — x?) — (-x) 2 2x — x?, width: dx, 
area: dA = (2x — x”) dx, mass: dm = 6 dA = 6 (2x — x?) dx. 
The moment of the strip about the x-axis is 


У ат = (- =) 6 (2x — x?) dx; about the y-axis it is® dm = x - 6 (2x — x”) dx. Thus, M, = [у dm 


i 2 á 512 5 
-1 (522) (гк — ха) ах = – 8 Ј, (213 — x4) dx = Б Ta 5 (2 =) = 


4 


~ 2 2 412 3 Й 54 
= – м, = Ја ап о х-60х– х2) 8, (х2 – х0) 6 [22-5 25(2-2-2)- 2$; 








мо 
N 
w 
os 
— 
DE 
Sy 


2 2 
(2x—x*) dx =5|x?— 9] = 5 (4-8) =. Therefore, x = МҰ 


0 
= (2) (=) =landy = № = (— %) (5) = -i = (њу) = (1, - 3) is the center of mass. 
4. Intersection points: x? — 3 = —2x? > 3х? – 3 = (0 
=> 3(х – (х +10) = 0 => x=—lorx=1. Applying the 
symmetry argument analogous to the one in Exercise 1, we 
find x — 0. The typical vertical strip has center of mass: 


G y) - (s m3) - (s, 26-3, 

length: —2x? — (x? — 3) 2 3(1 — x?), width: dx, 

area: dA = 3 (1 — x?) dx, mass: dm — ó dA — 36 (1— x?) dx. 
The moment of the strip about the x-axis is 

Y dm = $ 6 (—x? — 3) (1 — x?) dx = 3 ô (xt + 3x? — x? — 3) dx = 8 (x* 2x? — 3) dx; M, — f Y dm 





l х5 х3 1 E: 
= вере ван =з) ак = 36 [B49 ax]! ded ed-3 o pee --38 
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1 1 
M= [аш = 38 (1-2) б = 36 |х 9) | —36-2(1- 1) 2 46. Therefore y- 4 — $33 = -§ 


= (x,y) = (0, — $) is the center of mass. 


The typical horizontal strip has center of mass: 
(Х,У)- (255) , length: y — y, width: dy, 
area: dA = (y — y?) dy, mass: dm — 64А = ô (y — у?) ду. 
The moment of the strip about the y-axis is 
N — уз 5 2 
Х т = 6 (257 2 ) (y-y)dy2$(y-y) dy 
= 5 (у? – 2у! + уб) йу; the moment about the x-axis is 





Ay ~ 1 3 511 
У dm = ôy (y — y?) dy = ô (y? — y*) dy. Thus, M, — f y ёт = 6, (у –уђау = 6 | — 5] = (1-1) = 2; 


2 pl 3 5 711 А 
M,- f*án-$f (P -2 «9e -$|$- X 5], (8-83) = 6 (85853) = а.м = Гап 


1 атт _ Б Р 
= оу -ујау = 6 [5 – 3] 250 - D — 1. Therefore, z = 36 — (48) (0) = Вашу № (8) (0) 
= 5 = (Х,У) = (16, 5) is the center of mass. 


Intersection points: y = y? — y = у? – 2у = 0 

= уу—2)=0 = у=богу = 2. Тће (урса! 
horizontal strip has center of mass: 

(ӘУЕ (== piy) = (%у). 

length: y — (y? — y) 2 2y — y?, width: dy, 

area: dA = (2y — y?) dy, mass: dm = 6 dA = 6 (2y — y?) dy. 
The moment about the y-axis isX' dm — 2 - y? (2y — y?) dy 

= ? (2y? — y*) dy; the moment about the x-axis is Y dm = ôy (2y — y?) dy — 6 (2y? — y?) dy. Thus, 





т 2 3 a12 ; 2 

м, = /ӯ ат = [6022 – у) у= 6 [22-5] =8(16 $) = 184—3) = $M, = fX dm 
2 4 512 Ж z 

= Ј 50у у) бу= 2157-5) Se ME m= ry 


Sandy = = (%) (д) =! 


© 
эм 
~ 
Sle 
м-т 
1 
л 
с 
Б 
Q 
~ 
1 
= 


2 
-sp-2| -50-5-8. Therefore, x = = (# 


=> (x,y) = (3, 1) is the center of mass. 


Applying the symmetry argument analogous to the one used 
in Exercise 1, we find x — 0. The typical vertical strip has 
center of mass: (X ,¥ ) = (x, сох) , length: cos x, width: dx, 





area: dA = cos x dx, mass: dm = ô dA = ô cos x dx. The 


cosx 


moment of the strip about the x-axis is Y dm = ô - *5* - cos x dx 


= Å cos? x dx = Ê (15982x) dx = 4 (1 + cos 2x) dx; thus, 





м, = JY am = f”, $C + cos 2x) dx= $ [x + $82] 7/2, = £ [(3 +0) - (- 3)] = %;M= fam= ô f7” cosx dx 


= 6[sin XP — 26. Therefore, y M iL 5 (x, y) (0, £) is the center of mass. 








Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


368 Chapter 6 Applications of Definite Integrals 


8. Applying the symmetry argument analogous to the one used 
in Exercise 1, we find x = 0. The typical vertical strip has 


center of mass: (X ,¥ ) = (x ех a), length: sec? x, width: dx, 
area: dA = sec? x dx, mass: dm = 6 dA = 6 sec? x dx. The 


moment about the x-axis is Y dm = (ses У (6 sec? x) dx 





т/4 т/4 
= É sect x ах. М, = шоо ат = ź¿ | sec* x dx 
э 1 d ый а 213 2x dx = ê | x? us 5 пап х1"/4 
— та (өп? x + 1) (sec? x) dx = £ _ беп ® (зес” х) 4х +5 | ,sec^xdx — 5 |—— кл ШЕ үд 
= $[4-(-})]) +20 -(C bd) =$+6=%;M= fom=6 fr sec ? x dx — é[tan x77, — б[1 — (—1)] = 28. 


Therefore, y — M = (2) (5) = 2 => (њу) = (0 ,2) is the center of mass. 


9. Since the plate is symmetric about the line x — 1 and its 
density is constant, the distribution of mass is symmetric 
about this line and the center of mass lies on it. This means 
that x — 1. The typical vertical strip has center of mass: 


(X Ў) = (х, (2х – х2)+ Ha =) = (x ===) 
7 2 2 , 
length: (2x — x?) — (2x? — 4x) = —3x? + 6x = 3 (2x — x”), 
width: dx, area: dA = 3 (2x — x”) dx, mass: dm = 6 dA 
= 36 (2x — x”) dx. The moment about the x-axis is 





=2 4 
¥ dm = 36 (x? — 2x) (2x — x2) dx = — 36 (x? — 2x)” dx IIS WAS 
2 2 
= — $6 (x* — 4x? -- 4x?) dx. Thus, M, = [¥ am =—f 36 (x4 — 4x3 + 4x2) dx = = -16| -х 4 x]. 
=-}4(®-2+{-7)=-46-2%(ф-1+{) = 80 29 (60) =- $; M= fam 


3 


= [036 (2x – х2) ах = 36 [e - 3] = 36 (4-8) = 46. Therefore, y = Ms = (— 8) (4) = – 2 


=> (x,y) = (1, = 2) is the center of mass. 


10. (a) Since the plate is symmetric about the line x = y and 
its density is constant, the distribution of mass is 
symmetric about this line. This means that x — y. The 
typical vertical strip has center of mass: 


(X,Y )= (x, y 25 =) , length: v9 — x? , width: dx, 
area: dA = 1/9 — x? dx, 


mass: dm = 6 dA = 6/9 — x? dx. 
The moment about the x-axis is 








3 3 
хэ 23 9 — x? dx 2 2 (9 — x?) dx. Thus, M, = fY am = f, $0 -x)àx- $|ox- S]. 


Е 5 (27 — 9) =96;М = Јат = f 6 аА = 6 f dA = 6(Area of a quarter of a circle of radius 3) = 6 (32) == 


Therefore, y — M — (96) (35) = === (x,y) = (3, 4) is the center of mass. 


T 
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(b) Applying the symmetry argument analogous to the one 
used in Exercise 1, we find that x — 0. The typical 
vertical strip has the same parameters as in part (a). 

3 
Thus, M, = /Уаш= f $ (9 — х2) ах 
3 
= 2], 5 (9 — x”) dx = 2(96) = 186; 


М = f[dm= [5dA=6 [dA 











= 6(Area of a semi-circle of radius 3) = 6 (22) = элё . Therefore, y = M = (186) (==) = + , the same y 

as in рап (а) = (х,у) = (0, 4) is the center of mass. 
Since the plate is symmetric about the line x = y and its 
density is constant, the distribution of mass is symmetric 
about this line. This means that x — y. The typical vertical 
strip has 
center of mass: (X ,¥ ) = (x, Эд Эу у 1 
length: 3 — v 9 — x”, width: dx, 
area: dA = (3 – у9 — x? dx, 

x 
mass: dm = ô dA = ô (3- у9-3) dx. 
The moment about the x-axis is 
34 /9—- x2) (3- 9-2 | m 

guys с. dx = 2 [9 — (9 — x?]| dx — © dx. Thus, M, = f 8 dx — 8 [3] = 9 Тһе area 
equals the area of a square with side length 3 minus one quarter the area of a disk with radius 3 => A = 3? — 19 
-10-л) » М-6А-( (4- л). Тһегейоге, у = V — (9) [gd 5| 75 9 Gp - (325,42) isthe 


center of mass. 


Applying the symmetry argument analogous to the one used 

in Exercise 1, we find that y — 0. The typical vertical strip 
dx 

has center of mass: (X ,y ) — (х =) = (x, 0), 

length: i — (— i) = > , width: dx, area: dA = 2 dx, 

mass: dm = 6 dA= 2 dx. The moment about the y-axis is 


X dm 2 x - 2 dx = 4 dx. Thus, M, = [X dm= f% dx 


= 25 [-1]* =25(-1+1) = 20; м = Јав = f'Zax-e[-1]1 - 5(- 5 4 1) 2 273). Therefore, 








6 
х= № = Е т — do Gy) - (2,0). Аво, lim x —2. 


a = од 














2 2 2 2 
- хо (2) dx=2f) xdx=2 [8] 
=2(2-4) =4-1=3; M= fam= 5 (2) = [№ (2) к=2 ёх- 25 -20-1)-2, 5 
х = Му = Запду= М 1 = (х,у)= (3, 4) is the center of mass. 
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14. We use the vertical strip approach: 
1 2 
М, = [У ат = Т, (ғғ) (x — x°) - ô dx 


1 
= if (x? — x*) - 12x dx 





1 1 1 eT 
м, = [аа = /,х(х—х?)-б6ах = /, (х® — х°)-12х4х = 12}, (9 — хї)ах =12[ф— | =12(%—4) 
1 
4 


1 
=2=3.M=fam= | (х—х?)-&4х = 12] (x 2 x8) dx = 12/8 —#] = 12(3- 3) =H =1. So 


апау = № =1 = (3, 1) is the center of mass. 


b 4 
15. (a) We use the shell method: V = | 27 (3L) (ah) dx= Jf, 20x | - (- 4.)] dx = 16r f 3 => ах 


= 16r f x12 dx = 16r [2 x°] $ = 16r (2 -8 — 2) — 35 (8— 
(b) Since the plate is symmetric about the x-axis and its density б(х) = 
mass is symmetric about the x-axis. This means that y = 0. We use the vertical strip approach to find x: 


M, = fXdm= fox-[4-(-4)] вак Јох 5-1 ак 8 х dx = 8 [2x1] | = 802-2 -2) = 16; 


M= fdm= [4 - (= zl sax=8f (4 -) (5) (2) dx — 8 f x3? ax — 8 [-2x]1 2 8[-1- 21] = 


нэ 


= lis a function of x alone, the distribution of its 


— (2,0) is the center of mass. 





b 4 
16. (а) We use the disk method: V = | тв х)4х- | л(5)4х = ал | х -2 dx = 4r |- 1] $ 2 4n [3 - -1)] 
= п[—1 +4] = Зт 
(2) 4 
(b) We model the distribution of mass with vertical strips: M, = [у у ат = [9 je. (2) - дах = f 2 - ух ах 


4 
. шэг го. WP 
4 4 
-бдх-2| У®ах=2] х-1# ах = 2.[2х!°] = 2(4 — 2) = 4. So 


E 

х 
8,123 => (х,у)= (1, 1) is the center of mass. 
=4= 3 y 
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17. The mass of a horizontal strip is dm = 6 dA = 6L dy, where L is the width of the triangle at a distance of y above 


18. 


19. 


20. 


21. 


22. 


its base on the x-axis as shown in the figure in the text. Also, by similar triangles we have c 


h 2 3 h 
)®— E 


=> L= ?(h— y). Thus, M, = | Y dm = fro 


ат 


= в (в - Е) = 88. Soy = 


sue. ‚М = f Hae f 


L. h-y 
Дан! 


0 
h 218 
в) 8-у4у-2| (һ— у) ау = ® [ву— 5] 


M = (588) (55) - п — the center of mass lies above the base of the 


triangle one-third of the way toward the opposite vertex. Similarly the other two sides of the triangle can be 


placed on the x-axis and the same results will occur. Therefore the centroid does lie at the intersection of the 


medians, as claimed. 


From the symmetry about the y-axis it follows that x = 0. 
It also follows that the line through the points (0, 0) and 
(0,3) is a median — y — iG —0)=1 = (х,у) = (0,1). 


From the symmetry about the line x = y it follows that 
X — y. It also follows that the line through the points (0, 0) 


х-1-(1-0)-1 


апа G a)i isa median — y — 


From the symmetry about the line x — y it follows that 
X — y. It also follows that the line through the point (0, 0) 
ind ae) isa median — y-x-2(i-0) = Та 


The point of intersection of the median from the vertex (0, b) 
to the opposite side has coordinates (0, а) 

= у= (6—0) -1 = б апах = (2 – 0) -2 = 2 

> (х,у) = (5,8). 


From the symmetry about the line x = $ it follows that 


X = 5. It also follows that the line iieii the points 
Є ) and (5, 


=> (њу) = 


b) is a median => у= 1(6—0) = 5 


(5,5). 


(0,3) 


> 


(-1,0) (+1,0) 
(0,1) 

(1,0) 
(0,8) 

(а, 0) 
(0,5) 


(5,5) 


P 


(0,0) (a,0) 
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23. y =x"? > dy = į x7"? dx 
= ds = \/(4дх)? + (ду)? = 4/1 + + dx; 
2 
M, - 6f, /x 1 d dx 


= [У хатак 2 )°] 


=% e+” -H 


/ / 
= (=) ан елу 








24. у=х% = Дуге 3x? dx 








Ү =x? 
=> dx = 4/ (dx)? + (3x2 dx)? = \/1 + 9x! dx; i 
1 
1 
M, = 6 f x? / 1 4- 9x^ dx; 
[u2 1 - 9x! 2 du 2 36? dx = 4 ди = x? dx; 
х=0 u=1,x=1 и = 10] 
1 
>M =6f" 1112 ди = 5 [2 из] 19 5. (108/2 – 1) 
25. From Example 4 we have M, =f а(а sin 0)(k sin 0) d0 = ак |" sin? 0 d0 = СИ (1-сов20)40 -- 255 аж [0 - AM 





= а. ‚М, -1 а(а сов ӨХК 8ш 0) 40 = ак Ї sin 0 cos 0 dü — ak [sin? 010 о = 0; М = T ak sin 0 d0 — ak[— cos 0]; 





= 2ak. Therefore, x — My = (апау = M = (: т) (55) = T = (0, ат) is the center of mass. 


26. M, = [Y dm= f (asin) -5- add : 
T 4 2 2 
= (а? sin 0) (1 + k|cos 6|) dé Se Ne Te 
л/2 
-4 | (sin OA + k cos 0) 40 





ref біп 0)(1 — k cos 0) dà —х 
т/2 т/2 т т 
= а? | біп 0 40 + ax f sin 0 cos 06 40 -- a? | sin ө 40 - a?k f” sin 0 cos 0 d0 
А т/2 T" т 
= a? [cos 6 + atk [S54] e IL eost, — ak [S52] |, 
= а?[0 — (—1)] + a?k (4 — 0) + а2[—(—1) — 0] - а?Кк (0—1) = a? + 4 a? + ME = 2а? + а?к = а2(2 + К); 
М, = ЈХ ди = | (acos 6) -6-ad6 — f/ (a? cos 6) (1 +k |cos 6]) 49 
т/2 т 
= a f (соз 0)(1 + К соз 9) 40 + 21, (cos 0)(1 — k cos 6) 40 


7, т/2 т т 
= а? [cos o do + ры (127) д0 + а° |7 соз 0 46 - atk |7 (120) 10 





= а? [ѕіп 011? + 2% |0 + 922] us + а? [5 0] — МЕ Тө 4 #120] * 2 

= 201-0) + (( -0) - 0-0] e 0 — D #[ж+ю—( +0] =2+ #е —42— #е —0, 
м = fr 5-ad0 — afr +k cos 6)) dd =a f” (1 +k cos 6) d0 +a” (1 — k cos 6) 40 

= a[0 +k sin 0” + а[0 – К.зіп 0]7, =а[(2 +) – 0] +a[(r +0) — (2 – )] 


= +ak+a($+k) =amt 2ak = a(n + 2k). 80Х- 1 = 0 and y = M = #050 = 29 











= (0, a+ Xa) is the center of mass. 
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27. 


28. 


29. 


30. 
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f(x) = x + 6, g(x) = x°, f(x) = g(x) > x +6 = x? 
->Х2-х-6-0->х-3,х--2;6-і1 
3 
М = f. + 6) – x!dx 2 [1х2 + 6х — Bel 
($418-9)- (2-124 3) 2 5 


3 
х= 15 (х+ 6) ) — х?]ах = 85 + 6x — х3] ах 


155 [3° + 3x” — inf], 





4 | 


3 
pd 2 
6 (9 +27 - 81) – 8(14:2-4-БУллын 6+6? – (х2) Јах = 55 Ј „Ре + 12х + 36 — Јах 
5 


[3x° + 6x" + 36x — 3x5], = is (9 +54 + 108 23) — 13 (-3+24-72+5) =4 





12. 


= (5, 


f(x) = 2, g(x) = xx +1), f(x) = g(x) => 2 = x^(x + 1) 
>x фх2-2= 05 х= 1;6=1 
м= Јр -а+0е= frt aci qe 

1 


-p-bé-beh-Q-i-D-o-ü 


сл 


4) is the center of mass. 


bates 


g (x) 2 x! (x1) 
2 — х?(х + 1)dx 2 B “рх-х — x?]dx 








12 І 1411 
= 17| — $€ - 4х4], 
1 
= #(1–5—4)-О=ау= shi, ip — (x°(x + 1)) ах = $J, Па — хб — 2x? — x"]dx 
= 6 1x7 156 — 151! = 6 has dod 698 33 608]; 
= 17 [4K — 7x7 — 3x9 — 5°] = (4-7 — 3 — 5) — 0 = Ss > (35 оу) is the center of mass. 





f(x) = x?, g(x) = x? (x — 1), f(x) = р(х) = х? = х?(х — 1) 
х – 2х2 = 0 х= 0, х = 2; 6 = 1 


М = fie — х?(х — 1)]dx = рх — x?]dx 


[i6 - ixl; 7 ($749 07$ 





=! 
2 
= xt Бере 18-9) -0- § 
m 2 2 2 2 
y- al, sie) -(х(х- 1)) јах = 2 [2:0 — x$|dx — 
= ($, 3) is the center of mass 


f(x) = 2 + sinx, g(x) = 0, x = 0, x = 27; ô = 1; 
M= ЇЕ [2 + sin x]dx = [2x — cos x],” 
= (4r — ын (0-1) = 4т 


Sf (x) =2+sinx 





х = i : их Шы + fox + x sin x]dx 
2n 27 
= АЈ, 2x dx + x xsin xdx ; 2 : 
2 
z pe ps 2 (ѕіп х — x cos x 





27. 
= де (4т?) 0+4 - (0 2л) 0 = n ;у = 1 aif io sin x)? ze (0) а = = 2217 [4+4sinx + sin?x]dx 
27. 2n 25 
= af [4 + 4sin x]dx + 2r [ѕіп2х]ах = s [4 +4 sinx]dx + Б [ 1-52» ] ax 


2n 2n 
— dx — 4cosx + 7 + 1Е | dx- d-f cos 2x dx [u = 2x => du = 2dx, x = 0 > u = 0, x = 27 > u = 4r] 
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Ат 


шее 272 41-81 


4т 
2л 5 
= 37 4х – 4008 х]0" 4 төс) 77 эг), Cosudu = х -4с08Х|) 4 төг Х0 732 


— g (8r — 4) - + (0 — 4) + iz (27) 0-0- 9 = (==, 2) is the center of mass. 


T 








31. Consider the curve as an infinite number of line segments joined together. From the derivation of arc length we have that 


the length of a particular segment is ds = 4/ (dx)? + (dy)? . This implies that M, = f бу 45, М, = f 6x ds and 














M= f 6 ds. If 6 is constant, then x = My = D = E and y — we = Le = = ры : 


32. Applying the symmetry argument analogous to the one used in Exercise 1, we find that x = 0. The typical vertical strip 


x2 є 
has center of mass: (X ,y ) — (s Uk) length: a — 5, width: dx, area: dA = (a - 2) dx, mass: dm = 6 dA 


ура 2,/pa 
-6(a- £) dx Thus, M, — [У ат = [ie g) Е s) ax 


= 5 [а?х - вы] >" : -2- : [a’x - ics | pe =6 (20 ура- = a у") = = 2426,/ра(1- 18) - = 2а?26 „Гра (80216 26) 














-2,/ра 
8426, /ра 2\/pa х2 33 2,/ра x3 2,/ра 
— 2a?6 /pa ($5) ын Ма м = Гап 80 (а 5) кб 252: №, 











= 26 (2a,/pa — “HY ) = 405 /pa (1 — 5) = 4аб ура (154) = H. soy = H = (E) (aa) 


= 3 a, as claimed. 


33. The centroid of the square is located at (2, 2). The volume is V = (271) (y) (A) = (27)(2)(8) = 327 and the surface area is 
$ = (27) (у) (0) = (21)(2) С = 32\/2т (where /8 is the length of a side). 


34. The midpoint of the hypotenuse of the triangle is (3, 3) 
= у = 2x is an equation of the median = the line 


y = 2x contains the centroid. The point (3, 3) is 


38 


units from the origin — the x-coordinate of the 
centroid solves the equation (x — ү? + (2x — 3)? 
=% > (х?—3х+ 2) + (4х*— 12x49) = 5 


=> 5х? – 15х +9 = –1 
=> х? — 3х+2 = (х- 2)(х – 1) = 0 > X= l since the centroid must lie inside the triangle => y = 2. By the 





Theorem of Pappus, the volume is V — (distance traveled by the centroid)(area of the region) = 27 (5 — x) E (3)(6)| 
= (27)(4)Q9) = 727 


35. The centroid is located at (2,0) = У = (27) (х) (A) = (27)(2)(7) = 4r? 


36. We create the cone by revolving the triangle with vertices 
(0,0), (h, r) and (h, 0) about the x-axis (see the accompanying 
figure). Thus, the cone has height h and base radius r. By 
Theorem of Pappus, the lateral surface area swept out by the 


hypotenuse L is given by S = 27yL = 21 (5) yh? + r? 
= лтг\/ г? + h?. To calculate the volume we need the position 
of the centroid of the triangle. From the diagram we see that 





2 
the centroid lies on the line y — 5; x. The x-coordinate of the centroid solves the equation 4/ (x — h)? + + (= х— г) 
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37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 
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1 2 2 2 
= 1/һ?+ = (855) x? (а) хя + AE a) =0 = х= ог + = Х= 2 since the centroid must lie 


inside the triangle = y = 5, X — 5. By the Theorem of Pappus, V = рт (3)] (5 hr) ES i mh. 





$ = 2тў1. = 4ra? = (21y) (ra) у = *4, and by symmetry x = 0 
S =2npL = [2л (а – 2)] (ла) = Хла(п – 2) 


У = 2лӯуА > 4 rab? = (21y) (Œ) => y = £ and by symmetry X = 0 


a та? таЗ(Зт +4 
V —2npA — У = рт (а + &)] (=) сябе 
У = 27pA = (27)(area of the region) - (distance from the centroid to the line y = x — a). We must find the distance from 


(0, 38) toy —x-— a. The line E the centroid and perpendicular to y — x — a has slope —1 and contains the point 


(0, за), This line is y = —x + за . The intersection of y = x — a and y = —x+ за is the point (ча Зал, За 4а Зап). Thus, 








the distance from the centroid to the line y = x — ais V (8 = 21 + (за да + e = уан зат} 
2 V2 (4a +3ar) та? у _ \/2ла%(4+3х) 
V = (27) ( бт Qv 6 


The line perpendicular to y — x — a and passing through the centroid (0, за) has equation y = —x + 2. The intersection 


of the two perpendicular lines occurs when x — a = —x + за = задал a> y= Засал, Thus the distance from the 








centroid to the line y = x — ais V (22178 — 0) 5 + — = 2)? = ie . Therefore, by the Theorem of Pappus the 


surface area is S — 27 ЕЯ (па) = М2та?(2 +7). 


If we revolve the region about the y-axis: r = a, h = b > A = jab, У = іл a?b, and p = X. By the Theorem of Pappus: 
Im ab = 27X (iab) = X = 4; If we revolve the region about the x-axis: r = bh =a > A= jab, У = imb?a, and 


p — y. By the Theorem of Pappus: ic b?a — глу (iab) => у = Р = (4,3 2) is the center of mass. 


Let O(0, 0), P(a, c), and Q(a, b) be the vertices of the given triangle. If we revolve the region about the x-axis: Let R be 
the point R(a, 0). The volume is m by the volume of the outer cone, radius — RP — c, minus the volume of the inner 
cone, radius = RQ = b, thus V = іт с2а — in b?a = im a(c? — b?), the area is given by the area of triangle OPR minus 


area of triangle OQR, A = iac — iab — 1a(c — b), and p — y. By the Theorem of Pappus: 1m a(c? — b?) 





—2my ЁС - 2 = y = 0; 17 ме revolve the region about the y-axis: Let S and T be the points 8(0, с) апа Т(0, Б), 


respectively. Then the volume is the volume of the cylinder with radius OR = a and height RP = c, minus the sum of the 
volumes of the cone with radius = SP = a and height — OS — c and the portion of the cylinder with height = OT = b and 
radius = TQ = a with a cone of height = OT = b and radius = TQ = a removed. Thus 


У = па2с — Б; а?с + (т ab — Іт 225) | = im aic — іл а ђе= im a^(a — b). The area of the triangle is the same as 


before, A = łac — łab = 


5 3 а(с — b), and p = X. By the Theorem of Pappus: 37 a?(a — b) = 27X ЁС - 2 


1 
24 
b) 





x= x 2 = (3 32-р 5)? a) is the center of mass. 
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CHAPTER 6 PRACTICE EXERCISES 


1. A(x) = 7 (diameter)? = ж 1” 
-1(х-2 х.х? Бх) ;а 0,b=1 y= 
> ена) ах у= х? 
| "CMM 
эрле а > 
x 
= 170 (35 – 40 + 14) = xm 


2. A(x) = 4 (side)? (sin 2) — X3 (2/x — x)? 

— X3 (4x — Ax /x 4- x?) ;a 5 0,b — 4 

> V= ГАФ) ах = У |" (4х — 43/7 + x?) dx 
= (2-2 +9) 
2v3 (1—8 42) = 15 = 24 ту — 52 


tS 
ТЯ 
N 
at 
| 
100 
е 
= 
+ 
Р 





о 


3. A(x) = § (diameter)? = § (2 sin x — 2 cos x)? 


= 4-4 (sin? x — 2 sin x cos x + cos? x) 


=n(1—sin2x);a=4,b= % 


b 57/4 
= у= Ј АФ) ах = тј. (1 — sin 2x) dx 


= [х + cos 2x] ni 


5x > T 
25 5r cost \ — (m cos 5 222 
eet эк а 








2 
: ло) = (edge)? = ((у6- /х) -o) - (V6- Vx) =36—24\/6/х +36х—4 6х3/2 + х2; 
a=0,b=6 > у= Ј' Абд ах = ЈУ (36 – 24\/6 \/х + 36х —4 6x3/? + x?) dx 


6 
= [36x — 24 6- 3x9? + 18x? —4/6- 3x5 +8) = 216- 16-6 6-64 18-6 — ® \/6\/6- 62+ © 


= 216 – 576 + 648 — 128 + 72 = 360 — 1728 = 180-1728 _ 7 





2 b 
· Абд = 7 (diameter)? = 7 (2ух =) = 1 (4x х5/2 + к) за=0,6=4 => v= f Aw dx 


т 2 x1 T 2 х5 4 T 8 2 
ЫГ шэг dx= # [28 — #13 + | = 1(82—32-1+ #32) 
= 3 (1 — $ + $4) = 81 (35 – 40 + 14) = 52 


A(x) = 5 (edge)? sin (F) = 6 [24/х – (-2,/x)]? 
= X3 (4/x) 2 4/3x;a- Ob 1 

- Гаюж- |4 3x dx = 2 zel, 
- 24/3 
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(а) 


(b 


wm 


(c) 


(d) 


(a) 


(b 


— 


(d) 


(a) 


(b 


хи 
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disk method: 
b 1 1 
V= лк) ах = | n (3x4)? dx =r f 9x8 ax 


1 





Soe or 
shell method: 

1 
м= Ј 2л (1) Ps) dx = f 2rx (3x!) dx = 27 -3 f xë dx = 27 - [к] =т 


Note: The lower limit of integration is 0 rather than —1. 
shell method: 


she 1 d 
у = Ј сл (54) е) dx = 2r f (1 — x) (3x4) dx = 20 E: Е 


washer method: 


ъъ 
QU 
| на 
ы 
1 
N 
У 
— 
т 
ошо 
| 
кое 
эм 
| 
к, 
| 
uw 
| 
кое 
эм 
“=, 
1 
Бх 
N 
я 


1 
- 9s fti - (1 - 2t x] dx — 9 f (2x4 ee a ie 


washer method: 
код = 4 о = Е = У= м - i69] dx —. f (8) 2... 
-4(8-3-(-5-0)-5(-5-1-840-5602-050649- 
shell method: 

v 222 fx (5 - 1) )dx 2 [- - £] =2л[(—4-1) - (-4-1)] =2 (5) = 5 
shell method: 

2 2 
vean f (Ж) (куһ) 4х-20/ 0-3)(5-1)4х-24| (8-4-143) 


2 
-26|-244-х-5| -24| 1+2—2+1)—(—4+4—1+1)] = * 





washer method: 


v=f " F[R2(x) – 1269] ах 


=r f [G -(4-4)| х 

= $ — 16л | (1-2х73--х79) х 

= 89 lén ee — 5), 

D E )-(1-1-5) 


532 
ӨД -16т (3 = wo t 5) 


22 49т 16" 49т Tia _ 1037 
ero ae WU crga) eir gear 





disk method: 


у-,/( Х- /х-1) ёс-л/ х-1)4к-5| -34| 
-1(8-3)-01-01-5(8-4)-8л 


washer method: 
ку) = 5, цу) = у?++1 2 V fs) - oy] бу = т 7 [25 – (52 1] ay 


g 4 2 : 7 2 5 2.3]? 
=" | (25 -y!—2y?- 1) dy=n f (24-y -xá-spe-5-iy|. 
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= 32л(3—2—4) = Ж2(45— 6—5) = 91 


(c) disk method: 
К(у) = 5 – (у +1) =4 у? 
а 2 2 
> V= | лв (у) ау = [ л(4- у? Фу 
2 
= т ‚(16 — 85? + y4) dy 
512 
= т [16бу- ver = 2n (32 2-84 +) 
= 647 (1—2 + 1) - 8Е(5- 10 + 3) = 37 





10. (а) shell method: 


she she 4 2 
v= fae (a) (sit) oy = om o£) у 





16 з 4 
2n 327 
=p -53 
(b) shell method: 
(зай) shell 4 = : 4 2 
у= Готе! (ее) ак = 2лх (2 — x) dx = 2m Ј, (2x8? - x?) ax - 2n [$392 - 9]. 


= 2n (3 -32- $) = 4 
(c) shell method: 
у = Ј гл (258) yon ees / эх@ — х) (2\/х — х) ах = 2л [У (8к 3 — 4х — 2x3/? + x?) dx 


Canis height 
4 
= 2n [8x 3/2 _ 20 ix^. $| 22s (48-32-13: 64) — 640 (4 -1- 442) 
4 647 
= 64т (1— 5) = 7 
(d) shell method: 


she she Ч 3 
Уст Ї 27 TrA eee dy — T 2n(4 = y) (- =) ду = МА ЈУ СЕ у? T у? + x) dy 
2 
37 


3 4 
= > |" (49-27 +%) dy = 2r дуг - 3y? + | 


11. disk method: 


т/3 т/3 х 
R(x) = tan x,a = 0,b = 7 > V=r f tan? x dx — a f. (sec? x — 1) dx = «[tan x — xj = 


12. disk method: 
V-«[f,' Q-sinx? dx—« [7 (4—4sinx- sin? x) dx— a f (4 -4sinx4 1=008 2) dx 
= п [4х + 4 совх + 5 — 5825 | =m [(4n-4+4+ 4-0) —0+4+40-0)] =7(¥ -8) = 5(9л— 16) 


13. (a) disk method: 
2 2 қ 2 
у-т/ (xà — 2x)! dx — s f, (xt — 4x8 4 4x2) dx =a [9 —xt 4 $x5] =т(#—16+ 32) 
= 1 (6—15 + 10) = 
(b) шанг method: 


2 2 572 
v= for uu (x 22-41) | ёхк- | тадх- | я(х-1/ бдх-2л- |n | =2л-т.2=% 
(c) shell method: 
2; 2 
V= f гл (58) ) (5) dx e 22 f,  — [7 G8 - 239] dx = 2л, (2 – х) (2х — x?) ах 
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14. 


15. 


16. 


17. 


18. 


19. 
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2 2 2 
= 2r f, (4x — 2x? — 2x? x9) dx = 2л] (х9 — 45 + 4х) ах = 2л | - $39 2| = 20 (4- B48) 
0 
—. 27 22 8л 
= 2: (36 – 32) = 5 
(d) washer method: 


2 2 
У-л| 2-06-2Гах-л| 26х-1| 4 4 (8 — 2x) - 6 — 2x] dx — 8r 
2 
= mf (4 — 4x2 + 8x +x! — 4x3 + 4x?) dx — 8r = f(x! — 4x3 + Bx +4) dx — 87 


5 2 
= п [5 — xt + 4x? + 4x — 8r = л (32 – 16 + 16 +8) — 8л = 7 (32 + 40) — 84 = 727 — 40% — 3л 
0 


disk method: 
7/4 т/4 
V = 2n J” 4tan?x dx = 80 J (sec? x — 1) dx = тарх — xJq/4 = 2n(4 — m) 


The material removed from the sphere consists of a cylinder 
and two "caps." From the diagram, the height of the cylinder 


2 
is 2h, where h? + (v3) = 2? i.e. h = 1. Thus 


2 
Vey! = (21)т (v3) — 67 f). To get the volume of a cap, 





2 
use the disk method and x? 4- y? = 2?: Мар = jJ: пх?а 
2 2 
= Ја – уЗу = тау – Ы 


= 318-9) -0- 0] = 


Vremoved = Усу + 2М сар = бт + _ = ши ЁС. 


о 





+ iu 


3 Therefore, 





We rotate the region enclosed by the curve y — 4/12 (1- t) and the x-axis around the x-axis. To find the 


b 1/2 
volume we use the disk method: V = f. тВ2(х) ах = Lu ( 12( - B) ) ах = п Ті И? 2( — %) ах 
2 


= 12m J (1= Bp) ax = пол ју – 38] 7 = 24 [= (a) C°] = 1320 [1 (5) (+) 


11/2 
= 1321 (1— 1) = 25: = 88л ~ 276 in? 


е 2 4 
ух © ® —1у-1/9_ 1у1/% ы (%) -1(1-243) -14-1 144(1-2-х)фх 


SLS f 1 (1+2 +х јах= | L (x-1/2 4 x1/2)? dx = fo ( (к + хи) ах = 1 [2х2 + 23 1 
= [(4+ 3-8) - (2+3)] =5 (2+3) =3 


2 -2/3 8 2 2 8 
x=y > Зум = (в) == > геј] /1+(8) чу= Ј /1+ ан Фу 


=f -3-- ду = 1 1 Убу xa (y^) a dy; [u = 9y? +4 du 2 6y^ 1^ dy. — 1.13; 











y=8Su=4 э = f шу ди = д [2082] 9 = 1, [405/9 — 133/2] =~ 7.634 


2 
— 5 ‚6/5 _ 5,4/5 dy. 1.1/5. l.-1/5 dy\" — ifo _ —2/5 
у= рх 8х е dx —3X 3X - (УӘ) -і(х 2+ x75) 


> L= |. I (x2/5 — 2+ х 25) ах = L= y I (x2/5 + 2 4 x-2/8) )ax= J 1 (x1/5 4- x-1/5)? dx 
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Је) вк р BRE + Sx]? = 5S 2 + 9-24) - (84 N= 2 CE +B) 
= 45 (1260 + 450) = 170 = 2 








20. x= 5y +i > =y 








a. S= f'anyy/i+ (2) as Z= 5 (®) а о отут іа 
= 2r [VEF ZR dx e зу f \/х +1 4х = 2\/2х [2 + 9]? = 220-28 — 1) = 2882 


b / 2 2 1 
22. 8 = | 2лу 1+ (2) dx; $=x = (2) = 5 5= f 2r- 


п ! п 3/2] ! T 
ЕНТ ЕНЕР 


а 2 Т 2 " 
== dx .d _ ()G-2y)_ _2— ах\^ _ 4y-y244-4y+y? 4 
а Ј 2" p (5) dys ay = Му 12:28 vi (=) НА = а-у 
2 2 
> 5 = | гпуду у? [4 йу =4т | ах = 47 


а 2 2 6 
=, dx .cdX, — T dx = __ 4у+1 Z Е 4у +1 
24. S= lam /1+($) ays $= aly > 1+() teet = ве Јалу У Фу 


6 
= тј у + Тау = = [2 4y + D8] 5 = £25 -27 = 1 (98) = & 











1 
тах =" | Ү1--х4 (4х2) dx 


ој, 











25. The equipment alone: the force required to lift the equipment is equal to its weight = Еү(х) = 100 М. 
The work done is W; = jJ B(x) dx = | “100 dx = [100x]? = 4000 J; the rope alone: the force required 
to lift the rope is equal to the weight of the rope paid out at elevation x = F(x) = 0.8(40 — x). The work 
done is Wz = Гео dx = J 0.8(40 — x) dx = 0.8 [40x Е =] ° — 0.8 (ao? _ и) = 080160) _ 640 J; 
the total work is W = W,; + W2 = 4000 + 640 = 4640 J 


26. The force required to lift the water is equal to the water's weight, which varies steadily from 8 - 800 Ib to 
8 - 400 Ib over the 4750 ft elevation. When the truck is x ft off the base of Mt. Washington, the water weight is 


b 
F(x) 2 8-800 - (237205) — (6400) (1 — 545) lb. The work done is W = Ї F(x) dx 








4750 


4750 
= f, 6400 (1 – узу) dx — 6400 [x – 55| , = 6400 (4750 — 1%) = (3) (64004750) 


= 22,800,000 ft - Ib 





27. Force constant: F — kx — 20=k-1 => k= 20 lb/ft; the work to stretch the spring 1 ft is 


1 1 37 41 
М = f kx dx = k f x dx = [20 3 = 10 ft - lb; the work to stretch the spring an additional foot is 
0 0 0 


м = ках =к Јах = 2015) = 20(4 - 4) = 20 (3) = 30 ft - Ib 
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28. Force constant: F — kx — 200 — k(0.8) = k = 250 N/m; the 300 N force stretches the spring x = Ё 


12 12 
= 18 = 1.2 m; the work required to stretch the spring that far is then W = T F(x) dx = Т, 250х ах 


= [125x?]}? = 125(1.2)? = 180 J 


29. We imagine the water divided into thin slabs by planes 
perpendicular to the y-axis at the points of a partition of the 
interval [0, 8]. The typical slab between the planes at y and 
y + Ay has a volume of about AV = (radius)? (thickness) 

= п (5 у) ду = = UR y? Ay f£. The force F(y) required to 
lift this slab is ши to its weight: F(y) 2 62.4 AV -10 10 

= (824325) my” Ay lb. The distance through which F(y) Reservolr's Cross Section 

must act to lift this slab to the level 6 ft above the top is 

about (6 + 8 — y) ft, so the work done lifting the slab is about AW — (62.9005) ny? (14 — y) Ay ft - Ib. The work done 
lifting all the slabs from y = 0 to y = 8 to the level 6 ft above the top is approximately 





8 
\ = >. (621125) my” (14 — y) Ay ft - lb so the work to pump the water is the limit of these Riemann sums as the norm of 


8 8 
the partition goes to zero: W = f: (62005) т пу?(14 — у) ау = барс Ї (14y? — y?) dy — (62.4) (22) Е уз — =| : 


= (62.4) (27) СЕЕ £) c: 418,208.81 ft - Ib 


30. The same as in Exercise 29, but change the distance through which F(y) must act to (8 — y) rather than (6 + 8 — y). Also 


ЕКЕН | : : 5 (62.4)(25)т 9 
change the upper limit of integration from 8 to 5. The integral is:W = Г ~e У (8 – у) ау 


= (62.4) (252) [ (ay? — уЗ) dy = (62.4) (252) у = а | = (62.4) (252) 3 “55 — Э) ~ 54,241.56 ft - Ib 


31. The tank's cross section looks like the figure in Exercise 29 with right edge given by x = 5 у = 5. А typical horizontal 


slab has volume AV = z(radius)?(thickness) = 7 (у y Ay-t ту? Ay. The force required to lift thisslab is its weight: 
Fly) = 60-5 7 y? Ay. The distance through which F(y) must act is (2 4- 10 — y) ft, so the work to pump the liquid is 


4 


; 10 
= во ЈУ ла2 – y )(%) dy = 150 [2 — |. = 22,5007 ft - Ib: the time needed to empty the tank is 


22,5007 815 „. 
775 filblsec 2 257 sec 


32. A typical horizontal slab has volume about AV = (20)(2x)Ay = (20) (2 16 — у?) Ay and the force required to lift this 
slab is its weight F(y) = (57)(20) (2 16 — у?) Ay. The distance through which F(y) must act is (6 + 4 — y) ft, so the 


0 а 
work to pump the olive oil from the half-full tank is W = 57 | 440 — y)(20) (2./ 16- у?) ау 
0 0 1/9 
- 2880 | 10,/16-у dy + 1140 f (16 — y?) "^ (-2y) dy 
— 22,800 - (area of a quarter circle having radius 4) 4- 2 (1140) 1016 – у |; = (22,800)(47) + 48,640 
= 335,153.25 ft - lb 
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33. Intersection points: 3 — x? = 2x? > 3x?-3=0 


34. Symmetry suggests that x — 0. The typical vertical 


35. 


36. 


y dm —6-y- (2y — y?) dy 2 6 (2? — y?) ; the moment 


= 3(х— 1)(х+1)=0 > х=—1огх = 1. Symmetry 
suggests that X = 0. The typical vertical strip has 
тээг 2х2-(3-32)ү х2-3 
center of mass: (X ,y ) = (x, s) = (x, ==) ; 
length: (3 — x?) — 2x? = 3(1 — x”), width: dx, 
area: dA = 3 (1 — x?) dx, and mass: ат = 6- dA 


= 36 (1 — x”) dx = the moment about the x-axis is 





1 
Y dm = 26 (x? +3) (1 — x?) dx = 36 (—x* — 2x? + 3) dx > M, - fy dn- 26|. (—x* — 2x? + 3) dx 


2 1 
= 36 [- 5 – 28 + 35] -»(-1-1%3-%С-3-10-49- ;М- Јат=3 | (1–х) ах 


кю 


326 


1 
= 36 [x - 3 мийн 66 (1 B ) = 46 = у= M = 58 = 8. Therefore, the centroid is (X, yY) = (0, 8) ~ 


ој 


. ~ ~ 2 
strip has center of mass: (X ,y ) — 5 =) , length: x’, 


width: dx, area: dA = x? dx, mass: dm = 6- dA = 6x? dx 


= the moment about the x-axis is Y dm = 2 x? - x? dx 





су 2 2 
= êxidx > M, = [F dm =! [ xtax= 4 5] у 


The typical vertical strip has: center of mass: (X ,y ) 


= (x si), length: 4 — €, width: dx, 
area: dA = (4— x dx, mass: dm — ó- dA 


=4(4- г)а x — the moment about the x-axis is 








~. __„ (4+ ы 

Y dm= ô- (4-5 5)ак-%(16- ) де 
4 

moment about the y-axis is X dm — 6 (4- 5)- xdx = 6 (4x - X) dx. Thus, M, — [У dm - | (16- &) dx 


4 4 
= $ [16x - aa], = 8 [64] = BM, = fX dm 6 Ј (ак =) dx = 5 [2x?- $] 


= 6(32 — 16) = 165; М = |ат-6 | (8- #) dx =6[ax— 8] =6 (16-4) = & 


=> x= 7 = 523 = 8 апду = M, = 12803 — 2 | Therefore, the centroid is (x, y) = (3, 2). 


A typical horizontal strip has: 


center of mass: (X ,y ) — (== 52у) , length: 2y — y?, 


width: dy, area: dA = (2y — y?) dy, mass: dm — 6- dA 
— 6 (2y — y?) dy; the moment about the x-axis is 





about the y-axis is X dm — 6. £329 . (gy – у?) dy 
= $ (4y? — yf) dy => м, = [у ат = 6 fy? — y) dy 
= | и] .s(2.g 220 16) — 616 _ 46M, — [Ха = [ (ду? Ауду- 6 [4y3_¥ 
=6 |353 —-%| =5 (3-84) =5 (9-4) = =%;М,= ]Х4т=5]), (49? - у) 4у=; 3-5 
8 
5 


2 2 
ш ы = = е е ее кс = 
-6-3 





0 
8 


у = № = 3-45 l|. Therefore, the centroid is (x, у) = (3, ) : 
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A typical horizontal strip has: center of mass: (X ,¥ ) 
= (=> к; y). length: 2y — y?, width: dy, 

area: dA — (2y — y?) dy, mass: dm — 6- dA 

= (1 + y) (2y — y?) dy = the moment about the 
x-axis is Y dm = y(1 + y) (2y — y?) dy 

= (2y? Fay y= yr) dy 

— (2y? -- y? — y*) dy; the moment about the y-axis is 





~ У 
X dm = (2+) а+убу- у?) dy = 4 (4y? — у') (1 + у) ду = 1 (4у2 + 4у? – у! — у") ду 


2 512 
- e rs ах det 


22 5 612 
= 16 (20 + 15 – 24) = 4 (11) = 4; М, = [Хат= fi} (ay? + ay? -у с 


ч ~%- 2) =4($4+2- 4-8) =4(2-4) = 4;M= fam= /, @ +у) @у— у?) dy 
2 

=f Cran) a= ич а ы кешуш О-о 

= (%) ЭН д =. Therefore, the center of mass is (x, y) — (2,1). 


A typical vertical strip has: center of mass: (X ,y ) — (x X, zx). length: = , width: dx, area: dA = = dx, 


-6 22 dx = 35 dx; the moment about 


mass: dm = ô - dA = 8 Ё? dx = the moment about the x-axis is Y dm = 53 


xam 
iy ed 3 — 36 
the y-axis is xX dm = x - 635 dx = zr; dx. 


(a) M,=6 21(8)ёк-3 1-5 -38:М,-4| х (335) dx — 36 [x/2]? = 128; 


9 
M=6f 3, dx =—66 [x-¥2]° =45 9 x = 1% —3 andy =™ = G) =5 


pm M 46 M 46 9 
(b) M, КЕ )ах=2[—1]* =4;М,= E ds) dx = [2]? — 52; M —. f x (5) ах 
25 uec E 


b 2 2 312 
F=f w- (=) -L(y) dy > F=2 f (62.42 — y)(2y) ду = 249.6 | (2у — у?) ау = 249.6 ју = а | 
— (249.6) (4 — $) = (249.6) (4) = 332.8 Ib 


b : 5/6 5/6 
F= ['w- (2) -Loyay > F= [075 (§-y) @y +4) ay = 75." (Sy + 0 —2у°—4у) ду 
7 
3 


5/6 5/6 
-5Д (%-із- ee 7[$y-$y -$y], = 0759 (8) — (5) (5) – (5) (215)] 
= (15) (25 — 15 — 239) — (538-) 25-216 — 175-9 — 250-3) 2 C28 s 118.63 Ib. 


b . 4 4 
F= У: (2%) ду = Е= aj, 0 - (2:33) ay 2 624 f, (9y!? — 59?) ау 
= 62.4 [6у3/? — 295] ‹ = (62.4) (6.8—2.32) = (924) (48-5 – 64) = (0079 — 219648 Ib 


h 
Place the origin at the bottom of the tank. Then F = / ж н) - L(y) dy, h = the height of the mercury column, 
. h h yup v yn 
strip depth = h — y, L(y) = 1 = F = f 849! – у) 1 dy = (849) f. (h — y) dy = 849 [hy 2 а LI (n х E) 


— 8? p, Now solve 52h? = 40000 to get h ~ 9.707 ft. The volume of the mercury is s?h — 1? - 9.707 — 9.707 f£. 
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CHAPTER 6 ADDITIONAL AND ADVANCED EXERCISES 


2х-а 


у= т (кој ах = 52 –ађ => п (Кој аг= ха — ах огах > а = л бор =2х –а => Ко = // == 


УЕл Јој ах = а a — a [7 IP dt — х2 x forallx » à — alfo)? 2x 1 > f) = 28 


қ) = Сх = | 1 +[Г(@]? @ = Сх => /T+IP@P =C= fw) = С? —1їогС > 1 
2 а-а-04Кк-)-| УС тажа = Ко = хус – 


where C > 1. 








(a) The graph of f(x) = sin x traces out a path from (0, 0) to (a, sin œ) whose length is L = T 1 + cos? 6 dé. 


The line segment from (0, 0) to (a, sin a) has length \/(a — 0)? + (sin a — 0)? = Va? + sin? a. Since the 
shortest distance between two points is the length of the straight line segment joining them, we have 


immediately that fev 1 + с052 9 40 > Va? + sin? aif0<a< 7. 
(b) In general, if y = f(x) is continuously differentiable and f(0) = 0, then Г 2 у 1+ [f]? dt > у a? + f? (a) 
fora > 0. 








We can find the centroid and then use Pappus' Theorem to calculate the volume. f(x) = x, g(x) = x’, f(x) = g(x) 


8 
Ssx=x>x%-x=05x=0,x=1;6=1;M f k- Јах = [1х2 – 1х3] = (1-3) -0= 1 








1 1 
х= i f, x[x — x?]dx = 6 : [х2 — x3]dx = 6[4x7 - Бы? = 6(4 — 1) -0- 1 
< 11 [2 2\2 l2 y4 1,3. 1,5 ifi 2 wae (1 2 
y=: [2 —(х ујах=зј | [x? — x‘]dx = 3[}x? — 3x°], = (4 — 4) —0 = = = The centroid is (5, 2). 

p is the distance from (1, 2) to the axis of rotation, y = x. To calculate this distance we must find the DE y — x that 


also lies on the line perpendicular to y — x that passes through (1, 2). The equation of this line is y — 2 E –1(х – 1) 


=> х фу = 5. The point of intersection of the lines x + y = 2. апау = х is (55. >). Thus, 


10 
= 9 _ 1/2 92222. lY 
p= (35-2) +(%—3) = y; Thus V — 2л (145) (8) = 5 = 
Since the slice is made at an angle of 45°, the volume of the wedge is half the volume of the cylinder of radius 1 апа 


height 1. Thus, V — 2[s (3) 1) | = 5. 


y-2/x 2 dic 11 +14х = А= Ј 2у/х\/1 +1ах= # [(1+ х)3/°]$ = 2 


This surface is a triangle having a base of 27a and a height of 2zak. Therefore the surface area is 
5 (2ma)(2mak) = 27?a"k. 














Е = та = [2 x a Е у 9 = ЕС; у = 0 мћепї 0 С-0 a 1 X iOS 
x-Owhent-0 2 C202 x-— T Then x =h = t= (12mh)!/4. The work done is 
(12mh)!/4 “a y (12mh)!/4 
м-/вж-/ 7 қ-%а- M аа | = (+4) (12тһ)®/“ 
0 


— (2mh)? I2mh- y12mh =>= 
=m — О 77 -2ү3 v 3mh 
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: 1/2 
10. Converting to pounds and feet, 2 lb/in — 20. 12 fe = 24lb/ft. Thus, F = 24x > W= Ї 24x dx 


[12х2]1/° = 3 ft- Ib. Since W = 1 mv2 — 1 mv, where W — 3 ft - Ib, m = ($ 1b) (szt) 

= 3i slugs, and vı = 0 ft/sec, we have 3 = (3) 1% v2) = у = 3-640. For the projectile height, 
s = —16t” + vot (since s = Oatt=0) > 48 = v = —32t + vo. At the top of the ball's path, v — 0 => t= $ 
and the height is s = —16 (32)” + vo (33) = 3 = 382 = 30 ft. 

11. From the symmetry of y = 1 — x", n even, about the y-axis for —1 < x < 1, we have X = 0. To find y = M , we 


use the vertical strips technique. The typical strip has center of mass: (X ,¥ ) = (x X, 





==) length: 1 — x^, 
width: dx, area: dA = (1 — x") dx, mass: dm = 1 - dA = (1 — x") dx. The moment of the strip about the 


п): 1 п 1 2в+1 
x-axis is Y dm = Ë ax > М,= | Ч—”^ах=2/] 1( 1 — 2x" +x") dx = k - + А | 























n+1 2n+1 
= 4 2 1 1 — @+1)0а+1)—20в+1)+(а+1) _ 2ш?+3За+1—4а—2+п+1 _ 2n? 
= n-l * 2n41 — (Ф@ -Е1)(2п+ 1) = (4 DOnc D) = (@+1)(2п+Е1)` 
1 1 1 

= = n = п тык a 1 1 2 
Аво, М = f da= | (1-х) ах=2 | 1-х)4х-2|х-521,-2(1-454)- 24. Таегсбоге, 
= Му 2n? (n+1) . n n : : : 1 
УС ар ООО ma ат. = (0,554) is the location of the centroid. Asn — oo, y — 5 so 


the limiting position of the centroid is (0, 1) : 
12. Align the telephone pole along the x-axis as shown in the 
е yh The slope of the top 5 of pole is 
145 _ 9 
“T ч) = = ``(145—9) = giá — gigs. Thus, 


у= 2 t glox — d- (9-- lx) is an equation of the 





line representing the top of the w Then, 
M= f x- TY 2а = т "| (9-4 1х)| ах 
- дз, х (9 + мар 22 ту? ах 


40 40 
= тп Ї lx (9 + i Ур ах- ar 1) (9 + П x) dx. Thus, x = Му Rd БА & 23.06 (using a calculator to compute 


the integrals). By symmetry about the x-axis, y = 0 so the center of mass is about 23 ft from the top of the pole. 








13. (a) Consider a single vertical strip with center of mass (X ,¥ ). If the plate lies to the right of the line, then 
the moment of this strip about the line x 2 b is(X — b) dn — (X —b)ódA — the plate's first moment 
about x = bis the integral f (x — b)ó dA. — f óx dA — f ôb dA = M, — bóA. 
If the plate lies to the left of the line, the moment of a vertical strip about the line x — b is 
(b— X )dm 2 (b - X )6dA — the plate's first moment about x — b is f (b — x)ô dA = f bédA — f ôx dA 
— bóA — M,. 
14. (a) By symmetry of the plate about the x-axis, y = 0. A typical vertical strip has center of mass: 
(X ,y ) 2 (x, 0), length: 4 ах, width: dx, area: 44/ax dx, mass: dm = 6 dA = kx - 4,/ax dx, for some 


(b 


хи 


proportionality constant k. The moment of the strip about the y-axis is M, = | X dm = (А ` 4кх? \/ах dx 
= ak /a f хэд dx — 4k /a [2 xu — 4kal/? . 2а/2 = m Also, M — Јат = faxx ax dx 

= 4к\/а ] xi? dx = 4ky/a [2 x9/?] = 4ка!/? - 2 а5/2 = oe This = нэ рз = ба 

= (х,у) = (58,0) is the center of mass. 





(b 


хи 


A typical horizontal strip has center of mass: (X ,y ) — ( at D = (=, у) , length: a — Y 4 


width: dy, area: (a — x) dy, mass: dm = ô А = |у| (a — x) dy. Thus, M, — [у dm 


= Ју (а- в) oy = f (a E) av Ју (а) ә 
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15. (а) 


(b) 


Chapter 6 Applications of Definite Integrals 

0 4 2a 4 : 5 0 à 5 2a 
П 0) rente Et "(o 8]; 
а ei - Sr coM- fán- f (029) M (a7 2) & 


= ыр |у| (у? + 4а2) (227) ау = ү 1 ly| (16a* — y*) dy 








6 


=; Г (сламу + уз) ду + => Y? (16aty — y?) dy = 4. БЭР Baty? + © E 4 528 saty? — а : 
= за [sat -4 Е e + за |ва! 4 a se = фе (e іш) = тва ` 3 (3246) = за" 

M= f'àm- fil (5555) ay — 1. flv - y?) dy 

-if aay ey eat, “(му — уу dy = 2 ЗЕ 2а?у? + e а [2а2у? — и]. 
-2- | - 4a? — а) = i - (8a* — 4a^) = 2a°. Therefore, X = My ($a!) (5%) - за апа 








Му 
M 243 


у = = = Ois the center of mass. 


On [0, a] a typical vertical strip has center of mass: (X ,y ) — (x, ро + = rosa) ; 


length: V? — x2 - \/а? — х?, width: dx, area: dA = (v -x — Ta dx, mass: dm = 6 dA 
=6 (v=x — væ) dx. On [a, b] a typical vertical strip has center of mass: 

(X,y)- (x x) , length: Vb? — x2, width: dx, area: dA — V b? — x? dx, 

mass: dm = 6 dA = 6 \/b2 — x? dx. Thus, M, = ГУ ат 

ЮМ 62 — x2 + a? — x2) 6 (v/b? — x? - v/a? — x?) - b? — x? dx 

=§ fe? – х2) – (а2 - x5 ах + 5 ЈУ (ба – x?) dx = E (b? — a”) dx + 5 : fce? 

= $(&? 235 § [ex - 8] = § (0? - 22) a] + $|(b° - >) — а 








= $ (ab? — a?) + $ (20 — ab? + $) = Æ - se Le (954); M, — SX dm 
=. ма 2- ха) 2 b? — x? dx 
=ô f x (b? х2)? ах – 6 | х( 232 2 ах-6| x (b? — ха) УЗ ах 


а а 19 
-6 |20- жауу? E 6 |202- y? | 8 |2(8- y? 
2 3 2 3 2 3 
0 0 a 


3/2 3/2 ; 3/2 3/2 3 T 3 — аз 
--i[e 2 - on) «£[o- m] -£[o- yt 2 vg of os 











b? a2 6 2 2 = M 
We calculate the mass geometrically: M = 6A = 6 e: ) -6 (8) = % (b° — a°). Thus, X = ķẹ 
__ 6 (68 – аз) 4 . 4 (b8=-a3\ _ 4 (b—a)(a?+ab+b*) _ 4(аг фађ+ђ2) , |. . 
= ‘м мА] м © 6 — —  3л(а+Ь) ; likewise 
S Mx _ 4(a?+ab+b?) 
y= м Зт(а-Ы) ^ 














Jim, $ (£299) - (2) ($2225) 2 GO (E) 2 2 9 y = (2, 2) is the limiting 


ba 


position of the centroid asb — a. This is the centroid of a circle of radius a (and we note the two circles 
coincide when b — a). 
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16. Since the area of the traingle is 36, the diagram may be 4 
labeled as shown at the right. The centroid of the triangle is т. 


(3, 24), Тһе shaded portion is 144 — 36 - 108. Write 


(x, y) for the centroid of the remaining region. The centroid 72 ( 


e 
I< 
(54% 


of the whole square is obviously (6, 6). Think of the square 
as a sheet of uniform density, so that the centroid of the 
square is the average of the centroids of the two regions, 
weighted by area: 











36(2) 4-108(х) 36(#) + 108(у) 
OS as and 6 = 144 
а-- а 
which we solve to getx = 8 — 5 andy = авг Set 


x — 7 in. (Given). It follows that a = 9, whence y = s 
a 75 in. The distances of the centroid (x, y) from the other sides are easily computed. (Note that if we set y = 7 in. 


above, we will find x = 71) 


17. The submerged triangular plate is depicted in the figure 
atthe right. The hypotenuse of the triangle has slope —1 
= у—(—2)=—(х—0) => x = —(y + 2) is an equation 
of the hypotenuse. Using a typical horizontal strip, the fluid 


pressure is F = / (62.4) . Kn . 2. Фу -2 
=: -2 
= | (62.д(—уї—(у + 21 ду = 62.4 | (у: + 2y) dy 


= 624[® +у? 2 = (62.4) [(— 8 +4) — (— 26 + 36)] 






x=-(y+2) 


-6 (4 ,-6) 
= (62.4) (208 — 32) — (2112 ~ 9329.6 Ib 
18. Consider a rectangular plate of length £ and width w. y 
The length is parallel with the surface of the fluid of қ 
weight density w. The force on one side of the plate is x 
0 210 hz 
F=wf yO dy = -wt [$] = The one 
a: 1 ЛУ side 
average force on one side of the plate is Fy = € Jf (—y)dy Ч 


210 2 

2 2. 
ups — *w Therefore the force 4^ 
У 2 mm 2 2 


(=) (£w) = (the average pressure up and down) - (the area of the plate). 
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NOTES: 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


CHAPTER 7 TRANSCENDENTAL FUNCTIONS 


7.1 INVERSE FUNCTIONS AND THEIR DERIVATIVES 

1. Yes one-to-one, the graph passes the horizontal line test. 

2. Not one-to-one, the graph fails the horizontal line test. 

3. Not one-to-one since (for example) the horizontal line y = 2 intersects the graph twice. 
4. Not one-to-one, the graph fails the horizontal line test. 

5. Yes one-to-one, the graph passes the horizontal line test 

6. Yes one-to-one, the graph passes the horizontal line test 

7. Not one-to-one since the horizontal line y = 3 intersects the graph an infinite number of times. 
8. Yes one-to-one, the graph passes the horizontal line test 

9. Yes one-to-one, the graph passes the horizontal line test 

10. Not one-to-one since (for example) the horizontal line y = | intersects the graph twice. 


11. Domain: 0 < x < 1, Range: 0< y 12. Domain: x < 1, Range: y > 0 





<y< 


NIA 
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15. Domain: 0 < x < 6, Range: 0<y<3 16. Domain: —2 < x < 1, Range: – 1 <у < 3 


y 








1 
b) y=vy1-x > y =1-x > xXŻ=1-y > x=yl1-y? > y= Vy1-x? = f(x) 


18. The graph is symmetric about y = x. 





19. Step1: y=x?+1 > P=y-1 5 x= /jy-1 


Step 2: y - y/x-1-f !(x) 


20. Stepl: y =x? > x = — Jy. since x < 0. 
Step2: y 2 —/x —f^!(x) 


21. $ер 1: у=х 1 = х =уф1 > x= (y+ 1) 


Step2: y 2 Mx 1-f-!(x) 


22. Ѕіер1: у=х? — 2х +1 = у=(х- 1)? = уу=х-—1, зтеех > 1=> х=1+ у 
Step2: у=1+ /x — f^!(x) 


23. Stepl: у= (х+ 1)? = ,/у-х-і, sinceex > -1 => х= /y-1 
Step 2: y= /x—1=f 1) 


24. Step1: y=x? = x — y32 
Step2: y — x3? — f-(x) 
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25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


Section 7.1 Inverse Functions and Their Derivatives 


Step 1: у=х = х=у 
Step 2: y = ух х) 
Domain and Range of f~!: all reals; 
1/5 


Г(Г:100) = (x!/5)? = x and f-1(f(x) = (х5), = x 
Step1: y=xt > x= у!/4 

Ѕ(ер 2: у= 4/х = Ё (х); 

Domain of f !: x 7 0, Range of f !: y > 0; 
f(f-i(x)- (х4)! — x and f -!(f(x)) — COMM =x 


Step 1: y 2x? 1 29 8=y-1 => х=(у— i$ 
Step 2: y = 3/x—1=f7!(); 
Domain and Range of f~!: all reals; 
117100) 2 (x — 1)¥8)? 12 (x - D +1 = x and f71(f()) 5 (G3 4- 1) — 1) — (x3) = x 
Stpl: y=ix-2 3 1х=у+: > x=2y+7 
: 2 2 2 2 
Step 2: y=2x+7=f 1(x); 
Domain and Range of f~!: all reals; 
F(E) = 5 0х +7) – 5 = (x+4) —f =xandf (f(x) =2($x- 4) +7=-74+7=x 


2 1 


4 c ib == НЕ 
Step 1: y= >x =, = х= д 


X 

x2 
Step2: y — vem -fx 
Domain of f * T x » 0, Range of f -!: у > 0; 


fE) = (ay = -0) — x and f !(f()) — + 
FA x x 


1 


а 


EF) 
ка 
Ут 


х 


Domain of f~t: Ж. Range of f-!: y £0; 


КЕ) = стз = н = хапа ЦИ) = (5) = (0) = 





13 у(х—2) =х+3 = ху- 2у=х+3 = ху-х= 2у+3 = х= ЕВ 





Stepl: y — 155 
Step 2: y = 243 =f7!(x); 
Domain of f !: x Æ 1, Range off !: y Z 2; 


оше к ы е ж ok 





В 








> 





зыр 














т 





т 2 
Step 1: у= 385 = у(х —3) = \/х = уу/х —3Зу = \/х => у\/х — Ve = yo x= (25) 























жерді Е xis = f7! (x); 
Domain of f !: (—oo, 0| U (1, oo), Range of f !: [0, 9) U (9, oo); 

—1 (25) (25) х 3х 3х 
ЁГ-(Х)) = Му а 7 CENE Е 33 = зуусу = З = хапа 
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33. 


34. 


35. 


36. 


37. 


38. 


Chapter 7 Transcendental Functions 


Step 1: y=xX-2x,x<lsytl=(x-1),x<1s-J/ytl=x-1Lx<lsx=1-j/yfl 


Яер2: у-1-4/х41-131 х), 


Domain of f~': [—1, oo), Range of f !: (—oo, 1]; 


t(f^()- (1- v1) -a(1- vx 1) =1-2/x+14+x+1-242/x+1=xand 
Г-(Ц5))-1-4/(52-25) -1,х«41-1-1(х-1/,х541-1-1-1-1-1-х)-х 


eov (2x? 1/5 5 — 243 5 — 5943 13 ЖЕ 5-1 
Step 1: y= (2x? Pl Sy Ho lS pal ale SS пр 2 


Step 2: y = 4/ х Ex 


Domain of f !: (—oo, oo), Range of f !: 


(-оо, оо); 
АБЛАЙ к ү о, ) = e 2 ) + )^-« x5 — 1) + 1)? 2 (3) = x and 


di 
dll Бен ferme „йе с 


(а) у= 2х +3 = 2х=у—3 (b) 


zu 3 —1 X 3 






































df —9 afc 1 
o £..,-25| =} 
(а) у-іх-7-> іх-у-7 (b) 1 
= х= 5у — 35 = ЕЁ Цх) = 5х - 35 
у= ЈО) = 4-7 
df cL dfc == 
(с) dx | x=-1 5° dx х=31/5 7 
() у-5-4х -> Ах-5-у (b) : 
>x=i-Y}sfl«=}-% 
df df=! 1 
(c) dx a A, ах. = 77274 
(а) у=2х? 2 x!z-iy Ф) ~ 
saicy a= 
(с) 5 з = 4х|,5 = 20, 
аг! — үг1/2 — 1 
4 [40 2 А x-so 20 
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39. 


40. 


41. 


43. 


45. 


46. 


47. 


48. 


Section 7.1 Inverse Functions and Their Derivatives 393 


(а) Небо) = (\/х)" = х, 2600) = Ухд = х (b) 
(с) Ғ(х) -3х? -> Ғ(1)-3,Ғ(-1)-3; 
Е(х)--1х-23 -»  (1)-01, (-1)-1 


(d) The line y = 0 is tangent to f(x) = x° at (0, 0); 


wm 


the line x = 0 is tangent to g(x) = 3 /x at (0, 0) 





(a) h(kG)) — (60%) = х, (b) "TM 
k(h(x)) y= (4, ay" цас 
(с) h'(x) 2 3 = һ(2)-3,Һ(-2)-3; 


К(х) -4(4х):29 -» К(2)-1,К(-2)-1 









































(d) The line y = 0 is tangent to h(x) = х at (0, 0); е 

the line x = 0 is tangent to k(x) = (4x)!/8 at 

(0, 0) 
df 2 Т 1 1 df агг! 1 1 
= = 3° – бх > = dr == 42. € —2x—4 2 ©— = = = 2 
gp e MT |р ? gc c d |. sas | ^ 6 
df=! _ 4 24 a = да“! _ dg’ m Ld 
DES — — dr =7, =3 44. = = = E 
«|, «|, о g 225 1) ах 1,-0 dx |... go) 48 xcd 2 
(а) у= тх > x=fy > fl@)=4x 
(b) The graph of y — f^! (x) is a line through the origin with slope 1. 
y=mx+b> x= A = > -, fix) = Lx — a the graph of f^ !(x) is a line with slope + = апа y-intercept — — 
(а) у=х+1 => x=y-1 => 1 ()-х-1 

3 
(b) у=х+Ь = х=у-Ь = ЁЦх) -x-b P 
2 

(c) Their graphs will be parallel to one another and lie on ^ 


opposite sides of the line y — x equidistant from that 
line. 





(а) у--х-І -> х--у-І -> ҒҚх)- 1-х; 
the lines intersect at a right angle 

(b) y=-x+b > x=-y+b = f(x) =b-x; 
the lines intersect at a right angle 





(c) Such a function is its own inverse. 
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49. 


50. 


51. 


52. 


23: 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


Chapter 7 Transcendental Functions 


Let xı Z x5 be two numbers in the domain of an increasing function f. Then, either x < хо ог 
X1 2 X2 Which implies f(x1) < (хо) ог (хі) ^ f(x2), since f(x) is increasing. In either case, 
Кх1) = f(x) and f is one-to-one. Similar arguments hold if f is decreasing. 


dí 1 аг! Is 3 
dx ~ 3 dx ~~ 


f(x) is increasing since xo » x1 — iX) + 5 > ixi + 5 2 
f(x) is increasing since x » xy — 278 > 273; у = 2753 > х=1у!% => Ғ-Қа)-1хМ5; 

df __ 2 ЧЕЛ. 22 ий sl = 1-2/3 

ёо ӨЇХОЛЖ ла T glp ee = Oo 

f(x) is decreasing since x > xı => 1— 8x3 <1— 8x3; y=1-8 > x= i — y — fd(x- i — х)!; 


df _ 2 а 1 _ —1 — —_ 111 — х\-2/3 
a 79M OR uo E 1-хуз — 60-398 — «0-7» 





f(x) is decreasing since x» » xy — (1 х) < (1 х1); у= (1-х) = х= 1 у = #Цх) = 1 х1; 








а _ a PD df- 1 = eed =. 1 2/8 
qa SS = See гаа ЗОЛ О ЗА 
—x!/ 
22% xf 5/3 _ 5/3 = 
f(x) is increasing since x» > x; > x > х5/ зу = х5/8 = х=у = Fx) — x3/5. 
ИИ LIMEN NEN ЕСГ. 
dx — 3% AP quU 52/3 | 5 528 — 5 x 





The function g(x) is also one-to-one. The reasoning: f(x) is one-to-one means that if xj 4 x2 then f(x,) 4 f(x2), so 
— (ху) 52 – хо) and therefore g(x1) # g(x). Therefore g(x) is one-to-one as well. 


The function h(x) is also one-to-one. The reasoning: f(x) is one-to-one means that if xj 4 x2 then f(x,) 4 f(x2), so 
юэ = 585 ‚апа егеѓоге Һ(х1) 3 Һ(хэ). 


The composite is one-to-one also. The reasoning: ІЁ х; 5 х2 еп о(х) 52 g(x2) because g is one-to-one. Since 
g(X1) Z g(x5), we also have f(g(x1)) Z f(g(x2)) because f is one-to-one. Thus, f o g is one-to-one because 


xi Z X» — f(g(x1)) э- Ке(х2)). 


Yes, g must be one-to-one. If g were not one-to-one, there would exist numbers x, Z x» in the domain of g with 
g(X1) = g(X2). For these numbers we would also have f(g(x1)) = f(g(x2)), contradicting the assumption that 
f o g is one-to-one. 


(goN@)=x > gf@) =x > g&)f'@=1 


f(a) 


it [toy = a^ dy =0= f 2nx[fla) — f6)] dx — (3); W'(9 — Шил = a^ 0) 


= « (€ — a? (9; also S(t) = 2л!) хах-21 xf(x) dx = [rte — wf(Ha?] — Iw |" хКх ах = $0 
= mt2f"(t) + 2ntf(t) — wa2f"(t) — Intf(t) = x ( — a2) f'() > WO = SW. Therefore, W(t) = S(t) for all t € [a,b]. 


Wa) = |, 


f(a) 


61-68. Example CAS commands: 


Maple: 
with( plots );#63 
f := x -> sqrt(3*x-2); 
domain := 2/3 .. 4; 
x0 := 3; 
Df := D(f); # (a) 
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рок [f(x),Df(x)], x=domain, color=[red,blue], linestyle=[1,3], legend=["y=f(x)","y=f '(x)"], 
title="#61(a) (Section 7.1)" ); 

91 := solve( y=f(x), x ); 3t (b) 

5 := unapply( ql, y ); 

ml :- Df(x0); # (с) 

tl := f(x0)+m1*(x-x0); 

у=; 

m2 := 1/Df(x0); # (d) 

(2 := g(f(x0)) + m2*(x-f(x0)); 

у=@; 

domaing := map(f,domain); # (e) 

pl := plot( [f(x),x], x=domain, color=[pink,green], linestyle=[1,9], thickness=[3,0] ): 

p2 := plot( g(x), x=domaing, color=cyan, linestyle=3, thickness=4 ): 

p3 := plot( tl, x=x0-1..x0+1, color=red, linestyle=4, thickness=0 ): 

p4 :» plot( t2, x2f(x0)-1..f(x0)--1, color=blue, linestyle=7, thickness=1 ): 

p> := plot( [ [x0,f(x0)], [f(x0),x0] ], color=green ): 

display( [p1,p2,p3,p4,p5], scaling=constrained, title="#63(e) (Section 7.1)" ); 
Mathematica: (assigned function and values for a, b, and x0 may vary) 
If a function requires the odd root of a negative number, begin by loading the RealOnly package that allows Mathematica 
to do this. See section 2.5 for details. 

««Miscellaneous "RealOnly? 

Clear[x, y] 

(ab) 2 (2-2, 155 x02 1/2; 

Ех ] 2 Gx - 22/ Ox — 11) 

Plot[{f[x], f'[x]}, {x, a, b}] 

solx = Solve[y == f[x], x] 

Су. | 2 x /. solx[[1]] 

y0 = f[x0] 

ftan[x_] = y0 + f[x0] (x-x0) 

gtan[y_] = x0 + 1/ f[x0] (y — yO) 

Plot[{f[x], ftan[x], g[x], gtan[x], Identity[x]},{x, a, b}, 

Epilog — Line[{{x0, y0O},{y0, x0}}], PlotRange — {{a,b},{a,b}}, AspectRatio — Automatic] 


69-70. Example CAS commands: 
Maple: 
with( plots ); 
ед := соѕ(у) = х^(1/5); 
domain :=0.. 1; 


х0 := 1/2; 
f := unapply( solve( eq, y ), x); # (a) 
Df :- D(f); 


рок [f(x),Df(x)], x=domain, color=[red,blue], linestyle=[1,3], legend=["y=f(x)","y=f '(x)"], 
title="#70(a) (Section 7.1)" ); 


91 := solve( eq, x ); # (5) 
5 := unapply( ql, y ); 

ml :- Df(x0); # (с) 
tl := f(x0)+m1*(x-x0); 

у=; 

m2 := 1/Df(x0); # (d) 
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t2 := g(f(x0)) + m2*(x-f(x0)); 

у=@; 

domaing := map(f,domain); # (e) 

pl := plot( [f(x),x], x=domain, color=[pink,green], linestyle=[1,9], thickness=[3,0] ): 
p2 := plot( g(x), x=domaing, color=cyan, linestyle=3, thickness=4 ): 

p3 := plot( tl, x=x0-1..x0+1, color=red, linestyle=4, thickness=0 ): 

p4 :» plot( t2, x2f(x0)-1..f(x0)--1, color=blue, linestyle=7, thickness=1 ): 

p> := plot( [ [x0,f(x0)], [f(x0),x0] ], color=green ): 

display( [p1,p2,p3,p4,p5], scaling=constrained, title="#70(e) (Section 7.1)" ); 


Mathematica: (assigned function and values for a, b, and x0 may vary) 


For problems 69 and 70, the code is just slightly altered. At times, different "parts" of solutions need to be used, as in the 


definitions of f[x] and g[y] 


Clear[x, y] 

(a.b) 2 (0,1); x02 1/2 ; 

eqn = Cos[y] == x! 

soly = Solve[eqn, y] 

f[x_] = y /. воју [21] 

Plot[{f[x], f[x]}, {x, a, b}] 

solx = Solve[eqn, x] 

gly..] 2 x /. solx[[1]] 

y0 = f[x0] 

ftan[x_] = y0 + f[x0] (x — x0) 

gtan[y_] = x0 + 1/ f[x0] (y — yO) 

Plot[{f[x], ftan[x], g[x], gtan[x], Identity[x]},{x, a, b}, 
Epilog — Line[{{x0, y0O},{y0, x0}}], PlotRange — {{a, b}, {a, b}}, AspectRatio — Automatic] 


7.2 NATURAL LOGARITHMS 


1. 


(a) 
(b) 
(c) 
(e) 
(f) 


(a) 
(с) 
(е) 


(а) 


(с) 


(а) 
(b) 


(c) 


In 0.75 = In 3 = In3 —In4 = In3 —In2? = In3 —21n2 

In § =n 4 09 = 1022 – 032 =232-2 3 

11 =1а1-1а2= - 02 (а) пљуд = 1119 = Еп 32 = 2 103 
In 34/2 2 1n3-- In 27? — In3 - 11n2 

In y 13.5 = 2 In 13.5 = 5 In Z = 4 (In 3? — 1n2) 2 1 G1n3 — In 2) 








In i; —1n1 31n5 2 —31n5 (b) 119.8 = № 2 = 072 – 05 = 2127-1 5 

In 7/7 = 78 = 3 07 (d) In 1225 = In 35? = 2 In 35 2 21n 5 - 21n 7 

№1 0.056 = И у = 07-5 = 07-305 () "2111. пит m7 1 

In sin 0 — In ($£) = In (=) — n5 (b) In (3x2 — 9x) + In (+) = In (2525) = In(x – 3) 
1 tn (4t*) — In 2 = уа — In2 — In 2€ — In2 — In (2) — In (8) 


In sec 0 + In cos 0 — In [(sec 0)(cos 0)] 21n1— 0 
In (8x + 4) — In 2? = In(8x + 4) — In4 = In (&#*) = In 2x + 1) 


3 In \/2 — 1 —In(t + 1) = 3 (2 1) — nt + 1) =3 (1) ш(2-1)-100-1) = n (H2) 
= In(t— 1) 
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5. у=ш3х = у= (2) (3) = 1 6. у= акх = у= (2) (Ю = 1 
1 y=in(e) + = (2)00=3 & yem(9) > = (b) G= 





9. y=ln? =n3x! > © = ( 12) (3х2) = – 1 





10. у= № £ =n 10x! > 9 = (4) (-10х-2) = – 1 


ах 10х-1 
П. у= 0+1 = 9 = (717) (0) = 1 12. у= ш(20+2) = 9 = (515) 0) = #54 
13. y 2Inx = 8 = (2) (3х2) = 3 14. у= (ах) = € —3ünxy- $ (nx) — Ee» 


15. y = (ту — € — (Int + 200 0 - $ (Int) 2 dnt? + 2™ = dnt? +2Int 


16. y = tynt = tn 9 > 9 — (IngV? e Lin 912. å (In t) = (n 2 4 


= 1/2 1 

— (In t) /^ + 501 017 

_ x4 x4 ду _ „3 x! 1 4х3 _ 3 
17. у= у Шх- 16 = %ЕХ Шх+ 4-х - 16 = х" ах 


18. y 2 (xà In x)“ = у = 4(x? In х) (х2 -1+2хшх) = 4х6 (ш х)? (х - 2x In x) — 4x" (In x)?--8x" (In х)* 








1 
Int dy t (f) — dn yd) 1—Int 
19. y — t а 2 12 
20 _ 14+int dy (2) - +00) 1-1-ш:- It 
Ж ж t = а 2 И 2 m 2 





li 1 
а+шх) (1) — @ах (1) 1+ 125 их 
(In x? 7 (nx? 


— _Inx lr 1 
21. ics =» у = ~~ x(1+In x)? 


1+Inx 





(1+ х) (Іа х + х1) – (кх) (1) х) х 1 
(14-In x? = (1 +1n x)? 











29: у= хіпх = y= 


Inx 
1+Inx (1 In x? 


23. y 2 In(Inx) > у = (1) (0) = = 


24. Ул In (іп (іп х)) = у' = ind x) И 4 (іп (іп х)) = indi x) 4 nx | а (іп х) = x(In Süd 


25. y = 0[sin (In 0) 4- cos(In 0)] — 4у — [sin (In 0) + cos (In 0)] 4- 0 [cos (In 0) - 1 — sin (In 0) - 5 
= sin (In 0) 4- cos (In 0) + соз (ш 0) — sin (In 0) = 2 cos (In 0) 





= ду __ ес 0 (ап 0 + зес2 0 ___зес дбап 0 + зес 0) __ 
26. у = Іп (ѕес 0 + (ап 0) с; dó secô+tanð tan 0 4- sec 0 = вес 0 


ay 1 pud 1 1 1 2 2(x+1)+x _ 3x+2 
=-lx-5;h&+1) > y=-; 2 (бал) = 2хх+1) 21 





27. у= 1а 


24 
хүх-1 





28. у-1юН -1 8043-80-35) 9 ¥ = 3 [py - (A) CD) = 3 [ES] = 122 


х 
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э. у= нә =" = = aa 

30. у = ng)? > ду = 1 (туша). 4 (тог) = 1 (туш). др - 4 (a2) 
=! 5 ©: ; gebe = P 

31. у = 1 (ес (п 9)) > $ = xcu с ау (зес (п Ө)) = SMO . 4 (іп 0) - 509 


32. 


33. 


34. 


35. 


36. 


37. 


39. 


41. 


42. 


43. 


44. 





Л : | 2 2 
y = In T = } (пу 0 + 10050) — п +26) = 9 =} (357 — 204) – тта 


2221 4 
= 5 [cot 6 — tan 0 — gri 








)esmohe)-Pma-3 9 y 2 35-35) CD 7 285 t 








_ (х+1)5 __ 1 201 5 20 7 _ 5 |(х42)-4х-1) 
у = Es - ibn D-20642] > ¥ =F (GS — 529) = 5 [20 


224 505 3х +2 

CSS Ie 

ЖК x ду __ d x2 а (х2 |х| 
у-/, тута > у= (в У») - (х2)- (in 3 x (5) = 2x In |x| — x In 5? 


у ина = # = (в) - 2 (9 - У -& (9 = № (Ex) — (In /3) (137) 








_ прах In \/x 

“зүү 2үх 

-2 

Г.зах-Їаїх|2-1)2-13-112 38. fi shy dx = [In |3x — 2[]°, =In2—m5=In? 
f P= dy =In ly? — 25|+С д. | dr = In |4r? — 5] + C 

у2-25 y y : 42-5 





Ї snt- dt = [In |2 — cos t|]§ = In 3 — In 1 = ln 3; or let u = 2 — cost => du = sin t dt with t = 0 


2—cost 


т 3 
> u=landt=r > п=3 > | $t dt= id -[n|u]?-13-m1-13 





т/3 i В . 
Ї S44 7 dé — [In |1 — 4 cos 6|]; = ==0|1–2|=– 13 = 1 5; огјег џи = 1 — 4с080 => ди = 4 біп 0 40 





т/3 : -1 
with@=0 > u=-3and0=% 9 u--1- f/ h d= f, tdu = [n u] --13-11 


Letu = lnx => du = Ż dx;x = 1 => u=Oandx=2 = и= 12; 


2 112 
| авхах- f° 2udu = [u?]?? = dn 2? 


Letu =lnx > йи=14х;ух=2 > u=ln2andx=4 => u=ln4 


4 In4 
е = idu [nu — nan 4) — nn 2) = (84) = ИЯ (212) = 112 


x Inx 121 In2 
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47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 
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Letu = lnx > ди = + dx;x =2 => u=In2andx=4 = и= 114; 


4 In4 
i = -2 zu et =. 1 t = 1 dz 1 Tet 91 
а= Ја du — [ Тш = nd he m2 i2 21827 h2 оно а 





Letu=Inx = du=idx;x=2 > u=In2andx=16 > u=In 16; 
[en | цай du = [u!/2] 5 = /In 16 — /In2 — V/41n2 — V/In2 — 2/1n2 — V/In2 — ym2 











Letu = 6 +3 tant — du = 3 sec? t dt; 
Ја Ја = пју +С = |6+ Запу +С 


6+3 (ап г 





Letu = 2 + sec y = du = sec y tan y dy; 
[sexum dy = f = 1n ju - C 2 1n 2 sec y| - C 

















2+ sec y 

Letu — cos 5 => du = — 1 sin 5 dx = —2du=sin}dx;x=0 > u=landx= = =; 

ЈУ ава ах = ЈУ 54 ах = 2 f/m = [- 21n у] УУ: = -2In 3; -21n /2—In2 

Letu = sint => du —costdt;t— 7 u= J;andt- 5 u= l; 

Г сона atd f = [In ји] = = In 4; — In V2 

Let u = sin 4 => du = } cos 540 => 6 du = 2 cos $ d0; 0 = 5 = и = апйб=т = и = 59; 

“ад со 8 40- 2854 40-6 7 = 6 In ul] ¥3? = 6 (in 8 — in 4) = 6 УЗ= №27 

Let u = cos 3x => du = —3 sin Зх 4х = —2 du = 6 sin 3x dx; x = 0 > и = 1 апах = 5 => =; 
fro tan 3x dx =f" 883% ax = Зээ йш cj 2 (In |ul]}!? = -2In 4, —In 1 =2In 02 = 2 





Гы =] уо е а e ds fare S S= +С 
= In |1 + /x|+C=In(1+ /x) +C 


Let u = sec x + tanx => ди = (sec x tan x + sec? x) dx = (sec x)(tan x + sec x) dx = sec x dx = E 


“иг [= | апи)- М? - 1 аи = 21 и) + С = 2 Ла (бес х + tan x) + C 


у= хх = + 0)? > шу= ШС +1) = 2 у= а(х) o In(x 4 1) — ЕТУ 
/х(х + 1) @х+1) _ 2x+1 
= у = (5) УХА + y F xu) = = АІ) ЕТ 











у- (к +1)(х—17# > шу=4[ш(х?+1)+2Шш(х—1)] = 2 = 1 („= +=) 











у х2 +1 х—1 
—x4x 2x? x4 D) |x- 1 
= у = ү (х2+1) (х – 12 (ат + т) = М (2 +1) (к – 1) | ==. m о | 


1/2 
y= fdr = (Ga) => шу= Ш e+) 18 -2(1-08) 


= dy _ 1 t ы 1 )-1 t 1 2 1 
dt ~ 2 (ЕЕ t t-1/ 2 t+1 | t(tt+1) ~ 24/t (t+ 13/2 
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58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 
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у= 4/ рр lt DIT? 2 шу=[ш+ш@+1)] > 2S =-5 (G+) 
дуг ви] 2+1 | — 2+1 
с di 2-0 «КЕТ ЕЕ 22 n 
y = V0 +3 (sin 0) = (8 + 3)! sin 0 > Iny= t In (8 +3) + 1n (sin 6) = 23 = und me 
= 9 = 0+3 3 (sin 0) [za + cot e] 

















у = (ап 0) /26 + 1 = (tan 9)(29 + 1)? => Iny = In(tan 6) + 3 In(20+1) => 19 = 558 + (1) (1) 


(ап 0 
-> 3 = (tan 0) v26 1 ix Є + yii) — (sec* 8) 20+ 1+ VE 














y-tt-1(t4-2) — Iny-Int-ln(t-D4In(t-2 > 198 =1+ 5 +: 
=> F = (t+ D2) (t+ 4 + 5) = (t D +2) | 2] = 32 + 6. + 2 
= 1 5 фу 1 1 1 
= ду 1 [ 1 1 1 [= -1 (t+ I(t +2) + t(t+ 2) + t(t+ 1) 
dt ~ t(t+1)(t+2) t t+1 ї+21 _ t(t+1(t+2) t(t + 1)(t+ 2) 
_ |32+6+2 
(8432420? 








уз ту > шу = (04-5)-180-11(с080)-5 у фу = ру 324 (Gu) (ess ^9 F tant) 


cos 






































у= 27 > шу=ш9-+ In(sin) - 5In(sec) — 13 — 1 +e Д 
= ЧУ = i (5 + cot 0 — 1 tan 0) 
xy x2 t x 
y= 23 => Шу=шх+ 1 в (2+1 - 2+1 = 9 =1+ т -— т 
_ хух2+1 |1 x 2 
с y T (x-0D3 | х + х2-1 3a4+) 
у= ү Еу шу-100Шш(-1)-5Шш(0х-11- у = exu 
—.[&rnDP 5 5 
— Y -X Guy xn) 
y= "G2? > шу= 1 [х + (х -2) - (02 +1) = У = (14 5 – 4) 
Y= ay wat аня) 
y=? НЗ > Iny =} [Inx +In(x + 1) + In(x — 2) — In(x? + 1) — In (2x + 3)] 
из х(х + 1)(х — 2) 1 1 2х 2 
=» у= 50 G2 41) x43) (27 al acm IY 25) 
(а) Ех) = ln (cos x) => Р(х) = — 1% = —{апх=0 => x = 0; f'(x) > 0 for — F < x < 0 and f'(x) < 0 for 
О<х< 5 = there is a relative maximum at x = 0 with f(0) = In (cos 0) = ln 1 = 0; f(— т) =In (cos (— т)) 
— In (4) = – 5 In 2 and f (3) = In (cos (3)) = In 1 — —]n2. Therefore, the absolute minimum occurs at 
х= 3 with f (3) — — |n 2 and the absolute maximum occurs at x — 0 with f(0) = 
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(b) f(x) =cos(nx) > f(x) = 880809 =0 = x=1:f'(%) > O for) <x < land f(x) < Oforl <x <2 
=> there is a relative maximum at x — 1 with f(1) = cos (ln 1) = cos 0 = 1; f (5) = COS (In (3)) 
— cos(- In 2) — cos (In 2) and f(2) — cos (In 2). Therefore, the absolute minimum occurs at x — i and 


x — 2 with f (3) — f(2) — cos (In 2), and the absolute maximum occurs at x — 1 with f(1) — 1. 


70. (a) fx) 2x -Inx ^ f(x) 21— 1 ; if x > 1, then f'(x) > 0 which means that f(x) is increasing 
(b) #1) =1-1=1 = fx*)=x-Inx>0,ifx > 1 by part(a) > x >Inxifx>1 


5 5 5 
71. f, dn2x nx) dx — f, nx In2 + 1n) dx — (n2) f/ dx = (in 25 — 1) = In 24 = In 16 








0 7/3 т 
n. a= f punxar fi лапак = ЇГ 82 dx — [SEB dx = [In Joos xl} — [in сов ху? 


л/4 С08Х 


агар тей гн 





3 
73. у-т/( 2 ду = ап Ј, - ду = 4т [п |y + |]: = длап4 – In 1) = 4r In 4 


74. М =т ‘сохах т |" esx dx = r [In (sin x)] 7/6 = 7 (In 1 — In 4) = 7 12 


/6 sinx 





2 2 
75. V — 2m aX (za) dx = 27 2 dx = 27 [In [xl] у, = 27 (ја 2 — In i) = 2n(2 In 2) = 7 ln 24 = 7 In 16 


76. У ==] (= 5) dx = 270 f ах = 27 [In (x? 4- 9)]$ — 27x(In 36 — In 9) — 27z(In 4 + In 9 — In 9) 
p rs 


T. (9 y- £-Inx 2 1+(y'P =14 (§-2)? =14 (44) = (вы), = L- ffi (y àx 
=f tt dx = f(s +2) dx = [mp] =@ +8) —~@+in4)=6+In2 
(b) x- (D'-2m() = sci + 1+(#) =1+(#–2) =1+ (225) = (245) 
oe | (5) ЕГЕ ЈУ (+) ау= [5 +2пуј, = 0210 – 1 +2184 


-8--2113-8--І19 

















2 
78. = 1+ ах => У" =1 = у=ш {| +С=№Шх+ Сзшсех > 0 = 0=ш1+С = С=0 = у= ах 


dx x 


79. (a) My= f-x(1)dx=1,M,= f (4) (2) dx =} [hax =[-2]?=1M= fol dx = Ш]? = ш2 


1 
= шаг 


-— 
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80. (а) М, = n x( „уна | xi dx - 2 [92] = ам ЈУ 





85) (5) = ЕЈ јак 


16 
=} [nx] =mn4M= f, dx = [2] =6 => к= =7а 


(b) M, - fx) (5) dx — 4 f “dx = 60, M, = / (5 1 


— м — №4 
“ом 


6 


м =7апа 
+) (2) (4) a 


<| 
















































= -4 [x17] <3, = f° (5) (5) ах = 4 [2 ах = 4 х =4in 16 > x= = 1% апа 
y — X. € 3 
У= м = 216 
81. f(x) = In(x? — 1), domain of f: (1, oo) = f'(x) = --| (х) = 0 = 3x2 2 0— x — 0, not in the domain; 
f'(x) = undefined > x? — 1 = 0 > x — I, not in domain. On (1, oo), f'(x) » 0 — f is increasing on (1, oo) 
=> fis one-to-one 
1 
82. g(x) 2 Vx? + Inx, domain of g: x > 0.652919 > g'(x) = LARA B Li g'(x) = 0 > 2x? + 1 = 0 > no real 
solutions; g'(x) = undefined => 2x y x? + Inx = 0 = х = 0 or x ~ 0.652919, neither in domain. On x > 0.652919, 
g'(x) > 0 > gis increasing for x > 0.652919 = g is one-to-one 
83. % =1+1 xat(1,3) 2» у=х+Шш)х|+С;у=3ах=1 С-2 у=х- и [х| +2 
84. ту = sec? x > у =tanx+Cand1=tan0+C => ду =tanx+1 > y= / сап х + 1) dx 
= In |sec x| + x + Cy and 0 = In |sec0| +0+C,; > Cı =0 > y= ln |sec x| +x 
85. (a) L(x) = f(0) + f’(0) - x, and f(x) = ш(1+х) = РФ] = гэ woul = L@&=iInl+1-x > L&)=x 
(b) Let f(x) — In(x — 1). Since f"(x) 2 — cu « 0 on [0, 0.1], the graph of f is concave down on this interval and the 
largest error in the linear approximation will occur when x — 0.1. This error is 0.1 — In(1.1) e: 0.00469 to five 
decimal places. 
(c) The approximation y — x for In (1 4- x) is best for smaller y 
positive values of x; in particular for 0 х < 0.1 in the ын 
graph. As x increases, so does the error x — In(1 + x). ол} 
From the graph an upper bound for the error is оз] у= 1п (х +1) 
— In (1 + 0.5) ~ 0.095; i.e., 
0 € x € 0.5. Note from the graph that 0.1 — In (1 + 0.1) 021 
= 0.00469 estimates the error in replacing In (1 4- x) by oil 
x over 0 <x < 0.1. This is consistent with the estimate 
given in part (b) above. | 5 
86. For all positive values of x, [102] = 1.5 = –1 апа $[Ina — Inx] 2 0 — 1 — —1. Since In ? and Іпа — In x have 
the same derivative, then In * = Ina — In x + C for some constant C. Since this equation holds for all positve values of x, 
it must be true for x = 1 = Int =Inl-—Inx+C=0-—Inx+C= In, = —Inx +C. By part 3 we know that 
In? = -lnx > C= 0 > ln = lna — lnx. 
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(a) 5 (b) y'= а. біпсе |sin x| and |cos x| are less than 
i Or Га to ч we have fora > 1 
о а Lo «y < 4 forall x. 
КОО as Thus, іт у = бо а] х = the graph of y looks 
E у=1п(а+$1пх) а->--оо 
more and more horizontal as a — + оо. 
оо 2: 
АХ /j N / N 
0 х 
1 
(a) The graph of y = ух — In x appears to be concave 


upward for all x > 0. 





2.6 
24 
2,2 
2 
1.8 
1.6 
14 
1.2 
1 
0.8 
e аб у i5: 20 
X 
буг ук-пх = у= и –- = у=- на + = 2 (-7 +1)=0 = ук=4 = х=16. 


Thus, y" » Oif 0 « x < 16 and y” < Oif x > 16 soa point of inflection exists at x = 16. The graph of 
y= ух — In x closely resembles a straight line for x > 10 and it is impossible to discuss the point of 


inflection visually from the graph. 
EXPONENTIAL FUNCTIONS 


(а) е793 = 27 = Ine-9?t 2 1n 33 2. (—030 Ine 231n3 — —03t —31n3 — t— —101n3 


(Буе 4 In et = In 27! = ktIne = – 2 => (= – 82 


(c) efn02)t 0,4 = (e02)! = 0.4 > 0.2 = 0.4 > №0.2' = №0.4 = (10.2 =№0.4 > t= 294 











(a) e 99!! — 1000 — Ine-9?'! — 1n 1000 — (—0.010 Ine — In 1000 => —0.01t — In 1000 — t — —100 In 1000 
(b) et = $ = Ine = 1107! = к пе = – 110 > к=— 1110 > t=- "£ 


(с) etA =i s (M?) =2 > 26271 > t=-1 








eV! 2 x? > ше\ = ја ха t=2Inx t — 4(In x 

е х? ы2х+1 — =e s exl =е = In ех2+2х+1 =Ine 3 t=x?4+2x4+1 
yoo" Sy Se d (—5x) > y = -—5e7" 

2x/3 


y=e = y = e/3 i (=) = у’ == 2 е?х/З 


у= e-7* = у’ — е5-7х 2 (5 >. 7х) = у’ = -.Те5-7х 
х--х2 = x 25 2 x+x? 
у = ебухње) > y= e 4x) 3 (A x4 x) > у = (5 2x) e 


у = хех –ех = у' = (ех + хех) – ех = хех 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22: 


23. 


24. 


25. 


26. 


Chapter 7 Transcendental Functions 
у=(1+2хје “ => y —2e7* +(1+2x)e* 2 (—2х) => у' = 2е-7* — 2(1 + 2х)е 25 = –4хе 2% 
у= (х? – 2х +2)ех = у = (2х – 2)ех + (х? – 2х + 2) ех = х2ех 


у = (9х2 – бх + 2) е? = у = (18x — 6)e?* + (9х2 — 6x - 2) e* 3 (3x) 2 y — (18x — 6e? + 3 (9х? — 6х + 2) е? 
= 27х?езх 


у = е?(ѕіп 0 + сов 0) = y! — e"(sin 0 + соѕ 0) + е'(сов 0 — зт 0) = 2е" сов 0 


у= № (30°) = шз+шд-+шей =ш3+ш0-9 = %=1-1 


y — cos (==) => Зу — —sin Саа i (==) = (- sin Саа) (==) 4 (—02) = 20е-® sin (==) 


у = 63е 2 соѕ 50 => 9 = (30?) (e?? cos 50) -- (0? cos 50) e-?* & (—20) — 5(sin 56) (09e7*) 


— 62e? (3 cos 50 — 20 cos 50 — 50 sin 56) 
= а = 
y-In(3te*) 2In3-Int -Ine* 2In3 +п(—1 = # =1—1= 71 


t t 


y—In(2e*sint) 2In24- Ine * - Insint 2 In2—t-F Insint — 9 = —1 + (4) $ (sint) = –1 + 





sint sint 
—. cost—sint 
по sint 
= е 0 0) — 0 dy _ 1 4 бү — e _ 1 
у= а ту = ће — In (1 e?) 2 6 — In (1«e?) > y= - (ris) (1 +е) =1— је = та 

















жы лш шы Ша 2 (78) – (ал) 8 (1 + 78) 


- Q9 (2) - 3) б) = „шй эту} = эт 





у= e(cost+ln t) = ec°st elnt = test => 5 — get 4 tecost 4 (сов t) Z a — tsin t) ecost 


y=e™ (Int? +1) > & = e(cos t) (Int? + 1) + 2 eS! = est [n £? + 1) (cos t) + 2] 


Inx | 
Ts sine! dt — у = (sin gu > 4 (In х) = 585 
е2х 
у= un папа = у = (пе) 2 (ез)- (ша). & (e*5) — Qo Qe) - (4/3) (5) - & (4%) 
= 4xe** — x etv” (=) — 4xe?* — ge^v* 
Ух 
Iny =e’ sinx > (i ју = — (ye?) (sin x) +e” cosx > y’ (i — ey sin x) — e cos x 


ye! cos x 
1 — yeY sin x 


— ve si 
= y (Ese) =e cosx > y = 


ln xy = e > Inx+lny =e > 1+(i)y=(0+y)e хау => у’ (i-e) =ety_ i 


‚ (1—уе“#У \ _ xeXt¥—-1 / y (xe*+¥ — 1) 
=> У ( у = x =” у= Х(1-гусе ту) 
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39. 
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41. 


42. 


43. 
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2е?х 1 _ 2e% -— cos(x + Зу) 


2Х! 22123 2x = = 
e^* = sin (x 4- 3y) = 227 = (1 + 3y’) cos (x + 3y) => 1 + Зу' = a = 3y = moa SY aae 
tany =e*+Inx => (чес? уу’ =е+1 > у = Ge +1) соу 
/ (е?* + 5e™) dx = Ž — 5e™ +C 30. f (2e* — 3e7%™) dx = 2e% + 3 e7™ +C 

In3 n3 ње пе шинээ хто 0 , gln2 
Тех їе = ев -е”-2-2-і 32. Lut *dx-[-e 7| 4,2 —e" не = 142-1 
Је) ах = веб) +С 34. | 260х-) дх = е2) +С 


ех — X In9 n n — n n — =, 
ех ак = [pes] P9 — 2 [e092 — ea] = 2 (e3 — eh?) = 23-2) =2 


Јо ах = [аем] 816 = 4 (e0104 e0) а (е2 1) 240-1) =4 


Іеіи = гі? = іи = Iri? dr > 2du=r!/ dr; 


s dr- [e^ 112 =2 f'e du = 2e +C = 2e” +C = 2V +C 





Letu = г? = ди = – 2120 dr > –2 ди = 1772 аг; 
Је: йг = few -г 1/2 dr = —2 Ге du — —2е- + с = —2е-У + С 
Letu = -t > du = —2tdt — —du = 2t dt; 








Let u = tt du — 4€ dt 1 ди = P dt; 


fee dt — ife ди = ie" +С 


Letu = 1 = du = — 5 dx = —du = 5 dx; 
Јах = [еза = ес еу +C 


х2 





арх = ах %4х > +йи=х 0х: 


ee dx = fe =x? x 3 dx = ife du = je" peste’ -0-1 e V +С 








Letu = tan ð => du = sec? 0 10; 0 = 0 u=0,0= 5 и = 1; 


Ka + е2) ѕес? 0 40 = 12, вес? 0 40-- f. e" du — [tan 0] 3/4 + [e"]} = [tan (7) — tan (0)] + (e! — e?) 
=(1-0)+(e-1)=e 








Letu = cot 0 = ди = — csc? 0 40; 0 т 11,063 и = 0; 


|. (1 + е©°ї®) све ад = ЈУ свс2 0 40- i e" du = |- cot 6]7/4 — [e"]? = [— cot (F) + cot (Ẹ)] — (e? — e!) 
-(0--)-(1-е)-е 
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45. 


46. 


47. 


48. 


49. 


50. 


51. 


22: 


53. 


54. 


58. 


Chapter 7 Transcendental Functions 


Let u = sec mt du = 7 sec at tan zt dt os — sec mt tan zt dt; 
fe sec (mt) tan ry dt = } fe! du = ©+С= = 


+С 





Let u = csc (m + t) du = — csc (T + t) cot (m + t) dt; 
fe (7-5) сс (т:4-1) cot (7 + t) dt = - fe du = —e" + C 2 —ec(r*0 + C 
Let u = e” ди = е“ ау 2 du — 2e" dv; v — In 6 u 


In (7/2) т/2 1 - | z . ге 
11 2e" cos e* бу =2 cos u du — [2 sin u] 7; = 2 [sin (3) — sin (2)] zo — 1) = 1 














т п. 
‚У In 5 и=5; 


ома 





Letu = e° > du = 2хех іх; х = 0 и=1,х = \/1пл u=e™"=7; 
if 
0 


2xe* cos (e?) dx = f cos u du = [sin u] | = sin (7) — sin (1) = — sin (1) ~ —0.84147 
Letu = 1 +e = du = e dr; 
f = fidu=injul+C=In(1 +e) + 


-х 
| is dx — 155 dx; 


letu =e™* +1 => du = —e™ dx => — du = e™* dx; 
= ах =- ] 1 =-шщ+с=-№(е*+1+С 











® — et sin (et — 2) = у= је чп(е – 2) dt; 
letu=e'—2 > du=e'dt > у = f sinudu = — cos u +C = — cos (e — 2) + C; y(In 2) = 0 


-> -сов (е!2-2)--С-0 -> -сов(2-2)-С-0 -> С-сов0- 1; thus, y = 1 — cos(e! — 2) 





9 = et sec? (met) => у = је“ sec? (sre 5) dt; 

let u = ve du = —re™ dt – Таи =ета = у=– 1 f seo? эг. 

= — + tan(me) + C; y(n 4) = 2 = — 1 (ап (ле 74) +C= 2 = – ап (пл. 1) +ФС= 
—1()+C=2 > C= ł; thus, y = 2 — ап (те 9) 

dy —2e7 — a - = —2е7* + С; х =0апа%® =0 => 0=-2e°+C => C = 2; thus  — —2e-* +2 


=> у=2е*+2х+С1; х = Оапау =1 = 1= 20 +С: => С =-1 = у=2е*+2х-1=2(е*+х)-1 


у =р—е” = Е 162 + С; = Тапа & =0 > 0=1-łe +C > С=1е? – 1; и 

Yt Lead е? —1 => у= 12 — 167 + (162 —1)1+ С = Тапау = —1 => -1-1-16-416-1-40: 
5о--і-16 әу-і des Gee Ge) 

2Уу-2%5-» у -251һ2 56. y 2 3* — y'-3*(In3)(-1) 2» -3*In3 


yo 56 o Ẹ = 5 (n 5) (4s?) = (24) 57 


2 


N 


у= 2 => X = 27 (n 22s = (ln 2?) (527 — (In 4)52% 


ME 9и 
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61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


72. 


ЛЭ: 


74. 


75. 


76. 


71. 


78. 
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у= х" = у! = пх“! 60. у = 07 = ау -(1- еуі” 
y = (cos дуг = = —\/2 2 (cos ө)? !) (sin 0) 
2 т ду _ л— __ nAn 0)(7—1) 
y — (In 0) F = п( 0) » (3) = => — 
у = 7% 107 = dy — (7? In 7)(In 7)(sec 0 tan 0) — 7**"(In 7)? (sec 0 tan 0) 


49 


y-3"^]n3 — 2 = (3 In 3)(In 3) sec? 6 = 3"9(In 3)? вес? 0 


у = 2% = 4 — (2*"* |n 2)(cos 30)(3) — (3 cos 3t) (2?) (In 2) 


y — 579^ — 9 — (5-*** In 5)(sin 2t)(2) = (2 sin 2t) (57**?) (In 5) 





у = 1082 50 = 1% = 5 = (55) (5) 6) = дз 





че ау _ 1 1 22 1 
у = log; (1 + 8 ln 3) = n3 => 9 = (55) (593) 083) = 130113 


_ Шх Inx? _ ах р lnx — lnx hl i 
У а ва ma ёл аг Эл ас У ли 





— xlne ии, Ж nx __ 1 г 1 1\ _ x-1 
Y — ш25 25 = 215 25 = (эл) x-Inx > у = (эз) (1 - x) = 2xin$ 




















I (dx. 1 Q3 D ac айну ОМ. ш 20 21x | 12,42 
y-xlogiox —x (15) = вх dnx y ceu (x aor Ok In x) — пох + 3x° ino = mioX + 3x°logiox 








= А __ (шг тү In? r ау _ = 2 шг 
y = log; r - logo r = ($5) (25) — 39) = & = [в тг (2Inr) (+) = rdn 3)(in 9) 














x In3 п n( xt! 
y=iog (Gp) = ала) m (ie) inc D - nic - 
1 


dy _ а —2 
е а жып OxoT — СТ 














Ed ( 7x y = 16 (2 7х uy. 2 жаулар 22 (33) In (x2) = № In ( 7х ) 
у = 108s 3x42) — 108s (3x43 = 1п 5 = (7 15 = 3x42 
m 1 dy 3-0 (3х402)-3х _ 1 
= 5 Ш 7х — 5 (3х +2) = # = 25 XLOxi2) — 2x0x42) — x3xi2) 





y — 0 sin (log; 0) = @ sin (724) = ау = sin (82) -0 |сов (155) | (=) — sin (log; 0) + d cos (log; 0) 








sin 0 20 0X ... In(sin 0) 4- In (cos 0) — In e? — In 2 In (sin 0) + In (cos 6) — 6 — 0112 
y= 1027 ( 92 ) ян In7 In7 
dy . сов 0 sin 1 In2 _ S 
=> dé — (nón 7 Cony #17 17 ~ (i5) (cot 0 — tan 0 — 1 — In2) 
= logo č = PŽ = = > y'= 
y = logio = into = 110 Y — into 








0.50 0-50 


= 23 (2-45)(0:50ш 5--59(1))-(0:59)(-яы5) ..50ш5(2- —logs 6)(81n 5-1) € 56 
Y — 2-log8 — 2—h7 


(2-9)? In 5(2 —logs 6)” 





= у = 
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79. 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


91. 


92. 


93. 


Chapter 7 Transcendental Functions 


О; n n а п n 
у = 319: = 3010/02) = g = [3%®9/®2(1п 3)| (5 





13) = t (ор; 3) 34%! 








2 __ 310 (1062 0) __ 3 (23) dy . 3 1 1 = 3 Кы 1 
y — 3log, (log; 0 — зо = hs а — (58) (л б/л 2) (тщз) = iimpdn8) ~ 002) 
m m2) _ Ш8- 1 (#2) _ 32+ (12) 0 ду _1 
y = log, (8t ) = зру = 5 = З +01 = ato T 
сіп (en ant Іп (35int 3 3 . 
y= (e ) = tn ) — wend) — tsint > X = sint+tcost 


/[5* ах = +С 


Let u = 3 — 3* = du = —3* In 3 dx > — L;du — 3*dx; 
f nex = — A, | 1аи = – ји + С = – 8857] +c 








1 1 г)’ қ 1 1 
оа Дога А] р рар еее 








Гә Гә | заар Пт ађра А 








Let u = x? du = 2x dx 1 du = x dx; x = 1 u=1,x м2 и = 2; 


Vo 2 1 4429 
J. х2®°) ах = ] (4)2* 4 = + [5] = (уз) @ 2) = 3 














Letu = x! du Sox dx 2 du AX 1 u=1,x=4 u-2; 


4 4 2 2 
2v* х1 - u 200+) 1 4 
1 зе ах = Ј, 2-х Hisz], 2" du = Per] = (3) 7 2?) = 15 

















Letu = cost > du=-—sintdt > —du=sintdt;t=0 u=1,t Е и = 0; 


т/2 1 0 ч 23 
1 7%" sin t dt = -f 75 du = [ ii (55) (Pas m7 











Letu = tant => du = sec? t dt; t = 0 u=0,t=% u=1; 


BTN BY e cda t= А G) А тү! (i1)99| 2 
Гаузе аа - ауа ШЕ]. (-u9 [G - Q'] = 5 








Letu = x* > Inu=2xInx = a — 2 Inx + (2х) (1 ) > 4: = 2u(In x + 1) => 5 du = x*(1 + In x) dx; 


1 
х=2 и = 24 = 16, х=4 и = 48 = 65,536; 


4 65,536 
Ј ха + хах 5 fe 48-44 = 465,536 — 16) = 85% = 32,760 


6 








Let u — 1 4- 2* > ди = 2* (2х)ш2 ах = „1 ди = 27 х dx 


Du 








2 In( 1+ 2* 
x2 ата Gee 21 _ (+) 
fou T ziz J idu = zma Mu] +C = 5 +С 





m: ax (69) = 
Ј зху ах = ке С 94. | х? ж +С 
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°з. }(У? +1) х®ах = [х9] = зб) 96. | хан ах- (-5 2 -11-15 
97. f 5 ах = f(x) (1 ) dx; [u = In x => du = 1 dx] 

=> f(E) (G) d= pr Jod = (Fo) Go) +C c 
98. Ја еа 1 и = 0, х=4 u In 4] 

nx) In4 In n 2. п 2 

= (3) (2) х= |" (5) и = (55) [#02] ^^ = (25) [#0147] = 9% = BH = ш4 
9o, f'm2eesgy — f"(m2) (Bx) ax — f es ax = [1 (1х)? * = (In 4? — Qn 7] — 10n4? — 191 2? — 20n 2? 
100. [21:100050 ах = |“ бот» (+) ах = [@пх)?]* = (Ine? - n D? — 1 








101. / к®®+® ах = р. [/ [ш(х+2)] („1 


zx] 4(In 2? (In2)?} _ 3 
= (55) | 2 2 ]2im2 


;) dx - (ra) [953] = (из) [®” - SF] 














10 logi, (10x) ю (7 10 \ | dnaoxy?] 1° 10 \ [dn 1002 (ші) 
102 ee Ce ню Л,їладх) (4, x) dx — (пало) | "ж |8. = (вю) | 30 — 3 | 


- (1%) Еш = 2 In 10 





In 10 20 


Зэ 1 ер oJ, In(x + 1) (<q) ах = (220) Биза! 





2 (ш 10)2 (а 12 | _ 
б = (5 п) | 2 2 | =m 10 





nos, f) 2B =U ax = By fant — 1) (ay) ax = (Ba) [M4] 


2 
105. {= Benak = | (5 


– тло | (5 


{2 (In 2? aaj 
= (5) | 2 2 | =m2 


(4) dx = dn 10) f (4) (4) dx; [u= Inx > du =} dx] 







(1) dx =(n 10) f 2 du = (In 10) In |u| + C = (In 10) In |Inx| +C 


(i 





nx п хул! п 
106. ерин )? dx — (In 8)? (nx) ыг þes _ @8)2 +С 


Inx 
Ix, jx Е 
107. |, ¢ dt = [а |4], = |х| —In1 =In(Inx),x > 1 
~i 2: езгі х EN UT. 
108. 14 = [ш |7 = ше —In12xine- x 


Их 
109. | 1 dt = [In у] у“ = 1 |] —1а 1 = (In 1 — 1n |x|) — In 1 = —Inx,x > 0 


1 tud n4 21 mni 
110. + ‚1% = [gy in |tl]; = BE — B3 —log x, x 0 


Ina 





111. у=(х+1)* => пу= (х + 0) = х 1 (Х + 1) = У = и +) +Х ы; = у = (х + 1)" [3H +n + D] 
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112. у= х? + х2 a y – х? = х = (у - x) 2 Inx* 22xInx 2 (y -2x) 22x. 1 £2: Inx 22 & 2Inx 


у-х 


= у – 2х = (у – х2)(2 + 2ах) = у = ((х2 + х2) — х2)(2 + 2щх) + 2x = 2(x + x* + x Inx) 











113. у (уд (0/2) =t => у= 02 = (0) 01 9 = (1) (0+ (1) (0) = 2:1 


y dt 
= 2 = (410) (5+3) 











114. y 2 tt 2 (€^ — In y 2 In (€? (4/2) (Іп 0 => x dy ES (11772) dnt) +t (+) = 20 = dy = (252) м 





115. y =(sinx)* => Iny = In(sin x)* = x In(sinx) > X= In(sin x) +x (S24) — y' — (sin x)" [In (sin x) 4- x cot x] 


sin x 


sin x +x (In x)(cos x) 
x 


116. y 2x"* => Iny =I1nx*™ = (sin x)(Inx) > у = (cos x)(In x) + (sin x) (1) = 








— ysinx | sin x +x(In x)(cos x) 
=> y =x [2s TI COS X 
117. y =sinx* = y’ = cosx* 4(x*); ifu = x* > Inu = Inx* = xInx x x-i41-Inx=1+ Inx 
=u =x*(1+ Inx) = y’ =cosx*- x*(1 + Inx) = x* cos x*(1 + lnx) 


118. y 2 (In x'* > ln y = (ln x) ln (ln x) > У = (4) In(inx) + (n x) (H) $ (nx) 2 509 41 


Inx 
= y == (ивээ) (In х)“ 


119. f(x) = ех – 2х = Ё (х) = ех – 2; f'(x) = 0 > e* = 2 > х= №2; КО) = 1, the absolute maximum; f(In 2) = 2 — 2 In2 
£z 0.613706, the absolute minimum; f(1) = e — 2 ~ 0.71828, a relative or local maximum since f"(x) — e* is always 
positive. 

120. The function f(x) = 2e%" &/ 2) has a maximum whenever sin 5 = 1 апа а minimum whenever sin 5 = —1. Therefore the 
maximums occur at x = m + 2k(27) and the minimums occur at x — 37 4- 2k(27), where k is any integer. The maximum 
is 2e z 5.43656 and the minimum is 2 А 0.73576. 


121. f(x) = xe™* => f’(x) = xe *(-1) +e* =e * —xe™ = f"(x) = -е * — (хе *(—1) +е*) 2xe* —2e* 
(a) f'(x) =0 > e™ —xe*—e(1-x) 202 e* 20or1-x-20—x- Lf(I) — (1)e™! = 3; using second 
derivative test, f"(1) — (1)e ! — 2e! — —1 « 0 = absolute maximum at (1, 1) 
(b) f"(x) = 0 = xe™ — 2e™ = e™*(x — 2) = 0 > e™ = Oor x — 2 = 0 > x = 2, f(2) = (2)e™? = 4; since 
f"(1) « 0 and f"(3) 2 e?(3 —2) — 1 » 0 => point of inflection at (2, 4) 








(1 + ey (ex - Зе) - (= - e*)2(1 + ех) (2е?*) 


(1+е®)е*^—е*(2е®) _ ех _ езх и e 
= = f"(x)= 
7 ( ) [a x ey] 2 


(14 ex? (1+е%) 


122. f(x) 2 — f'(x) = 


1+е^ 








ех(1 — 6e?” + et) 
(тех) 
(а) Р(х) = 0 = ех – е = 0 = ех (1 – ех) = 0 = е = 15 х = 0; 60) = тю = 3; 














f'(x) = undefined > (1 + ey = 0 > e* = —1 = noreal solutions. Using the second derivative test, 
t"(0) — e? (1 — 6e? 0 + e40) mrt. 0 bsol . 0 1 
(0) = по = в < — absolute maximum at (0, 4) 
и m x 2x 4x x 2x 4x _ 2х _ —-(-6tV36-4 за 
(b) f"(x) 2 0 — e*%(1 — бе2х + ех) = ех = Оог1 — 6e% + e* = 0 > e” = 158 У36:4. 3 5/5. 
_ ш(3--22) В ш(3-2//2) ш(3424/2) ШЕТІ ш(3-2//2) — cua 
х= ——,— - orx — 1 m 1 TU and f 5 = у) 
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ш(3+2/2) \/ 
since f"(—1) > 0, f”(0) < 0, and f"(1) > 0 => points of inflection at (4 23 апа 


2 > 4422 
п(3-2у2) V5-22 
гн 





123, f(x) =x? In} = f(x) = 2x In} +x? (4 аг ној таи 


ян 


|- 


Since x = 0 is not in the domain of f, x = e~!/2 = +. Also, f’(x) > 0 for0 <x < vi and f'(x) < 0 for x > — 


4 


е 


Therefore, f (4) = 1 In Ме = 1 ше/2- x Ine = _1 is the absolute maximum value of f assumed at x = 


+ 


124. f(x) 2 (x 3? e& => Ї'(х) = 2(х — 3)е* + (х — 3)? ех 
= (x — 3) e (2 + x — 3) = (x — 1)(x — 3) e*; thus 
f'(x) > 0 for x < 1 or x > 3, and f’(x) < 0 for 
1<х<3 = 1) = 4е ғ 10.87 is a local maximum and 
ҚЗ) = 0 is alocal minimum. Since f(x) > 0 for all x, 
f(3) = 0 is also an absolute minimum. 





125. f" (e -e)dx- [= е]. = (82:-6")-(5-6)-01-3)-(1-1)-4-2-2 


TA CS егч?) dx — [2e%/? 3e 2e-*/2] 0 2112 = (2ет2 + 22-992) = (2e° НЫ 2e?) = (4+1)—-(@+2)=5—4=1 





1 х/ 
127. L= „/1+ ах > Z=% э уе +С;у(0у=0 > 0=0+С > С=-1 => у=е?—1 








128. 8-24| ( езе”) | E (exe e) 2 бу = 2л ЈУ ( ete”) 1+ 4 (e? — 2 + e73) dy 
saf, (ES) y (A ву = от Ду Уча) 
= разоу рем? = { [(4е552+2ш2- 16-25) (} +0— 8) 
-3 (}-442m2- 1-4) =3(2-}+2m2) =a ($ +2) 





эг = Ју (ее) ак = Ја 3 ££ as 


X TS = X -Х 225 X —х11 ег 
(1(ех + е-х)) ак = [е +e*) dx = ех –е Хо = 4 (e — 1) – 0 = <=! 


x x dy ех ех 2е* pa 2ех In? 
130. y = In(e* — 1) — In(e тысты ис 7 (zy ax- f. A 
A ex еа I di Т. E 23 1 Асы: In3 хы 
2х х= 2х AE. dx 
(e? — In2 (ex — (e? — ЈЕ е^ —1 In ec 


1n3 
ete 


= = dx; шин = e* — e™ > du = (e* + e™*)dx, x = In 2 > u = e"? — e™? = 2 — 


ш2 e*—e 
8/3 
=> ЈЕ idu — [In |u 9 — In(3) — in(3) = (26) 











e 

















NI = 
| 
NIW 
ж 
| 
к- 
3 
о 


Ни 63 ем =3-1=8] 


: т/4 т/4 т/4 
131. y 2Incosx — 9 = Se = -tanx; L = f 4/1 + (—tanx)? dx = А 1+ tanx dx =f sec?x dx 


= ІШЕ dx = [In|sec x + tan x|] 7/4 = (In|sec(Z) + tan ($)|) — (0) = ш(у2- 1) 
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7/4 
132. y =Incscx > У = = See = сок = ЈЕ; 4/1 + (—cotx)? dx = i. 1 + cot?x dx = m csc?x dx 


тв = (In lese(4) + cot (3)1) + (и |сзс() + со (2)1) 


(i1) nre) ami 


т/4 
= Je csc x dx = [—In |csc x + cot x|| 





133. (a) ....... 


е = 


== [кшх-х|1 = == (еше e)—(1In1 И = 4 (e е+ 1 = = 








(b) average value = 


134. average value = s. а dx = [in |x|]? =In2—In1 =In2 
135. (а) х) =e = РС) = е*; Ц(х) = 0) + #(0Хх – 0) => [09 = 1 +х 
(b) f(0) = 1 and L(0) = 1 = error — 0; К0.2) = е'2 ~ 1.22140 and L(0.2) = 1.2 = error z 0.02140 
(c) Since y" — e* » O, the tangent line 


y у= 


approximation always lies below the curve y — e*. 
Thus L(x) = x + 1 never overestimates e*. 





136. (a) y =e => у" = е > 0 ога х = the graph of y — e* is always concave upward 


Inb 
(b) area of the trapezoid ABCD < f aa Č dx < area of the trapezoid AEFD => 1 (AB 4- CD)(In b — In a) 


Inb la ” 
< [ев < (=) (In b — Ina). Now 1 (АВ + CD) is the height of the midpoint 


М = е2 since the curve containing the points B and C is linear => ей") (0 Ъ — In a) 
Inb 


«fede (=) (In b — Ina) 


Ina 


Inb 
(c) jee ех ах = [е = е"? – е" — b — a, so part (b) implies that 


ша 


e(matind)/2 (In b — Ina) <b —a < (=) (Inb —Ina) — c(nsrint)/2 < ъа сағ 























= elna/2 . elnb/2 < b-a « arb = elna 4/elnb — 


a+b 
mbina S 2 < 


a+b 
nba Zma“ 2 = ab < pei ша 2 








137. А= f ma dx - 2 | dx; [u=1+x? > du=2xdx;x=0 u=1,x=2 и = 5] 


= А-2| 1 du = 2 [In jul]? = 20n5—In 1) =2In'5 








зв А= [өе =з [фу =2[] =-@-% =(-г0(-® =й 
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139. From zooming in on the graph at the right, we estimate 
the third root to be x z —0.76666 


140. 


141. 


The functions f(x) = x"? and g(x) = 2"* appear to 
have identical graphs for x > 0. This is no accident, 


- 1 
because x2 = eln2-Inx = (e?) DEI Jinx | 


(a) 
(b) 
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х ~ – 0.76666 


-4 





f(x) 22* 2 #(х) = 21а 2; Ц(х) = (20 1а 2) х + 20 = х2 +1 2 0.69х +1 


e y 





y 7 (In2)5z 1 











142. (a) f(x) log; x > f'(x) = 1+, апі 3) = 83 = Цх) = 5 (Х-3)-14- 4i — ul 1 0.30x + 0.09 


143. 


(b) 


(a) 


(b) 


(с) 
(4) 


хі3” 


yeya- Dopo 





The point of tangency is (p, In p) and musgent — 5 since ау — 1. The tangent line passes through (0, 0) = the 


equation of the tangent line is y = 55 The tangent line also passes through(p, In p) = In p = 5р = 1 > p = е, апі 


the tangent line equation is y = ix. 


Фу _ 
dx? ~ 


y = Łx for all x > 0, x Æ e, and In x < ž for x > 0, x £ e. 


B 5, for x 4 0 = y = Inx is concave downward over its domain. Therefore, y = In x lies below the graph of 


Multiplying by e, e In x < x or ln x° < x. 


In x* 


Exponentiating both sides of In x? « x, we havee?* « e*, or x* « e* for all positive x Z e. 


Let x = 7 to see that 7° < е”. Therefore, e” is bigger. 
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144. Using Newton's Method: f(x) = In(x) — 1 = f'(x) = 4 = жи =ж- Baur = Xn+1 = Xn È - пп). 


x 


Then, xX; = 2, X2 = 2.61370564, x3 = 2.71624393, and x5 = 2.71828183. Many other methods may be used. For 
example, graph y = In x — 1 and determine the zero of y. 


7.4 EXPONENTIAL CHANGE AND SEPARABLE DIFFERENTIAL EQUATIONS 


10. 


11. 


12. 


(а) у=е* => y'= —e™ => 2y'+ 3y =2(—e™) + 3e™ = e™ 
(b) у=е* + e y! = ех 3 e 2у! ДЕ 3у- Z 2(— e -3 e) 429 (етх ЖЕ e») = e™ 
(c) у=е-*+Се-*? > y'= —e™ -— }Ce™? => 2y'+ 3y = 2(—e™ — 9 Се-*?) +3 (e™ + Се?) = е* 


0) у--13У-0-(-0-у 








2 
(b) у = у' = бузу = Е xix] -у 

(© у= 16 = кар = [- 2] = У 

с т л ш 


= х?у’ + ху = ех 


уз vis Va s ye d [o sl 1-0 dt+ SL (VT +x") 


~ у - (2x) (za five ien = у! =(5)y+ 1 = у! +2. y=1 








y = e™ tan™! (2e*) > y’ = —e™ tan™! (2e*) + e™ | | (2e) 2 —e7 tan! (2e*) + 


5 2 
1--(2ех)2 1 4е2х 


= У’ = Ух es — y'ty гах des ;у(– 0 2) = е2 tan 1 (2e?) 2212n 11 22(2) - 7 


yc-2e* o y-e*(-23e*)(-2) — y'ce* -2:xyO - Q- 2e? -0 





y = SSE = y! = SRSA eosx Ly y! = — Sx _ 1 (сох) > у’ = 1х _ У > ху! = — sin X — y > xy’ + y = — sin x; 


x x x 
т\ __ сов(л/2) __ 
у (5) = -nm = 0 





– х (1 
x | Inx х (1) 1 


= 22 23 1 Qi cx x? Qh 2; EE AM 
Үнийг = (In x)? > y= Inx Gt SAY =a mg 0 Ў УУ yo = ee 


2 ху 9 = 1 = 2х1/2у1/2 ју = ах => 2y12 dy — x12 dx => [[2у!? dy = [x “1/2 ах = 2 (2 у?/?) = 2х!”? + С, 
= 2 У3/2 —х 1/2 — C, where C — 1 C, 


Z = x? /y = dy = x’yl/? dx => y~!/? dy = x? ах = fy? dy = fx? ах = 2у!? = ж +С > 2у!?— 1х%=С 
Ye ау = ее) ах => е йу = е dx > Је ау = fe ax > ё =е +С = е-е = С 


ах 


W — 3x2e79 => dy = 3x°e "dx > & dy =3xdx > ferdy= [3edx se =8+C5 е – х? = С 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22; 


23. 


24. 


25. 


Section 7.4 Exponential Change and Separable Differential Equations 415 











5 = Jy соз? /у = ау = (му сов? МУ) dx bay = dx f = Lay = f dx. In the integral on the left-hand 


side, substitute u МУ Чи плу 2 du ду, and we have dad udu = fax => 2tanu=x+C 








= -х +2 ап уу=С 


уху =l > dy = z 4х => /'2,/уйу = о. dx > v2 y"? dy = x"? dx > y2 [у!? ау = х 2 ах 


= 25 ау = Es + С, = \/2 у?? = 3\/х + 3С, = v2 (Jy)! — 3\/x = C, where C = 2С! 
2 2 














ух зу еу ух y сес dy сес dx => еу іу = БА ах = f еу ау = Ta “ dx. In the integral on the right- 
hand side, substitute u = X du — dx — 2 du — + dx, and we have fe dy = 2 fe du > —e™ = ге" + С; 


ух 
=> —e’ = 2ev*+C, where C = —С, 











1 
2,/х 


4 i d i | = i 
(sec x) Z = etsi —> Z = et cos x => dy = (e e™* cos x)dx => e™ dy = e™* cos x dx 


= fe dy = [e cos x dx > —e — ej* LC, > e + ет = С, where C 2 —C, 








Y = 2x /1 = y? > dy 2 2x /1— y!dx aF = 2x dx J = [2хах = sin™! y = x? +C since|y| « 1 
> y = sin(x? + C) 


е2х-У 


ЧУ — 
dx езу => ду= 5 


> eð — 2e = шог = 2С; 





= Me dx = $dx > e” dy = e dx Ѓеу ау = е дх => = à ех C 








yz = 3х2у? – 6x? > y? dy = 3х2(у? – 2)х = = dy = 3x*dx > ЇР, - |эхдах — iln -2| 2x3 4 C 





Y = ху-+3х—2у—6 = (y + 3)(x — 2) = 
=> Injy +3] = 4x? — 2x +C 


=> ду = (x — 2)dx > f ay = |(к—2)ах 


ay — ye" 4 2 /ye* - e (y - 2,/y) = уруубу = хех = J = fxe?ax 
= | aca = Jxetdx > 2m] /¥ +2] = fe? $C > 4 In| /¥ +2] =e $C > 41(ү/у+2) =e +С 


мі- 


у =e% 4e +e +1 = (e + 1)(e +1) => == ду = (ех + 1)dx > J sayy = СЕ 1)ах 





= [say - Ге + 1)dx > ln|1 + e| = e* +x +C = In(1 +e) = e* +x +C 


(а) у = усе“ = 0.99yọ = yoe™™ => К = 13072 a; —0.00001 

— 1п (0.9 
(b) 0.9 = ef" = (—0.00001)t = In (0.9) = t= ponga: ^: 10,536 years 
(с) у — yoe *99* ~ yoe™? = yo(0.82) = 82% 








(а) Ф = Кр => р = рое“ where pp = 1013; 90 = 1013e?* — k = 00093) у 9.15] 
(b) p — 1013e-5^5 zz 2.389 millibars 


(с) 900 = 1013e9 = —0.1218 = ш (30) => p — 50915009 5,0977 km 


Чу = —0.6y — y — yge ?*; y; — 100 — y — 100e?* — y — 100e-?5 zz 54.88 grams when t — 1 hr 
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27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


39: 


36. 


37. 
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A — Age" => 800 = 1000е'* = К = me.s => А = 1000e® 08/0 where A represents the amount of sugar that 
remains after time t. Thus after another 14 hrs, A = 1000e™ 8/194 ~ 585.35 kg 


Ко) == Грете => 18 = Грете = Inl — -18К = К= B2 == 0.0385 — L(x)- Loe ?9**; when the intensity is 


one-tenth of the шоо value, 42 es 355 ~ ]n 10 — d СЕ => xx 59.8 ft 


^10 — 


V(t) 2 Voe9 — 0.1Vo = Voe~/ when the voltage is 1096 of its original value — t — —40 In (0.1) z 92.1 sec 





y — yoe" and yp — 1 — y —e* => at y =2 andt = 0.5 we have 2 = е? In 2 = 0.5k k= #2 — In4. 
Therefore, y — e^*? у = е2 = 42 = 2.81474978 x 10" at the end of 24 hrs 











y = yoe“ and y(3) = 10,000 = 10,000 — yoe**; also y(5) — 40,000 — yoe?*. Therefore yoe™ = 4yge™ 
e* = 4e* ek = 4 k —1n2. Thus, y — yoe^?* — 10,000 = yoe?? = yge^* — 10,000 = 8yo 
=> yo = 199 = 1250 











(a) 10,000e = 7500 ек = 0.75 k — In 0.75 and y — 10,000e09759*, Now 1000 = 10,000e%"°75" 


=» 10.1 = (1 0.75% > t= тол & 8.00 years (to the nearest hundredth of a year) 


(b) 1 — 10,000e^^79* — In 0.0001 = (In 0.75)t => t= 1900001 z; 32.02 years (to the nearest hundredth of a year) 





(a) There are (60)(60)(24)(365) — 31,536,000 seconds in a year. Thus, assuming exponential growth, 


= t — 536, 257,313,432ү _ 4k Ж 
Р = 257,313,431e" and 257,313,432 = 257,313,431 6144/1560) > п (шам?) = га и = К ~ 0.0087542 


(b) P= 257,313,43 Le(0.0087542)(15) ~ 293,420,847 (to the nearest integer). Answers will vary considerably with the 
number of decimal places retained. 


0.9Р, = Ре* => k = In 0.9; when the well's output falls to one-fifth of its present value P = 0.2P9 


-» 02Р, -- Рое = 0.2 = ef = In(0.2) — (In 0.9)t => t= H2 x 15.28 уг 





(a) Ф = р = = = шр= – %х+С => p = e0140) = есе —0.01x = Сует09х; 


р(100) = 20.09 = 20.09 = Сүе( 009000) => (Су = 20.09е ~ 54.61 = p(x) = 54.61e™™ (in dollars) 
(b) p(10) = 54.61e(-^9009 — $49.41, and p(90) = 54.61e(-° = $22.20 
(c) r(x) = xp(x) > r(x) = рбд + хр'бд; A 
р' (х) = —.5461е79%* > r(x) 
— (54.61 — .5461x)e ??*. Thus, r'(x) 2 0 
=> 54.61 = .5461х = x = 100. Ѕіпсег > 0 m 
for any x < 100 andr’ < 0 for x > 100, then 1400 
r(x) must be a maximum at x = 100. 





f(x) « 54.61хе 9:01 








А = Аое“ апа Ар = 10 => А = 10е“,5 = 10е*®®®©) — к = 162) ~; —0.000028454 = А = 1079000028454. 


24360 
then 0.2(10) = 10 e70-000028254 > t = & 56563 years 


In 0.2 
—0.000028454 


А = Ае“ апа 4 Ap = Age = 1 — e => К = 299) ~ —0.00499; then 0.05A; — Age 999» 


(139. 
= t = нө) ^v 600 days 





y — yoe * — yoe (99/9 — yge? = B < 50 = (0.05)(yo) — after three mean lifetimes less than 5% remains 
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(a) A= Age => la eik s k= 202. 
(b) к 1 = 3.816 уеагз 
(с) (0.05)A = Аехр (– 25) = —In20= (— 355.) t 9 t— 299929 z; 11.431 years 


& 0.262 








T-T, — (To - TJe 5, Т = 90°С, Т, = 20°С, Т = 60°С = 60 – 20 = 70е7!'% = 4 те E ШЕ А 0.05596 
(a) 35 — 20 — 70e ?^596 — t = 27.5 min is the total time = it will take 27.5 — 10 = 17.5 minutes longer to reach 35°C 
(b) T-T, = (To — Te“, Tp = 90°C, T, = —15°C — 354-15 — 105e-°" = t x 13.26 min 


T — 65° = (To — 65°) e™ => = — 65? = (To — 65?) e^'** and 50? — 65° = (То — 65?) e*, Solving 
—30° = (Ty — 65°) e7'™ and —15° = (Ty — 65°) e~™™ simultaneously = (Tp — 65?) e-* — 2(Tg — 65°) е 2% 
=> e*=2 > k= 2 and —30° = 10-0" = —30° [el (8) ] = 1) — 65° => Т, = 65° — 30° (е?) = 65° — 60° = 5° 





T—-T, — (To - T)e* — 39 — T, — (46 — T) e-** and 33 — T, — (46 — T) e? > 39-T; — e-1 and 








2 
Зэр == 7 = (eT) > - (=) => (33 —T,)(46 —T,) = (39 —T,)? > 1518 — 79T, + T? 
= 1521 — 78T, +T? > -T,=3 > T, = -3°C 


Let x represent how far above room temperature the silver will be 15 min from now, y how far above room temperature the 
silver will be 120 min from now, and tọ the time the silver will be 10°C above room temperature. We then have the 
following time-temperature table: 
time in min. 0 20 (Now) | 35 140 to 
temperature T,+70° | T,+ 60° | T,+x | T,+y | T, + 10° 
T-T, -(To- T)e* — (604- T) - T, 2 (0-- T.) - T;]e?* — 60 — 70e?* => k — (— 4) In($) ~ 0.00771 
(a T—T,-—(To — T)e?97* => (T. Ex) — T; 2 [70 4- T.) - T,] e 9997065. 2& x — 70e-929855 ғ. 53,449С 
(b) T-T, = (To — T) e" => (T, фу) – Т, = [00 + Т,) - T; e-09070045 — y — 70e-197* ~ 23.79°C 
(c) T— T, 2 (To — T)e-?97" — (Т, + 10) = Т, = [90 4- T.) - T;] e-09970*« — 10 — 70e-990771« 

=> In (3) = —0.00771% = tọ = (- aus) In (4) = 252.39 — 252.39 — 20 e 232 minutes from now the 


silver will be 10?C above room temperature 






































From Example 4, the half-life of carbon-14 is 5700 yr — 3 co — coe*67» — k = ~ 0.0001216 = с = coe 000118 


=> (0.445)со = coe P71 => t= ROM) 2; 6659 years 


5700 


From Exercise 43, k 7 0.0001216 for carbon-14. 

(a) с- соғ аа - (()17)с - сов 9099021 => t & 14,571.44 years = 12,571 BC 
(6) (0.18)со = cope!" = tx 14,101.41 years = 12,101 BC 

(с) (0.16)со = сое 0001216 => t & 15,069.98 years = 13,070 BC 


From Exercise 43, k © 0.0001216 for carbon-14 => у = yoe~°-0°!7!6, When t = 5000 
=> у = уре ©0001216(5000) ;.; (),5444у0 -> х == 0.5444 = approximately 54.44% remains 


From Exercise 43, k © 0.0001216 for carbon-14. Thus, c — coe 20001216: => (0.995)со = сое 0901216 


р 120.995) 


—0 0001216 = 41 years old 
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7.5 INDETERMINATE FORMS AND L'HOPITAL'S RULE 


=tor lim = - 
x—2 X 


= h x — Hh p b 
= Ји, брат Jm, 2-34 








2 
4 -4 


Ч 
| 

als 

N 

> 


1. l'Hôpital: lim 522 = + 
х-2Х 





х-2 


2. l'Hôpital: lim 545Х — 59% 5х 
X 





=Sor lim “*=5 lim 385 =5.1=5 
A 





















































0 X 1 x=0 0:72 5х — 0 
3. 
WA steal. dH 5%2—3х _ | 10-324: 10 _ 5 : 5х2—3х _ 5- 5 
3. l'Hopital: x tim, 7х2 + 1 = lim, 14x = „Шш l4 . ; or, lim. 7х2-1 mu 7-4 БЕТ 
х: 
WAntal. J; х-10-- 14: 3x2: 5 73 : х3—1_ _ |. (x - 1)G2 - x - 1) 
4. lHopita: lim 23-.—, — lim mea —jpor lim 435; — lim ees) 
EET (2-хы) _ 3 
= ші eran) = п 
Лл. i бе А 5 2 1 5 ES ч 1—cos “айе 
5. l'Hôpital: lim 1%% = lim 385 = lim 9655 = Гог Што 15866 = Ши | =) сов х) (1+ сох cos x 
х— 0 x х-0 2 x0 2 2 х— 0 x х->0 x 1+ cos x 
— E sin? x oe sin x \ ( sin x 1 tr em, 
= Jim, x?(1 + cos x) = Jim, ( x )( X Mss] 2 
; 2-3 
6. lHÓpita lim 295%. Jim 2343 = lim 4 — or lim 29+ = Jim 72) 
: охооо 4x41 ~ x00 3x24+1 7 x00 бх х5 оо х9+х+1 x— 00 1+5+3 
7. lim 5=®= Нш =1 8. lim, *=®2— Ни. ®=—10 
х-2 2-4 х—2 2 4 х--5 Х%5 х--5 1 
: 8—44+15 _ | 32-4 _ 3(-3?-4 _ _ 23 
9. lim, 81:12 -Ї т = aca = 7 
; 8-12-04 32.22.2 2% 
10. lim gas = lim туст = тү 
1 5%3—2х 0 5 15х2—2 _ : 30x __ И 30 _ 5 
Маша теа ТАНЫ шы ТАНЫ =; 2007 
: х-8х2000 : 1—16х _ : -16 | 2 
12. jim, pee —,lim, т = Ш, 5; ——3 
2 ып {2 1 ; 2) Qt i si i 5 
13. lim $Ë — нщ SO) _ 14. lim S85! = Jim 5985 = 5 
-0 t t—0 1-0 1-0 
. 2 а . 
15. lim, =~ = lim. 4% = lim —16— — 16 — —16 
x0 COS X — x0 —sin x x0 — COS X = 
16. lim мээн = lim алалы = lim нэ = lim төз = – 1 
х 0 Х х- 0 х х--0 2, х—0 
: 20-т _ y 2 л селі 3 
17. өш; cos (27 — 0) 2 sin(21—0) ^. sin (37) 2 
18. lim t7. — lim) р = 3 
0--л/3 вш (04-3) 0 > –т/3 cos (0 + 5) 
19 : 1-880 __ li — созб __ lim sin 0 1 1 


. pio 1+cos 20 — ө 1/2 228020 — 9 00) -4сов20 - сасу - 4 
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. . ^c 
Section 7.5 Indeterminate Forms and L'Hopital's Rule 419 
: х=1 _ _ | 1 Zai 
20 ИШ] шх-віп(лх) — Дш, 1—тсоз(лх) 1+т 
x? : = 2x : т Ху ы 
21. Jim, {сес х) = lim (mxm) din Q tanx lim, sex — 12 2 
: _ (сзсхсох 2 2 
22. lim, Pe, = jim С = lim сх = lim ex Pd 
x— 1/2 (х- (=)? x—n/2 2 (x- (3) x n/2 2(x- (3) х— 1/2 2 2 2 
: t(l — cost) _ (1 — cos t)+ t(sin t) __ sint+(sint+tcost) __ cost+cost+cost—tsint _ 1+1+1-0 _ 
23. m, t—sint —— m, 1—cost = lim, sint = im cos t m 1 =3 
tsint ; sint+tcost _ 1; cost+(cost—tsint)  1+(1-0) _ 
24. m, Tus = lim, a m, ТЕЕ “лз л Л mo 2 
25. lim. (х-1)зеєх= lm 550= її (-1:)-4--1 
х (т/2)- х— (п/2)- COS X х— (п/2)- sın X 
26. lim (5-х)шах- lim €-9- lim (-25/)- lm _ six=l 
x > (7/2)- х = (л/2)- 9 х > (7/2)- еж х —> (п/2)- 
27. lim 391 _ Jim 3520n 3X(cos 0) _ (39) Ја 3) _ In 3 
70-0 60-50 1 m qq 
-1 --- (іһ(2)) (2) 1 
28. lim = Ши J = и (1) 21n1—1n2 — —In2 
0-0 0-0 
: хх 14. (1) (27) + 2) (2%) _ 1.20940 1 
29. Jim, 25-12 im, (1 2) (25) = (mn2)20 — in2 
. 3-1 ү, %In3 _ 30103 №3 
30. Jim, orc di um, 212 — 291n2 һ? 
. Inx-l) — y Шш(х-1) 0 Gh) _ : A: : Таж 
31. , lim. DEK = lim, Qu) = (In 25, lim. imm (In 2) lim. ii n 2) lim. т =ш2 
logs x : G) (3 In 3 (8) (may y; x43 
32. , lim. log3 (x +3) ~~ , lim. (8653) = (15) , im, Ead = - (83) , lim. (сы) ЕЕ (15) Ми х 
— (h3 : — In3 
— (85) ,lim, 1 — 05 
33. lim H» — нт (85) _ lim, 2922* — lim #2 = lim, 2=1 
x0 Inx х 0+ (2) ys ot x2 + 2x Lt 2x 2 x—0* D 
34. im, =D = tim. CS) = y e ва 5387 — 140 —1 
х-әйе hx x0 G) x>0t хо © ! 
ән МЗУ+25-5 _ | (5у+257—5 gpn (5) Gy +25) 5) _ 
35. lim = lm = = lim ош 
у—0 y у-0 y у- 0 1 у—0 UA 
46. 8222-2298 с алыл Шық. ВЈ дна 
Зу-0 у у-0 у у-0 ! у-0 2/ауға 2 
37. lim, [In 2x —In(x + 1)] = lim, In (25;) «In (tim, 2;) =In (lim, 7) =In2 
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lim, (Inx —Insinx) = lim. In (45) =In( lim. X ) -m( lim 1 ) =In1= 
x> 0+ x> 0+ sin x x— 0+ sinx х 0+ cosx 
: ах)? . 1 1 Inx)(si : 2(1 Ч 
lim, 807 = dim 208 іш 2188 2 р |2088) вв] = 09.1 = оо 
x50 In(sinx) Xx 0^ sux х +  Xcosx х-0-1 с08х х 
Р : 3 МЕ! - : 3 si 3 1 5х) —1 
lim (=u ze 21 ) = lim ( х + Gin 2) 3 = lim sine El = хи х) 
х— 0" х sin x х— 0" X SIN X х— 07 sin x XCOSX 
о 3 соѕх +3 соѕх + (3х + 1) (= зшх) \ _ 3+3+(1)(0) _ 6 _ 
= lim : _ - = -2-3 
х 0+ cos xX + cos xX — x sin X 141-0 2 
: : шх—(х—1) 1 1-1 : jc 
lim 1 — ile \ е lim и | = lim к | = hm А, 
x> I+ (4 ux) x> I+ (x — 1)dn x) x> 1+ (тх)--(х- 1) (1) x> 1+ (хїпх)+х—1 
— + -1 па. _1 
шй. (22:29 — 0xD41- 2 
lim. (cscx—cotx--cosx)— lim (x - 59 -F cos x) = lim Ба een) 
х— 07 x > 07 х— 07 
: 4 252-452 2 
= Him, бая sin У = 24] 0 _ 1 
lim цн = lim 886 = lim = C08 — 1 
0-0 %-9-іІ ө—0 °-—1 0-0 9 
h 4 Es ы 
lim — = lim 61 = lim 5 =: 
ћ—0 ћ—0 ћ— 0 
. tyt? > t 2 t 2 t 
lim. $3t — lim 5 i3 — jim £422 — lim 5-1 
t= œ €- too € too € с оо © 
lim. x2e* = im, = =, lim, СЭР" Jim, x =0 
x — 60 оо e x00 е = оо е 
+) X—SiNnx __ 1-соѕх  _ 4: sinx 0 
lim xtanx = m xsec*x+tanx | lim, 2х ѕес2 хбапх + 25ес2х 7 2 0 
(^-1* |. 2(е* —1)е*_ __ 2055-0265 __ Де =0 -42-. 
lim = lim ——— = 20—26. — ч — = = =1 
—0 xsinx x—0 XCOSX+sinx x—0 XCOSX+sinx x0 ^* sinx + 2cos x 2 
& — si 1 г sn? 0 — 2 А 
lim 2—3:50c559 — ір 5 0 сок 0 — lim 208 - — lim 2cos?0 — 2 
0—0 ац 0—0 Sec 0—0 0—0 
lim sin3x—3x+x? __ lim 3cos 3x — 3 + 2x 23 3с083х-3-2х .-. lim —9sin 3x +2 ee | 
х--0 Sinxsin2x ^ ^ , ,92sinxcos2x--cosxsin2x ^ y ;osinxcos2x-Fsin3x ^ 4 —2sinx sin 2x + cosxcos2x + 3cos3x 4 2 
The limit leads to the indeterminate form 1*. Let f(x) 2 x-9 — In f(x) = In (x-9) = ££. Now 
i Л 
lim, Inf(x)= Шт = = um () — _1. Therefore lim, x/0™ = lim, f(x) 2 lim с) — ela 1 
4 + 1-х -1 е 
- 1 х- 1 = 1+ х x х—1 
The limit leads to the indeterminate form 1°. Let f(x) = x0") — In f(x) = In(x'/0-)) = . Now 
1 . . ‚ 
lim. Inf(x) 2. lim, PX — lim () = 1. Therefore lim, x'ó-? — lim f(x)= lim e"f% =e! =e 
х— 1+ хх х— 1 х- 1" xl xl 
The limit leads to the indeterminate form oo?. Let f(x) — (In x) — In f(x) 2 In(In x) = зба. Now 


lim. In f(x) = Ши 
X — OO X — OO 


І (ах) __ 
— = 


lim 
X — OO 


( 





1 
xInx 


1 





) 


= 0. Therefore lim (In x) * = lim. f(x) 
X — OO X — oO 


lim_ e"f% = e — ] 
X — OO 
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54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


64. 
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The limit leads to the indeterminate form 1*. Let f(x) — (In x) => In f(x) = ®@® = lim, In f(x) 








Xe 
1 
= ]im B9 — (р ба) = 1, Therefore (In x)/6-? = lim (х) = Нш elf = ее 
хен хе x > et 5 x et xe 
The limit leads to the indeterminate form 0?. Let f(x) 2 x-'/^* — Inf(x) 2 — ПХ — —1. Therefore 
lim x= lim. f(x) — lim, ehf9 —e1-—1 
х— 0" х— 0" х— 0" У 


The limit leads to the indeterminate form 00°. Let f(x) = x'/^* = In f(x) = 2% = 1. Therefore Dum e 


1 
lim. f(x) =. lim. e!™) =e! =e 
X — OO х — OO 


The limit leads to the indeterminate form 00°, Let f(x) = (1 + 2x)/@"™ = In f(x) = "929 


1 = ү In(1 +2x) _ y i 1.1 : 1/(2шх 
— „шп In f(x) = Но ~ =, im, riz = „шп, 5 = 5. Therefore lim, (1 + 2x)/0"™ 
lim_ f(x) = Шт е9 — el/? 
x — oo x — oo 


The limit leads to the indeterminate form 199, Let f(x) = (eX +x)!" = In f(x) = H+» 


X 





In (e* 4- x) 
x 








=> lim Inf(x) = lim = lim &*! —2. Therefore lim. (eX +x)'* = lim f(x) = lim e"f% = e? 
x—0 х > 0 Оре х— 0 х-0 х--0 


х 





The limit leads to the indeterminate form 0°. Let f(x) = x* => Inf(x) 2 x Inx — Inf(x) — l* 








(5) 
1 
= gim In f(x) = m. (5 B im. (5 - на. (—х) = 0. Therefore lim, X= um f(x) 
= lim, ee) =. =1 
х— 07 





The limit leads to the indeterminate form 00°. Let f(x) = (1+ +)" => Inf(x) = ш = Ми In f(x) 


0+ 
x72 
(554) 2 











~ B 1 . 1 х 2 . 
- lim, — im, тет = im, 4-0. Therefore lim, (1+:) = im, f(x) 
= lim P% -= V=] 

х— 07 














The limit leads to the indeterminate form 1°. Let х) = (24) => In (х) = п (53) 2 xIn (322) > lim In f(x) 




















х—1 х—1 х—1 xe 
` 2 а (5+2 5 = = | l- $ aei 
— limxln (х=2) Enn (5020) — lim (* (х +2) = (х 2) = lim | == ) — lim (: + 1) 
х-эоо К х—0о x x00 x х—0о “742. х—0о Eo 
ij 3x? тарх 6x x 6 : х-21"- |: von. qs Іп Қх) -- 13 
= lim (i) = lim (525) = lim (2) = 3. Therefore, lim (251) = Jim f(x) B lime =е 





1/х 1/х 
The limit leads to the indeterminate form 00°. Let f(x) = (24) => In f(x) 2 In (= чы) = Ша (24) 








2 
2 
In (55) 2 2 1 
: +1 1 x42 .... In (x2 1) - In (x -2) viv PIU XA x244x—1 

= limin f(x) = (ші; Lin (24 је lim ———- — = Шен = lim 22 8-1 

XE (x) +2 ма К X S x PME 1 x>% (X * D(x2) 

1/х 

= х? +4х—1 : 2x4 ү Ел : х? +1 Ch ==. Ді In f(x) 60 — 
= Jim И IMPERII lim xz zn = lim 5: = 0. Therefore, Jim ( 231) = Jim f(x) = lime Serc 





: : : Е : 3 . 2 
іт х21ах = lim [| 53] — lim х– | = lim (-=) = lim (-35) =0 
x—0+ x30+ \ Z x>0 (73 x—0+ * x—0+ 








1 2 
lim x(Inx)? = шш (©) = lim (2) = њу (250) = lim Ө = lim (2) = lim (2x) =0 
х—0+ х—0+ x х—0+ 5542 x30+ \ 7x х-0-1 2 x30+ \ * х—0+ 
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65. 


66. 


67. 


68. 


69. 


70. 


71. 


72. 


73. 


74. 


75. 


76. 


TT 


78. 
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limxtan(5 —x)— lim (2-5) = lim (=) -1-1 
шіп кіп кала Ши о = сы эц 
lim sinx -Inx = lim ( х ) = lim ( _x ) = lim (- аха) = lim = алама) = 9 =0 
х—0+ х_>0+ “650 Х х—әб+ \ ~ese X cotx x0 x xo 
: М9х+І _ . Е _ : 9 A 
, lim, ух-1 um. х+1 7 z im 1 -49-3 
x—0* vsinx um, ^T 1 
іш = lm (2) (58%) = Ша =] 
х— т/2- апх xc т/2- COS X sin x х— т/2- sin x 
| Ри : (zx) 
lm S= = lim “== lim cosx=1 
х-› 0+ Зе х— 0" (аһ) x0 
x 
: AK + и 
x im, 3x4 4x = lim, 1+ (47 =0 
2 х х А 1-4-(5)7 è x 
lim 255 іт. = (D — lim 142" _1+0_ _] 
X oo 5*-2 x oo (3) -1 x oo (3) -1 ый 
Ж х2 x^—x x(x — 1) 1 х(х- 1) 2х-1 
lim & = lim “= lim € lim 0-0) о 
х — оо хе х — оо х — оо x х — 00 1 
к 1 
ы б 1/х 4 e 2 2 
lim —- = lim %4 lim x) = lim e! = оо 
xot £o x—0* x x > 0+ pt x—0* 
Е к : 2 ^ 
Part (b) is correct because part (a) is neither in the c nor 2 form and so l'HOpital's rule may not be used. 


Part (b) is correct; the step lim, 
a= 


SM = lim =~ in part (a) is false because lim ха 
X — COS X х—0 2+sinx x0 X —CcOS X 








indeterminate quotient form. 


is not an 


Part (d) is correct, the other parts are indeterminate forms and cannot be calculated by the incorrect arithmetic 


(a) We seek c in (-2, 0) so that £(9 = 0-12) — 0+2 — — 1. Since f'(c) — 1 and g'(c) — 2c we have that + = — 


>c=-l. 
қ f() ^ fb)-f(a -a . 
(b) We seek c in (a, b) so that s E LES = == = p}. Since f'(c) — 1 and g/(c) — 2c we have that 1. — 
=> с = PH, 


(с) We seek c in (0, 3) so that $O = ® =) — -3-0 — —$. Since f'(c) — c? — 4 and g'(c) — 2c we have that 





2 


3 





g'(c) (0) — в(—2) 0-4 











gc) g(3) — g(0) 9—0 
= с= с = -1+М37 


3 





5x3 


79. If f(x) is to be continuous at x = 0, then lim, Кх) = 0) = c= f0) = lim, эх—3ыв3х Jim 
х > х > 


= lim 
х--0 


27 sin 3x 
30x 


x0 
== (је 81cos3x |. 27 
= lim, “307 = 10: 
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9 —9 cos 3x 
15x? 


1 


1 


2 





b+ 


a 
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80. lim (#2 + 5 + мал) 25 lim (erata у = lim (2s: ааваа а ууц be in form if 
x0 x0 x0 
. 2 2 ae Dee " 
lim (2sec” 2x + a+ bx’ cosbx + 2xsinbx) =a+2=0>a=-2; Цалинг хамжин! 
x х— 
— lim ( 8sec? 2x tan 2x — b*x? sin bx + 4bx cos bx + 2sin ы) = lim ( 32sec? 2x tan? 2x + 16sec* 2x — b?x? cos bx — 6b2x sin bx + 6b cos bx ) 
= 6x m 6 
x0 x0 


= 1650 —0> 16+6b=0>b=-8 


81. 








(b) The limit leads to the indeterminate form oo — со: 


: M 2 Е : m 2 x 24x 
, lim. (x vx m = , lim, (x vx +x) Ё Ves 
— | -1 НЫ -1 2 
= im 1+ 1+} 144140 0 


82. im (Vx? 1- yx) - limx (4523 - 43) - limx( хн _ V3) = ШЫ ДЕ = 1) =оо 


X—0oo X— 00 








Я 

> 

~ 

ЕЯ, 
| 


4 — (x? +x) : -х 
= lim ( 9) = lim —— 
x00 \ х+ух2+х Х-9 00 х--үх2-х 














1 
2 








83. The graph indicates a limit near —1. The limit leads to the y 
; : : 2х2-(3х-1 2 25 
indeterminate form 9: lim аш у- = (8х+ 1 Wx +2 
x1 x-1 Х- 
= а 2x? — 3x3/2— x2 42 _ їй 4х— 3 х12 5 х-1/2 
х- 1 ғ х-1 І 
— 52% 2-8 524 





84. (a) The limit leads to the indeterminate form 1°. Let f(x) = (1+ 4)* > Inf(x)=xIn(1+?) > lim, In f(x) 


х 








22 
z № (1+) _ |: Ind+x) _ | (25) = jo che ш 
= ш 1) 2 , lim, x1 - , lim, su tn х 6o 1«-(l 140 7 1 


= lim. (1+ ly = , lim, f(x) = , lim, еш) = еі = е 











(5) х (1+1)* 
10 2.5937424601 
100 2.7048 1382942 
1000 2.71692393224 





10,000 2.71814592683 
100,000 2.71826823717 


Both functions have limits as x approaches 














infinity. The function f has a maximum but 
no minimum while g has no extrema. The limit 
of f(x) leads to the indeterminate form 1°. 
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(1+ 3)" = Inf(x) =xIn(1 +x") 























(c) Let f(x) = 
i : In (1x7) : ( го? ) : BS : 4х : 4 
T , lim. In f(x) — x im, xt = , lim, =e E Зе) , lim. Beth — x im, x ` 
Therefore lim - (1-4) - «іт х) = lim. elnf(x) = PP 1 
түк п(1+1к-1) : In (1 +rk7!) : (=) А р 
85. Let f(k) = (1+ £) > nfk) = "= = im er = dim e S lim pea 
Inf(k) |. ег. 


= lim, ШЕ - im. evt. Therefore, lim. (14 ЈЕ = im f(k) = im, е 


1)o)- 
(= MO ae s. y — (25) (x'^). The sign pattern is 


Inx y 














86. (a) y 2 x'^ In y = = : 5 
| + + + + + — — — — which indicates a maximum value of y = e'” when x = e 
е 
1/х2 Inx у“ _ (5) @?)-2xInx 1 (1=2Inx) (yipr . : 
(5) у=х Iny=% осы дй = LE ( 3 ) (х ). The sign pattern is 
| + + + | — — — — which indicates a maximum of y = e’”* when x = ,/e 


үе 

ü 1 = п—1(] — п . . 

(с) у=х!”" hye = шө шры) > y= PM - x/*', The sign pattern is 
| + + + | — — — — which indicates a maximum of y = e!/"* when x = \/е 





ve 
: x? : ахү1/х" : n x)/x^ : nx : 
(d) lim, хи" = im, (gui tes im, elinx)/x" — exp (lim, ma) = exp (lim, (55)) =е =1 


X——00 





(i ш) du (eR = limsec?(1) 2 1; lim (xtan(1)) 


87. (a) y 2 xtan(1), lim (x tan(1)) = lim 


X— oo 


ТТ 
8 
N 
да 
rele pitis 
me^] 
Ke 
| ои 
Se 
| 
5 
о 
О 
б 
N 
A 
S 
| 
an 
5. 
о 
2 
o 
= 
N 

© 
5 
с 
5 
ы 
с» 

Dn 
8 
"о 

e. 

© 

et. 
© 
m 
о 
ча 
| 
= 
£o 
Dn 
> 
с 
= 
Q 
£o 
Nn 


(+5) = lim (3425) = Jim ($82) = fim (pk) = 0; lim (255) 














4 Зезх 
2+3е X—00 Хо 











3 — the horizontal asymptotes are y = 0 as x — oo and y = 3 as X — —oo 











2 .4(04-8)-10) — 2 ел2 Н e71 1 -4 E . h 
E ayers? wu m) - moss) веб 
= lim (Se FUR) =0 
hot 
89. (a) We should assign the value 1 to f(x) — (sin x)* to | 
make it continuous at x = 0. ! 
1 
osh 
0.6 
0.4 
0.2 
05 1 15 2 25 3 
(b) Inf(x) 2 xIn(sinx) 2 089 2 lim а х) = lim, 2222 = jim EPO 
(x) x > 0+ хәб б) х = 0* NC 


4 5 ы 
= Jim, вах = im, 25 =0 = Jim, х) = е? = 1 
The maximum value of f(x) is close to 1i near the point x « 1.55 (see the graph in part (a)) 


(с) 
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90. 


(d) The root in question is near 1.57. 





(a) When sin x < 0 there are gaps in the sketch. The width 
of each gap is 7. 
(b) Let f(x) — (sin x)* — In f(x) = (tan x) In (sin x) 
= , Him, Inf()— lim д 
x m/2- -»л/2- Cx 
== lim аа sax) ере H = lim -с05 х_ — 
х > п/2- CSC^X х > п/2- (— esc x) 
= lim f(x)-e?- 1. Similarly, 
x m/2- 
lim | f(x) 2e? — 1. Therefore, lim, f(x) — 1. 
х--л/2% х = п/2 
(c) From the graph in part (b) we have a minimum of about 


x & 2.66. 


7.6 INVERSE TRIGONOMETRIC FUNCTIONS 


11. 


13. 


15. 


17. 


19. 


(a) 1 (6) = $ (с) 6 2. 
(он (b 7 (с) -5 4. 
(а) 5 b) F (c) $ 6. 
Зп т 2т 

(а) 7 (6) 6 (c) = 8. 
1 Е 2 118006 
sin (cos T 32) - sin (7) = <р 10. 
{ап (sin! (— 2) — tan (- т) = – Vs 12. 
lim sin!x—Z 14. 
х 17 2 

Іш {ап !х=® 16. 
A OO 

lim. sec !x— 2 18. 
x — oo 

lim. csc! x— lim sin“! (i) =0 20. 
X — OO х — оо x 
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[p E 


y' » (In(sin x) - x cot x) (sin xy 


-1 





-21 





-3 


-4 


tanx 


y= (sin x) 





0.665 at x z 0.47 and the maximum is about 1.491 at 


@ -3 O3 © -3 
(а) 2 (b) - © § 

(а) 7 ©) -5 (c) 6 

(а) 27 () 2 (с) 2 
вес (05-1 1) = зес (5) = 2 


db fs Y а rm te d 
cot (sin ( $)) = cot ( т) = Va 
lim cos !x-—m 
xo-1* 

lim. tan !x—-—2 

x — —oo 

lim sec!x- lim cos"! (+) = 3 
X — —oo X — —oo х 2 
lim csc-!x =_ lim sin! (1) 20 
x — —oo KERS х 
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21. 


23. 


25; 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 































































































































































































2 -1 (ү2 dy _ _ 2х — _=2х - -1(1ү- -1 Чу _ 1 
y —cos ! (x^) EM Ao» л=п 22. y =cos (5) ѕес х > x ЙС 

— anl /5 dy _ y2 _ __у2 | dy _ -1 ЕБЕ 
y= sin Ул dt (аў v com 24. у= 51 (1-0 = = жату Tae 

= —1 dy _ 2 2 2 2 1 
y=sec™ (28+ 1) = ds — pscl|/Qs-19-1 — |2s+1| \/4s2+4s [2s - 1| /s? +s 

= —1 ду 5 z 1 
y =sec™ 5s ds 158| \/ (58)? — 1 8| У2582-1 

= -1 (42 dy _ 2x ус -2х 

= сѕс (х +1) = = = : 
» ( ) dr м --Ц ү(2-1-1 (21) Ух 2х2 

Ч ) 4 (i 1 2 
y = CSC 2 = a Хаг x x =: T EX T 
| IVG -1 pyp 122-4 

нэ –1 (17 — —1 dy | -1 
y — sec (1) = 02085 [=> t” == 

cx teg eB dy (3) ou. ids те 
аа аг 9 dt |. [реу ез 178-9 

3 (5) NL 5 
1 11/2 dy p 1 

y — cot Jt —cot t => t=- 14 (95) = vou 

= cot! yt- 1 = cot!(t- УЗ ~ ® = | у, 21 = _- 
у dt 1-[(t- DI2P ^ 2yk-1ü04t-1)— 2t/t-1 

= Іа (ап! х) = 2 = (теа) = rr 
y= dx X tandx ~~ (tan~! x) (1+x?2) 

— tan"! (іп х) -> dy _ : БЭ 1 
y = tan Dx dx — 14+(nx)? ~ x{1+dnx)] 

= -1 (get ду _ е! _ _-1 

= сс (е) > 2 = — — S = 
: шт үөу-і Уе-1 

= -líga-t ау _ -ет! = et 
y = соз | (e) dt М) Vl - en 

= 2 e os 21/2 =i dy _ 2\1/2 1 2ү-1/2 1 
у= 531 — 52 + соѕ 15 = 5(1 — 52) / +соѕ 15 = 9 = (1 — 52) 7 +5 (4) (1—82) (-28)- үлд 
= 4/1 52 52 аргад 8241 | 1-g-s$g-1 -29 

v1-s v1-s v1-sg /1—52 v1-s 

Е бу ерыла е at fe, NIA, es dy _ /1) (2 _ 1)71/2 1 228 1 

y V/s-—1-sec !s — (s? — I) sects => 2 = (4) (s?-1) "Qs Wu c ue TIU 
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1\2 -1/2 
asse] 2-2 ыы рыс И, |; ty ду _ Ө 007 09) 1 
30.4 — tn y x^—lspesc Stan (x? — 1) pese > g= 7 [= yr x XI 


1 1 


= с „Ут = 0, огх > 1 








EE —1 (1 px a а але —1 ду _ =x? Ec vu i 
40. y = cot (1) — tan x—-$-tan (x )-tan x 2-0 eet egi ides iz —0 








4l. y 2 x sin! x c V1— x? 2 xsin! x c (1x2)? > Y = sin! x +x (=) + (5) (1– x?) (е) 
х х PS 


" 
= sin X = sin X 
+ ү1-х2 ү1-х2 














42. у= № (х? +4) - xtan ! (35) > g 2 — tan! (3) -x ЕУ = ia —tan ! (1) - its = —tan ! (1) 


43. J ах = sin! (3) +С 





1 c 2 = du = == 
44. Гея ах iS bf S845. where u = 2x and du = 2 dx 
= į sin! u +C = 2 и 1 (2х) + С 





1 c 1 DA -1 x 
45. [тг ВЕН ты oS 7g ЕО 
1 zi 1 әлі -1( х -Vinila 


47. tts = J ita, where u = 5x and du = 5 dx 


+С 


5x 


у 








= J; sec 15| +С= < бес"! 





48. Saa = f z where u = 5x and du = y5 dx 


= 1 зес“! || + С = 1 зес“! ав 


5 +С 








49. I= [4 sin! 5$]; — 4 (sin“! 4 — sin“! 0) = 4 (2-0) = 2 














32/4 | зу2/4 
50. |, а = ЕЈ жр, УПегте и = 25 апа ди 2ds;s=0 u=0,s Be u а 
= [$ sint =} (шл! Y — sint 0) = 4 (3-0) = § 








2 2/2 
51. Је = 25 pity, where u = /2t and du = /2dyt=0 > u=0,t=2 => и =2/2 
2/2 
2 уз та 


7—1 
|- 

= 

ct 

о 

"i 
= 
= 


= 1 (tan! nl - tan“ 0) = i (tan! 1— tan"! 0) = 1 (5 _ 0) _ z 
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52. Pete ds f, iia Whereu = V3tand du = V3 dt; t= -2 = 


53. | 


54. | 


25: НЕ 


56. | 


JAE A 


58. f 


Chapter 





7 Transcendental Functions 


—2\/3,‹=2 > и=2\/3 











2/3 
= |j ht g] gab [ао е 
-Vn -v2 
i t= J, <J > Where u = 2y and du = 2 dy; y —1 и = —2, у 2 u ei 


— [sec 


v2/ 3 dy 








ed ару? — sec | v2 sc !|-2221$-$-- 4 











-ү2 Ч 
2/3 =], суат, "ћете u — 3y and du — 3 dy; y 23 о zs -4 5 228 


= [sec 


3 dr 
КА кы (ы D 
3 


= g sin- 


6dr 


VA- (41? 





ЦЭ lul] Y? — sec | v2 sec1|-2]1 22 - £2 — - т, 





ifs. where u = 2(r — 1) and du = 2 dr 
luc C-$sin!2r-1)4C 


=6 f -2p whereu =r + 1 and du = dr 


= 6 sin™! € > + С= 6 чи“! (=+) +C 


ae 


= A x2 Where u = x — 1 and du = dx 


ues. -l u ua —1 | x-1 
2 ance zz tan (22) «c 


dx 
14- Gx + 2 


— 1. [ 4, where u = 3x +1 and du = 3 dx 


= $ tantu + С = 1 бап! (3х + 1) +С 








dx = du = == 
59. а 7 5 гуй- z Where u = 2x — | and du = 2 dx 


ДУ оф 


2:72 


sec™! |3| +C = 1 вес-1 |51] +С 














dx =! du m = 
60. J mares [ , where u = x +3 and du = dx 


ei. f^ 


62. ЈГ 


63. 17 


21 
= sg Sec 


2 сов 6 40 
т/21--(віп 8)? 





uv/u? —25 
2 |-С- 1 вес! |43| +С 








1 
=> | ; 2*5 , where u — sin 0 and ди = сов 0 10; 0 — 


NIA 


= [2 tan-! u]*, 2 2 (tan! 1 — tan! (-)) 2 2[z - (- 2)] 2 « 








4 
А оюёхах au 2 ж x 
je ТА (согх)2 =-J тац» Меге u = соі х апі іи = —csc^xdx;x 2 $ => u-V3,x-7 >u=1 
— [- tan! u] 5 — — tan^! 1 + tan7! 3=-1+1 = д 
е = , where u = e* and du = & dx; x = 0 = ч= 1, x= ln v3 > u= V3 
= [tan У3 шааа”1ү/3-ааа!1-1-1-2 
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ел/4 т/4 
64. f п) 4, yt» where u = In t and du t dtt 1 u-Q0,t-e^ u-j 
= Алан“ 11 m — 4 (tan! 2 — tan 10) 2 4tan! 7 
уу 1 du DE = 
65. Ay? Jiaw’ Whereu=y and du = 2y dy 
= Рап! и+С = f sint y? +C 
sec? y 
66. JI = J 55. where u = tan y and du = sec? y dy 
— sin! u-4- C — sin! (tan y) - C 
== dx — gin-l 
67. Г ТЕ 3 = f| č x2 — 4x +4) | = аш РС 
68. [A -= f — (= Sat = sin“! (x — 1) +C 
° ea _ gf? dt Lund" dt Га (отур 
69. NE LIMEN EE (591 
= 6 [sin~! (2) — sin"! 0] = 6 (2-0) = 
1 1 1 
6 dt = 2 dt = 2 dt z + —1 (2t—1)] 1 
70. Ју таса -3/, Таб =3 | = = 3 [sin (4° )] 42 
= 3 [sin™! (4) — sin™t 0] = 3 (4 — 0) = 7 
= d = 4 221 ы-і (3-1 
T [23 2-5 - Таз ын Е J tp = ап“ (2) + С 
d d - 
72. азаға - free m = 1—2 = (ап! (у +3) +С 
73. к = ВЈ аб = 8 f рит = 8 ап“! (х – 1]: = 8 (tan 1 — tan-10) = 8 (7 —0) =2 
12-242 — 1 1+(х2-2х+1) — 11-x-10? — [tan (x )i а (тап tan = (Б ) лї 


4 
ах = 4. = = а п п — 
74. Ї zo = 2], ТЕ? — 6х +9) =2 5 me 3)2 = 2[tan7! (x — 3)]; = 2 ап“! 1 — tan! (—1)] -2| - (- 2) xU 





75. 554 Е оо Гах = 1 f Ldu where u x? + 4 > du = 2x dx tdu x dx 


= jin(x? - 4) - 2tan ! (5) + С 




















76. (a saad c foa ХН w+3=t dw — di НЭГЭ 
аи = 1 ft du where u = w? + 1 > du = 2w dw > idu — wdw => | ди + [1 
— In(w? -- 1) t tan! (w) - C — IHn((t— 3)? +1) + tan“! (t — 3) + C = An(t? — 6t + 10) + tan™! (t — 3) +C 





dw 








TT. Гек тах = f + 20) dx = Јах + | ах – 10 f ах; J Pex = J Adu where u = x? +9 


= du = 2хах > [ах + | sax — 10 f dx = x + In(x? +9) — бап”! (х) +С 


78. [®=+%=4@= [(+—2+<2)ш= /(ї—2)+ [ь&—2 кү; „2 = [14и уһегеи = +1 


> du =2tdt > f(t- 2)dt+ f pdt- 2 На = 12 — 25+ ве + 1) - 211-90 + С 
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where u = x + 1 and du = dx 























79. f =f dx =f dx =f du 
н (x 4- DV/x2 + 2х +11 (х+ ух +12 1 uyu -1° 
= sec™! |u|-- C 2 sec ! |x + 1| +C 




















dx == dx = dx A 1 ree = 
80. l= = | J| A Jz du, where u = x — 2 and du = dx 
—sec !|u|--C 2 sec ! |x — 2| +C 


езш 1х 


5 dx = | e" du, where u — sin"! x and du — — 
= 


1-х2 








= е" „+С =еш хб 


ecos 1х — dx 


xe u = -1 — 
82. ae dx = 1 e" du, where u — cos" x and du — ed 
= —е" +С € — есо lx ДС 














"TED 
83. Je ES dx — fw du, where u = sin~! x and du = —% 


1-х2 


="4C= Gin x) 1x)3 +С 


84. Еа ах- fur du, where u — tan^! x and du — —% 


14x? 


= 20182 +С=3 (tantx) + С = 2 AJ (tan-1 x)? -- C 








Eg 
85. Jr mT du J бр) шуун fi du, where u — tan у апа йи = Dy 
= In [u| - C 2 In [tan ! y| À- C 


1 
(25), 
86. f are dy = [ ту Ч y- f: du, where u — sin ^ ly and du — AL 


— ]n [u| - C 2 In [sin ! y| - C 








2 








WIA 





sec? (sec! x) I 2 2 -1 an dx ч т 
87. ЖЕ ЖАКСА dx = rja SEC u du, where u = sec ~~ x and du agp /2 u=7,x=2 u 


— [tan ш = tan 3 — tan + = = 3-1 

















88 ifs ха А 5 dx = |“ сов u du, where u — sec! x and du = —%~—;x = + u=2,x=2 u 
2 2/5 UE = т/6 , == xVx1-1 , у 6° 
= [sin u] 7⁄8 = sin § — sin § = ша 
89. Пса ах = 2[ 1 -du where u = tan“! \/x = ди = 1 __--дх => 2du = ах 
u? +9 1+ (Vx) 2\/х (1+x)yx 


Vx(x +1) (ЕГЕС 


90. | ŽS dx = fu du where u = sin~'e* = du = 1 _ехах 


"Um 
— i(sin- lex)? +С 











3: 
91. Ша #5 = lim баа); 


х 0 х > 0 
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1 2 -1/2 
ў 2 . зүү а 1) o2—1) (ах) : 
92. lim, Е = lim Оаа = lim x|x| 21 
xc 3063 жыпы Bet х—1+ 2-2 x— 1+ 
Ix] Vx? -1 
-2х-2 
2 tan! (2x71 5 = 2 
93. Ши хїаа 1 (2) = Ша = Ох) _ lim (25 - lim = =2 
x x — оо х x — oo х х— со 144х 
Б Lag? ( 2:1) : 2 
1 tan 3x: = $ 1--9х = + =>; 
94. lim ^45 — lim aa = о ток) = 7 
- (4-1) 
2x 2 -2(0-1) 
+ tan7! x2 А тм : 1+x4 2 2 
95. Пт ах = lim ша = xui] lim ee = = ==- =5 = 1 
x0 x0 Vix x0 Ga? (1-0)/2 
2х 2x ex (e2x 4.3 
X ta -1 ха е: 2е X ta —1 ха 
И Е . &Xtan eX + Ea "bebe! (+1) E (2+1) 
96. lim ей = lim x < = = lim и шп X 
озуу, СЕ ЧЕХ ere 2e^ + 1 ХЭЛЭЭ 4е Хосоо 4е 
_ 1; апт! ех (е2 + 3) _ 1; tan7! ех (1 + 3e) а 2 
= iml д ар] ты dm Тиеш =040=0 
2 -1 
aid ancl 1 тап” (\/х) 1 
. [ап (623 Шин: (V) xax exam SE а, qi Жап”! (,/х) cuts Уха» 
97. ше == іт У = lim -5a = і |] = lim | Z9 
х 50+ xyx+1 x30t sagt vst x—0* ZH x—0* X Gx 2) xx 1 x0 N AAT 
== Мише | === == Јене ов 
х—50+ \ (12х2 + 13х+2) Ух-+1 2 
2х 
sin-! (x2) d 4 : 5 1 
98. 5 = lm _— ае = lm ——— ÀJ lim r = 
x— 0+ (sin-! x)? x0* V 2(sin-! X) x0* Nsinc! x 14x? x—0* sin"! x. a + = М/1+х? 
= lim (te —- У1+х2 а) 11 
x30+ \1+x?4+xV1—x? sin“! x 1 


99. 


100. 


101. 


102. 


103. 


Ify -Inx — Lin(1-- x?) — ШС +C, then dy = i- 


) x = 


cu x 1 + tanc! x 
T Ax 1+x2 x (1 +x?) x2 





ы а-ы ах tan! x dx 








which verifies the formula 








_ xt -1 5 xt — x? eps 1 x4 —5 5 x! 
Ify = 4 cos Sx+§ f 755 dx, then dy = [x cos 5х + (x) (з) +1(от=ве)] х 


= (х3 соѕ! 5х) ах, мћісћ уегійеѕ the formula 











If y — x (sin-! x)? — 2x - 2/1 — x? sin! x +C, then 
E д] 2 2х (віп-і х) —2х xoc 1 "E «2-1 2 . . ~ 
ду = (sin x) + c chm Fie sin xe 24/1 — x2 (=4)| dx — (sin ! x)' dx, which verifies 


the formula 


2x? 
Zee 23 


If y = xIn(a? + x”) – 2х + За (ап ! (5) + C, then dy = L (a? + x?) + E dx 
TA 


22 + х2 








22 4 x 


= [ш (а х2) +2 ( 


ду __ 1 





ду = 


i ) - 2 dx = In (a? + x”) dx, which verifies the formula 


dx у = sin! x + С; х = Оапау =0 = 0=sin!0+C > С=0 y-sin!x 








dx V1-x2 


М1-х2 
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104. 


105. 


106. 


107. 


108. 


109. 


110. 


111. 


112. 


113. 


Chapter 7 Transcendental Functions 


9 = 17 1 5 йу = (7-55 – 1) х = у = (апт! (х) - х +С; х = O and y = 1 = 1 = tan! 0—0 +C 


= С=1 = у= (апт! (х) -х +1 


ду _ 


EH ET ду = 5 у = зес“! |х| + Сх = аду =7 = л = 522 12+С = С = п – вес! 2 











т 2т 


=лт—1= > у=зес !(х)+ 2,х>1 





Чу = a олон dy = (s - >=) дх = у =!ап !х – 2 51 !'х + С; х = O and y = 2 
= 2 = ап !0— 250 !'0+С => C=2 => у =!гап !х – 2 91 !х + 2 


(a) The angle a is the large angle between the wall and the right end of the blackboard minus the small angle between 
the left end of the blackboard and the wall = a = cot"! (4) — cot! (1). 


аа _ B РЯ 540-012х2 . s. cta 
(b) а” сут тар = зт Ба ое = 7“ (225+х2)(9+х?2) › са = 0 = 540 - 12x = 0 > x = +3/5 


Since x > 0, consider only x = 3/5 52 a(3V5) = = со! (5%) — cot 1 (38) & 0.729728 z: 41.8103?. Using 








the first derivative test, da = E < 0 = local maximum of 41.8103? when 





_ 132 da 
am > 0 and 





x=10 
х = 34/5 e: 6.7082 ft. 


М хј а — (ес у)?] dy = лу — шву] -т (% аи ТЕ) 


У = (3) лгь = (1) л(3 эт 0)?(3 cos 0) — 97 (cos 0 — cos? 0), where 0 < 0 < 7 





> Чу = —9n(sin 0) (1 — 3 cos? 0) = 0 => sin 0 = O or cos 0 = + 2 — the critical points are: 0, cos ! (=) ‚ апа 
соя”! (- 5) :Ш сов77 (- 5) is not in the domain. When 0 — 0, we have a minimum and when 0 - сов”! (5) 


~ 54.7°, we have a maximum volume. 
65° + (90° — 8) + (90° — a) = 180° > a= 65° — 8 = 65° — tan! (21) А 65° — 22.78° = 42.22° 


Take each square as a unit square. From the diagram we have the following: the smallest angle a has a 
tangent of 1 = a= tan! 1; the middle angle 8 has a tangent of 2 => 8 = tan ! 2; and the largest angle ^ 
has a tangent of 3 = y=tan~!3. The sum of these three anglesist => а + 8+ 7 =" 

=> (ап ! 1 + (ап ! 2 + (ап ! 3 = r. 


1 


(a) From the symmetry of the diagram, we see that v — зес“ ! х 18 Һе vertical distance from the graph of y — sec^! x to 
the line y = 7 and this distance is the same as the height of y — sec ^! x above the x-axis at — 
ie.7 — sec !x — sec^! (—x). 

(b) cos! (-x) 2 - — cos! x, where -1 x € 1 = cos™! (— +) = m — cos™! (+), where x > 1 orx < —1 
= зес“!(—х) = T — sec™! x 

sin! (1) - cos! (1) 2 2 5--0-2 ут 1 (0) + соз 1 (0) = 0 +5 = 5; ава біп” l(-1)4 cos! (C1) 2 — scq 


If x € (—1,0) and x = —a, then ae (x) + cos~! (x) = sin! (са) + Ші (—a) 2 — sin 1 a - (v — cos^! a) 


= п – (ѕіп 1а + соѕ 1а) = л — $ — $ from Equations (3) and (4) in the text. 
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114. 


115. 


116. 


117. 


118. 


119. 


120. 


121. 


122; 


123. 
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х = tana —xandtang —1 — Z—a-468-—tan!x-tan! 1. 


du du 
өй доз ша = d в 55 Ут 11) — 0— dx ecc dit 
csclu-Z-—sec!u — &(csclu)- £ (% —sec tu) =0 “у „лт? и] > 1 





3 4 4 
у= ап 1х => апу=х > 5 (апу) = & 9) : 

2үүЧду _ ду 4c] dez 1 "А 
=> Бас јан = 


dx sec? y ( уға) 
as indicated by the triangle 


att. 
1+x2? 


f(x) = sec x => f'(x) = sec x tanx > с = 


1 үг 1 на 1 
^  sec(sec-ib)tan(seci b) ^. b(+ bi 1) i 











df 
x=b dx 








x-f-l(b) 


. —1 . ... B . ... d —1 = 1 
Since the slope of sec ^ x is always positive, we the right sign by writing sec ^ x Бет’ 








du du 
-lu = # — јап“! 4 (cotrig) — 4 (7 — тап-11) —0— _«к_— _ _« 
cot!u-£-—tan!u = 2 (сог!и) = $ (5 —tan1u) 20— 5 — — p 


The functions f and g have the same derivative (for x 7 0), namely S . The functions therefore differ 


by aconstant. To identify the constant we can set x equal to 0 in the equation f(x) = g(x) + C, obtaining 


sin? (C1) 22tan1 (0 -C => –— 1 =0+С > C=—§. Forx > 0, we have sin”! (*=+) =2 tan"! \/x-§. 





—1 
1--х2 


constant for x > 0. To identify the constant we can set x equal to 1 in the equation f(x) = g(x) + C, obtaining 





The functions f and g have the same derivative for x > 0, namely . The functions therefore differ by a 


sin! (5) = (ап 1+С = Т=Т+С = С=0. Рох > 0, we have sin“! ea = tan 





21.1 
xc 





Уз 2 Уз _ V5 Е =. 3 
Vest ESE dx — m [rds dx — m [tan в = т [tan 14/3 — tan 4-3) 
6 


dy Em -Х 


dx ур-х 


22 У : 1 2 = quA 23 2 - ү 2 
tox = Js (in other words, the length of ; of a circle) 2 L = : 1+ (=) Ace : 14 a айх 
DE г/,/2 с 
=J V= S, yeux - [rsin*(2)] JV? — rsin-! (258) - v sin-t(0) 


= гаш! (+) -0- г(®) = нэ The total circumference of the circle is C = 8L = 8(=г) = 2. 


у 


чу is undefined at x = r and x = —r, we will find the length from x = 0 





Consider y 2 /r — x? > 





;; Since 








2 b 1 
= п [ап “1 х], = (70) (7) = 5 


2 b 1 
(b) A(x) = (edge)? = [^ ( ла) = > “= Ј Абдах= | 4%, 
= 4 |ап“1 х]- — 4 [tan (1) — tan“! (-1)] = 4 [* — (— £)] = 20 
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124. (а) 
(b) 
125. (a) 
(c) 
126. (a) 
(c) 
127. (a) 
(b) 
128. (a) 
(b) 
129. (a) 


Chapter 7 Transcendental Functions 


( 0) =ч (=) те я-а 


2 


i-a 


T 
4 

















A(x) = 1 (diameter)? = 


уйл 


у= / A) dx 








= ЈУ, ар ји = n in x], = л [sin (4) - sin (- №") | = 0 [F-(-] =F 
__ (diagonal)? 1 2 5 == 2 = 9 = уд? 2 

A(x) — (iato 1 ( 72 о) Z >V J Aco dx = алша 

-2[sin! x] 2, 2 2(1-2) 2 

sec 11.5 — cos ! 45 & 0.84107 (b) esc! (1.5) — sin ! (— 15) = —0.72973 

cot 12 = 5 — tan 1 2 = 0.46365 

sec! (—3) — cos! (— 1) « 1.91063 (b) csc^! 1.7 — sin! (15) e 0.62887 


cot-! (-2) = Z — tan! (-2) & 2.67795 


Domain: all real numbers except those having 
the form 5 + Кл where k is an integer. 


у= tan! (tan x) 


. T п 
Range: -5 «y € 5 


Domain: —co « x « oo; Range: —oo « y « oo 
The graph of y = tan! (tan x) is periodic, the 
graph of y — tan (tan ! x) — x for —oo < x < œ. 








Domain: —oo < x < oo; Range: — 2 <y< 2 " 
^ 
y= sin (sin x) 
-7 3т 
2 2 
x 
-2т_3т-т пт 2т 
2 2 
Боштдіп: -1<х< |; Капсе: -1<у<1 ? 
The graph of y = sin™! (sin x) is periodic; the 1 
CORN I5 2h 
graph of y 2 sin(sin ! x) 2 xfor -1 €x € I. ЕСІ 
x 
-2 -1 1 2 
Е 
о 





Domain: —oo < х < оо; Range: O< y<a7 
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(b) Domain: —1 <x < 1; Капге: —1 Ду < 1 
The graph of y = cos~! (cos x) is periodic; the 
graph of y 2 cos(cos ! x) 2 x for-1 € x € I. 


130. Since the domain of sec^! 


xis (—oo, — 1] U[1, oo), we 
have sec (sec! x) — x for [x| 7 1. The graph of 
y — sec (sec! x) is the line y = x with the open 


line segment from (—1, —1) to (1, 1) removed. 


131. The graphs are identical for y = 2 sin (2 tan^! x) 


= 4 [sin (tan! x)] [cos (tan^! x)] 2 4 (т) (сн), 
У х2 +1 


4x_ from the triangle x 


х2 +1 








132. The graphs are identical for y — cos (2 sec ! x) 











= 2 -1 22 -ly)_ 1 х2-1 
= со“ (вес х) — sin" (See x) = 5 — “5 
50 
x 2 40 
жұ? J 
= 23 from the triangle хе -1 a 
20 2 
1 = у= 2-5 
y=cos(2sec х) | 2 


133. The values of f increase over the interval [—1, 1] because 
f' > 0, and the graph of f steepens as the values of f’ 
increase towards the ends of the interval. The graph of f 
is concave down to the left of the origin where f" « 0, 
and concave up to the right of the origin where f" > 0. 
There is an inflection point at x = 0 where f” = 0 and 
f’ has a local minimum value. 
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134. 
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The values of f increase throughout the interval (—oo, oo) 
because f’ > 0, and they increase most rapidly near the 
origin where the values of f' are relatively large. The 
graph of f is concave up to the left of the origin where 

f” > 0, and concave down to the right of the origin 
where f" < 0. There is an inflection point at x = 0 





where f" — 0 and f' has a local maximum value. 


7.7 HYPERBOLIC FUNCTIONS 


10. 


11. 


12. 


13. 


14. 


15. 








: 23 
sinh x = — 3 => cosh x = y 1 + sinh? = \/1+( = =,/1 =% = },tanhx = ші G} =-}, 














Te 9, 2428 EX ча, 
coth x = гайх оо 3.7 sech x = or x 5? and csch x = sin x 3 
sinh x = 4 = coshx = y 1 + sinh? 1+ 15 = => tanhx — sx — (2 — 4 coth x = — = À 
E = 27 9 3? ^ сойх 20 (3) 5? ^ tanhx 4? 
1 _3 їз. 
sech x — coshx 5" and csch x — sinhx | : 
cosh x = х > 0 => sinhx = y cosh? x — (17) 289 = {/ tanh x = sinhx — (5) 
е (15) 225 225 p cosh x (1) 
— 8 =. 1 — 15 = 5 
17, ‚СОХ — ax. — | ® у ,5еСПХ = сору = 17, апасзсһх = Shy = 5 
cosh x = В,х>0 = sinhx 2 Vcos?x —1 2 4/19 — m 2 ,tanhx — Simhx — (1-1 
TU ын 25 Е 25 ~ coshx (3) ms 
i oi и 05, 1125 
coth x = tanhx — 12? sech x — coshx . 13? and csch x = sinhx | 5 








lnx —Inx 
2 cosh (In x) = 2 (58) - e х1 
inh (2.1 e2inx _ @—2Inx eh d ex? (ғ "E 5) х4-1 
sinh (2 In x) = 5 = 2 - 2 - “2 
* 5x —5х 5х _ в-5х . ae —3x 3x _ в-3х 22 
cosh 5x + sinh 5x = 576“ + 2756 = с 8. cosh 3x — sinh 3x = £—7— — £—5— — e^ 








(sinh x + cosh x)* = (“5 + Pret = (ех)“ = еї 
In (cosh x + sinh x) + In(cosh x — sinh x) = In (cosh? x — sinh? x) = In 1 = 0 


(a) sinh 2x = sinh(x + x) = sinh x cosh x + cosh x sinh x = 2 sinh x cosh x 
(b) cosh 2x = cosh (x + x) = cosh x cosh x + sinh x sin x = cosh? x + sinh? x 


cosh? x — sinh? x = (ee - 2-2 — i [(e*  e7*) + (е — e79)] ((e* - e) — (e* — e7)] 2 1 Qe) 2e7) 
= + (4e°) = 1 (4) =1 
y =6sinh} > dy = 6 (cosh 5) (1) = 2 cosh 5 


ах ` 


у= 1 зтћ (2х + 1) = у Е i [cosh (2x + 1)](2) = cosh (2x + 1) 


у = 2yttanh \/t = 2t!/? tanh 01/2 => 9 = [ѕесһ2 (0/2) (21/2) (2t!/?) + (tanh t!/?) (1772) = весћа V/t + шан 
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16. 


17. 


19. 


20. 


21. 


22. 


23: 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 
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у = ё џапћ ! = C tanh t^! => 9 = [sech? (t71)] (-t2) (£2) 4- Q0 (tanh €!) — — sech? 1 + 2t tanh 1 
y =In(sinhz) > dy = cosh z = coth z 18. y = ln (cosh 2) => g = sinhz = tanh z 








y = (sech 9)(1 — In sech 0) => 9 = = (- =sech 2 tanh 4 ) (sech 0) + (— sech 0 tanh 0)(1 — In sech 0) 


= sech 0 tanh 0 — (sech 0 tanh exi — In sech 0) — (sech 0 tanh 0)[1 — (1 — In sech 0)] — (sech 0 tanh @)(In sech 0) 


у = (сѕеһ 0)(1 — In csch 0) > g = (csch 0) (— =esch 2 coth 4 ) + (1 — 1n csch 0)(— csch 0 coth 0) 


= csch 0 coth 0 — (1 — In csch 24 0 coth 0) — (csch 0 coth OY(1 — 1 + In csch 0) = (csch 0 coth 6)(ln csch 0) 


y = In cosh v — 1 tanh? v — 98 = sinhv — (1) (2 tanh v) (sech? v) — tanh v — (tanh v) (sech? v) 


cosh v 


— (tanh v) (1 — sect? у) = nun v) (tanh? v) — tanh? v 


y = In sinh v — 1 coth? v => % = ch — (1) (2 coth v) (— csch? v) = coth v + (coth v) (esch? v) 


sinh v 


= (coth v) (1 + csch? v) = (coth v) (coth? v) = coth? v 





dy _ 
dx — 





у = (x? + 1) sech (In x) = (x? + 1) (arto) = (х? +1) (<=) = (х? + 1) (24) =2х = 


у = (4x? — 1) csch (In 2x) = (4x? = 1) (greece) = (4x = 1) (Bat) = (4x? - 1) (G85) = 4x = 9 = 

















1) ,-1/2 
у= sinh"! YS sinh"! (xi?) dy _ (3) x | e 1 M 1 
dx fit oie? 2 /x V 1-4 x 2 /x(1 *- x) 


о (2) +0 Ж i A 1 
Ура + 172] –1 Vx 1 /Ax 3 V/Ax? Tx 4-3 


























y — cosh"! 2/x 4-1 — cosh-! (2x -- 1)/2) > & — 


y-(-0)tanh! 0 > € — (16) (i45) + (-D tanh! 6 = 5 – tanh“! 0 





y = (62 +20) tanh-! (9 + 1) > Z = (Ө? +26) | 
= (20 + 2) tanh™! (0 + 1) — 1 


is] + (20 + 2) tanh“! (6 + 1) = 55:25. + (20 + 2) tanh! (6 + 1) 


у= (1 — Qcoth"! /t — (1 - Ocoth-! (0/7) > ®=(1—1) [= 





4-(-1)сойг (472) - 20 – соћ “у 





у = (1 – 2) соћ 1 > %=(1-t?) (44) + (-20) coth t= 1 – 2tcotht 


=i ду _ 


у = сов“1х — x sech7! x ЧҮ Tea [x (=) + (1) зесћ“ ! x] = ы 4 сон — sech 


-l x = —sech x 








у= х + V1 =x? sech™! x = In x + (1 — x2)" sech-! 
5 9 = 1 +(1- xi ( дер :) + (2) (1 x2) I^ (L2) sech-! x — 1-1- = sech7!x = = sech^! x 











1 


y-cch-!(1)! > ® = POJO T _ аг 


oyot wo” veo 
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34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


с 


47. 


- 












































B -1 26 dy _ 22 -тш 
—esch !2 4 2 == 
у 40 29 4/1 + (29)? V1+28 
= sinh"! (tan х) dy — sec? x ко sec? x = sec? x hop [sec x| |sec x| хоо |sec х| 
УУ dx М1 + (tan x)? V sec? x [sec x| [sec x| 
== -1 Чу __ (зесх)(їапх) __ (зесх)(їапх) __ (зесх)(їапх) __ т 
y = cosh~* (sec x) d лус Е Гап х SEC X, 0<x<5 
(a) Ify = tan™! (sinh x) + C, then 5 = —coshx_ _ coshx — sech x, which verifies the formula 


1+ sinh? x cosh? x 








(b) If y = sin“! (tanh x) + C, then & = ты = sech’x — sech x, which verifies the formula 
— LT X 


sech x 





— x2 DX. 2. E . Бү 
Пу- E. sech^! v 1 — x? 4 C, then 2 2 =x sech ! x 4- € е — | + Mice А sech™* x, which verifies the 
formula 

If y = X21 coth^! x + 3 +C, then P —xcoth ! x - Є egi) (iz) T 1 — x coth ! x, which verifies the formula 





If y 2 x tan! x - 1n (1 — x?) 4- C, then 2 — tanh ! x o x (1-55) 4- 1 (5) = tanh"! x, which verifies the formula 


х 


J sinh 2x dx = vr sinh u du, where u — 2x and du — 2 dx 
= gosh u +C= cosh 2x С 


J зїпһ х ах =5 f sinh u du, where u = 3 and du — 1 dx 
= 5 cosh u + C = 5 cosh š + C 


| 6 созћ (х – In 3) dx = 12 f cosh udu, where u = х — In 3 and du = 4 dx 
= 12 sinhu + C = 12 sinh (3 — 13) +С 


[ы кәк к= 4 | созв и du, where u = 3x — In 2 and du = 3 dx 
=3 4 sinhu+C = 3 3 sinh (3x — In 2) 4- C 





f ann 3 ax — 7 f sinhu du, where u = 7 and du — 1 ах 


cosh u 7 


ех/7 е" 


= 7 ln |cosh u| + С = 7 In |cosh *| +С, =71п|° +С та ере ето С 
7 








= 7 10 |е? c e| HC 





J coth Л dé = з. sone du, where u = 28 апа du = 5, 
= V3 In [sinh u| + C1 = v3 In [sinh 4| +C, = v3 In 
- Vin e — e| - 312-4 = уз |е — et c 


еб/ V3 е 








f sech? (x - 1) dx = J sech? и аи, where u = (x — 1) and du — dx 
= tanh u + C = tanh (x – 1) +С 
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52. 


53. 


54. 


55. 


56. 


57. 


58. 


: f Secht tanh vt хунс М а= 2 | sech u tanh u du, where u = \/t = t!/? and du = 2 
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. f csch? (5 — x) dx = — | свећа и du, where u = (5 — x) and du = — dx 


— —(— coth u) - C 2 cothu 4- C 2 coth(5 — x) + С 


л 
= 2(— sech u) + C = —2 sech y/t + C 


f еза) сой ар. f esch u coth u du, where u = In t and du = 4 
= — csch u + C = — csch (ln t) + C 





In4 In4 15/8 15/8 
. | сов хах = | coshx qx — eu. 1 ди = [In [u[] 8 — in |45| —1п [3] = 1 |. #| = 15, 


n2 sinh x 3/4 








из Q.m  2-(i 
where u — sinh x, du — cosh x dx, the lower limit is sinh (In 2) — Б A = = (0 = i and the upper 
114 _ „-ш4 4— (4) 15 
limit is sinh (In 4) = ——— = —jy+ = р 





[tanh 2x dx = | sinh 2x qy — 1 ТШ 1 du — [Шш |u]]; 17/8 3|2(2)-ш  -1 Z , where 


cosh 2x 2 
u = cosh 2x, du = 2 sinh (2x) dx, the lower limit is cosh 0 — 1 and the upper limit is cosh (2 In 2) = cosh (In 4) 
EET 
= 2 — 3 =g 


—In2 


[268 cosh odo = fo" 2e? (x^ *) ao = f (e” +1) 46 = [£ 4. g| 


= (= -n 2)- Є 2 da 4) = (11—12) - (4 — 14) = -№2+2ш2=$ +12 








=| In2 


In2 i . In2 M св — е-8 T In2 E = 
fi 4e sinh 6.0 = ff 4e* (227) ae - 2 f, (1— e?) 40 = 2/04 
-2|( 24552 )-(045)|-208241-1)-2102241-1-144-3 





т/4 26 ie 
ЈГ асов (кап 0) зес? 0 40 = Г. cosh u du = [sinh Ші q = sinh (1) — sinh (— 1) = (= > =) (s =) 


= е =e-—e-!, where u = tan 0, du — sec? 0 d6, the lower limit is tan (— т) = —1 апа Ше иррег 


limit is tan (7) = 1 


| 2 sinh 0) cos 0 40 -- 2 sinh u du — 2 [cosh uji = = 2(cosh 1 — cosh 0) = 2 (sse - 5-4) 

=е-е ^ - 2, where u = sin 0, du = cos 0 dé, the lower limit is sin 0 = 0 and the upper limit is sin (5) =1 
Г cosh (In t) T : №2 : . еш2 —е—Ш2 2-4 3 

и dt= J, cosh u du = [sinh u]; = sinh (ln 2) — sinh (0) = Oe НЕЋЕ 


u = lnt, du = 1 dt, the lower limit is In 1 — 0 апа Ше upper limit is In 2 





= Sesh VE dx = 16] cosh u du = 16 [sinh u]? = 16(sinh 2 — sinh 1) = 16 (5 =e === х (==) | 
= ГА -е2-е-е” 1), where u — ух = РЕДА ди = 1 х-1/24ҳ == 27 , the lower limit is У = 1 and the upper 


limit is y 4 = 2 
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0 0 
59. [| cosh? (š) ёх= | ctxt! dx = Lf" (cosh x + 1) dx = 4 {sinhx +x]°,,, 


= 1 [(sinh 0 + 0) — (sinh (— In 2) — In 2)] = } [+ 0) - (== -n2)]| =! | à) +12 





1(1—-1+шщ2)=?+%ш2=+ш\/2 


In 10 


во. ЈУ 4 sinh? (5) dx = f 4 (231) ax 2 2" (coshx — 0 dx — 2 [sin x — x] ^? 








— 2[(sinh (In 10) — In 10) — (sinh 0 — 0)] — e"? — e^ — 21n 10 = 10 — $ — 2 In 10 = 9.9 — 2 In 10 
61. sini! (33) =1n (- $ +y 2 +1) = (4) 62. cosh-! (3) ээ 2-1)-13 
2 1— (0/2) n3 = 5\ _ (9/4) \ __ = 
63. tanh“! (— 3) = 1 1а (1508) = – 52 64. со“ (5) = 8 ап (888) = 1119 = 3 
1/3) 14-/1— (9/25) Van | 
65. sech™! (3) = In (44,029) =1 66. esch! (— +) =1 „(-уз e -In(- 342) 
24/3 
67. (4) |, wa = (sinh? А] = = sinh“! /3 — sinh 0 — sinh-! УЗ 
(b) sinh! 4/3 = In (Мз + ЗЕЕ 1) =In (V3 +2) 
1/3 1 
68. @ ] 7“ =2] sag Where u = 3x, du = 3 dx,a = 1 
= [2 sinh-! u]; — 2 (sinh-! 1 — sinh! 0) — 2 sinh! 1 
(b) 2 sinh! 1 = 2 (1+ эн =2 (1+2) 


2 
69. (а) fy, is dx — [coth-! x] 5/4 — coth- 2 — coth! $ 


(b) coth12—coth 1 2 2 1[In3- In (22)] = 1n 1 


1 
1/4 208 


1/2 
70. (а) 1 p= dx = [tanh7! x] үз — tanh ^! j — tanh^! 0 — tanh^! J 





==] 1 222 1-012) 1 
(b) tanh? 2 = $n (203) = 03 
3/13 ах 12/13 20 
71. (а) i x1 - 163 =, scu Where u — 4x, du = 4 dx, a = 1 
= —14,) 2/13 __ —1 12 -14 
= | вес”, --весі”! 1 --весі” 5 


(12/13) (4/5) 


- а (ла ) in (2828) — m (233) - n (333) 22-3 (2. 


2 


(b) —sech7! р = + весћ“ 1 3 — —]n (MÀ x) + № (а E) 


IS 
М.У 
| 
— 
3 
WIA 








72. (а) Iss = [- 1 свећ“! ||]; dca I (csch-! 1 — csch*! 1) — 1 (csch^! 1 — csch^! 1) 
(b) 4 (csch! 4 — csch™! 1) = 4 [in (2+ Ax) ZU "al — iln (27) 








т 0 
73. (а) f Sia dx = Л +— du = [sinh7! 4 = sinh! 0 — sinh~! 0 = 0, where u = sin x, du = cos x dx 
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74. 


75. 


76. 


77. 


78. 


79. 


80. 


81. 
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(b) sinh! 0 — sinh-! 0 = In (0 4/04 1) — 1n (o + 0+ г) = 


1 
Шан гн = ей 2 
(а) 125 Ue = J, zeta. where u = Inx,du=}dx,a=1 


= [sinh~! uj 5 = sinh-1 1 — sinh! 0 — sinh! 1 


(b) sinh! 1 — sin-* 0 — In (1+ 1? +1) – а (0 + 02 1) 2m (14 v2) 


Let E(x) — E919 ang o(x) — #9558). Then E(x) + Об = WHE | 00-45)... 289. до), Аїо, 
E(—x) = fico) + Cw) = Кө» = E(x) = E(x) is even, and O(—x) = мэ =. Kr) = — O(x) 
=> O(x) is odd. Consequently, f(x) can be written as a sum of an even and an odd function. 

f(x) — коню because EO RH) = 0 if f is even and f(x) = oT io) because RO ER) = 0 if f is odd. 


Thus, if f is even f(x) = “™ + 0 and if f is odd, f(x) = 0 + 7 








e-e” 
2 


у = ѕіпһ іх > x=sinhy > x= => 2x=eY— 4 > 2x8 =e- 1 > е”—2хеё—1=0 





= фу = њу +4 VAN EA >» е=х+\х?+1 = sinh”! x = y = In (x + x1). Since e” > 0, we cannot 


choose e” = x — V/ x? + 1 because x — y x2? + 1 < 0. 
(a) ТЕЕ Jo $- VS ee ( /t fet I ( VE ) = gsect?( (81) 


мМ 





Thus т — mg sech? e ) = me(1 = tant? ( Ек t)) =mg — kv’. Also, since tanh x = 0 when x = 0, v = 0 
when t = 0. 

(b) im, v= lim У а (е) = 7e lim. am ( / Ht) = ве (= узе 

(с) 4/ 065 = у 160000 = 9 = 80/5 ~ 178.89 ft/sec 


(a) s(t) = acos kt +bsinkt => $ = —ak sin kt + bk cos kt => d — —ak? cos kt — bk? sin kt 
= —k? (a cos kt + b sin kt) — —k?s(t) — acceleration is proportional to s. The negative constant —k? 
implies that the acceleration is directed toward the origin. 

(b) s(t) 2 acosh kt -- bsinh kt — % = = ak sinh kt + bk cosh kt = B = ak? cosh kt + bk? sinh kt 
= k? (a cosh kt + b sinh kt) = k? s(t) = acceleration is proportional to s. The positive constant k? implies 


that the acceleration is directed away from the origin. 


2 2 
У= тј, (cosh? x — sinh? x) ах = тј, 1 dx = 27 


У-2т ЈУ зове x dx = 2т [tanh x] ^ ^ - 27 E = т 


In /5 In y5 " 
y =4cosh2x > y’=sinh2x => [= f 1 + (sinh 2x)? dx = f cosh 2x dx — [2 sinh 2x] " У 


-| ё55)/7-16-3-1 


0 
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= х _ 1 
e* — e™ e- ax 













































































: : ; : ех Д 1 : 1-5 2 
82. (а) lim tanhx — lim === = lim = = lim ( x) ым lim кх — 1-0 _] 
x => оо х— со е+е X 00 € Fx х= оо (+) X x90 lt 1 
1 X 1 
é * хех ; e j е^ — х : 2х _ = 
(b | lim. tanhx— іт <= = Їш --- lim ( 8) .S = Ша 1 = 0-1 _1 
х — —oo x co e+e x оо ех+ х oo (+k) е х — –оо 67 +1 +1 
1 
5 ^ ~ 2 ee 2 е-ж е^ _ 1 _ D 
(c) , lim, sinhx — | lim 2 = lim, | = , lim, (5 эс) — oo — oo 
. . == . ех — е7х => Ж ех та ех 2 2 эг: 
(d) , lim, sinhx =, lim, S52" =, lim, (§ - 4) =0-00 =—00 
(е) lim sechx— lim 2 — lim —2,-#= lim Š =- =0 
х — 00 х = со е*+е—* xo ecl Д x => Фо 1+ 2х 1+0 
б . X pe-X А ех + 1 ; ех+ 1 1 . 1+4 
(f .lim cothx — lim %5 = lim “= lim e x) = = lim A — 140 — ] 
x = оо х оо е-е х 9 00 е 2 со (e-k) ж — 90 1-3 1- 
1 
> os i ele _ $ et. x ээ > ех рр 
(о) „ш СОЗ =. Шш. ok ek oe “ээ куо Rot = +00 
> i х 2-х i Eta x 4 2x4 4 
h) lim cothx — lim 628 = lim =. = lim — —oo 
(h) х- 07 х-0- 64-65 хофе-а 5 х 0- 2-1 
: : — y; 220206 220600 04 деге ыл уз е 
(1) , lim, eschx = , lim o BERE. lim p m e = dimo хт =рт=0 


83. 


84. 


85. 


86. 


(a) y= Н cosh (¥ x) = tand= В = (#) [5 sinh (x x)] = sinh ($ x) 


ХУ 


(b) The tension at P is given by T cos = Н = Т = Нес ¢ = Hy/1 + tan? 6 = Hy/1 + (sinh ¥ x)” 


= H cosh ($ x) = м (Н) cosh (# x) = wy 


ХУ 


$ = 1 ѕіпһ ах => ѕіпһ ах = аѕ => ах = sinh las — x — 1 sinh! as; y = 1 cosh ax = 1 \/cosh? ax 


a 
= 1 \/зїпһ? ах +1 = 1 \/а252 +1 = 4/52 + 3 


b 
To find the length of the curve: y = 1 cosh ax => у’ = sinhax > L= Ї 1 + (sinh ax)? dx 


b b 
=> |у= Ї cosh ax dx = Е sinh ах] ; = 1 sinh ab. The area under the curve is A = 1 : cosh ax dx 
= E sinh ax] : = 5 sinh ab = (1) (1 sinh ab) which is the area of the rectangle of height 1 and length L 


as claimed, and which is illustrated below. 


Y 


jatia 
a 


шін 


X 
b s 


(a) Let the point located at (cosh u, 0) be called T. Then A(u) — area of the triangle AOTP minus the area 
under the curve y — vss ad fron A to T => A(u) = 3 cosh u sinh u — [v1 dx. 

(b) A(u) — 1 coshusinhu — f. UI Vx -1dx = А'(и) — 1 (cosh! u + sinh? u) — (cosh? u — 1) (sinh u) 
= $ cosh? u + 4 sinh? u — sinh? u = # (cosh? u — sinh? u) = ($) (1) = 5 


(c) A'u) = 1 = А(и) = > + С, and from part (a) we һауе А(0) = 0 С= 0 A(u) > ои = 2А 
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7.8 RELATIVE RATES OF GROWTH 















































4 х+3 _ : Je 
1. (a) slower, , lim B = „шп x =0 
* 3 n2 y 2 сі с . с 4 Д4 с 
(b) slower, ү lim, x Ут X == x lim, 3x +2 sin xcos x 25 1 lim, Sx + 2 cos 2x = ~ lim, 6 = 2х == 0 by the 
Sandwich Theorem because 2 < багаш эх < 10 for all reals and _ lim 2 = 0 =. Ш 10 
е е е х оо е х — со e 
1) ,-1/2 
х 2 1/2 | ( js 5 
(c) slower, lim ух = lm “= lim ^^ = lim 1---0 
х оо € X-—00 € X — oo e X oo 2yxe* 
" x . X . 
(d) faster, іп “= lim (3) = œo since 4 > 1 
х оо е х оо је е 
3 x 
; NET ы ete th 
(e) slower, , lim px = imo (55) = 0 ѕіпсе 5 < 1 
. х/2 . 
(f) slower, lim <-- Ша -5-0 
хоо ё х — бо е“ 
(5) 
э) _ s lost 
(8) same, ge nr. е* шоо 2 2 
1 
: logio X __ 1 Ix 202 : х = : 1 ЭР 
(h) slower, їт e& x lim Anl х lim. Anl x lim. (In 10xe* — 0 
1 4 $ 3 Я 2 . . 
2. (a) slower, lim 30+! — Jim 4019 — үр X = lim 205- lim 20-0 
X — oo e X — oo e хоо е x> o е хоо е 
шх-1+х (1) 
А 2 у Inx—1 Z à 
(b) slower, lim 5 Х-5- lim 5 Х-0- ұр = Ш Пе Jig х 
X — oo e X — oo e X — oo E X — oo e x> oo 6 
G) 
= lim Dg li i= 
хоо € X — оо хе 
. MESZ . 1+х4 __ : 4х3 __ : 12x2 _ : 24х _ : 24 
(c) slower. im. eo o ХУШ у, ex yos m Qu. 4ех y B. aes x Mo Te 
= /0=0 
G) 
. 3) 2 А 5х _ 2 5 
(а) slower, їт oS , lim. (5) = Osince = < 1 
2 eX 5 d s 
(e) slower, „ lim 5 ox = „шп ж =0 
. х . 
(Е) faster, lim = lim х= о 
X00 € X — 0o 


e COS X 


(g) slower, since for all reals we have —1 < cosx < 1 => е1 < ех < еї = < Е 


— е 





1 
« & and also 
е 


cos X 
е 


lim a so by the Sandwich Theorem we conclude that Ши = 
оо е хоо е 





* —1 
lim. = =0= 





х— x 
. х-1 . . 
(h) same,. lim. “ =. lim qun = lim 1-2 
х->оо е x oo e x00? е 
B. 2 » . 
3. (a) same, lim <5%- lim Z+ = lim 2-1 
хоо X х оо 2x х о оо 2 


2 





(b) faster, lim. 55 =. іт (х5 – 1) = оо 
X — OO X — OO 

















x2 
. 4 3 . 4 3 ^ 
(c) same, lim Ух +з = lim “= = lim (1+2)= М1 =1 
X — oO i X — oO x X oo х 
. 2 2 : 
(d) same, іт © = lim 20:3) — pm 2 223 
хэ бо x x — oo X x — oo 
: x Inx : Inx : (1) 
(e) slower, lim = = lm === lim =0 
хоо X хә оо х х оо 1 
. х . х 5 2 9x 
(f) faster, lim 3= Ша SP? = lim === =оо 
ОО х — oo X — oo 
$ 3e—X < $ 
(g) slower, lim 5 = Ша 5- lim 4-0 
хоо X х оо ё х оо ё 


(h) same, lim 5-— lm 8 = 
х оо X X — oo 





: ИХ up : 1 _ 
4. (a) same, « їт 2533 lim. (1 + а») =] 








х2 
А 10x2 . : = 
(b) same, . lim = = lm 10-10 
X> 0 X x — oo 
. 22-х . 
(c) slower, lim “= = lim 1-0 
x-00 X х => бо e 
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: logio x? . = : 2 --222 : 24 : їй. 
(а) slower, , lim, 2 = imo x? 7 hlo x Mo x ^ ]nl0 , lim. ~ In 10 , lim. z250 
. Se: 
(е) faster, Шап === = Ш  (x—1)— oo 
хэ бо X x — oo 
5) 
: 1 m : з 
(slower, (Іш, AGE =, lim, ome = 0 
% x c х Ё 2 х 
(g) faster, lim a)" = lim ыу = lim Яа = оо 
x> oo X х — со х x — oo 
(h) same, lm =+% = lim (14-39) — 1 
х — oo х = oo x 
| (8) 
(а) same, іт J$ = lim = jm - === 
X oo nx X oo Inx X oo In 3 In 3 
2 
(b) same, lim №2 =, іт (5). =1 
x= hx x> (i) 
1 
! 1 : 5) Inx : 
(с) ѕате, lim А lim :) = lm 1-і 
х5 оо hx х оо dnx x oo 2 2 
l —1/2 
4 1/2 > 5]* 7 
(d) faster, lim ME = lim 5-- lim ша lim 1 lim ws = оо 
x= œo hx x= oo ах ҳо о (1) хоо ух хо 
(e) faster, Іші —- lim ;l— lim х= о 
x= oo Inx 7 xX > 00 é x 
(f) same, lim) 518% = Ни 5 = 
X= co hx 
(g) slower, lim () = Пт 1--0 
8 x00 Шх ХЭ оо хах 
. . х . 
(h) faster, іт i lim ~ =. lim__ xeX =oo 
x оо nx ~ x 00 б) x> 
1 ЕЗ 
5 In2 . . s 
(a) same, lim bel lim t= Ша ix — 1. ]ig 25-11 lim 2=4 
X oo nx X oo Inx 12 Х oo ах 12 x — oo Шх In2 x In 2 
1 10: (518) ш 10 e: 
d 0810 10х : п 2221 : п 10х _ 1 : x) | 1 : 22491 
(5) ѕате,, lim. ах = у Ш, их = рр у UM, hx =o x EM, (вю , im БЕЙ ТЕГІ 
1 
(c) slower, lim (5) = пп 1 0 
x oo hx — x= o0 (И) х) 
ЖЕКЕ 
(d) slower, lim me =y lm. жы = 0 
x00 h* x-30oox вх 
(е) faster, lim S2B2 =| lim (p> -2) = (, lim, ee) -2=(, lim, A] -2=(; lim, х)-2-о 
x= oo dnx x => об их x= 0o hx x — oo 1) x> 
(f) slower, lim = = Шп == = 0 
х5 оо ах ҳо ою ех 
ша (их) 
(g) slower, . lim паю lim ^^ = lim г =0 
x-oo lx X > 00 (5 x= œo hx 
: In(2x+5) __ (25) à 2. 4 7 
(h) same, lim = — = lim = | Е іт ;— lim 1-1 
x> o hx  x-300 (1) x 00 2x+ х — со X oo 
. X . й х 
x lim. em = їт ех/2 = оо => e* grows faster than e"?; since for x > e° we have In x > e and x mo ma 
n х . . . х 
=. іт (Rx) = oo > (In x)* grows faster than e*; since x > ln x for all x ^» Oand, lim 45-- lim (2) 
хоо ‘е x= œo (nx) х— с Mnx 
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5 
N 





In x 
In 10 1 

























































































= oo => x* grows faster than (In x)*. Therefore, slowest to fastest are: е^/ 2 ех, (In x)*, x* so the order is d, a, c, b 


: (In 2)* (In(In2)In2* __ : (In (In 2))2(In 2)* __ (In (In 2))2 

x lim T =, lim тре DH =т= ши син 
x 2. A x? = = е 

— (In 2)* grows slower than x^; x lim = 2 lim {п ох y за lim 


lim 2 
х оо ё 


= lim 
х оо 


е 


and e* so the order is c, b, a, d 


(Іп 285 


lim. 


(In 2) — 
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=0 = x? grows slower than 2*; 


(3) - 0 = 2% grows slower than e*. Therefore, the slowest to the fastest is: (In 2)*, x?, 2* 


10. 


11. 


12. 


13. 


14. 


15. 


16. 
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(a) false; lim *=1 
x — oo 


(b) false; = lim. zs = 1 =1 

(с) true;x «x 4-5 — 515 < 11Ёх > 1 (or sufficiently large) 
(d) true; x « 2x => B « lifx » 1 (or sufficiently large) 

(e) true; z їт A = im, 2 & =0 


(f) true; des -1- mx <1- МЕ = 1+ UE « 2 if x » 1 (or sufficiently large) 
Inx 


false; x lim. ТЕГІ = „шп 5 = „шп 1=1 


~ | 





— 


(g 


2x 





(h) true; vers < ver < +5 =1+ 5 < 6if x > 1 (or sufficiently large) 


CM 











(a) true; ( = З « lifx » 1 (or sufficiently large) 
1+5) _ Бэ 
(b) true; = EO -1- 1 < 2if x > 1 (or sufficiently large) 


Bud. 
(c) false; X lim. WE “х lim. (1 и 1) =1 





(d) true;2+cosx <3 => 24 cos x < 3 if x is sufficiently large 








(e) true; ots =1+ апа х — Оазх — © = 1 а < 2ifxis sufficiently large 








1 
(f true; lim H= lim "= lim 9 =0 
х оо X х оо X х оо 1 
mn) < hz = | if xi e 
(g) true; ^77 < јх = 1 Ё х is sufficiently large 
1 
3 2 Inx 2 2 (1) = . x41 гс = Ї "dh _ T 
(h) false; X lim. In (x2 + 1) = X їт ( =) m X їт 2х2 = X lim g (3 + 55) 220 
x24 


; fx _ : gx) _ 1 
If f(x) and g(x) grow at the same rate, then х № lim ib +0 = 53 шп ie = #0. Then 


f(x) 
g(x) 





— Ц « lifxis sufficiently large  L—1« S <L+1 > Е < |L| + 1 if x is sufficiently large 


= f=O(g). Similarly, £9 < | | +1 = ыг 


When the degree of f is less than the degree of g since in that case | lim w 
х — оо 80) 


fx) 


When the degree of f is less than or equal to the degree of g since . lim 
х — оо 80) 


= 0 when the degree of f is smaller 


than the degree of g, and _ lim w 
xX > 


Lo БО) = $ (the ratio of the leading coefficients) when the degrees are the same. 


Polynomials of a greater degree grow at a greater rate than polynomials of a lesser degree. Polynomials of the 
same degree grow at the same rate. 














1 1 
2 . 1 . . . 999 
lim n+) = іт 2 ) = lim 45 =, lim, } =1and, lim mG +999) = lim EX ) 
x oo dnx x — oo (1) х оо +1 хоо х > 00 nx X — oo (1) 
lim zx 


— x bo хт = 


: Ї а 2 
Ша Pet) — jim Mt = lim = jim 1-і. Therefore, the relative rates are the same. 
x> o h*  x-30oo ІШ, 7 х 5 оо хта х оо ! 
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: \/ 10х х TA : y xl . x g 
17. _ lim +1 — Wil v10 and | lim, E = x Mmo +1 = \/1 = 1. Since the growth rate 


= lim 
X00 yx х oo 


is transitive, we conclude that 4/ 10x + 1 and y x + 1 have the same growth rate (that of vx) ; 











х4--х 


. A_ x3 
pu. ха Ea 








18. lim MEER = = 1 апа. іт шигээ = lim = 1. Since the growth rate is 
хо X x= co x x — oo 


transitive, we conclude that \/ x* + x and / x* — x? have the same growth rate (that of x?) . 














5 п 5 п—1 % . . 
19. lim © =. lim) =... =. lim. ™%=0 => x" = 0(e*) for any non-negative integer n 
х оо е x-oo е х оо е 
m n п—1 5 р(х) __ : х? : 2t 
20. If p(x) = anx” + an-1x™ +... + aX + ao, then, lim < = ап x im, сх + an-ı x mo ex ai 
+a, Іп 32-ар Їйл + where each limit is zero (from Exercise 19). Therefore, lim ро) = 0 
х оо e х оо ё хоо e 


= e* grows faster than any polynomial. 





21. (a) (їл, ыг =, lim, aay = (1) х im, х! = оо = lnx = o (x!) for any positive integer n 


1/106 
(b) In (e17:000,000) = 17,000,000 < ene) = е!" = 24,154,952.75 


(с) х ғ 3.430631121 х 105 
(d) In the interval [3.41 x 10!°,3.45 x 101°] we have 0.004 
In x = 10 In (in x). The graphs cross at about 9.002 
3.4306311 x 1015, 





y 2 In x — 10 In(In x) 


5 1915 
-0.002 35451 


-0.004 
-0.006 














; lnx Д 1/х 
22 lim Inx _ x limo (58) 2 хш [22] = lim 1 -0 
. n 2 п-1 2 2 ==. * iE a а md 2 а 2 HY — 
X — OQ aX" -F ag 1X"71 4... -FajX +а0 im, (an + MeL +... + SL +4) an X oo (an) (x) 
— In x grows slower than any non-constant polynomial (n > 1) 
: nloggn __ : 1 = 
23: (8) „Ши; чет у Tum lim. ggg =O = п 082 п grow) 4 
(23) y=n(logy ny. 
: 1 : һ? 
slowerthann(logo n?; іо *#°®"° — lim d 2500 
П-9 00 n n= oo n” 2000 
= 215 lim hem lim 1,—0 i 
In2 p — со (и! In2 np оо п? 10 
= n logy n grows slower than n*/?, Therefore, n log, n 500 
grows at the slowest rate = the algorithm that takes 20 40 60 80 100 ^" 


O(n log» n) steps is the most efficient in the long run. 





i dogm? _ |; (аз) : (п п)? (b) 
24. (a) _ lim 2 — lm = lm =, 
n n noo n n — oo nün2) 


1 
2( n) (1) 2D lim Inn 
n => œ (іп 2)2 (122: п— бо n 


= ry alim, 9) 


р 2 : 
thann; lim 6921 — [ig 
n= oo Valen  n-—5oo 


| 
E 


- 





= 0 = (log) n)? grows slower 


logon 











_ 2 е, : Inn 
^n їт п12 ^ 2 n iim. 117? 
1 
— d. ү () == jj S 2 2 
dE lim 6 Gri = ind y lim. ив = 0 = (log: n) grows slower than Jn log? n. Therefore (log» n)^ grows 


at the slowest rate = the algorithm that takes O ((log> n)”) steps is the most efficient in the long run. 
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25. It could take one million steps for a sequential search, but at most 20 steps for a binary search because 
21? — 524.288 « 1,000,000 < 1,048,576 = 27. 


26. It could take 450,000 steps for a sequential search, but at most 19 steps for a binary search because 
218 = 262,144 < 450,000 < 524,288 = 219. 


CHAPTER 7 PRACTICE EXERCISES 


LL ya ler B= O (few ates узде S $ = (V3) (V3) e = 205 
3. y= 1 хе* — + е% -» у = 1 [x (4e*) + e*(1)] — i (4e*) = хе“ + 1 ie = ie" = хе“ 


Дуе ве = 9 = x? [2x7?) e?*"] c e?" x) 2 (2 -23)e7** — 2e?^(1-4 x) 


5. у=Ш (3120) = © = 281259 — 208 — 2010 


sin? 6 


6. y=In(sec?6) > & = 280 06600110 — 5g 


7 =] х2 ШЕ dy . 1 x = 52 
» Y= 1028. | 5 ш2 = ах = в2 (3) (In 2)x 


2 _ In(3x-7) ду _ (1 3 и 3 
8. у = Іов, (3х – 7) = 07 = бу = (з) (эл) = @п 55(3х—7) 











9. y=8" 5 S = 87010 8)(—1) = -8*(n 8) 10. y 2 9" = Ф — 9"(In9)2) — 9^Q In 9) 
ll. y= 5x36 = ау = 5(3.6)x25 — 18x25 
12. y= V2xv > $ - (v2) (-2)x€ 9 » 229 


13. у= (х + 2) = һу = 1а (х + 2) = (х + 2) (х +2) = у = (5--2) (55 ;) * (D In(x + 2) 
=> 9 —(x-F2Yy*? [In(x 4-2) + 1] 


P = 





14. y 2 20n x) => Iny — In[2In x] 2 1n) - (3) Ihdnx) 5 У =0+ (5) 5 + (In (In x)) (3) 


















































y 

> y'= [zi + ($) Indnx)] 2(nx)*? = (In x)*? [In(In x) + 4] 

Saeed ааа тыуа | = 20 1/2 dy |. ш = == —u mu —u 
15. y= sin™? V1 — u? = sin"! (1 11) d» yi-[a 2 Vi-wVi-(-uw) (цути 

=— = а Сы. ре 

uy 1-— u? М1- и? ? 
1,-3/2 

— an-lí( 1. |) — gpl y-1/2 dy? s гэг! -1 = -1 ee eee 

16. y — sin ( -) = sin v dv 1-6 Tim? ТЭ үз Jiv 93/2 = 2-1 2v V/v -1 


(==) 
/ 1—х2 —1 


17. y ^ In(cos! x) =>: у. ан cosix \/ 1— х2 соз-1х 
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zy? 








18. y 2zcos!z— /1—z? —zcos !z- (1— => $$ — cos go en do Ee gy c 
= —1„_ Z —1 
= 005712 72 + 712: = 008717 

19. y 2 ttan! t— (D) Int 2 € — tan! te t(115) – (2) (5) = капа + 5 – 4 

20. y 2 (1-2) cot! 2t > o — 2tcot ! 2t - (1-- 8) (1525) 





21. у = 2 ве07! 2 — 22 — 1 = 2 ве0712 — (2 - 1)? > g -z( L 


|У22-1 


) + (sec! z) (1) — 1 (22 





























— — 4 — 2 -1,-- 1-2 - 
TEES C ғ ба 
22. y — DA xcd sec! ,/x = 2(x — 1)!/? ес"! (x12) 
1) ,-1/2 
4 Е = (4)x : A sec! \/x АГ 
i 1 ара аты (825) аа) = М 
= d — sec 6 (ап 0 ап 0 Л 
23. у = сѕс 1 (вес 0) — 49 = болс T = Ian 5| =-10<0< 5 
24. y= (1 + х?)е tanix у’ = = 2xelan'x + (1 +x 2) (==) = Qxelan x 4 etan™x 
x? x2 Ў 2 
25. у= 084) = In y — In (25722) = In(2) + In(x? + 1) — į In(cos 2x) > ¥ =0+ 3% – (5) 
> y'= e zr + tan 2x) y = ч (ч + їап 2х) 
26. у= пјева — Iny — In му з+4 — 7 [In (3x + 4) — ш (2х — 4)] = у = + (зо = жам) 








ray ys (w) (ara хз) 


5 
y= [exa — Iny-5[ln(t-- D--In(t- D—1n(t-2) - In(t- 3] > (2) (8) 


5 
dy — (t4- D(t— 1) T 
dt -s[t A te 1 


їо. 3 2 
xy а а 


27. 


сл 








1 1 1 1 1 
[eer ho t-2 гіз) +: 1 











28. у- 2 - => шу=ш2 + Inuculn2- 1n? 1) 5 (1) (2) 2 12-1 (5) 
dy _ 2u2" u 
Sao a a eae 
29. у = (біп 0)У => шу= \/8ш(бїпб) > (2) (%) = V9 (3:2) 167? In Gino) 


> чу = (sin дуу? (vo cot 0 + n=) 


30. y 2 (Inx)/^* 2 Iny 2 (d) Indnx) — Y 


и (25) (5) (1) + nan) [=H] (4) 
Еа 


(In x)? 


31. f e* sin (e*) dx = f sin u du, where u = e* and du = e* dx 


= — cos u + C = – соѕ (ех) +С 
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2z) 


— 1)? 22) 


(—2 sin 2x) 
cos 2x 





32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


т/6 | 2, 
2, | cost Tu ; du, where u — 1 — sint, du — —costdt;t — — 
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ГЕ сов( 3e' — 2) dt t — 1 f cos u du, where u — 3e' — 2 and du — 3e! dt 
= į sinu +C = į sin (3et — 2) + C 


fe sec? (e* — 7) dx — / вес? и du, where u = e* — 7 and du = е* ах 
= tan u + С = ќар (е – 7) +С 


fe esc (eY + 1) сої (е? + 1) dy = f csc u cot u du, where u — e" 4- 1 and du — e? dy 
— —ecscu4- C 2 —csc(e! 4-1) - C 


J (sec? x) e@* dx = fe" du, where и = tan x and du = sec? x dx 


=e+C=e™x+1C 








f (csc? x) их dx=- fe du, where u = cot x and du = — csc? x dx 
= еї + С = –еох + С 
1 Ei 
f 3 pig dk = if + du, where u = Зх — 4, du = 3 dx;x = —1 u=-7,x=1 u= -1 
13х- 270% 


= } [In ји] 7 = 4 [ln |—1] — 1n |-7|] = 4 [0 – 17] = – 27 














Ј ап (5) вх = |7540) йх--3| 1 du, where u — cos (5) , du — — + вїп(*) dx;x=0 > u=1,x=7 


0 cos (8) 
— u-i 
= -3 [In |ui? = 3 [In 1| 2in|1] 2 -3 In 4 = Iin 2? = In 8 














ЭГ свак а, _ 2 (Уа "ES 1 1 
2 cot 7x dx = 2 du, where u = sin 7x, du = 7 cos 1x dx; x — c 0= 5,Х= 1 
1/6 1/6 sin 7X т 1/2 u 
> u=- 
у. 
= 2 fim jul] fy? = 2 [в |-Ь]—ш || =2[в1-41ш2-ш1+ш2] =2[11а2] = ®2 
4 -9 
„| eg dt- f_t du, where u = @ — 25, du = 2t d;t = 0 > u=-25,t=4 3 u=-9 
o € 25 Ч 


- hn fu] $5 ^ 1n|-9| 2 In|-25| 2 139 — In 25 = In 2, 








u=2,t 





ома 


T 
—n/21—sint 2 


– Па ји У“ = – Па |] –1п |2]] = –— 11 + 112 + 02 = 2 #92 = 14 





: J| = av = ftanudu= f i du, where u = In v and du = 1 dv 


os u 


— In |cos u| + C = — In [cos (In v)| + C 


fue] du, where u — In v and du — 1 dv 


= ln |u| +C = In |In v| + C 
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45. f = ax = f u™ du, where u = In x and du = 1 dx 
=% +C=-4(nx3? +C 


46. f "52 dx = fuda, where u = In (x — 5) and du = 3; dx 


mea 5)? +C 


u? 
=> +С= 
47. J 4 csc? 1 +n) dr = f csc? u du, where u = 1 + In r and du = t dr 
= —cotu + C = — cot (1 +lnr)+ C 


48. Гете av = — f cos u du, where u — 1 — In vand du — — 1 dv 


v 


= — sinu +C = — sin (1 пу) +С 


49. f x* dx — Pf du, where u — x? and du — 2x dx 
u x? 
= „15 (8) +С= „15 (37) +С 


50. f 2Un* sec? x dx — [ 2" du, where u = tan x and du = sec? x dx 


Qtan x 


= 5 (2) +С = In 2 +С 








7 7 
51. f, З4ах=з] 1ах = 3 [а |х] = 3007-1) = 317 


32 32 
52. | 4ах=1] l dax = шк = § (In 32 — Im 1) = $ №32 = № (32) = ш2 


х 


x) dx=3 "(1x 42) dx = 3 [2x2 4 In |x|] = 5 [06 + 114) — (i*1n1)] 2 24 11n4 


4 
53. f (5 
15 

1 


s4. f? (2-8) dx= 3 f’ (-— 12x7) dx = 2 n [x] - 12x71]5 = 2 [(in8 + 1) – пп 1 +12)] 
2 2 
3 3 


(128+ 2 – 12) = 2 (08 – 21) = 2 (18) —7 = п (873) –7 = 114—7 








21 0 
55. f eH) dx = — ff е" du, where u = —(x + 1), du = — dx; x = —2 u=1,x=-1 u=0 


= – је"]) = —(е®—е!) =е—1 


0 0 
56. | еам = 1 f e" du, where u = 2w, du = 2 dw; w = —In2 = u=Ini,w=0 = u=0 
—In2 хо 4 


= Ёз =: её -6"09|-20-1)-4 


іне 








57. ЇГ e (3e + ju dr — fus du, where u — 3e' 4- 1, du 2 3e'd; r — 0 u—4,r-ln5 и = 16 
= – # [иу] “= – # (16772 – 4792) = (—2) (4-4) = (-3) (-}) =} 





19 8 
TN e (e^ — 1)? dg — ] w!? du, where u — e — 1, du = e” d0; 8 0 u—0,0—1n9 u=8 


= 3 Кё], = 3 (8-087) = 3 (090) = 2 = 5 
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e 8 
59. [10 -71n3)715 dx — 1 | u71/ du, whereu 2 1-- 7Inx, du — 2 dx, x 1 и = 1, х=е u=8 


8 
= 3 [12/3], = 3 (82/3 — 12%) = (3)4-0=% 











e? e? 2 
60. f x A а= | (In x)="? 1 ах = f u"? du, where u = In x, du = } dx; x е и= 1, х= е? у= 2 


= 2 [1/7] ? -2(У2-1)-2У2-2 








3 14 
61. tn = DF dy = 1 [In (v 4- DP? == = J" v? du, where u = In(v + 1), du = 4 dy; 
у-1 u=In2,v=3 u—ln4; 


= 1 [3] ^ — 1 [n 4 – (0 2)8] = 1 [018 2) — (n 2] — 982? (8 — 1) — 1 1n 2j? 








4 4 404 

6. f, a motinodt- f; tino -modr— f; udu, where u = Па (ди = ((0 (2) + An (1) dt 
—(14Int) d6t—2 — u—21n2,t—-4 
=> u=41n4 

[(4 In 4)? — (2 In 2)?] = 4 [(8 n 2)? — In 2] 2 £52* (16 — 1) — 30 (In 2? 


N 
Б 
N 
top 








8 8 In8 
63. 92040 = п. ®®@) 48 = аз, u du, where u = 11 6, ди = 140,0 =1 > u=0,0=8 > u=In8 


8 3 In 2)? 
= zaa Wl = 516 [1а 8)? – 0] = Зоо = = 





е 1 
64. fo 8092000 д0 — [°#®з®® дө. 8 f° an (5) а0 =8 u du, where u = 1n 9, du = } dd; 
9 = 1 и = 0,0 =е и=1 








= 4 [u?] =4(1? - 0?) = 
3/4 
65. 12) Uses dx =3 2 x 7m ug d ха Ја z du, where u = 2x, du = 2 dx; 
2004 аут 3/2 h= Bot od 7 т i 
= 3 [sin (3)] зу» 2 3[sin? (5) - sin (-5)] 23[$ - (-)] 23(5) 2 


66 qu 6 а= 5 | uu dx = 6f LLL du, where u — 5x, du — 5 dx; 
54-15 ү4-25х2 У 15 y2- 6x? 5Ja yR Т? , : 








61. |, “25 4-43Г э (ук л V3 тр du, where u = Vt, du = y3 dt; 


2 => пи=-2/31=2 > п=2,/3 


= V3 [i t7 (9)] з = 7 [rant (V3) – ап“! (– Уз) | Ся 
68. | 31g dt dissi 


A 2 


гаа? ка| ш (5) P t v5 (tan! 3 – ап“! 1) = d (:-1)- Ein 


1 = 2 — 1 = = 
69. S mE S булбут % = J ha du where u = 2y and du = 2 dy 
= sec”! |u| +C = sec! |2y|+C 
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70. 2 Ф = 24 рау = 24(1 авс" |) +C = 6 sec™ | жс 


2/3 2/3 


=н ayes 3 
Tb ү/2/3 Буут ФУ у2/3 Зу| / Gy? - 1 





2 
B 1 = 2 : 
Фу Jud du, where u — 3y, du — 3 dy; 
у= э ш=\%у={ э п=2 








= [5602 Ш л = Бес! 2 — вес“! v2] = 1— =: 


ГТ deest фе а са 
эл муз TE van [SY ЕКТГІРІ 











where u = \/бу, ди = \/5 ау; у 7 и = —2, у = и – Уб 




















-he a] = да Убе 3] - а -0- а B= a s 


—2 














1 x 1 PN 1 == т = 
13: J 4/-2х -х2 dx lao dx Гл dx Гл du, where u = x + 1 and 
du = dx 


= sin™t u + C = sin! (x + 1)+ C 


du 














k EEE шил Гл аг cs кы Ta == 


where u = x — 2 and du = dx 





= sin7! (ж) +C = sin“! (52) +С 


$5 


= -1 -1 1 
2 = 1 _ 1 = 1 
75. Í. у24-4У--5 dv —2 |; 1+ (v2 +4v +4) dv = 2 |, 1+(v+2)2 dv = 2 o l4 du, 
where u = v + 2, du = dv; v = —2 u=0,v=-1 u=1 


= 2 [tan-! u] = 2 (вп 11 — tan™! 0) = 2 (3 — 0) = 3 








! 3 з р" 1 3 f' 1 3 19 1 
76. | IG =} | ty av = 3 f — 4 — dv-if ---- du 
-1 4У24-4У--4 4 Ja i (evel) 4 Ja ЕТІ 4 SUAE yos 


2 ЁЛ 

















where u = v + 1, ди dv; v = —1 u -iv 1 u 
= u 3/2 3 = = 3 Гл T 3 (2n т 3. m 
=å jan (25)] = 2 [аат уЗ an^! ( 4,)| = 2 [3 ( (Е 
_ fin 
CUTE 





1 = 1 = 1 = 1 
77. J (--1) /8--2:-8 dt = J (t+ 1)/J(2+2t+1)-9 dt = Í (t+ Dy(t+ 1-32 dt J и иг – 32 du 
where u = t + 1 and du = dt 


= ест? || С = see [4] +С 


1 = 1 2 1 == 1 
78. | (3t + 1)/9t2 + 6t dt = Fais dt = J Gt4- DA/Gt - 1 — 12 dt — 3 J пум? — 1 du 
where u = 3t + 1 and du = 3 dt 


= }sec™! |u| +C = § sec! [3+ |+С 


79. 3 2 27! — In3! 2 In2"*! ^ y(In3) 2 (y DIn2 ^ (In3-1n2y 21n2 — (In$)y 2112 => y= aG 





) 


[VI 
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80. 4^ 


81. 


82. 


83. 


84. 


85. 


87. 


89. 


90. 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


98. 


99. 


>y=- 


In9 
In 12 








Ое?У = x? 


ЗУ =31пх > 1п 37 


In(y—1) 2x-Iny 2 eh 6-D = е0) — gxely ~ у —1 = уе = у- уе = 1 = у(1–—е)=1-у = 








In e? 














x2 
In ($ 


) = 2у(ше) = 


У = ЗУ+? 5 In 4^ = [13772 => —y In 4 = (y + 2) In 3 > —2 In 3 = (In 3 + In 4)y = (In 12)y = 


= ln (3 lnx) > yln3=ln(3lnx) > y= 
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—2 In 3 


1 2 
) = y=4mn(¥) = Iny $ = In |3| = In|x| – 3 
Ти (3]ах) _ In3+I1n(In x) 
In3 Е In 3 


1-е 
































№ (10 ту) = ш5х > em (“Olny) — ет5х > 10 шу = 5х шу= 5 ету = е*^/? у=е*? 
: х2 +3х-4 1: 2х +3 : ха—1 __ ахё—1 —a 
JUR Exod ma 729 86. lim y-,;— и рт = 
: tanx _ tana _ 3 tanx - | scx _ 1 _1 
lim. uve m 88. im, сна = im, 1-соөх 1-10 2 
: sin? x 2sinxccosx __ sin(2x) — |; 2cos(2x) ucc SA. Wes 
Jim, tan) im, 2х ѕес2(х2) ^. im, 2x sec2(x2) ~~ im, 2x (2sec?(x2)tan(x2)2x) -2sec?(xX2) ^ 0423 ^. 1 
: sin(mx) _ 1: тсов(шх) т 
Jim, sin(nx) ^. Jim, псоз(пх) __ п 
Қ Gs (3х) _ —3sin(3x) _ 3 
lim sec(7x)cos(3x) = lim cos(3x) - Jim = 
xo q/2- ( ) ( ) х->л/2- cos(7x) х->л/2- —7sin(7x) 7 
lim \/х весх = шп Vk 20. 
х 0+ х 0+ 905 Х 1 
lim (cscx—cotx) = lim +=©%* — lim $ =? = 0 
х->0 х—0 sin x x— 0 cosx 1 
2 
lim (4-3) - Jim, (452) = lim (1-0) а= lim (1-52) = Jim, k= 1-00 = 00 
dim, (4-4) = Jim, (25 0-2). 1 = вт, 1-2) = lim, 3 


lim, екеуы) = 


= lim. 


. xi 
х Ци, (= == 


= lim 
ToO 








УХ + х+ 1х2 —х 








: 2 
1m, (vx +x+1 


x2 x): 





Мх кх ++ ух? х 
се то приђе == 
х2 +х+1+ Ух? -х 
Notice that x = \/x? for x > 0 so this is equivalent to 
2x жы 1 2 +1 £ 
= lim =1 
Jm, iat, Та Пьер У 
x3 ыш . x3(x? 4.1) — x3(x?-1) . xs __ 6x2 12x 
xi г) х іт (x2 — 1)(x2 + 1) = lim, х-і , lim. 4х3 — = „шп 12x? 
12 
эк = lim, k=O 
The limit leads to the indeterminate form о: іш 19-1. lim (n 110 = ш 10 
х— 0 х— 
. . 3 1 Е 0 0 
The limit leads to the indeterminate form 0; lim 2 5 1 — lim (nx = 113 
0-0 > 
The limit leads to the indeterminate form 0. lim anal = lim 2а ока — In 2 
х-0 9 x0 е 
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100. 


101. 


102. 


103. 


104. 


105. 


106. 


107. 


108. 


109. 


Chapter 7 Transcendental Functions 


2-х _1 27 8iX(In 2)(— cos x) 











The limit leads to the indeterminate form 2: lim - = lim T — —]n2 
0 ех — 1 е 
х-0 x0 
The limit leads to the indeterminate form f: lim, 555e% = lim 282% = lim 228% =5 
0 e*—x-1 ех—1 е 
х—0 х-0 x0 
"С ; : : dna : ЖОКЛЕ. : У И ва 
The limit leads to the indeterminate form 0: lm X — lim 2x cosx tsin xt = lim ax cosx tsin xi 
x0 (ап?х x0 tan^x sec^x x0 tanx + 3tan^x 
= lim 6x cos x? — 4x? sin x? — lim 6x cos x? — 4x? sin x? = lim (6 А 8x*) cos x? — 24x? sin x? гб =. 1 
0 12tan3x sec2x 4- бќар х ѕес2х ^ — xc 12tan5x + 18tan3x + 6tanx | хы 60tan*x sec2x + 54tan2x sec2x + 6sec2x _ 6 — 





























. . . . . - . 1 T mE 
The limit leads to the indeterminate form 9: lim 30329 — Jim (05:23) — —oo 
0 + t + 2t 
t—0 г 0 
The limit leads to the indeterminate form 0: lim = lim 2i mcos mx) 
ё-4-3-х ex^—] 
х- 4 Х- 4 
: їп (2 . 272 cos (2 
p пина уут 
The limit leads to the indeterminate form 0: lim ($ — 1) = lim (58) = lim z =1 
t— ot t=O? ht t— ot 
MS : | ; : : -1 
The limit leads to the indeterminate form =! lim e!/Y In y= lim ny = lim туту 
у = 0+ у = 0 еу у = 0+ = 
= lim, (72x) ENT 
y — 
x Inx x : * X о т Е 
Let f(x) = (244) ™ > In f(x) = ха (£4) = , lim. In f(x) = , lim. Inx In (2-4), this is limit is currently of 
the form 0 · oo. Before we put in one of the indeterminate forms, we rewrite el E Ee E соћ (5) ; the limit is 
lim InxIn coth (3) = lim Jn coth(3) , the limit leads to the indeterminate form 0: lim Яисны 2) 
X — OO 2 X — оо lax 0% х->со БХ 
ы | Sen 
| coth(3) : : : 2х(шх) (1) + (1 
= lim PN Аы. T = пт (| а xin) —]-.lim хах \ _ Түр (Z0) вх) (+) Sem) 
х = оо foxy (x) x— oo \2 sinh(3) cosh(3) х = оо sinh x х — бо cosh x 
=- | 2In x + (шх)? anm 2(1) +2(Inx) (2) Ani 24+2Inx\) — ү : 
m , lim, ( cosh x ) m , im. ( sinh x нэ , lim, ( x sinh x ) RE , im, x cosh x + sinh x 
201 2 - : етү |. Inf(x) —_ 20 — 
= lim. (ты) =0 = , lim. (5-4) = lim, em) =e = 1 


Let f(x) = (1+ 2)" > 1а х) = х1 (1+3) = lim In f(x) = 
Х-э 


(255) 
1--3х-І 


lim 


= 
х— 0+ * 

















. . . . . х 
indeterminate form X: lim к = lim Ax =0 = lim (1 + 3) Z 
oo x > 0+ —х х— 0% x+ х 0+ х 
| (83) 
(а) lim 22 m 32 = lim 13 = h3 - samerate 
x oo logsx xo (55) x— oo In2 In 2 
n 
4 . 2 . . 
(b) Ша x = lim = = lim Z= lim 1-і -> ваше гәіс 
x — 00 х+ (1) х— 0 2+1  х-ю 2 x — оо 
х 
(с) їп С = lim 2 25: © со > faster 
х5 оо хех х->оо 100. х->оо 100 2 
Ч X — 
(d) , lim. ur. — 00 => faster 
Eg 
: свстіх : sin7! (x7) : ү = (еі)! : 1 
(e) lim *7—— — hm = Ш >- = lim ———— 
х — оо (1) х — оо x х — оо —х x — oo 1 1 
у - (3) 


In (1 + 3x7!) 


X 


; the limit leads to the 


lim, e = e= 1 


= 1 = same rate 
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(f) Іш = = lim fe) = lim — same rate 


1 
хоо е х — oo 2e* x> ою 2 2 


110. (a) lim 35- lim (1) =0 => slower 












































x— 0o 2c х — оо 3 
: In2x _ In2+Inx _ In2 1) _ 1 
(b) lim, ie = lim, “sano” = x lim, (sex +2) = 2 > same rate 
(c) lim DÊR- lim Êta — Jim 604 = Jim © =0 = slower 
х ә оо е х — оо е X oo е X00 е 
tani (1 хог st ae 
(d) lim sic) = lim 50) — lim (555) = lim -і--іІ > same rate 
х — оо (4) X — 00 x x — 00 x х 0 1+ 
222 
. sini (1 . ары _(х—1\2 
(e) lim Ө = lim S376 -= jm А = їр — oo — faster 
x — оо (3) x — o0 x x — оо —2х х= оо 2 
(f) lim 5x — lim (eren) _ а 2 = lim Ээ = 2 = same rate 
х5 оо ех хо ex “ x= G0 e*(eX+e%) ~ xo \1+е->®/ 70 
НЬ 
111. (а) ( ) =1+5 <2 for x sufficiently large > true 
x2 
(5-2) ^i 
(b) = (3) = x? +1 >M for any positive integer M whenever x > \/M = false 
xt 
(c) , lim. PIE = , lim. Ed = 1 = the same growth rate = false 
i 
(d) _ lim mins - lim m = lim. ~~ =0 = grows slower => true 
х Э оо nx X — oo (1) х = оо us 


(e) пх < 5 for allx => true 
Q tap te*) <; 1+0 =1#х>0 = ше 


е 














112. (а) лу = == <lifx>0O => true 
(2+4) 
b) li c _ li =) =0 
©) im ra) (бент) = — true 
(с) lim. ®* = lim e =0 = пие 
x00 X*l1 x oo zx 
(d) NL Ж icone ca cedi 


DE cos~! (1 т 
(e) S= = d) eU c cippo pd 


( sis -iü-e»« 


e 





1їх»0 => true 





13. Е=е+1 = (52) — = (=) míos Ы uo LIA d 
dx dx x =f(In2) ( ) | dx x — f(In2) (e* 4-1), ino 2+1 3 
































114. у= х) => у=1+1 1=у-1 = х= 1 = 1х) = ЕЮ) = (їз = (7 = x and 
—1 2 1 2 ас! = el E -1 ee) 
елше (ч) кке не а қ) 6 Уа (+10), Ра 


1 df-i 1 
f()--2- 'k| ms 





f(x) 
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115. y 2xln2x- x — y' = (а >) + In (2x) — 1 = In 2x; 


116. 


117. 


118. 


119. 


120. 


121. 


122. 


123. 


solving y’ =0 > x= 


x«i = relative minimum of — $ ах = $3 f(s) = —1 


y > 0 forx » j and y' « 0 for 


1 


2 e 


and Е (<) =0 = absolute minimum is — 1 аїх = 1 апа 


the absolute maximum is 0 at x = 5 


у = 10х(2 — 
= 20 — 


ах) = у’ = 10(2 — In x) — 
10 Inx — 10 = 101 — In x); solving y’ = 0 


10x (1) 


=> х=е; у' < ОЮгх > еапау' > ОЮгх <е 
= relative maximum at x = e of 10e; y 7 0 on (0, e?] and 


у (е2) = 10е2(2 — 2 Ine) = 


0 = absolute minimum is 0 


at x = e? and the absolute maximum is 10e at x = е 


A= fo 22 dx = | заав 18) 


20 
(а) Аг-, 16х- 


In |x|]? = In 20 — 
10 


1) = 1, whereu = In x and du = 1 dx; x 1 u 


In 10 = 

















kb 
(b) А = | Бах = [In |x|]? = In kb — In ka = In £ = In ? = 

d 1.4 dy dx d 1 т 2-5) 
JSS eae кец укы еж 
= 9e*/3 dy _ 3e^X3. dx — (dy/dt) dx _ (- 1) у9-у 
у = 2е dx — —3€ "3g — (dydx) 77 dt ^ ———3e95 

iym 
= МИСТЕ pv Ve — 1&5 ft/sec 

E те 

A=xy=xe™ = Be + (x)(—2x)e™ =e™ (1 — 2x”). Solving 


1 
MEE 


< 0 for x > vias “> 0for0<x<4 Z = absolute maximum of 7. e 





х= <> units long by y = e7!/? = Te units high. 
А = ку = х (82) =m => А = 1 0 lax, Solving А 


СА c Oforx » eand 1$ > 0forx «e — Бейне maximum of “£ = 





(a) y= ка = у'= == = I т 5 
> у” 2. — 3 х75/2(02 — In х) х—5/2 — x 9/2 ( In x — 2) ; 


кок ке ыы у < 0 for x > e? and 





and y' » Oforx « e? => a maximum of 2; y" 20 


= ах = 5 = x = e§/3; the curve is concave down on 


(0, е?/3) and concave up on (e*/*, 


inflection point at (e9/2, зал) 


oo) ; so there is an 





(e, 10e) 





y — 10x 2— In x) 











In b — In a, and A» — Їл dx = [In |x|]? 


dy 


dt 





= 1 m/sec 


e2 


:х=9 => y=9%3 


4А =0 > 1—2х2=0 
-1/2.. 1 


=0 = 1-Шх=0 = х=е; 
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Vie 


2 
=In2,and Ay = | тах = [In |x|]? =In2—In1 =n2 


= Іп 


1 . 1 : . 
z at x = e units long and y = = units high. 


— Ша 
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(b) y=e™ = у’=-2хе* = у” = —2е-® + 4х?е-® 
= (4x? — 2)e-* solving y' 20 2 x 20; y’ < 0 for 
x > Oand y’ > Oforx <0 => a maximum at x — 0 of 





е? = 1; there are points of inflection atx = + Л ; the 





curve is concave down for — a оС 20 and concave 


up otherwise. 

(с) у = (1 +=хје“ > y'= e™ -— (1 +x)e™ = —xe™ 
= y" = —e™ + xe™ = (x — 1)e™; solving y’ = 0 
= —xe™ = 0 => x = 0; y’ < 0 for x > О апау’ > 0 
for x < 0 => a maximum at x = 0 of (1 + 0) e? = 1; 
there is a point of inflection at x = 1 and the curve is 
concave up for x > 1 and concave down for x < 1. 





























124. у-хіпх => y'= lnx +x (+) = Inx + 1; solving y' 2 0 y 
= а= 8 — al. ху! 
=>Inx+1=0 5 Inx=-1>x=e™";y >O0for К ЦОГ 
x»elandy'«Oforx «e! > a minimum of e! Ine“! 
Ex 1 асх =е 1. This minimum is an absolute minimum 5 
since y” = + is positive for all x > 0. 4 
2 
X 
1 2 3 4 5 
125. ® = „у сову => Haw = dx = 2tan\/y =x+C>y= (tan-! (&5€))* 
126. y' — е = Q—Day = 3(x + ах > у-шу= (х+ 1) +С 
127. уу’ = зес(у?)зес?х = < I 5 = = sec?x dx > nly’) = tan x + C = ѕіп(у2) = апх + Су 
128. у соѕ2 (х) ду + ѕіпх ах = 0 = уйу = 204 Е = =e +C>y= + =. + С; 
129. ау = е-*—У—? — еўду = е-©+2)Дх = e¥ = —е-®+2) + C. We have y(0) = —2, 50e? — —e 2 - C — С — 2e? and 
еу = –е“ 642) + 2672 => у = п(–е“ 2) + 2272) 
120; Ё E i = ay — [£s — In(Iny) 2 tan! (x) cC 9 y — ec" We have у(0) = е? = е? = QUEE 
> е 0€ 22 5 1ап-1 (0) +С = ш2 > 0 +" С= а2 > С= п2 = y= eTO 
131. x dy — (y + Jy)dx = 0 => он = =% & => 2in(,/y + 1) = In x + C. We have y(1) = 1 = 2In( VT + 1) =Inl+C 
=> 2In2 =C =In2? = In4. So 2In(,/y +1) =Inx + In4 = In(4x) = In(,/y + 1) = Hn(4x) = In(4x)'” 
= ет(МУ+!) — eln(4x)! "э ү/у+1=2/х»у= (2 xcd 
132. y m E D = SH dx = = = Y = e* — e™* + C. We have у(0) = 1 = ау -6-6-0-0С-14 


бо Ў е ет + t > y? = 3(e — e™) +1 > y = [3(е ех) +1 |" 
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133. Since the half life is 5700 years and A(t) = Age“ we һауе 40 = Ager = 1 = e°% = ]n(0.5) — 5700k 


nO) | With 10% of the original carbon-14 remaining we have 0.1А = Ages! = 01 = езт! 





> К = 


= Ш (0.1) = 11052 t > t= ошоп ғз 18,935 years (rounded to the nearest year). 


134. Т—Т, = (Т, — T,Je* ^ 180 — 40 — (220 — 40) e-*^, time in hours, = k = —4 In (2) = 4 In (2) = 70 — 40 
= (220 — 40) e" 0M > t= m (n £ 1.78 hr z: 107 min, the total time — the time it took to cool from 180° F to 
Л 
70° F was 107 — 15 = 92 min 





= —1{х —1 (5 x dð (6 (-% 
135. б=т—со{ (š) -cot 6-4), Ша xc mL 


— 30 [a3 — dog] isolving $$ — 0 = x? — 200x + 3200 = 0 = x — 100 € 20V/17, but 
100 4- 204/17 is not in the domain; € dx ^ Oforx « 20 (s — у 7) and Ч < 0 for 20 (5 — \/ 17) <x< 50 


=> x=20 (5 — \/ 17) £ 17.54 m maximizes 0 


м 











136. у= х? № (1) = x° (ln 1 — ln x) = –х? х = ау — —2x Inx — x? (4) = —x(2 In x + 1); solving “= 
= 21х+1=0 = шх--і = х=е", у < 0 for x 7» e^! апа 4 * »0forx «e? — arelative 
maximum at x = e-!/?; Е = хапаг=1 = һ=е!? = \/е = 1.65 ст 


СНАРТЕК 7 ADDITIONAL AND ADVANCED EXERCISES 


lim 1: = , lim. sin! x]? = lim (sincb-—sin-!0)— lim (sin?b—0)- lim sin'!b— Z 
Ђђ— 17 med | lo pa ) кы ) Ђ— 17 2 
: " tan-! tdt 
2. _ lim EJ tan tdt — , lim fimt (2 form) 
х — oO x — CO х со 
: tanix — m 
a , lim. 1 78810) 





= 1/х 7 ` In (cos vx) = sin yx mum $ {ап ү/х 
3. у= (соз M => пу-уШп n (cos vx) and: P. WC 4 im 2) NEUE 2 „Ий Ge 


. х-1/2 бес? 4 1/x i 
lim ILCNA d => lim (cos,/x) | = e7? = LL 
x— 0t ( vx) ve 


1 
2 x — 0+ о 2 z 








_ х\2/х _ 2In(x+e*) : EMT 2(1+е) _ |: 2 
4, y (xe m any ты => lim, hy= lim, Sre = „о, пе = „Ви. S 


: х\2/х —_ 4 y A 
= lim, (xc e)" —,lim е-е 


s im (htt tiin (Oloo O l 


which can be interpreted as a Riemann sum with partitioning Ax = 1 EM lim, Сн ++... + x) 


+... + (5) 














1 
= |, тї; х = Па 1 + х)]) = 112 


6. lim. l[e'^ + е№-... +е] = №, [(1) et/9 + (4) e0% +... + (4) et] which can be interpreted as a 


1 
Riemann sum with partitioning Ax = + > , lim. 1 [е +e” ++... +e] = 1 e dx = [e]} =e- 1 
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10. 


11. 


12. 


13. 


14. 


15. 
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AW = f e= dx = [-e7]; = 1- e7, VO = r f e dx = [- 3e]; = 3 (1 — e) 


0 
(a) ‚їшї А@ =, шп a (l= е) = 
VWO — pm 2U- _ 
(b) lim. AO = (Пт пр T 
уд _ ү 2 (1-е?) — 4i (1-е 9 (1+е9 _ 1: т 2457 - 
(c) шин AQ — m, шил Зо | Msg p 2 1276 Хэт 
(а) go log,2—— Rm. 52 -0; (b) 
lim. log,2— lim B2 — —oo; 
а-1- а- | mna 
> ыг + In2 _ қ 
oe а”: rcc 
In2 


lim 109,2 = lim = = 
a — оо азоо п 








е е © е 
a=, 2 logo x речи; 1 Inx _ | dnx)? Ї 2 logs x 2.524 [| Inx 
A= fi х, 05 нүх | у àx- [S3 | = м5; Аз = 4. dX — ga Ji x dX 


= | 55 | = тіз = А1:Аз=2:1 





ae 


8) : 
5) 


=0 = tan! x tan! (1) isa 


х 


y-tan хай 1 (1) > y = z + = 







2 


Ee 
7 1+х? тте = 


constant and the constant is 7 5 for xX > 0; itis — 2 for 


БЕКЕ а:-1(1 
у= (ап x + tan Б 


x < 0 since tan~! x + (ап“ (1 ) is odd. Next the 
lim [an ! x c tan 1 (D] 204-222 


А => 


and lim. (tan! x tan! (1) =0+ (1) = – т 


х 


In x®") = x* In x and In (x*)* = x In x* = x? In x; then, x* nx =x? Inx => (x* - xZ)nx 20— x* —x? orlnx — 0. 


шх=0=х = 1; x =x? > xInx=2Inx => x =2. Therefore, x) = (x*)* when x = 2 orx = 1. 


In the interval 7 < x < 27 the function sin x < 0 





— (sin x)??* is not defined for all values in that 





о) = (віп хў" 
interval or its translation by 27. 


f(x) = 680). = f'(x) 2 e&(9 g'(x), where g'(x) = t4 — Р(2) = е (12%) = 2 








1+ 1+16 
x 1 
(a) di = 286. ох с 0х ( KO = (| 25 4-0 
(с) a =2x = Кх = Хг +>" С 0) = 0 C=0 f(x) = x? the graph of f(x) is a parabola 


(a) g(x) + h(x) 2 0 = g(x) = —h(x); also g(x) + h(x) = 0 => g(—x)+h(—x) =0 => g(x) — h(x) 20 
= g(x) = h(x); therefore —h(x) = h(x) h(x) = 0 g(x) =0 
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16. 


17. 


18. 


19. 


20. 


(b) f(x) +0 e [fe(x) ae fo] t асю + fo(—x)] 2 (х) + (х) + fe(x) — fo(x) m 1 (х) 











f(x) — f(—x) __ |БО) + 600] – ЊО—х) + fo(—x)] __ бод + fox) — f(x) + (х) __ f (x) 
2 = 2 =, 2 iL 


(c) Part b = such a decomposition is unique. 


(а) g(0-+0) = 0480 = [1 — g^(0)] g(0) — 2g(0) — 800) – 8200) = 2800) => 8800) + 800) = 


= g(0)[g?(0) + 1] =0 2 g(00 20 





bD ву lim Е®+®—#%® — үү [сюй] #® m O-o ty 
(0) в(х) = im = = Ш р = Ш раде] 
: 2x 

= ит, [88] | 56) | = 1. [1 + 2200] = 1 + 260 = 1 + Гвб9ј 
() ®=1+у? > гл =dx => tan! y=x+C = tan! (g(x)) =x+C;g(0)=0 = tan !0=04+C 

=> C=0 = tan! (g(x)) =x => g(x) = tan x 

1 1 

M= o T dx = 2 [ап x] o = 3 and M, = , E 2x, dx = [In (1 4- x2)]; =In2 => х=? 
= G) = nt y= 0 by symmetry 

2 





4 2 4 
@ у=т/„(у) &=&/„14= шн ={(ш4—1а1) =2ш1б=Щ(2)=тш2 














1/4 2 /x /AX 
4 4 
&) M,- Јох (а) ак е ак = 2 8 - 85 
м, = 1 (==) (55) к= 1 а= In [xl] fa = 21016= 22; 
м= Ју Јох ак а, = 2—1= 3) therefore, x = У = (8) (2) = 2 =f and 





46 Ri 
— rb csc? 0 — bR csc 0 cot 0 — 0 — (b csc 0) (r^ csc 0 — R* cot 0) = 0; but b csc 0 Z 0 since 


0: = r'cscÓ — R cot 2 0 => cos = 


(a) L = k (=g + beset) = dL - x (esee xiu]: solving $% dL =0 


A = 0-cos! (&) , the critical value of 0 


(b) 0 — cos! (5) z~ cos™! (0.48225) ~ 61° 


In order to maximize the amount of sunlight, we need to maximize the angle 0 formed by extending the two red line 
segments D ae vertex. The angle between the two lines is given by 0 — m — (01 -- (x — 05)). From trig we have 














tan; — ,220— — 6 — tan! (1229) and tan (v — 6?) — 29 — (m — 65) — tan ! (29) 
=> 0 = т (0: + (т – 02)) = 7 — tan”! (3) — tan7 1 (200) 
ө _ 1 350 1 200 _ —350 200 
“ae = 1+ (GL)? (450-х? 1 (20)2 ( х2 ) 77 (450 — x)? + 122500 2 3140000 
d —350 200 2 _ 2 
4 -0-9 30 + = 2005 =0 = 200((450 — х)? + 122500) = 350(52 + 40000) 





= 3x? + 3600x — 1020000 = 0 > x = —600 + 1001/70. Since x > 0, consider only x = —600 + 10070. 


Using the first derivative test < 0 = local max when 


— 400 = 








= > 0 and 


? i Es 


=100 
х = —600 + 100\/ 70 = 236.67 я, 
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CHAPTER 8 TECHNIQUES OF INTEGRATION 


8.1 INTEGRATION BY PARTS 


1. 


X. 
2» 


J xsin § dx = —2х соз ® — | (—2 сов 5) dx = —2x cos (1) +4 sin () +С 


u = x, du = dx; dv = sin 5 dx, v = —2 cos 


2. и = 9, du = dO; dv = cos 76 dO, v = + sin 76; 


J ө соте 40 = ? sin zo — [1 sin 10 40 - 2 sin 10 + 5; cos 0 - C 


cost 


2-»“ sint 


2t——— | —cost 
+ 
D —sin t 
0 f È cos tat = è sin t+ 2t cos t — 2 sint +C 
sin X 
xb 


x^ ———2À  —cosx 
2x ———  —sinx 


COS X 


0 J x? sin x dx = —x? cos x + 2x sin x +2 созх +С 


2 
u=Inx,du= &;dv=xdx,v= 4%; 


5 х2 2 2 2 dx x? 2 3 3 
Дхшхах- [Е шх| - ДЕ ®-2щ2-|#| =2ш2-}=ш4—$ 


4 
u = In x, du = ¥; dv = x? dx, v = { ; 


e e e e 
3 — [xt І x4 dx _ ef x4 __ 3e4+1 
Jp? nx dx = [¥ in x] ogee а 16], 16 








u = x, du = dx; dv = e*dx, v= e’; 


\ хехах = хех — [ехах = хе* — е* +С 


u = x, du = dx; dv = e**dx, v = le; 


Јхезах == ie — 1 f'eax = ie? — ge +С 
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9. e* 
2 (+) aX 
(—) 2 
2x ———2 е 
+ 
2 E —е * 
0 /[ х? е-х ах = —х2в-* — 2хе* —2е*+С 
10. е2х 
+ 
x? -2x 41 s Je” 
2х—2 AS), ie^ 
+ 
; (D 
0 fe — 2x + 1)e* dx = $(x? — 2x + 1)e™* — 1(2x — 2)e™ + łe™ +C 


= (ре фес 


dy . 
1+у?? 


Jan y dy 2 yan! y — f 2% = улап-!у— 11п (1+ у?) + С = утап-!у—1 1 +у? +С 


11. и = tan! y, du — dv = dy, v = y; 


12. u = sin™! y, du = 7; dv = dy, v = y; 


[sin у dy =ysinty - f 98, =y sin y+ YI + с 





13. u =x, du = dx; dv = sec? x dx, v — tan x; 


J x sec? x dx = x tan x — ftan x dx = x tan x + In |cos x| + C 


14. Гах sec? 2x dx; [y = 2x] > Ју sec? y dy = y tany — f tany dy — y tan y — 1n [sec y| - C 
— 2x tan 2x — In |sec 2x| + С 


15. e* 
x? d ех 
за, x 

(+) 


0 f xe dx = хЗе* — 3х°е* +. 6xe* — 6e* + C = (x? — 3x? + 6x —6)e*+C 
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16. 


17. 


18. 


19. 


Section 8.1 Integration by Parts 463 


+ 
jg. ces 
24р zi. e? 
(+) : 
бйз „Шет 
0 f рге? ар--рее” -4р3е- 12р?е? - 24ре? - 246? --С 
= (—p* — 4p? — 12р: – 24р — 24)2> + С 
ех 
+ 
x? — 5x ZEE. e 
2x —5 EE ех 
ае 
— e 
0 fe — 5x) e* dx = (x? — 5x) e* — (2x — 5)e* + 2e% + C = x7e* — 7xe* + 7е* + С 
= (x? — 7x +7) +C 
e 
(+) 
12 +17+1 = е 
2r+ 1 ae e 
+ 
3 хо ка 
0 Гезтедеш-(2 г 1) — бг + ђе + 26 + С 
= [1 +г+1)— Сг + 1) +2]е + С = (1 —г+2је + (С 
ех 
Б. 211 NN 
х же 
5х4 2523 ех 
+ 
20x? LE e 
60x? B e 
С», 
120x ——е 
120 = е* 
0 fre dx = x°e* — 5xte* + 20x%e* — 60x7e* + 120xe* — 120e% + C 


— (x5 — 5x* 4- 20x? — 60x? + 120x — 120) e* + C 
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20. e“ 
(+) 


t2 ) те“ 
о = е^ 
(+) 1 да 
У. E 
64 
2 2 
0 fe dt = е Be екс е еч 165 + С 


2 


=( -{+%)е*+сС 
21. I= fe sin 9 d0; [u = sin 8, du = cos 6 d8; dv = e’ d9, v = е] + 1 =e" sind — / е? сов 6 4; 
[и = соѕ 0, du = — sin 6 dé; dv = e° d9, v = e°] = I= e’ sin 0 – (e cos 9 + Ге? зт 0 40) 


= @ sin 0 — e? cos 0 — I +C = 2I = (e sin 0 — е? соѕ 6) +C => I — 1 (e^ sin 0 — e^ cos 0) + С, where C ^ € is 


another arbitrary constant 


22. I— fee cos y dy; [u = cos y, du = — sin y dy; dv = e dy, v = —e>| 
= [= —е* созу — fce» (—sin y) dy 2 —e? cosy — [ e sin y dy; [u = sin y, du = cos y dy; 
dv = e” dy, v = —e] => I= —e” cos y — Є sin y — fco COS y dy) = —e7 cos y + e” sin y — I + C 


= 21. = e™”(sin y — cos y) + Œ = I= 5 (е? ѕіпу – е cos y) + C, where C = © is another arbitrary constant 


23. [= fe cos 3x dx; [и = cos 3x; du = —3 sin 3x dx, dv = e* dx; v = ; e" 
= I= łe” cos 3x 3 fe^ sin 3x dx; [u — sin 3x, du — 3 cos 3x, dv — e* dx; v = 4 e”] 

УЗ 3 
=> 1= 5е* соѕ 3х + 5 





(i e* sin Зх — 3 Је cos 3x dx) = 5 e* cos Зх + 3 e* sin 3x — 


9 
4 
= B I= е” соз 3х + 3 e* sin3x+C' = $5 (3 sin 3x 4- 2 cos 3x) + С, where C = $ C 


24. (Ге sin 2x dx; [y = 2x] — 1 fee sin y dy = I; [u = sin y, du = cos y dy; dv = е dy, v = —e”| 
= 1= 1 c sin y + fe COS y dy) fu = cos y, du = — sin y; dv = e? dy, v 2 —e7) 
> 1=—е?зшу+ (-е? cos y — fc» (—sin y) dy) — —le"(sin y 4 cos y — 1- С’ 
= 21= — ie^'(sin y + cos y) + C' = [= — ie"(siny 4- cos y) -C — — & (sin 2x + cos 2x) + C, where C = с 


9 = х? 
25. fer? as | 8-2 | = Је -2хах = 2 fxe dx; [u = x, du = dx; dv = e dx v = e]; 


3 
i [xe dx - $ (xe - f e dx) -iGe -e) eco 2 (3s 9er e) +С 


26. u= x, du = dx; dv = 1—хах,у=—\/(1—х)9; 


[A7 xax» [-2/ü73)3], 2 | Va-x9ax-2[-2a-x92]1- & 





n2 = 2 
27. u =x, du = dx; dv = tan? x dx, v = f tan?x dax = өд 4х = [1=х ах = fo — f ax 
COS^X COS^X COS^X 


7/3 


7/3 т/3 = 
=апх—х;] x tan? x dx — [x(tan x — x)] 7^ — /, бапх — х) ёх = 5 (УЗ – 5) + [а свк + 5] 


_ п 1 122 түз т2 
-:(У/3-БҒашізі-2-һ2-5 
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28. u=In(x+ x”), du= Gxt es dv = dx, v = x; Jin(x +x?) dx =xIn(x+x2) — f 241 - х dx 





=хш(х+х?)— | хоё =xIn(x +x?) — [260-1 dx = x In (x + x?) — 2x + In |x - 1] - C 


u=Inx 
29. IET (In x) dx; | du = 1 dx | - J (sin u)e" du. From Exercise 21, J (sin u)e" du = е" (Sue) +С 
dx — e" du 


= i [^x cos (In x) + x sin (ln x)| + C 


и = Ши 
30. | халж) аг du = 4 dz — fe -u -e du = fe” - u? du; 
dz = e" du 
en 
+ 
u? ( ) ) je" 
(=) 1 52а 
ue, де 
(+) 1 52а 
——— ie 
0 | пе и = £e» 3e 1e + С = 5 [2и2 –2и + 1] +С 


= 2 [21 2) –2 т2+1+С 


31. J xsecx? dx [Let u = x2, du = 2xdx = idu = xdx| — J xsec x? dx = 1 f'secu du = $In|secu + tanu| + C 
4 


= 5In|sec x? + tanx?| + C 





32. Ју а еги = ух, аы = 51, dx = 2du = 4 dx] > [EE ax = 2 f cosu du —2sinu 4 C 2 2sin/x - C 


X 





u=Inx 
33. J x(In x)? dx; du-idx | > fe -u? -et du = fe” - u? du; 
dx = e" du 
en 
+ 
pr ia 
БЭ лд 
2 ----- іс 
+ 
2 ZEE Es 
: [Г че йа = тен — вез ф тен ФС = [205 —2и+1]+С 
= = (2dn x)? —2Inx+1)+C= $ (Inx) - ZInx С 
за. f aap dx [Letu=Inx, du = 14х| > foto ax = Лу би = 1 +С=-+С 
35. u = Inx, du = 1 dx; dv- 5L dx,v=-i; 





Јах = = e E чик 1 


36. f & ах [Let u = Inx, du = Ł dx] - | ах = fw du = lut +C = 1(Inx)f +C 
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37. fe? dx [Letu = xf, du = 4x? dx > idu Lx dx] — fe dx — fe du — те" +С = le“ +C 


3 3. 
38. u 2 x, du 2 3x? dx; dv 2 x?e* ах, у = ie ; 


, 


3 3 k 2 3 3 
fe dx — Гее хах - хзех - ife Зх2ах = ixe — Тех +С 


39. и =х?, du = 2x dx; dv = yx? + 1 xdx, v = 1+1); 
Је уха + тах = E E aa 10х21) EHC 


40. Е ах [Letu = хз, аи = 3х2 ах = idu = x 21 > [isi хз dx = NE du — —icosu +С 


= —icosx? +С 


41. пи = sin3x, du = 3cos 3x dx; dv = cos 2x dx, v = $sin 2x ; 
f sin 3xcos 2x dx — $sin 3x sin 2x — 3 | сов 3x sin 2x dx 


u = cos 3x, du = —3sin 3x dx; dv = sin 2x dx, v = — 1005 2х ; 


J sin3x cos 2x dx = $sin 3x sin 2x — 3 Е Зх соѕ 2х — з f sin3x cos 2x к 


= 5sin 3x sin 2x + 3 с05 Зх сов 2х + ә [зїп3х соз 2x dx > - Ба 3x cos 2x dx = 5sin 3x sin 2x + 3со8 3x cos 2x 


= | мазхсов 2x dx = —2sin 3x sin 2x — 2cos 3x cos 2x+C 


42. u = sin 2x, du = 2cos 2x dx; dv = cos 4x dx, v = isin 4x ; 
IET 2x cos 4x dx = Isin 2x sin 4x — 1 | сов 2x sin 4x dx 


u = cos 2x, du = —2sin 2x dx; dv = sin 4x dx, v = — {cos 4x ; 


[зїп 2x cos 4x dx = Isin 2xsin 4x — 1 ЁС 2x cos 4x — 1 ял 2x cos 4x ax 


= isin 2x sin 4x + 1005 2х соѕ 4х + 1 [зїп 2x cos 4x dx => з f'sin 2x cos 4x dx = isin 2x sin 4x 1 сов 2x cos 4x 


= J sin2x cos 4x dx = tsin 2x sin 4x + 1005 2х соѕ 4х + С 
43. Jeksine® dx [Letu = е*, йи = e* ax] — fe sine*dx — | маа du = —cos u + C = —cos e* + C 


44. f= dx [Letu = yx, du = ziy 4 dx = 2du = -+ dx] — Z ax =2 fe" du = 2e" +C = 2e" +C 


vi i 


вы 
45. \[соз\/х ах; ду = dx > \[созу2у ау = [2y cosy dy; 
| 
u = 2y, du = 2dy; dv = cosydy, v=siny ; 


J 2y cosy dy = 2ysin y — f2sinydy = 2y sin y + 2 cos y + C = 2,4/x sin J/x + 2.соз ү/х +С 
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46. 


47. 


48. 


49. 


50. 


51. 
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у = \/х 
Јем ах; 55. > уе’2уау = ру? ду; 
; 2/х ye «zy dy y e dy; 


dx — 2y dy 
еу 
+ 
2 2 А еу 
4у 2 еу 
ЕСЕ 
0 Јоу е? ау = 2угеу – дуву + 40 +C = 2xev* — 4\/xev* + де“ + С 
sin 20 
+ 
02 tr) —} cos 20 


(—) 


20 —— -i sin 20 


Па 


2-_— g cos 20 


т/2 : ГА А = 1 т/2 
0 m 0? sin 28 d9 = |— Ẹ cos 28 + $ sin 28 + } cos 28| 





-|-5-0-044-041-0-0|-(040-1-4-4-41-28 


cos 2x 
+ 
x? rp. 5 sin 2x 


3х2 с. — + cos 2x 
(+) P 

6х —— — ; sin 2x 

6 Lea. + cos 2x 

т/2 


т/2 a 2 . 
0 f x? cos 2x dx — [= sin 2x + 38 cos 2x — 3 sin 2x — 3 cos 2x] 
0 








—т? 
= [045 -( 1) — #-0-2-( D] [0+0-0-3-1] =- 37 +3 = 0) 


2 -1 c cdi. is E cs 
u = sec td = су фу = Фу = 7; 


2 2 2 2 
-1 је —1 2 d |. т 2 т tdt 
Һазеснш- чес „е ут 022-80) - Јл јет 
2 
T T T 3 T 3 5т —3\/3 
-$-l кы es essi) eg rS JEE: у = 2 


— gin-l 2 — 2xdx . = = 
u= sin (х), а= ASS; dv = 2x dx, v = x 

















2. 
^ 





/ү2 226 гоо 1/2 уу? x dx т V24 (1-x 
Ї 2x sin“! (x?) dx = [x? sin 1 ey / v? — 1 х2. = = (1) (2) + f Sv 


1/2 
т т 3 т+6\/3—12 





(а) u =x, du = dx; dv = sin x Ях, у = — cos x; 


51 = f” xsinx dx = [~x cos x]f + f cos x dx = 1 + [sin x]f = т 
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27 
(b) Sy =—f “x sinx dx = — 





27 
[—x cos x]2" + |, cos X к = – [-Зп + [sin x]?"] 2 3« 


32 
(c) s= f x sin x dx = [—x cos x]3” ү. cos x dx = 5m + [sin x]3" = 5a 


(d 


wm 


(п+1)т 
За = сув | x sin x dx = (—1)""' [[—x cos x]@*)" + [sin x]@*)"] 
— (—1y" [-(n + пл 1) ал 1] + 0 = (2n + Dr 


52. (a) u = х, du = dx; dv = cos x dx, v = sin x; 


= 32/2 T | 37/2 32/2 : Е 37 Я эл/2 
$1 = -f x cos х ах = — [ix sin xz - 1- sin x dx| = — (- = — т) — [соѕ х], - 27 


T/2 37/2 


5т/2 5 5т/2 : m 
(b) S2 = 1: x cos x dx = [x sin ЫН, - | sin x dx = [2л - (- зт) — [cos x]? = 47 
7т/2 


т/2 2 


7т/2. 
() 54-- 15 x cos x dx = — |ж біп ХЇН — 1 


sin x ax = – (— 17 = эт) — [соз xis er 


(2n4-1)1/2 


(2n-+1)x/2 
" Ай i (2а--1)т/2 |n 
(d) S, = (—1) J x cos x dx = (—1) ts sin X]. 1/2 Ј 


(2л-1)л/2 


sin x к 


2л-1)л/2 





=(-1) (те. (-1y - Qr ( p [cos xX]on = à Qnm -- пл + Зил — п) = 207 


12 12 12 
53. У= |" 2112 х)е ах = 27102 | e dx – 27" хех ах 


12 
= (27 In 2) [eX]? — 27 (ве - f e J 
= 2r In 2 — 27 (2 1n 2 — [e] 3?) = –2л 112 +2л = гл] – 112) 





1 1 
54. (а) V= fi 2nxe™ dx = 2m (ixi Le 8) 
=> (– 1 + [-е“], =2n(—1-141) 
= 2л — = 


(b) V= m — хде * dx; u = 1 — x, du = — dx; dv = e™ dx, 
v = —e™ ; V = 2r № — x) (—e™)]į — fer ax 


= 2л i \(-1] + е4] = 27 (1+1=1) = 2 


е 





т/2 . т/2 т/2 1 
55. (a) V= f. 2rx cos x dx = 2r | [x sin x]ọ“ — Ї sin x dx 


=ar (+ Icos x13”) -2л(5-0-1)-лл-2) 





т/ 
(b) V= 2 2n (5 — x) cos x dx; u = 7 — x, du = — dx; dv = cos x dx, v = sin x; 


т/2 


V — 2n [(£ — x) sinx] 7 2 от |" sin x dx = 0 + 27[— соѕ х] = 27(0 + 1) = 27 
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56. 


57. 
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(a) V= f mxa sin x) dx; 


sin x 
Хе =  —COS X 
2х ———э —<шх 


2 ———— COSX 


0 > У = 27 "2 sin x dx = 27 [—x? cos x + 2x sin x + 2 соѕ х] = 27 (л? — 4) 


( V = Jf2z(x — xix sinx dx — 22? fx sinx dx — 2. [7 x? sinx dx — 25? [7x cos x -- sin xIz — (21? — 87) 


= 8л 
(а) А =  шхах = [kmx] – Јах у 
— (elne 111) – 2-0 : 
(Ы) у= Јах)? х= т([х( (In x) | - [2mxax) | шэн 


ЖЭ zi И ЕШ Јов) 
rle (еше — 2(1) n1) – [x] ) 
= «е-е 02-2) — a(e — 2) 


(с) У= / 2л(х+2)шхах 22x f/ (x 4 2) )хах = 2n(| (dx 2 + 2x) тэ 
| 
=2n{ (Je? + 26)ne~ (} +2)In1 ГЕ ^em) Jem e? 4 2e) — ((1е? +2е) —2)) = £( 9 9) 
(4) М- f'Inxdx — 1 (from part (2); x ^ 1 f/xinxdx — к 4 мени Ы 0? шт) = 5 
= 1е2- (је E 1/7) = 


(@ О; 1+ (In1)*) - (хээ i СЭ) - г. ае — [2x] )) 


Ale 
Am 
о 
N 
+ 
на 
ми 
«| 
[ 
=|= 
ын о 
ој 
ты 
== 
3 
x 
М 
N 
с. 
54 
[ 
юе 
ж 
Гы ' 
ет, 
= 
Б 
>, 
25 
сз? 
— 
Б 
> 
с. 
> 
Ми 


| 
t3l— 


1 








= 1(е – 2e + 2e — 2) = 1(е – 2) = (х,у) = (==, =>) is the centroid. 


1 1 1 
58. (a) A= f tan! xdx = [xan xl 21 тох У 
0 | 2 угаа х 
а 

— (tan! 1— 0) — Ш + x) 
0 

= 4 —}(In2—Inl) = | — 5In2 

©) V= Ј 2rxtan xd 
= | 2rxtan™! x dx 1 


1 
2 
2m 
1 
xig c | 4 
z tan “|? ‚тах 


1 1 
14ап711-0-1 (1 – r)a) ээх 1 ant = 2n(% — 1(1— tan! 1 — (0 — 0))) 


0 
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2т 
59. av(y) = x Ї 2e™ cos t dt 


2n 
60. av(y) — E 4e (sin t — cos t) dt 


61. 


62. 


63. 


64. 


65. 


66. 


= 1 [fe~ ( 81260811) » 


(see Exercise 22) — av(y) — x (1 — e7”) 


2 27 ^ 2 2n 
= f e™ sin t dt — 4 f e™ cos t dt 
0 T 0 


5 
[-е 


(маг сов) 
2 


= sin t]? = 0 


T 
2 ез (sit 27 
2 
т 





І = | хсов x dx; [u = x", du = nx"! dx; dv = cos x dx, v = sin x] 


> Į = x’sin x — Гахе 15 x dx 


I= | ха x dx; [u = x", du = nx"! dx; dv = sin x dx, v = —cos x] 
=> I= —x"cos x + ‚Г пх"-1соз x dx 

[= fe dx; [u = х", аш = пх"! ах; ау = её х, у = tea] 

> I= “ея — 2 [2-1 dx,az 0 

I= Гап х)" ах; lu = (In x)”, du = L dx; dv = 1 dx, v = x] 


1 


I = x(In x)" — Јаја х) dx 


с 


Ј (x =a) f(x) dx: [u = x- a, du = ax; dv = f(x) dx, v = fi fat = – Ј a(t) at] 
= [e-a f t0 ај – (fno dt) dx = (в-4Г dt — (a—a) f° Қ) 4) NGC 4) ах 
-o« fr (feno) a= (Ла) ах 


f 1 =x? dx; ји = I — X, du — сеп ди dv = dx, v =x] 

-ху1-х- Гү хут – 17 ак = х 1 = х2 ( ots бх Ј 8) 
-xVi-x - [v1 - х?ах+ f 4 

=f I-xidx c x /1- x | 1—4х— [1 — xàxo 2f 1—x?dx=x [=x + fob dx 
> [vi-xaxcsvi-x «Lf idc 














67. тті х ах = x sin“! x — Бау dy — xsin !x-Fcosy 4- C 2 xsin ! x - cos(sin ! x) - C 


68. Тал! x dx = x tan™! x — [тап y dy = x tan"! x + In |cos y| + C = x tan”! x + In |cos (tan7! x)| + С 
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69. [sec x dx — x sec! x – \[зес у dy = x sec“! x — In |sec y + tan y| +C 
= x sec”! x — In |sec (sec™! x) + tan (sec~! x)| + C = x sec"! x — In lx + ух? – 1 +С 


70. flog: x dx = x log, x — f2 dy = x log, x — Е +С = х1ор х – [5 + С 
71. Yes, cos! x is the angle whose cosine is x which implies sin (cos ! x) 2 y 1 — x2. 
72. Yes, tan ! x is the angle whose tangent is x which implies sec (tan ! x) 2 V1 4- x?. 


73. (a) J sin: x dx = x sinh”! x — J sinh y dy = x sinh”! x — cosh y + C = x sinh! x — cosh (sinh™! x) + C; 


check: d[x sinh! x — cosh (sinh ! x) + C] = [sinn-! х + Vise — sinh (sinh ! x) sl dx 





— sinh ! x dx 
(b) J sinh! x dx = x sinh"! x — fx (==) dx = x sinh"! x — } fa + x2) 19x dx 
= x sinh! x — (1 + x?) +C 
check: d [x sinh-! x — (14- x2)? + c] = [sinn-! x+ JE - —= dx = sinh”! x dx 


74. (а) ван x dx — x tanh ! x — Jf anh y dy 2 x tanh ! x — In |cosh y| - C 2 x tanh ! x — In |cosh (tanh !x)| 4- C; 


check: d[x tanh ! x — In |cosh (tanh ! х)| + С] = [tanh хе mcs 5 | 4х 





= [tanh~! x + => – Lx] dx — tanh^! x dx 


ftanh™ х ах = x tanh x — f x dx — x tanh-! x — 1. f/ 2; dx —xtanh ! x - In |1 — x?| +C 


1-x? 


check: d [x tanh7! x + 4 In |1 — x?| - C] — [tanh! x - t — t5] dx — tanh ^! x dx 








(b 


хи 





8.2 TRIGONOMETRIC INTEGRALS 

1. ficos2xdx = 4 [cos 2x - 2dx = ївіп2х + С 

2. /,3за&@х=9/, sin §- ddx = 9[—cos3]” = 9(—cos$ + cos0) = 9(-} +1) = 3 
3. сойх sinx dx = — [ соз?х (—sinx)dx = —jcos*x +C 

4. |мийх cos 2x dx = 1 f'sint2x cos 2x -2dx = 7p sin? 2x +C 


5. J sinx dx = IE sin x dx = Їй - cos^x) sinxdx — [зїп хах -- СЕ sin x dx = —cosx + cos? x + C 


6. | содах dx = | содах cos 4x dx = ‘fa - вш24х) cos 4x - 4dx = 1 | сов 4x - 4dx — 1 f'sin?4x cos 4x - 4dx 


= Їзш 4х - 15 5їп?4х +С 


7. J sin’x dx = J (sin?x)?sin x dx = fa - соя2х) біп x dx = fa — 2cos?x + cos*x)sin x dx 


= J sin x dx — | сойх sin x dx + f eosx sin x dx = —cos x + cosx — 1соз?х +С 
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8. 1: sin? х)дх (using Exercise 7) = f sin(3)ax —. f 2eos (3)sin(2)dx ^- [7 cos*(2)sin(3)dx 
= e (3) + 3 со? (3) – 3 сов? (2)]; 2 (0 — (-2+ 3 - 3) = 18 


9. сойх dx = J (cos?x)eos xdx = fa — sin?x)cos x dx — f eos x dx — | мах cos x 4х = зшх — 15т3х + С 


7/6 5 7/6 2 7/6 = 2 7/6 2 ИУ 
10. f 3cos”3x dx = 1 (cos*3x)° cos 3x - 3dx = 1 (1 — sin?3x)"cos 3x - 3dx = Ї (1 — 2sin*3x + sin*3x)cos 3x - 3dx 
7/6 7/6 71/6 | . 71/6 
= 1 cos 3x - 3dx — 21: sin?3x cos 3x - 3dx + 1 sin*3x cos 3x - 3dx = [sin Зх — 2 sin” 3x + zu ‚ 


-0-1-0-0)-4 


11. J sin’x cos*x dx = IE соѕ2х соѕ хіх = IE (1 — sin?x)cos x dx — J sin’x cos x dx — (Бах cos x dx 


= Isinx - 15іпбх + С 


12. | одох sin?2x dx = 1 Ѓсов?2х sin?2x - 2dx = 1 [соз 2x cos?2x sin?2x - 2dx — ifa — sin?2x) sin?2x cos 2x - 2dx 


= uf sin>2x cos 2x - 2dx — uf sin’2x cos 2x - 2dx = psin® 2x — {sin 2х+С 


13. fcos?x ax = f 1+2 ax = 1 f (1 + cos 2x)ax =1fax+: | вовдхах -1 1 [ах+1 Ј соз2х · 2dx 
= Іх + Іѕіп2х + С 


A [six dx — чыш dx = T (1 — cos2x)dx = (17 dx — 1 f cos 2xdx — Lf ax — | cos 2x - 2dx 


1 
- [5x - 1sin2x] 7 = (3 (9) — łsin2(3)) — (400) – 1510200) = (5-0) — (0—0) ={ 


л/2 т/2 т/2 т/2 т/2 
15. |, sin’y dy = T sin$y sin у йу = Г. (1— cos?y)? sin y dy — ЈУ sin y dy — 31 cos?y sin y dy 


т/2 3 Б 0.31 7/2 
x cos*y sin y dy — jn созбу їп у dy — [-cos y - 3953 — ase. e -(0)-(-1-1-2-1)-4 


0 


16. ЕС dt (using Exercise 15) = 7 | feos tdt — 3 f'sint cos t dt 4- з f sint cos t dt — Је cos t di 





= 7 (sin gsm + gsm ын n) + С =7sin t — 7sin*t + 2 21 51156 — віп + С 


17. f’ 8sin*x dx = в (2х) ах = КС — 2cos 2x + cos?2x)dx = 2 "ах – 2 | сов2х · 28х + z| iasi dx 
= [2x — 2sin 2x]7 + f'dx+ [cos 4xdx — 2 4 [x + $sin 4x] f = 20 + = Зл 


18. J 8со5*2лх dx = sf Caj = [а + 2cos 47x + cos”47x)dx = 2 [ах + 4 | созалхах + p seem dx 
= з Јах + 4] соз4тхах + [[соз8тхах = 3x + 15іп 4тх + біп ӛлх--С 


19. | 16 sin?x cos?x dx = 16] (+=©%®®®) (1+е®) ах — 4 f (1 — cos?2x)dx — 4 f ax — 4 f. (L5) ax 


= 4x — 2 f dx — 2 f cos4x dx = 4x — 2x — Asin 4x + C = 2x — }sin 4x + C = 2x — sin 2x cos 2x + C 


= 2x — 2sin x cos x (2cos? x — 1) + C = 2x — 4sin x cos? x + 2sin xcosx + C 
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20. ff" 8 sin’y cos?y dy = 8 [7 (ae dy = ЈУ ау – ЈУ совгуду – [У cos'2y dy + ЈУ сову ду 
= |y- isin2y]? — f^ (Lese) 4+ a — sin?2y)cos 2y dy = 7 — Lf ay- 1 соз4уау + [7 cos 2y dy 


T 


2 


кога 


ES f sin?2y cos 2y dy = 7 + ЕСЕ 25 Ду + isin 2y — i . ва. „к= 
21. 80520 їп 20 40 = 8(—1) °®?# + C — —соз420 +С 


л/2 т/2 т/2 т/2 
22. Ї sin?20 cos?20 d0 — T ѕіп220(1 — ѕіп220)соѕ 20 10 = Ї $11220 сов 20 40 - Ї sin^20 cos 20 40 


у m т/2 
ан шш 
3 |” Гах ах |" sin 5 — f sin sax [- 2сов 5| 7 -2-2-4 








24. Їл 1 — cos 2x dx = f, v/2 Isin 2x |dx = f У/Змахах -|- V2cos 2x] = 2+ V2 = 2/2 


т т 7/2 
25. Ї VI = sirtda = f | costat = | cos tdt— J" cos t dt = [sin 7? — [sin 7, =1-0-0+1= 2 
26. f° V1 =co0s?6 do = [| пө |80 = [sin 6 49 = [—cos =1+1=2 














27 Wes sin? x dx = 1 sin? x vitcosx d к=]. sin? x И х= |"? sin? sin“ x y 1 +cosx dx 
7 Әтл/3 \М1-созх 7/3 \/1—созх М1+с0$х т/3 М1 —соз?х /3 v sin? x 





т/2 п/2 
= a sinx y 1 + cosx dx = Е + ері ыг -2 


xx 3.2 
—Vy2 3 


2 fo Vi saxdko fo its ушін, |б ашы аа = [fete ay =f" ава ах 


= [2а - вахи" = -2,/1 — sin(? ) +271 = sind = -2,/1 +2/1 = Quen 


23/2 тү\3/2 3/2 
(1 + cos(3))”” + 3(1 + cos ($))”” = —3 + 3(3) 




















29 f: _ со х _ x х= f. cos* x vl+sinx d _ х= f. cos* x \/1+sinx dx = f. cos^ xyl+sinx gy 
> Ј5т/б Jae” 5т/6 V/1—sinx /1+sinx 7 Ј5п/в ү –ѕіп2х 57/6 Усов х 
2 Тт  costx /1+sinx 2 ТБ, J 
е. 5/6905" х\/1 + $іпхах = – элу C0 X(1 — sin x) y 1 + sinx dx 
T T 
= / : 0) : Vu) 
Л, совх 1 + sin x dx + 5/6 COS X sin хуу1 + sinx dx; u yudu 
Б ЛЕ С u = 1+ sin(2) ==) х=" = п=1+зшт=1| 


= [-ia «sim +] пр =) ? /udu — [-3( sim?" МЭЛ: ч5/? — 242/7? + „/u) du 
= (-7а + ап л)7/2 + 2(1--віп ())*”) + [207/2 — 2052 + el 


3/2 /2 5/2 3/2 5/2 /2 
- (130?) «G- 19 - (60^ 10 0?) = - 19-8 


7т/12 7т/12 7т/12 7т /12 
NAE V 1-4 sin2 rem cos? 2x 
30. | V1 = sin2x sin 2x dx = | ~sin 2x y 1+ sin2x к= |, E sin? 2x q xa. _ cos? 2x oem ax 











т/2 т/2 аут еен d ах V1 +sin2x 
7т/12 Тт/ 
—cos 2x 2а : x 1 _ y2-1 
КА EE ax = | Меза] 7 » 20-11 4. --ү! +1=1- р ws 
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31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


Chapter 8 Techniques of Integration 
т/2 т/2 . т/2 . a 
f 0/1 — cos 26 do = |, Ө\/2 | зїп Ө | 40 = V2 f. 6 sin 6 dd = \/2[- 0сов 0 + зш 01, = \/2(1) = /2 


— cos?t) 3/2 dt = И сіп t 3/24 = , | sint dt = — г „ sin®t dt + » sint dt — — ý 1 — cos?t)sint dt 
Га ШЕ; | 24 ) 


? 0 
F Sr 1 — cos*t)sint dt = -Г, sint dt + р cos*t sin t dt + | sint dt — Г cos*t sin t dt = bue exi 
2 T 





+[-=н+еР} -@й-4+1-р+а-4+1-р-{ 
ЕСЕ tanx dx = J tanx sec?x dx = 5tan?x +С 


J secx tan?x dx = J sec x tanx tan хах; и = tan x, du = sec? x dx, dv = sec x tanx dx, v — sec x; 
„4 t 3 — и 2 2 и 2 

= sec x tanx sec’ x dx = sec x tan x sec” x sec xdx = sec x tan x tan“ x + 1 )sec xdx 
= sec x tanx — (J tan? x sec xdx + Jf sec xdx) = sec x tanx — In|sec x + tan x| — f tan? х вес хах 
= J secx tan?x dx = sec x tanx — In|sec x + tan x| — f av x sec xdx 


=> 2 f tan? x sec xdx = sec x tanx — In|sec x + tan x| > f av x sec xdx = }sec x tanx — 4]n|secx + tanx| + С 


f secx tanx ax = J sec?x sec x tan x dx = isec?x +С 


J sec3x tan?x dx = J sec?x tan?x sec x tan x dx = J sec?x(sec?x — 1)sec x tan x dx 


= J sectx secx tan x ах — J sec?x sec x tan x dx = isec?x — Isec?x + С 


J sec?x tan?x dx = Ј апх зес2х dx = stan Зх +С 


J sectx tan?x dx = J sec?x tan?x sec?x dx — / (тап?х + 1) tan2x sec?x dx = (вх sec?x dx + Јапх sec?x dx 
= itan?x + itan?x +С 


0 
ү 2 sec®x dx; u = sec x, du = sec x tan x dx, dv = sec?x dx, v = tan x; 
| 2 sec?x dx — [2 tan x]? ЙІ. tan2x d a au eade f" (sec?x — 1)d 
.,/5 4 8€€'x dx — [2 sec x tan x| 4/3 3 5С Хап х іх = та 5есх (вес?х х 
0 0 0 
= 44/3 – 2 sec?x dx + 2]. sec x dx; A. 2 sec?x dx — 44/3 4- [2In | sec x + ап х з 
0 2 
2] „2 зех dx = 4/3 + 2In| 1 +0] — 2In|2 — /3| = 4/3 -2In(2 - V3) 
0 
[2 sex ах = 24/3 — In (2 - v3) 


J esec3(e*)dx; u = sec(e*), du = sec(e*)tan(e*)e%dx, dv = sec?(e*)e*dx, v = tan(e*). 
Jesec3(e*) dx = sec(e*)tan(e*) — f sec(e*)tan?(e*)e%dx 

= sec(e*)tan(e*) — f sec(e*)(sec?(e*) — 1)e*dx 
c(e*)tan(e*) — f sec 


*)( 
З (ех)ехах + Jf secte?) XJe*dx 
2 ['e'sec? (eX) dx = sec(e*)tan(e*) + In|sec(e*) + tan(e*)| -- C 
ТГезес еу) dx = $(sec(e*)tan(e*) + In|sec(e*) + tan(e*)|) +C 
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: J sect dé = fa 4 tan?0)sec?0 d0 — [secto dé + Ј алге ѕес20 10 = (ап 0 + папзд + С 


= tan 0 + Пап 0(зес2д – 1) + С = Пап 0 зес2д + 2(ап 0 + С 


42 


т/2 т/2 
: f сѕс“0 40 = f (1 + cot?0)csc?0 d0 — 
09-02-90 = 


4 
3 


44. Ј зесех дх = J sectx sec?x dx = J (tan?x + 


= Јапх зес?х dx + 2 f tan’x зес?х dx + f 


45 
= 2 tan?x — 41n |sec x| + C = 2tan?x — 21n 


; f Ззес“ (3х) ах = Га + tan?(3x))sec?(3x)3dx = J sec?(3x)3dx + [ tan? (3x) sec?(3x)3dx = tan (3x) + гаа (3х) --С 


2 
cot? i 


л/2. т/2 
| сѕс20 40 + p cot?0 csc?0 аб = ЕСІ E 


1) secx dx — Ј (апзх + 2(ап2х + 1) ѕес2х ах 


sec?x dx — itan?x + ?tan?x + tanx +C 


; 4 tan3x ах = 4] (sec?x — 1)tan x dx =4 [ sec?x tan x dx — 4 f tan x dx = 4х — 4 [ес x| +C 


|sec? x| + C = 2 tan?x — 21n (1 + tan? x) + C 








т/4 т/4 т/4 т/4 
46. 1. 6 tan^x dx — Bl. (sec?x — 1)tan?x dx = SI. sec?x tan?x dx — of tan?x dx 
т/4. т/4 т/4 т/4 т/4 
= of a sec?x tan?x dx — 6] й (sec?x — 1)dx = [oss E of a зес?х ах + 6 ах 
= 2(1 —(—1)) — [6tan x], + [6x], = 4 -6(1 — (-1)) + ¥ + ¥ =3т—8 
2 
47. (һа dx = СЕ їапх ах = J (secx = 1) tan x dx = J (sec*x — 2sec*x + 1)tan x dx 
= J sectx tan x dx — 2 [ secx tan x dx + franx dx = J sec3x sec x tan x dx — 2 | весх зесх tan x dx + franx dx 
2 
= 1secfx — sec?x + In|sec x| + C = 1 (tan?x + 1) - (tan?x + 1) + In|sec x| + C = ftan*x — Stan?x + In|sec x| + C 
48. сох dx = J cot*2x cot?2x dx = | сойх (сѕс22х — 1) dx = J cot*2x csc?2x dx — J cot*2x dx 
= J cot*2x csc?2x dx — \[ сое2х cot?2x dx = J cot*2x csc?2x dx — J cot?2x(csc?2x - 1)4х 
= J cot*2x csc?2x dx — | сое2х сѕс22х х + J cot?2x dx 
= J cot*2x csc?2x dx — \[ сое2х csc?2xdx + / (свс?2х — 1) 4х 
= J cot*2x csc?2x dx — J cot?2x csc?2xdx + ff csc?2x dx — fax == —i5cot2x + łcot?2x = 5cot 2x —- x - C 
7/3 7/3 т/3 т/3 т/3 
49. 15 соВх ах = i (esc?x — 1 )cotx dx = d csc?x cot x dx — J cotx dx = E + In| csc x| 3 
20111 2 24 
--1(1-3)4 (n3 - n2) -2-шүЗ 


50. IE cot^t dt — 8 | (eset —1)со а = 8 [с 
= —Scot*t + 8 cott + 8t +C 


: [зїп 3x cos 2x dx 1 f (sin x + sin 5x) dx 


: f sin 2x cos 3x dx 


1 f (sin(-x) + sin 5x) d 


sc?tcot?t dt — 8 | соса dt = — Scott — 8 f (csct — 1 )dt 


1 


2 


COS X — 15с05 5х +С 


1 


2 


1 


2 


a J (-sinx + sin 5x) ах = Ісоѕх — [усо 5х + С 
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53. J sin 3x sin 3x dx = xt (cos 0 — cos 6x) d -3ЇГ dx — 1 f” cos 6x dx = l[x- Lsnéex] —242-0-7 


т/2 л/2 т/2 т 
54. Ї: sin x cos x dx — ү (sin 0 + sin 2x) dx = 3 sin 2x dx = —i[cos Dx --1(-1-1)-4 





55. [сов 3x cos 4x dx = 1 [ (соз(—х) + cos 7x) dx = 1 f (cosx + cos 7x) dx = }sinx + чт 7х + С 


т/2 т/2 i 
f cos 7x cos x dx — if cos 6x + cos 8x) dx = 11 біп 6x--isin 8x] 2 


56. т/2 ИА! 


с 


=0 


57. J sin? 0 cos 30 10 = [ашын соѕ 30 10 = 1 [со 30 d0 — 1 | сов 20 сов 30 49 
= 1 [со 30 dé — 1 1cos(2 — 3)0 - соз( 2 + 3)0) ад = 1 [со 30 dé — 1 f (cos(—0) + соѕ 50) 10 


= 1 [сов 3040 – 1 [cos 40 — 1 | сов50 40 - isin 30 — Іѕіп 0 — 5591 50 + С 


58. focos 20 ѕір 0 10 = f Geo? 0- 1): ѕіп 0 10 = f (cos 0 — 4cos? 6 + 1) sin 0 40 
= J cos 6 sin 6 dé — Ј Асог 0 sin 0 d0 + |мабад == —4со$? 0 + $cos? 0 —cos0 -- C 


59. J cos? Ө ѕіп 20 10 = Тоо 9 (251 0 соз 0) 99 = 2 | сов! Фзт 0 90 = —2с0$° 0 +С 


60. IE 6 cos 26 dé = J sin? 0 cos 20 sin 0 d = fa — cos? 9) (2cos? 6 — 1)sin 6 dé 


= J (—2cos4 0 4- 3cos? 0 — 1)sin 0 dó — -2 ['cos* 0 sin 0 dd +3 f cos? 6 sin 6 dé — J sin 6 аө 
= 2cos? 0 — cos? 0 + cos 0 + C 


61. J sin 0 cos 0 cos 30 dé = 1 [25 0 сов 0 cos 30 0 = 1 f'sin 20 соѕ 30 10 = 1 f sin — 3)0 + sin(2 + 3)0) d0 
= 1 f (sin(—6) + 5ір 50) 40 = 1 f (sine + ѕіп 50) 40 = 1050 — 5560$ 50 + С 


62. J sin Ө ѕіп 20 ѕіп 30 10 = f: (cos(1 — 2)0 — cos(1 + 2)0) sin 30 dð = ШЕІССЕ? — cos 30) sin 36 dé 
= 1 [зїп 36 cos 6 dé — 1 f'sin 30 соѕ 3010 = 1 [1053 — 1)0 + sin(3 4 1)0)d0 — 1 (30 сов 30 40 
i тоя + sin49)d0 — + f'sin69 do = 1 | (5120 + ѕіп40)а0 – 1 їп 40 
= -%сов 20- 7,008 40 + эң СОЗ 60+ С 








t +1) 
63. f= * dx = f= x sec xX = gs an? x sec x х= | хвесх 4% + ј = dx Јапхзесхах + Јсвсхах 


tan x tan x tan x tan x tan x 


= sec x — ln|csc x + p +С 


sin? x sin? x sin x (1=cos? x) sinx —cos? x) sin x sinx cos* x sinx 
64. f= T ах = f= ~ х= а dx = f " x— f 8 ax = f'sech xtanxdx — fsecxtanxdx 
cos cos^ x cost x cost x cos* x 


= J sec? x sec x tan x dx — A 4. 





tan? x sin? x . I-cog?x) , 
65. = dx = п х ах = Г) хах = 
cos? x cos? x 


CSC X 





cos? X . 
Б -sinx dx = fsecxtanxdx— fsinxax 
со: 


= sec x + cosx + C 
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66. J SX ax 2-5 ` =. dx = Tz dx = Jess dx = fese 2x 2dx = —In| ese 2x + cot 2x | + С 
67. J xsin2x dx = fx 1290828 ax = Uf dx — 1 fxeos2x dx Ё = x, du = dx, dv = соѕ 2х dx, v = jsin2x 


—d.2- Je. ЕС gi = 142—1 шаг! 
= 4х ЇЁСОС J isin2x 2 = 4X 4X sin 2x cos 2x + C 


68. | хсоёхах -  хсоёхсовхах - J-x(1 —sin?x) cosxdx = [xcosxdx — [x sin?x cos x dx; 
J xcos x dx = xsinx — fsinxdx = xsinx + cos x; 
[u = x, du = dx, dv = cosx dx, v = sin x| 
J xsin?x cos x dx = 5x sin? x — J Asin’ x ax; 


2 13323 


іш = x, du = dx, dv = sin“x cos x dx, v = 3810 x 














= +x sin? x — ifa — cos? x) sinx dx — tx sin? x — af sin x dx + 1 fco xsinx dx — ixsin? x 4- icosx — $cos? x; 
= J xcos x dx — J xsin?x cos x dx = (xsinx + cos x) — ($x sin? x+ icosx — $cos? x) +С 
= xsinx — $x sin? x + 2соѕх + cos? x +C 
69. y = In(sec x); y’ = апе = tan?x; | М 1 + tan?x ак = [7 |sec x| dx = [In|sec x -- tan x[] 2^ 
= (2+ 1)- т(0--1) 2. 
т/4 p= 
70. M= f ағын [In|sec x -- tan x[] "7, = In(V2+1) -1|1/2-1-1 а 
AT ѕес2х = 1 п/4 _ 1 22 1 
у= In ла al т/4 2 dx = 2ln E +1 [tan x] —л/4 әр Үйі a а In 241 
2-1 /2-1 /2-1 
uen Уну 
=> (x,y) = (o, (in Li 
71. V у=т/, six dx = т], —— х = з Гах - z f cos 2x dx = [хл — {lsin 2x]7 = §(r - 0) - $(0-0) = 5 


T T т/4 30/4 т 
72. A- f, 1 + соз 4хйх = | V2 |cos 2x\dx = v2 f сов 2х4х — УЗ] cos 2x dx + vole j4008 2X dx 
= = V? [sin = V? [sin ax] ot + X2 sin 2x] 7. = wzi 0) Уа 1—1)+ v2 (0+1) = V2 + V2 = 2/2 





27 27 
73. M= 1 (x + cos x)dx = Бы + sinx| и (Хат)! + sin (2n)) - (200) + sin (0) = 272; 
2т 2т 2т 2n 
x- ds f, x(x + cos x)dx — 55 0 (x -- x cos x)dx — 545 0 х20х - 24 x cos xdx 


[u = x, du = dx, dv = cos x dx, v = sin x 


i 2т 1 1 27. Ст . 1 1 A 2n Е 
= аак “за [x sin x] -f sin xdx = 5= (813 — 0) + 45 2твш27-0-1, sin хах 
2т 2т 
= $F + ph [cosx], = # + zh (cos 2r — cos 0) = чт +0 = “т, у = 1 Ї 1(x 4-сов х) х 


212 


2л 2т 2т 2т 
1 2 2 1 2 1 1 2 
= 431 (x* + 2xcos x + cos* x)dx = 2 x*dx + mus x cos xdx + 22 cos^ x dx 
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2т 2т 
= пах | + zl [xsinx + cosx] сез сов dy = т 0+ : Ж cos 2x dx + ы. s ах 
0 
2л 1 2 Е 1 81243 4. (Ат 812+3 
= + шана” +=, = 5 +0+ х1. = “у = The centroid is (=, Or ү 


74. У = [л (sinx + sec x}? dx = ЯШ (sin?x + 2sin x sec x + sec? x) dx 


т/3 т/3 т/3 т/3 т/3 
= т], sin?x def 2tan x ах+т sec? x dx — x f, Lope dx + 2n| In|seex|] + r| tanx] 


3 
Л, n 
2J0 


me = ша” 42r1n2 4 0/3 — £(£ — 0) — T (sin2(7) — вїп2(0)) +2та2 + л УЗ 
v (4x 21/3 482) 


24 


dx — 5 | cos 2x dx + 27 (In|sec 4| — In|sec 0|) + 7 (tan § — tan 0) 


| 
коз 


2 


= © — 1у3 у 2ли2 + a /3 — 


8.3 TRIGONOMETRIC SUBSTITUTIONS 











m T T — 390 25 2 =: 2 1 = 1 — 16050] _ созб. 
1. х=3{апб,—5<80< %,ах= 255,9 x^ —9(I4-tan" 8) — 9sec*0 В = Зв 3 3^ 


(because cos 0 2 0when- 2 «0 « т); 
-3| вове {= In [sec Ø + tan 0| + C' = In LHE +3 


3 со820 








ах ы 2 
Vu = | 9+x +x/+C 


2 J| iB v] — Tae US tant —F <t<§,du= gy, V1 +? = |sect| = sect; 
Јов = Sting = fsectdt = 1n [see t+ tan t| + C= In| wT +0] +C= In| T+ 9x? + 3x] +C 











2 
з. [| „х®з = [Bb tan 8)? = ba 1 - ban -0- (2 (2-(2(-2 == 


2 2 
а [а= Ја =} [itan 82 = 2 1-2 0) = (0) (0) (5) -0- 











3/2 
ах = і--іх 3/2 _ 1 1 ін-1(-- Т 2 3977 
5. f S = [sin aha = sin™ 5 — sin 0=с-0= 6 
1/24/2 1/24/2 
2dx 2162 атии 12-11 · 10 _л т 
6. Ї 282:1-23) - | > = [sin t," = sin Jy;- sm 0-7-0-7 


7. ї=55ї10,—%<80< 5 = 5 соз 0 40, \/ 25 —{? = 5 соз Ө; 
f о у 2. do = 25 (2 + $222) + С 
= 5 (0 + ѕіп 0 соѕ 0) +С = 5 Ев (5) + (5) (= 2 5) + с= = зіп! (1) + 05-0 +С 


8. t= 1 58100, – 5 <9< 5, 4 = + cos 6 dé, v 1-90 — cos 6; 
f TOF = } f (eos cos 8 a = 4 f cs? ай = $ (0+ sin 8 cos 0) +C = 1 [sint D4 Sty T 9 9e] «c 


9. х-2вес0,0<0< Z, dx = 5 sec 0 tan 0 d, / 4x? — 4 = у 49 зес2 0 — 49 — 7 tan 6; 


Teo аа 
Vm = (о ос0 ап 0) 40 L 1 f sec 0 dO = 4 In |sec 6 + tan 6] +C = 4 n пуме С 
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14. 


15. 


16. 


17. 


18. 


19. 
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x = i sec 0, 0<0<5 , dx = 2 sec 0 tan 0 dd, V 25x? — 9 — \/9 sec? 6 — 9 = 3 (ап 6; 





3 
S B ШЕНІ = [sec 0 d0 = 1n |sec 6 + tan 0| + C = In 5 XBE-? 25% E 





‚ у = 7^вес@,0 < 0 < 1, йу = 7 sec 0 (ап 0 10, \/y? — 49 = 7 tan 0; 
fe y= 8 dy = (tan NT see Fran 0? — 7 ['tan? 8 dO = 7 f (sec? 8 — 1) dà — 7(tan6 — 6) - C 


7 sec 0 


=7 [= — sec! (%)| +С 


у = 5 ѕес0,0 < 0 < 1, ду = 5 ѕес 0 (ап 0 10, \/y? — 25 = 5 tan 0; 
fee dy = f Stan seo шеш J tan? 9 cos?9d0 =} f sin? аб = 4, | (1 — cos 26) a0 





125 sec? 0 


1 
5 
= i5 (0 — sin 8 cos 0) +С = $ ес! (1)- j= 3 Ө/ +С= Ес х Er m 


. X — sec 06,0 « 0 « 5, dx — sec 0 tan 0 dO, Ух = (ап 0; 








= 0 тап 040 : Ш 
Пан E Гэнэн. Тм. =sind+C= УС 
x = sec 0,0 <0 < 4, dx = sec 6 tan 0 dd, \/x? — 1 = (ап 0; 


Ј = [210080 2 [сове ав = 2 | (20) 40 = 0 + ѕіп 0 cos 0 -- C 


= 0 -- tan 0 cos? 0 -- C — sec! x - vx? - 1(1) +C = sec! x - El C 





u = 9 — x? > du = —2x dx > —jdu — x dx; 


ын --1 ai Jae c- -V)9 x eC 





x — 2tan 0, — £ « 0 « 5, dx — 2sec? 0 0,4 + х? = 4ес? 0 


ү x dx p [eese йе ? — [21a 026 2 f (sec? @ — 1)d0 = 2 f sec? 940 — 2 [ад = 2tan 0 — 20+C 


4sec? 0 


ме I +С 


Е x поду — 269 ,/2 
х = 2 {ап 0, — 5 <9< 5, 4х = ход, = в; 





хах аг (8 tan? 0) (8 за 6) (сов 6) 80 0) 49 _ 8 | зе — 8 Ге шевае (cos? 0 — 1) (— sin 0) dé . 
1/24 cos2 ә” 7 600 › 
[t — cos 6] [СЫ Оса]. (5—4 ) dt = 8 (— + + 5) +С = 8 (—sec 0 + 892) +C 


7 3/2 
=s (- AH mE )+c= 1(х2--4)77-4ү/х2-4--С-1(2-8)/х2-4-С 


420. = вес 0; 
4 __ [7 сессдав _ TEM —\з?+1 
f x =f sec = [= = Са укн С 


x2 yx +1 tan? 0 sec 0 sin? 0 sin a 








w — 2sin 0, — 5 « 0 « 5, йм = 2 соѕ 0 40, \/ 4 — зу? = 2 соз Ө; 


8 dw = 8-2 сог 640 ___ де ___ _ —2у4— м2 
Im УА f 4 sin2 0-2 сов 0 -2[45 = 2 cot 0 + C = w +C 
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20. 


21. 


22. 


23. 


24. 


25. 


26. 


27: 


28. 


20. x 


30. 


31. 


w = 3 51 06, — т < 9 < т, ам = 3 с0$ 9 dd, V9 — w? = 3 cos Ө; 
a i ам = |30030 _ Гоогө аө = | (===) do = f (csc? — 1) 40 
= —cot 9—9 +C =- V= sin! (¥) +C 





u = 5x > du = 5dx, a = 6 
Јах = 20 f зах = 20 hadu = 20 - jan (9) +C = tn (3) +C 








а-х2-4 du = 2x dx du x dx 


Ге да = 1 f Jadu = 13? 40= 1-4)? + 





x = sin 6,0 <6 < 4, dx = cos 0 d£, (1 — x2)? = cos? 0; 


van 4х2 ах nis 4 віп2 0 сов 0 40 mle 1 — cos2 0 s 2 
h п =}, “Че а | (1-64) do =4 |," (вес20—1) 48 


(1- cos? 9 cos? 0 


4 [tan 0 — 6118 = 4/3- 








x =2sin 0,0 <0 < 7, дх = 2 cos 0 d0, (4 — x2)? — 8 cos? 6; 


1 6 т/6 
f dx _ Je 205040 _ 1 ЇЇ 40-1 [tan 6] 7/5 — 53:22 
0 (4 - x32 ^ Jo 8 с0530 ^ 4 Jo co20 4 12: Dev 4/3 





x — sec 0, 0 « 0 « 5, dx = sec 0 tan 0 d6, G2 — D? = tan? 6; 


dx zt зес 0 (ап 640. __ соѕ0 40 _ 2 x 
| m = J tan? 6 53 Ji 20 = 210 +C= \/х2—1 +С 





x — sec 0,0 « 0 « £, dx — sec @ tan 0 40, (x? 1)°? = tan? 9; 


x2 dx =f ѕес2 0-ѕес Ө (ап 0 10 =f сов 0 1 n x3 
[3 (2-1 yn E tan? 0 sinf ø dé = 3 sin? 6 quom 3 (x2 - 12 +С 





- xy? = cos? 6; 


х = п 0, — 5 < 9 < 5, 4х = сов0 40, (1 
2\3/2 
fox x fe $549 — | сок 0 csc? 9 40 = — 28 +C = — 


X sin 





nie 


х = 510, — т < 9 < 1, 4х = cos 0 d9, (1 x2)!/? — соз Ө; 


2\1/2 : . 3 
[m ® = /[®бевә® = сод бос 040--808-0--1(3125) +С 


x4 sint 6 





= į tan 9, — 3 < 9 < 5, dx = į sec? 0 dð, (4x? + 1)” = sect 6; 
sec? 6) 
л =f sgena u = 4 [сов20 40 = 2(0 + sin 0 cos 6) + C = 2 tan- 12х + бту +С 
t= }tand,—% <0 < Z, dt — 1 чес? 0 40, 9/2 + 1 = sec? 6; 








2 
GERIT E -|! бш орн = = 2 | сог 0. а0 = = 09 + ѕіп 0 соѕ0 +С = (апт! 31 + 98-51) +С 





а-х2-1 du = 2x dx ldu = x dx 


Ба 





dx = 4x? + $ f idu = 1x? + Hn |u| +C = 1x2 Bn? - 1| C 
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37. 
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39. 


40. 


41. 


42. 


43. 
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и = 25 + 4x? = du = 8xdx = {du = x dx 


Jatea =} fidu = Нар + С = На (25 + 452) + С 


у зб, = бт , dv = cos @ 40, (1 — v2)? — cos? 6; 


3 
|: oe = = sin? 0 cos 0 40 = лап? 6 зес? 0 40 = mE +C= 1 ( у ) +С 


— 080 — 1—у2 








г=5шй0,—2<80<; 
35/2 5 7 
fe г) аг = fe 05040 2 соб Ө сс? Ө дб = — РС = – 


$11 





мін 





Let e' = 3 tan 6, t = In(3 tan 6), tan ! (1) «0 x tan ! (2), dt = = ке 40, ме“ + 9 = 4/9 tan? 0 + 9 = 3 sec 0; 


In4 tan-! (4/3) tan-! (4/3) 


edt |. 3 (ап 0-зес? 040 __ (ап! (4/3) 
ме фә Ја! (1/3) tan 6-3 sec @ m tan-! (1/3) sec 9 40 = [In |sec 0 + tan 0 tan-! (1/3) 


-In($ 3) - in (29 4) — n9 (1-10) 





Let e' — tan 0, t — In (tan 0), tan! (2) «0x tan ! (3) , dt = ес? 0 ад, 1 +e = 1 + tan? 6 = sec? 0; 
ri ап-1 sec2 9 п-т 
f. “9 2400 [16/9 (an 6 (522) ae LATER A вара. [sing "69 24. 31 
(3/4) (1+ е2)3/2 tan! (3/4) sec? 0 tan! (3/4) tan-(3/) ^ 5 5 5 


a е 1 du 7 
12 СТЭНД" [в = 2\, йи = а] a fig Pity s u = tan 8, 2 <0< f, du — sec? 0 d6, 1 -- u? — sec? 6; 


1 т/4 2 
2 _ 2 sec? 6 dO п/4 _ 23 
в 29 = fo, ER - pai -2(5-8) - 8 








y — e99. 0 « 9 « £, dy — e"? sec? 8 d0, /1-- (In y? — V1 4 tan? 0 — sec 6; 


т/4 e? sec? т/ т/4 . 5 
Ју = ie eret g= f ѕес 0 10 = |In |sec 6 + tan 6|] 4 / in (1+ 2) 


x = sec 0,0 < 0 < 3, dx = sec 0 tan 0 d0, v x? — 1 = v sec? 0 — 1 = tan 9; 


dx — [secótanodó s 
Л =] sec 0 tan 0 = 0 +С = ѕес 1х+С 








x = tan 6, dx = sec? 0 d8, 1 + x? — sec? 6; 
Јан = Је = есап х С 





x = sec 0, dx = sec 0 (ап 0 40, / x? — 1 — V sec? 0 — 1 — tan 6; 
f m = | tst — [сес? Ө дө = ап Ө-+С = \х?—1+С 





x = sin 0, dx =cos0d0,-5 <0 < 4; 
5040 _ acer 
og) =O + C= sin x+C 





dx = 
ү1-х2 


Let x? = tan 0,0 <0 < 7, 2хӣх = вес” 040 = хах = 1зес? 0 40; V1 4 x* 2 V/ 14 tan? 0 — sec 0 
= ТАЕНЕ ИКЕЯ 1+4 + х?|+С 


зес 9 





Глав 
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44. Те шх = ѕіп0, – 5 <0 < 000 <0 < 5, „4х = сов 0 0, V1 — (nx)! — cos 


l 
x 


es Ний ах = | бар - | най - fcscaad— f sind ad = — In|esc 0 4- cot0| 4- cos0 + С 


xInx 





1- (шх)? 


1+ \/1—(шх)? 
1 aa -- 
пх 


= In Inx 


d. 1– (их) + С = –1 1— (Inx)? +C 


lnx 























45. Letu = y3 >x = 0? => dx = 2udu ах = f 4 2udu = 2 f V4- аш; 
u = 2sin 0, du = 2 cos 0 d0, 0 < 0 < 3, y4 — u? = 2cos 0 
2 [ V4 =u du = 2 f (2cos 6) (2cos 6) d6 — 8 f cos? o a0 = 8 f ==" ад = 4 f a0 +4 f'cos 20a0 
= 49 + 2 sin 29 +C = 49 + 4sin Ø cos 9 +C = 4sin™! (4) +4(4) (FE) +C = Asin! (5) e /xv/4-x «C 


- Asin (32) + УАХ – Х2 + С 


46. Letu= x3? > x = 123 = dx = За“ Әді 


J Ted = fa mitad 778) du = ж зал) du = E = = 2 зіп” +С = 2 зіп” 1 (x3/2) +C 


47. Letu ух x = u? > dx = 2udu f 1-xdx- fu 1 —и?2иди - 2 f? 1] — u? du; 
u = sin 0, іи = соѕ 0 00, 5 <0 < 5, V1 — v? — cos 0 
2 [2 1-12 йш-2| яа 0 cos Ø cos 8 d9 = 2 [ sin? @ cos? 940 = 1 1 [52 2046 — 1 f 1-259? ag 
=1 fao- 1 | сов40а0 = 1 10 — 40 + С = 10 — 15120 сов 20 + С = 10 — 150 сов 0 (2cos? 0 — 1) +C 
= 10 – jsin 0 cos? 0 + авв тт -lu — iu(1— 2 lu y1-w 4C 


= ісіп” Ix — 1х (1 ТИ ЕС 














48. Letw= Vx - I w^ ox - 1 5 2wdw o dx o | Yax = [У==12у айу = 2 [2 - 1dw 
w = sec 0, dx — sec 0 tan 0 d0, 0 — 0 « £,V/w3 — 1 = бап 
2 [ Vw? — law — 2 [tan 6 sec 6 tan 0 d0; u — tan 6, du — вес? 0 40, dv = sec 0 tan 6 dO, v = sec 8 
2 tan 6 sec 0 tan 6 d6 — 2 sec 6 tan — 2 f sec? 8 d0 = 2 sec 0 tan 0 — 2 f sec 0 sec 6d0 
— 2 ec 0 tan0 — 2 f (tan? Ø + 1)sec9 d9 = 2sec лап — 2( f tan? Asecdd0 + Ј весеад) 


— 2sec 0 tan Ó — 2In|sec Ó + tan 0| — 2 f tan? 0 sec 0 d8 = 2 [ tan? 0 sec 040 = sec 0 tan 0 — In|sec Ó + tan0| + С 


— ww? —1-1n|w- Vw? 2 1]2-C 2 Vx- 1 V/x-2- In /x—- 1-4 Vx—-2| 4 C 


х-2вес0,0<0<1 
49. х9 = ух? -4dy- ух 4 %;у= |24 аҳ, dx = 2 ѕес Ө (ап Ө 0 
мх? – 4 = 2 ќар 6 


> у= Cran 2 seed tan 80 — 9 f tan? 9.49 = 2 f (sec? — 1) dO = 2(tand — 6) +C 


2 sec 0 





-2 [5-5 - sec" (5) | +С;х=2апду=0 > 0=0+С > С=0 = y = 2 [5H — вес! 
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х = 3 5ес0,0<0< 5 








à ух!-9 -1,4ус 7 -ы:у- V дх = 3 зес 0 гап0. 840 | — у = | 3:000 


tan 


vx? —9 —3tan0 
— [sec 0 46 — In [sec 0 -- tan 0| +C = In МЕ, а С;х = 5апау = 3 > ш3=ш3+С => C=0 


=» у= |5 + ух 9 

















(x? + 4) % =3, dy = 43 ge &.—imn!icC;x-2andy-0-2 0—-3tmn!14C 














34; x44 

С зу ат (8) 

(х? y£&- мух? + 1, dy = pp Stor sx = tan 6, dx = вес 0 40, (2 + 1)? = sec? 6; 

2... ше С = Jeri 7 Ох = дапду =1 
1=0+C yet 

А = 1229 У X dx; x = 3 sin 9,0 < 0 < ©, ах = 3 cos 0 d9, V9 — x? = V9 — 9 sin? 8 = 3 cos 0; 

27 
A= fe 3 соз 6-3 сов 0 40 =з] соз? 0 40 = 3 [6 + sin 6 cos 6], = т 
ъа =1=у= +6/1- 9;А =4 [4/1 8 ах = 4 /1– 5 ах 




















х = аѕіп 0, — 5 <0 < $, dx = a cos 0 00, E 0 = азш 9 = 0 = 0, x = a = a sin 0 => 0 


a т/2 
4b f. V1- S dx tof ? cos Ø (a cos 0) d9 = 4ab f “соо 040 - 445 | сое qg 


т/2 т/2 т/2 т/2 
= 2ab f; d6--2ab |; cos2#d0 = 2ab| 4] "+ ab[sin26] _ = 2ab($ — 0) + ab(sin x — sin0) = rab 


Шинтиийн 


T 
2 





1/2 
(a) A= Т, біп х ах [u = sin™!x, du = dx, dv = dx, v = x] 


1 
У1-х2 








1/2 1/2 1/2 
= ! х meg bise ЕРЛІ БЕТІ 217255) 
= [xsin j'- К о У = = (sin 5 0) + | 1 | 2 15 
1/2 1/2 1/2 
ee 63—12, аг Е 
(b) М= / sin 1х ах = "+6812. = 1 1 xsin =] x sin7!x dx 
0 12 peo 0 т+6\/3—12%0 





dx, dv = xdx,v = бој 


m EE 
[u= sin x, du = zg 
1/2 12, 
= 12 3 eu] 1 x 
= xi Qum Х|, БЕР ү1-х2 8) 
[x = sind, — 5 « € « 5, dx — cos 00, V1 = x? = cos 0, x 0 = ѕіп0 = 0 = 0, х = 1 = 5іп0 = 0 z| 








2 
1(1\2 —1(1 0 d sin? 0 6 dé 12 T t (7 sin? 0 a6 
5(5) sin (3) E — 3Jo  cos6 COS > ig 35J, S 
т/6 т/6 т/6 
= 12 т 1 1—cos 26 = 12 T 1 1 
-ala 2 2 - тайт (4-І 99 + uy 2212 


т/6 
0 


т 8 1112 В te SF к 
5 + [5] + 49020) ) eg T ded. онан 


[u = (sin7 Ix)’, du = 2e ду, dv = dx, v = x] 
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6 ind 2 ye 1/2 2x sina! x 
EE x(sin !x dx) i ==, ae 


lu = sin7!x, du = 912% dv = 72 -dx, v = —2y 1 — x 


1/2 1/2 
6 n 2 ied 2y1-x? 
= (Ge 1(3)) -0) + р 1 — x? sin «| =f 22 
1/2 : 
- = (2)? 1) _ EE т луз — 4123-72 
E WS —s + (2-6 1) біп” (5) 0) - 2 Х|, ) = (а + 1) = 12(5-6/3-12) 
1 
56. V= jk т( xtan- Мап), dx- «f x tan! x dx [u = tan !x, du — -m „ду = ‚у = бој 


1 1 1 1 
= «(реа -i E ах) = "(фики 0) - Ef Qr n) (4 ЕЈ: (1– гаји) 
=л({#-+4/,&+1/, тїг®) = a(g + [ix + аар) = 1(5 + (–1 + L tan!1 +0- 0)) = 2822 


0 











3 








3 











57. (a) Integration by parts: u = x°, du = 2x dx, dv = x y 1 — x? dx, v = —1(1 -xX 


Јо 1 — х2 ах = 3х? (1 xy? 44 8 xb oxdx = 1 (1x2)? = 2-2) 4 
Substitution: u = 1 — x? > x? = 1 — u > du = —2x dx > —14и = хах 
[ 1-xdx- [x vi-xxax--1fü — u) y/u du = -1 f (fu - vi?) ди = – 103/2 + tut + С 
= 101 22) + 1-2) + С 
(с) Trig substitution: x = віп0, 5 <0 < 7, Ах - сов 0 40, Vi — x2 =cos 0 

Јо 1 —х?ах = f sin’ quc Эй 6 cos? 6 sind dd = [ (1 — cos? 0)cos? 0 sin 0 d0 

— feos? 6 sin6d6 — f'cos* 6 sin d0 — —1cos 6 -- 1cos 6-- C — —1(1 - xS? c 1(1 - x? 4c 


22/2 


(b 


— 


58. (a) The slope of the line tangent to y — f(x) is given by f'(x). Consider the triangle whose hypotenuse is the 30 ft rope, 


the length of the base is x and the height h — 4/900 — x?. The slope of the tangent line is also Уэс. thus 
Р(х) s v900—x?. 


X 


фу Кх) = -У%-“ах [x — 30 sin£, 0 « 0 « 7, ах — 30cos 0 40, \/900 — x! — 30cos 6] 


= 2» 








= — [ 3925430 cos Ө 40 = —30 f 222 ag = -30 f CHA ag = —30 f csc 0 d8 + 30 f sind dd 


30 sin 0 sing 
— 4/900 — x2 - C; f(30) 2 0 


900 — 302 +C = C > f(x) = 3015 |20 + ewes _ 


= 30 In|csc 6 + cot ð| — 30cos0 -- C — 301In 30 бс v/900 - xt 








30 v 900 — 30? 
0 T 30 


0 = 30105 900 — x? 














8.4 INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTIONS 


1 5x — 13 —_ _A 
(.-3)(х-2) x-3 


ёс A+B=5 
2A + 3B = 13 


B 


ын = A(x — 2) + B(x — 3) = (A+B)x — (2A + 3B) 











\ > -В=(10—13) > В=3 = А =2;йиз, ou eli 


2. ites = ghey = cha + By = 5—7 = А(х—1)+В(х—2) = (А +В)х — (А +2В) 


A+B=5 
A+2B=7 








| 5 8-2 + А-З, об =; == + = 
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10. 


11. 


12. 


13. 
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A=1 

x+4 _ A = e 
GEI iL +a > x+4= A(x +1)+B = Ax + (A +B) > B |] = А= 1апв=+3; 
thus, +4, – –1 


о РЕ Ра 








x К А =2 
weet = 3 = АН + ep => 2 +2 = А(— 1) +В = Ах+(-А+В) > бор, 


= А = 2апіВ = 4; ћи, 2227 = 27 + i 





ztl = Â+ +5 => 2+1 = Аж — 1) +В(#- 1) + С2 = 2+1 = (А + С)2 + (-А + В) – В 











220-1) 7 2-1 
A+C=0 
=> -A+B=1 В--1 А--2 C = 2; thus, A = == + => + = 
-В-і1 


1 


а = ЗН > 1=А@ +2) +В@ — 3) = (А + В)г + А — ЗВ) 




















A+B=0 1 1. 1 21 
28. 5:+2 sos 2005-2002 5* +2 шиг” B 
веб = 1+ позе fter long division); 5656 6300-21-37 
A+B=5 


=> 5t+2 = A(t — 2) + B(t — 3) = (A + ВУ + (СА — 3B) => | => —-Вв=(10+2)=12 


—2А—3В=2 





> В=-12 => A = 17; thus, z“ 8 = 1 + 2 


й +9 Rege Iq —9 +9 











(after long division); 5 sorte = А + в + 58р 















































“+9 — ti 4 9g 2(2+9) 2(2+9 — 2+9 

=> –92 +9 = А((2 +9) +В (2 4-9) 4- (Ct 4- D)? — (A + O + B + DX + 9At + 9B 
А+С=0 | 
в+О=—9 - xm 
цоо A=0 > C=0;B=1 > D=~10; thus, $43 =14+34+ 3% 
98-9 J 

р = Ht rk = 1 =A +x) + BU) x= 1 => А=Ё;х=-1 = B=}; 

fif в є =F it 4x|-—mnfi—x +e 

wig = 44-4 = 1=AK+2)4+Bx;x=0 > А=1:х=-2 > В=-:; 

Га = є Је = корс 

Е +: = х+4=А(х- П+В(х +6); х=1 => В=3;х=-6 > АЕ = 2; 











Гаа ox = 3 fe 4 8 f „® = пп јх+ 6] + по х— | +С = 11 (к + 6) — 1] +С 




















wth, = аі 55 2х 1 = А(х – 3) + В(х – 4); х=3 > В= 5 =–7;х=4 > А =8 =9 
[H a= f -f = о | 4-7-3] +с= к= 

















жуз “уз Жут # У=Ау+1)+В(у-—3))уу=—1 5 В= =; у=З = А=З; 
8 уду з" 8 ау _ [3 1 8 _ (3 1 3 1 
[ 28 9.43 Á = [$ ш |у – 31+ nly +1], = (115+119) - (2 ш1+115) 


4ytl 
21 1 _ ш15 
—5lnn54t51n3— 757 
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a 
4 oes нь с 


1 
F 2+2 ду = – 3 = [41а |у| 3 № |у+ 115 = (4181-3 2) – (Алп 5 — 3113) 


mi PR 
=Inj—In 2. 116) -ш 





2 : ; 3 : 
тл ы л 0 A=4y=-1 В = = 35 














15. sx — © Жез + > 1=А@+2)@—1)+В(@—1)+С@+2);:{=0 > А=—41=—2 


РВИ cd із dt 
> B=tt=15 C=}; = WE 72/0 1 + Lf 


== ју + iIn|t--2| 4 i In 2 1] C 








+ > 1(х +3) = А(х + 2)(х – 2) + Вх(х – 2) + Сх(х + 2); х = 0 = А = %;х= —2 








B 
х+2 

2 = eo dads x43 ae 3 dx 1 dx 5 dx 
> В=1);х=2= > С= 1 „јаке =: 3J Эдийг: m oum 
+В „+С 


х +3 А 
16. 2-5 507 
1 








2 In |x| + 4 In|x+2/+ 2 пп |х— 2] +Ф Се 1 




















17. Sy = (x — 2) + 253, (айег long division); 24% = A, + В. = 3x42 — AG + 1) +В 
=Ax+(A+B) > A=3,A+B=2 = А = 3,В = –1; ји 
= / (к-2)4х+3 ox е ее | -2x3In cr 1] ls]. 
- (1-2431)241)-(0-23112-2 
18. RE (x +2) + Gm (after long division); Gm =A +< p > 3x-2=A(x-1)+B 
= Ax+(-A+B) > A=3,-A+B=-2 3 А=3,В= 1; |" а 
-f G2) dx 3 f^. i faut [2 +2х+3 к-т), 
= (0+0+31- 5) - (}-2+32- 55) =2-32 
19. тү = ут + кт сте от = 1= Ах + ИС — 02+ ВС – (х + 1)? + Сх - D? 4 D( 4 0; 
х = -1 С ix 1 D 1:coefficient of x? 2 A--B — A +B = 0; constant = A -B +C +D 








= A-B+C+D=1 > A-B=};thus,A=} > B=-1;fo%, 


=1 8-21 Јат Se Gre ta [Ss impe -zæ +C 


x? С = В 
20. (х= 1) («2 +2х+1) х-і d xl + 











Se => х2 = А(х+ 1) + В(х – 0 + 1) Сх – 1); х = –1 














= С--1:х-1 = А = 1 ; coefficient of x? =А+В = А+В=1 = в= 2; | уу 
1 ОТ 3 № [© — Dx + 153] 
= [Жез IEEE aig aln nee lly In [x + 1] + 3515 t C 4 +m +C 
21. аа = 1= А (х? +1) + (Вх + С)(х +1); х= –1 = А = 1; coefficient of x? 





1 


=A+B + A+B=0 > B=—}3; constant =A+C > A+C=1 > C=}; f 


dx 
o ХК + DG? 4 1) 
1 
—x- 1) 
-if ml pe х2 +1 dx = [51 


1] 
2 
= (1112 — 1112 + Елап“! 1) – (10 1— 1101 + Блап 10) = ш2+1 (1) = Ste) 








п |х + 1] – 1 1п(х + 1) + + 1 tanx]; 


22. ap ett — 25 вс => 3?+t+4=A(P41)4+Bt+Out=0 => A = 4; coefficient of t? 











=A+B > A+B=3 = В = —l; coefficient of t = C => азар S SGH dt 
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а Ја BI ED dt = [4 In |t| — 4 In (2 +1) + tan! t] Y? 
opes" V3) - (401-2 2 + апт! 1) 22113-1124 2 4 11n2- 7 
= 213—112+5 (5) + icon 








2 ас 
23. fA Р 00. = у? +2у +1 = (Ау +В) (у +1) +Су+р 


= Ау? + Ву? + (А + Су + (В +0) = A=0,B=1;A+C=2 > C=2B+D=1 = D=0; 
2+2у+1 т 
[5s dy = f dy 2 f гар dy — tan Mee 








24. ceni geet Gage = 8x’ t+ 8x +2 = (Ax +B) (4x? +1) +Cx+D 


= 4Ax° + 4Bx? +(A+C)x+(B+D);A=0,B=2;A+C=8 => C=8;B+D=2 = D=0; 


8x* + 8x +2 AL x dx 2 -1 2 1 
[Suse dx - 2 [ 1 ЭГЭЭ tan 2x жт КС 











28-2 — As+B © р Е 
25. ИЕ T =a, titg ptg p 22 
= (As + B)(s — 1)? +C (s2? + 1) (s — 1)? +D (s? + 1) (s — 1) +E (s2 + 1) 


= [As* + (-3A + B)s* + (3A — 3B)s? + (—A + 3B)s — B] + C(s* — 2s? + 2s? — 2s + 1) + D(s? — s? +s — 1) 








+E(s? +1) 
= (A+C)s! + (—3A + B — 2C + D)s? + (3A — 3B + 2C — D + E)s? + (-A + 3B — 2C + D)s + (-B+C—D+E) 
A е - 0 
—3A-c- B-2C«-D -0 
=> 3A-—3B+2C—D+E=0 ? summing all equations > 2E=4 > E=2; 
-А438-20-0 -2 


-B+ C-D+E=2 ) 
summing eqs (2) апа (3) = —2B +2 = 0 = B = 1; summing eqs (3) and (4) > 2A+2=2 > A=0;C=0 
from eq (1); then —1 + 0 — D + 2 = 2 from eq (5) > D=—1; 


Jeti ds = J= 1 fr Sy ut 2] (s Sy DUE D^ шин 7 Ys tans +С 





26. ao =A BAS + BAS > 5: + 81 = А (5 + 9): + (Вз + С) (52 + 9) + (Ds + B)s 


= А (5 + 185 + 81) + (Bs* + Cs? + 9Bs? + 9Cs) + Ds? + Es 
= (A +B)s* + Cs? + (18A + 9B + D)s? +(9C + E)s+81A => 81IA=8lorA=1;A+B=1 > В=0; 


C=0;9C+E=0 > E=0;18A+9B+D=0 + D=~18; f 48, ds = fà — 18 f == 











(s2 +9)? 


= In |s| + wry tec 


СЕТ 


27: 2. = A, + PES xà х +2 = А(х2 +х +1) + (Вх + С)(х – 1) = (А + В)х2 + (А –- В + С)х + (А – С) 


= А+В= ,А-В+С= –1, А –- С= 2 = аййпе ед(2) апа ед(3) > 2A – В = 1, add this equation to eq(1) 
х2-х 2/3 1/3)х-4/3 
ЗА-2-3-1-8-1-А-1-0--1-А48--5/ ам 2х- f (24+ GREP Јах 














3 x? +x 


= а | nai Jz pA)? + 
арланы du = 2 


= fini -1| + In|(x + 3) + 3 











1 1 
my [u x + 5 0—5 = х du 2 


du — S est di 
122 ed 


x+4 = 
- 2. +C = 2in|x — 1| - Hn|x? - x - 1| — У ап (291) +С 


кә У 

















ET 
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28. 4L. — Ê + + уг > 1=А(х+ 1) (х? —-х+ 1) +Вх(х? —х+ 1) + (Сх-+ D)x(x * 1) 
=(A+B+C)x*+(-B+C+D)x?+(B+D)x+ASA=1,B+D=053D=-B,-B+C+D=0 


--28-0-0-0-284А-84-0-0-1-8428-0-8--1-0--1-0-1 


1 _ 1/3 —2/3)х + 1/3 1 2х -- 
Jenis fG- iit GAHA) fii- frnd- if Aan 
= In|x| — 4ln|x + 1| — Hin? - x - 1| - C 


























29. = A + Bt SP BS x = А(х — 1)(x? + 1) +B(x + 1)(x? + 1)+Cx + D)(x — 1)(x +1) 


= (A +B + C)x? + (—A +B + D)x? + (A+B-C)x-A+B-D>A+B+C=0,-A+B+D=l1, 
A+B- C= 0, —A +B — D = 0 > adding eq(1) to eq (3) gives 2A + 2B = 0, adding eq(2) to 5 gives 























—2A + 2B = 1, adding these two equations gives 4B = 1 > B = } z using 2A + 2B = 0 => A = —j, using 
-А+В-0=0= 0 = 1, апіціпвА+В-С=0= С = ifs БӨ 
Sot fet L-dx 1 fax = —Hn|x + | + га Itan !x - C — Tn Е | 4 Нах + С 








30. 4X. — A 585 + СР = х? +х=А(х + 2)(х? + 1) + В(х – 2)(х2 + 1)+(Сх + Р)(х – 2)(х + 2) 
= (A+B+C)x? + (2A — 2B + D)x? + (A+B —4C)x+ 2A – 28 – 40 > A+B+C=0,2A—2B+D=1, 
А +В – 4С = 1, 2А — 2B – 4р = 0 = subtractin eq(1) from eq (3) gives к = –1, subtacting eq(2) from 
eq(4) gives = --1-0- 1, substituting for C in eq(1) gives A+ B = z, and substituting for D in eq(4) gives 


2А – 2В = = тэ» А-8- 2, к this equation to the previous equatin gives 2A = 3 > А = 5 >В = – 15; 


3/10 1/10 (—1/5)х + 1/5 1 1 1 1 X 1 1 
] == дах = [G5 х+2 0 а )ах = 5. азақ TEN 1 тах + Тана 

















Злајх – 2) –  ијх + 21 – пјха + 1 + Шап ік C 
203 + 502 + 80 + 4 _ _A0+B се + р 3 2 2 2 
31. о 64206827 (8:36:28 77 20° + 50% + 80 + 4 = (A0 + B) (0f + 20 + 2) + C0 + D 


= А63 + (СА + В) + (2A +2B +00 + (2B +D) > A=2;2A+B=5 > B=1;2A+2B+C=8 > C=2; 


203 + 502 + 80 + 4 20 20 + 2 
2B+D=4 => D=2; J 112157 d= feth do+ f 0212213) d 


=f 20+2 40 f 215 4(@ +20 +2) Б |46 лез) T 1 
ма 02--20--2 mrs. (62 +2642)? 6242042 XD 6242042 


= пр; + и (02 +20 + 2) —!ап“! (0 + 1) + С 

















32. ТЭХ гээ Ser wae ee ae ee ae 


= (A0 + B) (02 + 1)? + (C0 + D) (02 + 1) + E0 + F = (A9 + B) (0t + 202 + 1) + (CO + D0? + C0 + D) + E0 + F 
= (Аб? + Bt + 2A0? + 2B0? + A9 + B) + (C0? + D8? + C0 + D) + E0 + F 

— A05 4- B0* -- (A -- C? 4- QB + 0)02 + (А + С + 20 + (В+ р+Е) > А = 6; В = ; А +С = –4 

> C=-4,2B+D=2 > D=0;A+C+E=-3 > E=1;B+D+F=1 = Е= 0; 


64 — 463 4 26? — 3641 = 10 040 6 ад = —1 -2 
је аза ад = Га 4 pti + ft р = tant 0+ 2 +1) –4(0+1) +6 

















33: 2x? — 2x? +1 = 2x 4+ 51. = = 2х + 1 | 1 -А- 


хХ2-х х(х — 1)? х(х—1) 


х-1-8-1 | = x? —In|x|+In|x — 1) +C= 


= 1=А(х—1)+Вх;х=0 > А=-—1; 


Зан 








e.c 








34. gf — (X 1) + рт = 62 +1) +, 


x2 


1 . 1 ЕЖЕ B = . 
«ЕШ? ккк хут АОК 1)+BR +1); 


= Јо +1) а - 2 е, +1 Ss 


= 1х3 х1 |+ к ЦС 5 кх 10 |С 














x=-1 > A=-l;x=1 > B=1; [2 





Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 
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9x8 — 3x +1 _ 2949€ cH 


Sou Wat (after long division); 9x — 3x F1 АВ Су 


х2(х — 1) х—1 
Be ee ee и. 1 C=7;x=0 В =-1; А+С=9 = А=2; 


ft ax = Јдоах+2 је – Је +7 | 3 = +2 шк +1 +7Ш к - +C 






































16х3 = 12x—-4 . I2x-4 | А B = 
manag? Ott D+ ei ee (0х-187 25-17 (х-үр > 12Х—-4=А(2х—1)+В 
> А=б; -А+В=-4 > В=2; [16° ах =4 Гох) ако е2 +2 
= 2(x + 1)? +3 In [2x — 1] — C1 2 22 c 4x - 31n [2x - 1| - Qx - D 1 + C, where C = 2 + C; 
“+у?—1 __ 1 : 1 __А | Ву+с — 2 Е 2 
E =Y- уут) ° у(у = y eI = 1=А(у +1) + (Ву + Оу = (А + В)у? + Су + А 
: = рее. 4-у2-1 = d 4 
7> A=1;A+B=0 > B=-1;C=0; [4&2 ay= f'yay- f& f 33; 
2 
= © -Inly|+$in(1+y’)+C 
ду = 2 : 2 = 2 LA Ву +С 
заар а рї рар ут уы 





=> 2 =А (у: + 1) + (Ву + Оку – 1) = (Ау2 + А) + (By? + Cy – Ву – С) = (А + В)у? - (-B 4 Oy + (А – С) 
=> А+В= 0, -В+С= доС= В, А –- С= А – В = 2 А-1,8--1,С--1, 

4 
Js dy 22 [ o oye [555 — fet ay - Jos 
= (y+ 1)? + In |y — 1] — § In(y? +1) — tam y+C, = y? + 2y + In ly – 1 – 4 In (y? + 1) — tan™t y +C, 
where C = C; + 1 

















e di dy _ d +1 
Jatin = le - xf s = 5 – 7% = = in [P43] +C= ШЕ 5) +с 


Језаве а = fe edt; аа Г еу = оч а у= 5+ [527% - [s 


=* 4) In(y? +41) - tan !y cC — 4e% + 5 In(e* + 1) —tan (et) +C 








cos y dy dy с 1 1 + У 1-2 
ПРЕС ж g> [sin y — t, cos y dy = 40] - — fe = if — pea) dt = 5 In || +C 














=d sin y — 2 
= аз С?! +С 

а а +2 
Jail o - fe c ут = |+С= фиш c 
мово 


соѕ 0 cos 0 4- 2 


(x — 2y? tan-! (2x) — 12x? — 3x = f moo tan" -1 29 = Гер 
| (4x2 + 1) (x — 2)? dx dx — 3 (x бэр Ч 


2 
= 1 лап! Ох) а (апт! (х) | 6 f = us 3In|x - 2| 6 + С 

















(x + 1)? tan7! (3x) + 9х3 + ___| ап“! (3х) 
J . FT УГ? = dk = | ет 9х + Jg dx 
= 1 | гааг (3x) d (tan~? (3x)) ) + f zx - cm = ше ЗУ inal eS +С 
J— -dx = SF зах [Letu = ух du = 12 dx > 2du = dx — f às 


Dees 
12-12 Б 











ое 
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47. 


48. 


49. 


50. 


51. 


22: 


: J| odds ЕЕ: = биа ^ fi 


Chapter 8 Techniques of Integration 


jdu- f( 


—1 
ucl 


1 
и—1 





+ 








э>В-і-А--;/-- )du = — f du + f du — —ши+1|+ 
yx-1 


Ух+! 


ucl 


= [п +С 














1 py би? 
a= Tat OU du= fo 


A(u — 1) 4- B(u и 


= [(6+ 6 


— _А 


17 u+ 


т => 6 = 





+ 





1 - 


- 6f du 4. [ аи 


-A+B=63B=35A=-3: 20 





Tos 


3; )du =6u-—3f 5 





(= 





ЕС = 6х76 + Зла | 5—1 


xl/6 4+1 +С 


=f 2u? 
u -— 1 


= 6u — 31In|u + 1| + 31nļu — 1| 4 














20. is 





aje 





2 
u?—1 


A 






























































In|u — 1| - C 


)du 


(A+B)u-A+B>A+B=0, 


;du 4- 3 | du 












































2 = сат + 527 > 2=А(и—1)+В(и ed d 
-А-8-2-8-1-А--12|8-|/ (25 + 7p )du = а 
RC _ _ т 
— 2u — Inu - 1| - Inu— 1| -C 22 Tid aaa +C 
Jip & [Letx +9 = 0? = ах = 2194] > fata = | 5 Pug eui decr B 
= 2 = A(u +3) + B(u — 3) = (А + B)u + 3A – 3В = А +В = 0, ЗА - 38 =2= А = į > B = –1; 
1/3 1/3 /х +93 
Jis sd | 25.48 авер Lf at du = 4Inju — 3| — Паи +3| +С = 11а roS +С 
= — ы — А 
cs Ј ах [Letu =x! => du = 4x dx] > арена ик = аР V 
=> 1 = А(и+1)+Ва=(А+Ви+А=А=19=В=—1;1 [туй = 1 (1 с) 
=} fidu- ааа = Иа – Паја + | + C — 1(у©т) +С 
1 = =S 2-2 4 1 1 25 
Гаук = Гару = [Letu =x => du = 5x ax] 1 Шашы - ^ HB + а 
өтс тарын жаа а ата ан алас соны КА сыш! 
2221 21.1 1 21 UO a A е 116 1 [1 1 [1 1 1 
tas mb Ја JY a tut ig) au = diut hf hdt d fidu 
— —gln[u| — om t+ ajln|u - 4| - C 2 —уш|х?| — is t gon? +4 -С-48| – me + С 
(#—3‹+2) ® =1;х= f od = f — | 4 = и | =>] + С; !== = Се г = Запдх =0 


С (== е* х In2 





| 1 In |2 ({=4)| = In |t— 2] — In |t— 1) + 





vf- "I 


(3 + 42 +1) ® = 2\/3;х = 2\/3 | ат = ! 





= 3 tan“! КЕ) — /3 tan! t+C;t=1andx = ane => – М" д ma p 
=> x= 3 tan? (Мз) — V3tan!t— q 
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53. (6:-20%-ж-21| е-е ішіккЦ-1/4-114 шік езі с; 
Cc eI Mu ш2+ш3=шб => и |х+ у = 06|- | > х+1= $5 
54. (+) 4 = +1 > Јо = || > tan x а Ц Cit 0andx 20 = ап 0 = In [1] 4- C 

эш уш чш Меш S x = tan (In (t + 1)), t > —1 








5|[ р = 3т1п25 


2.5 2.5 2.5 
55. У=т зах =т.], мат (], (5+1) 4 = | 


WIN 
жт- 
NI 
BL 
~ 
м 
м 
с. 
> 


1 
56. V — 2n [xy dx — 2s [2 — dx = 40 f (- 
= [— # (Inx-- 1| - 21n|2— xD]; 7 = 012) 


Z уз 
57. А= |, tan ! x dx — [x tan! 5-4 түе ОХ 
M C n In +00, / 2 85 nh 

















_ 1 (1 3 тү 1 (20 уз ~ 
E 9-0 | 1.10 
| + 1x —9 of. = Е = 05, 
31203 9х = 3 засаг = [3 In |x| — In |x + 3| + 21n |x — 1|] = In 
5 
-if EET dx 2. 2. ит) = 18+ И №2 -316) = 3590 








59. (а) ® = (Мх) = | = [ка а а а = ка = а а = С 
k = 5, М = 1000, 1 = Оапах = 2 = ту n la| =C > w Шш [55| = 





550 Т 1000 In (35) 


1 | =4 => 14 = 6“ => 499 = с"(1000 — x) — (499 + e*) x = 1000e* = x= 10067 


(b x =4N=500 = 500 = 100%. = 500.499 + 500e* = 1000e* = eft = 499 => t= 1 In 499 ~ 1.55 days 


=> In 

















60. # =k(a—x\(b-x) > а) = Kat 


«азы: Г, = [ки = 2до-ю«Си-0аах-0-1-С- 22-ны! 



































а—х а а-х 
1 i a a о ак 
а-х а-х akt + 1 x а- akt+1 ~~ akt+1 
ЇЇ dx 1 1 
(b) a 7 b: f Б х) = frat = aJa ^ b-a b—a 
t—0andx 20 — f = (b—a)kt+In(2) = 5—— beb-9k 
2 ab [1 – е®-] 
> X= ео 


8.5 INTEGRAL TABLES AND COMPUTER ALGEBRA SYSTEMS 


1. a= = J; tan 1J +c 


(We used FORMULA 13(a) with a = 1, b = 3) 
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dona 11. |ух+4–2 
2. Јеша = h n| са |у +С 
(We used FORMULA 13(b) with a = 1, b = 4) 




















з. Још = Је ве >= = Ј(ух-2) «+ f(Vx-2). ax 


vx-2 
- (p нор 653. [вас 


(We used FORMULA 11 with a = 1, b = —2, n = 1 anda=1,b = —2,n= —1) 











4 Је = Ја 0 Ган = a В] саана 
-1 = | Р 
а (указ) ак (у) ax = (4) (3) 3I — (гу (гу Ыз” ус 








1 222 (х--3) 
24/2х 43 Ох+3+3)+С= у2х +3 +С 
(We used FORMULA 11 with a = 2, b = 3, n = —1 and a = 2, b = 3, n = —3) 


5. /ху2х—34х = [0х —3)у/2х—3ах+3 [[/2х—3ах = (ух 3) dx 3 f'(V2x-3 /ж-3) dx 
5 3 
- (p à E52. «gy a) нс ее вау нс - epe ус 
(We used FORMULA 11 with a = 2, b = —3, n = 3 and a = 2, b = —3,n= 1) 


6. [x(7x +5)? dx =} f (7x +50x +5)? dx- $ f Ox +52 dx = 1 f (7x5) dx - 3 f (7x5). dx 
ЈЕ (2) (2) (М7х+5) _ (5) (2) КЕЗЕН ас Е pa -2| +С 





7 7 7 7 7 5 


x | 2 (155-3) С 


(We used FORMULA 11 with a = 7, b = 5, n = 5 and a = 7, b = 5, n = 3) 


т Ју а мв са Гв с 


(We used FORMULA 14 with a = —4, b = 9) 
4/9-4х ( 1 ) ae 
х 2 V9 m vV/9 — 4x 4- /9 KE 
(We used FORMULA 13(b) with a = —4, b = 9) 


= 20028 23: :8:3 рс 














= V9 - 4x 43 
dx 0 у4х – ах 
8. Jats = (—9)х = 18 sJ +C 


(We used FORMULA 15 with a = 4, b = —9) 


4х—9 2 2 = 4х—9 
= 52 E (9 (5) a! y +С 
(We used FORMULA 13(a) with a = 4, b = 9) 
V4x-9 á tan`! 4х5-9 +C 











= 9x 27 








9. fx 4x — x? dx = fx 2 - 2x — x? dx = с – Хо + z sin! (553) +С 
= еер. +4 sin7! (532) 4+C= Gora Зу хх: +4 sin7! (52) +С 





(We used FORMULA 51 with a = 2) 
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ЕХЕ x= x+ sin! (2x—1)+C 


1 
2 


(We used FORMULA 52 with a = 1) 






























































VT+ (v7) «x : 
1 z.tl HE. М7 + 7 + 2 
и, Јо = Ј JUS Ja In à Св У |+ С 
(We used FORMULA 26 with a = v7) 
vi+ (vr) -+ та 
dx = dx = 1 ez Ax Vit V7-x2 
2. f —— I Jc dn : Сы И |+ С 
(We used FORMULA 34 with a = v7) 
13. [AE a= [E ах = /29 — у — 21а |#®У#=—®| „С = \/4 — 2 — 2 In [PE 
(We used FORMULA 31 with a = 2) 
14. ах = | У®=® ах = \/х2 — 2° — 2. зес”! | +С = Vx? 4 – 2 ест! |х| +С 
(We used FORMULA 42 with a = 2) 
15. Je cos 3tdt = np (2 cos 3t + 3 sin 3t) +C = Š (2 cos 3t + 3 sin 3t) +C 
(We used FORMULA 108 with a = 2, b = 3) 
16. fe sin 4t dt = cies C3 sin 4t — 4 cos 4t) + С = © (—3 sin 4t — 4 cos 4t) -- C 
(We used FORMULA 107 with a — —3, b — 4) 
17. fx cosx dx= f x! cos- x dx = 24 cos -x+ z} с "xd Us od 
(We used FORMULA 100 with a = 1,n = 1) 
= E cosi х+ 5 1 (1 sing 1х) -i(i ху х2) +С = * совт! x isin! х-іхуі-х- С 
(We used FORMULA 33 with a = 1) 
2 zi x хїн x x2 2 х2 x 
18. Jf x tan !xdx o f x! tan-!(1x) dx — &— tan"! (1x) — i4 [25x = Ý tan =: ја 
(We used FORMULA 101 with a = 1,n = 1) 
= х tan !x — 1 Га - т-а)Ф (айег fi division) 
= Ë tan! x— ! [a^i f dm х апі х — ix + 1 ав 1х + С = 1((x? + 1)tan! x — x) +C 
19. fe tan! x dx — x tan“) x — Жэ dx = $ P unix-if.£. dx 


(We used FORMULA 101 with a = 1, n = 2); 


Гая ак Јав = заж) = f tan ! x dx 
x2 
= Ë tantx — Ê +1 (1+5?) +С 
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МИН соат ШИГ _1 xc? q 
20. | ax ax = fix ап ‘хах = (т (ап X cole к "us Txt fan dx 
(We used FORMULA 101 with a = 1, n = —2); 


SS = Га = Је [es =m а) +С 
22... 





21. J sin 3x cos 2x dx = — os Sx = 295 +С 
(We used FORMULA 62(a) with a = 3, b = 2) 


22. J sin 2x cos 3x dx = - а cosx +С 
(We used FORMULA 62(a) with a = 2, b = 3) 








sin ( > sin (2 
ЕЕ КЕЕ (3) _ (3) +С 





(We used FORMULA 62(b) with a = 4, b — 1) 


24. J sin £ sin £ dt = 3 sin (£) — sin (1 ) +С 
(We used FORMULA 62(b) with a = i b= 2) 


25; | сов % сов? ? dó — 6sin($) + © зїп (16) +С 
(We used FORMULA 62(c) with a = 1, b= 








0 130 1 sui (%) siti (%) 
26. | со сов7040- + sin (432) 4-4 sin (18) + = ВИС 
(We used FORMULA 62(c) with a = 1, Һ- 7) 


+x+1 x dx dx asad 
А. (еп = [35 kl ats Ее ша 
= }In(x? + 1) + TT +x) +4 tantx+C 
(For the second integral we used FORMULA 17 with a = 1) 


x2 + 6x =f f 6x dx f 3 dx си! @? +3) _ 3| dx 
28 fas de= +3 + (х2 + 3)? 2+3)? — ar (х2 + 3)? : 


је + (vs 





























= и (ај ehm 7 oye * 4 a) 
(For the first integral we used FORMULA 16 with a = Уз ; for the third integral we used FORMULA 17 with 
2530) 

= =; an" (3) -7p tC 


и = yx 
29. J sin Vx dx; x= u 2 2 fw біп” !udu - 2 (95 sinu — 55 == du) 
dx — 2u du 
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oe: 2 
= 12 ап iu- f ú“ du 


y 1-— u? 
(We used FORMULA 99 with a — 1, n = 1) 
= vu? sin™! u — (i sin™t u — TES +С= (и? = 1) ѕіп 10 + suv 1 =u? +C 
(We used FORMULA 33 with a = 1) 


= (x — 5) sin! үх-1їүух-х2-С 


и = \/х 
30. Г ах; x= u > f= -2u du = 2 f cos™t u du = 2 (u costu — } V1 =u?) +C 
dx = 2u du 
(We used FORMULA 97 with a = 1) 


=2(/x cos! /x- V1=x) +C 


шад 
31. Т ax x= u? > oe du =2 f 85 du =2 (3 sintu-duv1—-w) + 
dx = 2u du 


—sin'u—-uV/1—u +С 


(We used FORMULA 33 with a — 1) 


— sin! /x yx V1 -x +C = sin! /x — ух x! + (С 


32. [355 dx; n ^ [rS mudo 2 f (V2). — v? du 


dx — 2u du 
+C=uV2—w+2sin" (45) «C 


=? | (v2) -u + ш sin! (45) 
(We used FORMULA 29 with a = v2) 


= У2х— х2 +2 зіп! /Е + С 

















33. foo Гита = зена, | u= sint | =e 


sint > | du = cos t dt 
= 12w — n |H У +С 
(We used FORMULA 31 with a = 1) 
= Vi - sin? t= In si Ilse +С 


























dt = cos t dt 2 u=sint du ets rli Нилээн 
34. ET = faite в Jas I 7 In u 
(We used FORMULA 34 with a = 2) 





– а |2258 +С 
u — In 
35. [ —5 25; 26 — fs, = [4 =m b+ 3+] +С 
` yv3 + (Iny? ? 2. е\/З + 2 o Уз+и — 
y — e" du 


— In |In y - /3 4 (In y?| - C 


(We used FORMULA 20 with a = ТЕУ 
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t= у 


36. fran y әу; у= ё – 2 fetn edt =2 [5 tantt-} fe eat] =P an tt— fee at 
dy = 2t dt 


(We used FORMULA 101 with n = 1, a = 1) 
=P tnt- fÈ tldp fé Ds — P tanc t - te tan? t C — y tan?! /y 4- tan?! /y — /y - C 














EE RP REEL 


(We used FORMULA 20 with a — 2) 


= |+ Ve +4] +C=In|(x +1) + (+ 12 +4 + С = (х1) + уо + 2х +5| +С 








x2 t=x-2 (0+2) 4, реа _ 2 4 4 
38. I-A -f— = 2) Xe | | = J МӨ +1 dt үне” сата ы/а 
(We used FORMULA 25 with a = 1) (We used FORMULA 20 with a = 1) 


= ар мета а +4 ЕС 
e — 
= – па|(к – 2) + (к - 2 + | + а (0-271 ду (к– 2) +1 +ала(к– 2) + (к 2) + 1|+С 


= {к= + аз. бома, с 


39. f нн т 5 f v»- va; 


(We used FORMULA 29 with a — 3) 


-1ү9-2- 3 sin (5) + С = #249- (х+2)*+ 2sin ! (S22) c C 2 E£24/5 — Ax — x2 E 2sin ! (22) 4 C 


40. [52x xt ax —. [t1 — (x — 1! ax; 2. > f+) Vi -eats [(#+2‹+1)/1—@ 
- |Рут-ба- |ро/1-ба- | 1-Сш 


(We used FORMULA 30 with a = 1) (We used FORMULA 29 with a = 1) 


= Геза (р ив 22) 20 аул |} г- е з ()| «c 


= lsin!(x —1) - 1x — 1) 4/1— (x— 1}? (1? — 2(x -= 1)}) - (1- х-12) eig 1—(х—1)? 


t Isin (x — 1) c C 2 $sin ! (x — 1) - 22x пи —4x+5)+C 

















41. J sin? 2x dx = — sin! 2x cos 2x 2E 531 [ sin’ 2x dx = sin! 2x cos 2x + 3 | sin? Lem 2x + 3 т 1 Бап 2х ax] 
(We used FORMULA 60 with a = 2, n = 5 and a = 2, n = 3) 


B sin 2x cos 2x PIED 8 1 ve ѕіпі 2х соѕ 2х 2 sin? 2x cos 2x 4 cos 2x 
ере n 2x cos 2x + $ (— 4) cos 2x + C = 10 15 is +С 





42. | 8 cost 2nt dt = 8 (se2aisin2at + 451. Ј сова Ant at) 
(We used FORMULA 61 with a = 27, n = 4) 
= cos? 27t sin 27t + 6 [++ зіп (2: -2т- at + С 
т 2 


(We used FORMULA 59 with a = 2л) 
= cos? Zat sin 2nt +3t+ 3 sin dnt +C= cos? Zat sin 271 3E 3 cos алгын 271 Зее 
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43. J sin? 20 соѕ? 20 10 = sint 26 cos220 + i ШЕТ 20 сов 20 40 
(We used FORMULA 69 with a = m= 3,n= 2) 


dn? 2 & un? 2 . . ain? 2 n3 
— sin 20 сов 20 a 2 J sin? 20 cos 26 dé = Sit 26 сох 20 ЕНЕ 2 BE 20 d(sin 20) — sin 20 сов 20 ДЬ кіш 20 +С 


44. | 2 si tsech c at = [2 sin’ t cos~4t dt = 2 (- шоч + 3=1 fcos~tdt) 
(We used FORMULA 68 with a = 1, n = 2, m = —4) 
— sintcos ?t— | cos~‘t dt = sin t cos~? t — [ sect dt — sint cos? t — (sc + 222 [ sec? t dt) 
(We used FORMULA 92 with a = 1, n = A 
= sintcos ? t — (ааш) — 2 tant +C = 3 sec’ t tant — 2 tant - C — } tant(sec?t—1)+C 
= 3 tant +C 
An easy way to find the integral using substitution: 


[2 si tcos-^tat — [2 tan?t sec?tdt = [2 tan®t d(tan t) = 3 tant + C 


45. J[4 tan’ 2x dx = 4 (93s - J tan 2x dx) = tan? 2x — 4 f tan 2x dx 
(We used FORMULA 86 with n = 3, a = 2) 
= tan? 2x — $ In [sec 2x| -- C = tan? 2x — 2 In |sec 2x| +C 


46. [8 cot'tdt =8 (— соб _ СЕС) 
(We used FORMULA 87 with a = 1, n = 4) 
— 8(— i coP t - cott - t) + С 
(We used FORMULA 85 with a — 1) 


47. Јо ѕес sx ax - 2 [epe + 324 [see mx dx | 
(We used FORMULA 92 with n = 3, a = п) 
= + sec rx tan zx + + In |sec 1x + (ап лх| + С 


(We used FORMULA 88 with a = л) 


48. f3 sec* 3x dx = 3 [se + == J sec? 3x dx] 
(We used FORMULA 92 with n = 4, a = 3) 
7 sec? 3x tan 3x ЕЕ 2 tan 3x + С 
(We used FORMULA 90 with a = 3) 





ino ЊЕ 2c 
49. f esc x ax 2 — set 25-2 fese? x dx = esc канк р ( соко 3-2 f'ese x dx) 


(We used FORMULA 93 with n = 5,a = 1 andn = 3,a= 1) 


= — 1 сес? х cot x — 2 csc x cot x — 2 In |cse x + cot x| + C 


(We used FORMULA 89 with a = 1) 


50. f'16x?dn ху dx — 16 [9857 — 2 fo nx ax] - 16 [98527 — 1 [999 — 1 Зах || 
(We used FORMULA 110 witha —1,n—3,m—2anda—1,n—-3,m-— 1) 
= 16 (2828 _ 20) 4 5) С = ах 3)? 2x! lix + +С 
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It де 
51. fe sec? (e! — 1) dt; а | — Jf sec? x dx = mexunr p $2 J sec x dx 


(We used FORMULA 92 with a = 1, n = 3) 
= Scxtanx + I ]n [sec x + tan x| +C = 4 [sec (et — 1) tan (et — 1) + In|sec (et — 1) + tan (et — 1)|] + C 


t= Vi 


JEL w| o= | > 2 Ses rar =2 [— spt + 3=2 frese tall 
dé = 2t dt 
(We used FORMULA 93 with a = 1, n = 3) 


—2[- Sete — Tn [esce t + cot t|] +C = — esc 0 cot VØ — In [ese vø + со! \/8| +С 


52. 


к5 





1 т/4 т/4 2 т/4 

53, T2 x? E 1 dx; [x 2 tant] > X sec t - sec? tdt - 2 f. sec? tdt — 2 | [ser] + 3 J, sec t d| 
(We used FORMULA 92 with n = 3,a = 1) 
= [sec t - tan t + In |sec t + tan t|] 7/4 = = у2 + (у2+1) 





уз 4 т/3 т/3 1/3 2/3 
y . mcd cos x dx f 4 sec? x tan x 4—2 1 2 
54. Ї ( z; [y = sin x] —> 1 x = Jọ sec x dx = | ТО! |, + 77 J, see’ xdx 


215/2 2 59 
1 — y2)" cos? x 


(We used FORMULA 92 with a — 1, n — 4) 


T 7/3 
[Аут + шах] = (3) У3+ (6) У3=2У3 





2 / т/3 т, 7/3 
55. f пзш EAE : аг; [г = зес 0] — Ї ши 0 (вес 0 (ап 0) 40- 17 tant @ 40 = [е] - f (ап? 0 40 
Tie tn (|^ "eres. же. 


(We used FORMULA 86 with a — 1, n — 4 and FORMULA 84 with a — 1) 





56. | гл [t — tan 6] EMIT mE =f" cos? 0 d0 = [gae] ШЕТТЕ | cos? 0 10 


(241)? ’ вес” 0 0 
è 6 D и т/6 туі 1 т/6 
44 | со“ 080 т/ 4 соѕ2 0 ѕіп 0 3-1 | — | cos! 0 sin 0 4 2 И 8 с; 
= [ове +5 Bro, б + (35+) cos 6 dé| = ~=; ~ + тє СО$ 0 зїп 0 + 75 sind] | 


(We used FORMULA 61 with a = 1,n = 5 and a = 1, n = 3) 


XY a) 2 
= ET) (4) 08)" 4 (8) = Bt b+ b= Me = 





57. 5= |, _ ГА (у) ах 
a Vx +1 dx 
= губи [5 + inf + VPA] 


(We used FORMULA 21 with a = 1) 


= n [V6 + In (2+ У3)| = 2ту3 + ту (2+ v3) 
зо | 8 TH One dx =2 fe [Egat dx = 2 [8 fh + + (2) (1) (+/+) ^^ 


(We used FORMULA 2 with a = 2) 
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1+4x? + bin(x+4 e) = 34/144 (3) 4 (22 +1 1-4(9)-іш 
а м Аа) 


— 
As міх 





=i Fon 





59. A= А 5 = [2 х+1] =2;х 


3 3 
! x+ldx—if e 

2 [ex + 137] 5 -1-21; 
(We used FORMULA 11 witha = 1,b = 1,n = 1 and 
а= ъ= 1, п = —1) 





>= 


мін: 





3 
у= |39 = 1 0+1] = 1 Ш4=1ш2=ш 2 








3 
60. My = fx (5255) dx = 18 f +3 dx—s4f" 58 = [18x – 27 1n + 313 


о 2x+3 
= 18-3 – 27129 – (27 1а 3) = 54 – 27 - 2 ln 3 + 27 ln 3 = 54 — 27 ln 3 





1 
61. an f x24/1 + 4x2 dx: 


S= 

| 12 a — т Га 1 + u? du 

= [$+ 20) VT +0? - $n (ut rea)" 
(We used FORMULA 22 with a — 1) | 
=4[20+2-4/144—1in(2+ T4) 
-$042-2VTE-4 1n (224 V14)] 


Е 





62. (a) The volume of the filled part equals the length of the 
tank times the area of the shaded region shown in the 
accompanying figure. Consider a layer of gasoline 
of thickness dy located at height y where 
—r « y « —r- d. The width of this layer is 


—r+d 
2. /r! — y2, Therefore, A = 2 (8 асу фу 


апау =1-А = 21, [уу ау 





1+4 2 2 —r+d 
(5 2L f 7^ V - yay «2L [WEE e sint 1] 
(We used FORMULA 29 with a — r) 


- 2L [872 v2 - d + 5 sin (4) + 5 (2)| =>21.[(5) Ужа - ? - (5) (sin! (222)  2)] 








63. The integrand f(x) = \/x — x? is nonnegative, so the integral is maximized by integrating over the function's 
entire domain, which runs from x = 0 tox = 1 
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= f vx-x a- f /2-1х— dx = 


(We used FORMULA 48 with a — 1) 


VIE 


2 
4-0 L/D. 1х-х2 + Gy sin! (55) 





2 
(х-4) 2 1.4--і à NE: 1 T T 
- [8:2 х= х? + р іп 0х-1)| ={4-#-{4(- = 


64. The integrand is maximized by integrating g(x) = x1/ 2x — x? over the largest domain on which g is 
nonnegative, namely [0, 2] 


2 > 
= fx 2x = x dx = [Se aVat E Liste n] 


(We used FORMULA 51 with a — 1) 


2 
0 


CAS EXPLORATIONS 


65. Example CAS commands: 


Maple: 
91 := Int( x*In(x), x ); # (a) 
91 = value( ql ); 
q2 := Int( x42*In(x), x ); # (b) 
42 = уаше( 42); 
93 := Int( x43*In(x), x ); # (с) 
43 - уаше( 43 ); 
q4 := Int( x*4*In(x), x ); # (d) 
q4 = value( g4 ); 
95 := Int( x4n*In(x), x ); # (e) 


q6 := value( q5 ); 
q7 := simplify(q6) assuming n::integer; 
q5 = collect( factor(q7), In(x) ); 


66. Example CAS commands: 


Maple: 
ql := Int¢( In(x)/x, x ); # (a) 
91 = value( ql ); 
q2 := Int( In(X)/x^2, x ); # (b) 
q2 = value( q2 ); 
q3 := Int( In(x)/x^3, x ); # (с) 
43 - уаше( 43 ); 
q4 :2 Int( In(X)/x^4, x ); # (а) 
94 = уаше( 44 ); 
q5 := Int( In(x)/x4n, x ); # (e) 


q6 := value( q5 ); 
q7 := simplify(q6) assuming n::integer; 
q5 = collect( factor(q7), In(x) ); 
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67. Example CAS commands: 
Maple: 
q := Int( sin(x)4n/(sin(x)4n+cos(x)4n), x=0..Pi/2 ); # (a) 
q = value( q ); 
ql := eval( q, n=1 ): # (b) 


ql = value( q1 ); 

for N in [1,2,3,5,7] do 
ql := eval( q, n=N ); 
print( q1 = evalf(q1) ); 

end do: 

аа1 := PDEtools[dchange]( x=Pi/2-u, q, [0] ); # (с) 

992 := subs( u=x, 441 ); 

993 := 4+9=9 + 992; 

994 := combine( qq3 ); 

995 := value( qq4 ); 

simplify( qq5/2 ); 


65-67. Example CAS commands: 
Mathematica: (functions may vary) 
In Mathematica, the natural log is denoted by Log rather than Ln, Log base 10 is Log[x,10] 
Mathematica does not include an arbitrary constant when computing an indefinite integral, 
Clear[x, f, n] 
f[x_]:=Log[x] / x” 
Integrate[f[x], x] 
For exercise 67, Mathematica cannot evaluate the integral with arbitrary n. It does evaluate the integral (value is 7/4 in 
each case) for small values of n, but for large values of n, it identifies this integral as Indeterminate 


65. (e) [x imxaxo 2x — 1. dx nz -1 


(We used FORMULA 110 with a = 1, m = 1) 
xt (In x - тн) +С 


п+1 n+1 








nal (п + 1)2 








Со х! эх хїн 4+C= 





66. (e) fx In x dx = nx _ ze [aet dx,n £1 


-һ--1 
(We used FORMULA 110 with a = 1,m = 1,n = —n) 


= E n (r.c- хе (пх-т-) “С 


n 
1-п 1-1 41-п —n 1-п 











67. (a) Neither MAPLE nor MATHEMATICA can find this integral for arbitrary n. 
(b) MAPLE and MATHEMATICA get stuck at about n = 5. 


(с) Letx 2 5 —u — dx—-dux-0 0= 5,х= 5 и = 0; 


т/2 a 0 4 т т/2 т/2 
І- 1 / ѕірпх ах 02 1 = sin? (5 = u) du = f / сои ди _ . 1 / cos? x dx 
^ Jo sin" x+cos"x ^ — туо sin? (2 E u) + cos” Е m u) ^ Jo cosfu-sinsu — Jo COS" x 4- sin? x 


= тт (велеа) а "ак = 


sin? x + cos? 











NIA 


m 
> 1=1 
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8.6 NUMERICAL INTEGRATION 




































































1. f dx Xi f(x;) m mf(x;) 
| b-a — d Ах _ 1 Хо 1 ! 1 1 
L (a) Fon=4 Ax= Q1 = = cg х | а | а | 2 | 52 
уп) =12 > Т= 112) =8; x | 32 | 32 | 2 3 
f(x) =x f(x) =1 Е" =0 М =0 x3 | 7/4 7/4 2 7/2 
=> ЕН —0 X4 2 2 1 2 
2 2 2 
® Л ха = [5] =2-}=} = в = Л х&-Т=0 
181 В 
(с) True Value x 100 = 0% 
П. (а) Forn=4,Ax=%#=7 71-5 > 35-14, х [|fx)| m |mfx) 
ааа =: Xo| 1 1 1 1 
i i ха | 5/4 | 54 | 4 5 
м. on x | 32 | 32 | 2 3 
фу | хах== = |= / хах-5= 2-3 =0 xs | 7⁄4 |74 | 4 7 
) x 2 2 1 2 
(с) mE x 100 = 0% 
2. Ј ох-1ах ж |) | m |mf(x) 
| Ax = 2 = 35 25274 Ag 1 хо ! ! ! ! 
I. (a) Forn 4, X Ч x 4 2 > 47 х1 3/2 2 2 4 
У тх) = 24 = Т = (24) = 6; х | 2 3 2 6 
[(х)=2х—1 => f'x) 22 2 f" 20 2 M-0 ха | 5/2 | 4 2 8 
=> ЕН = 0 X4 3 2 1 5 
3 2 3 3 
 / Ох—-1)4х=[х2—х]] = 9—3)—(1—-1)=6 = |6 = | сх—рех–т=6–6=0 
2 i 
(с) True Value x 100 = 0% 
П. (а) Forn = 4, Ax = = = 3H = 2l o’ =}; х | f(x) | m |mf&) 
Ут) = 36 = 5 = 1 (36) = 6; хо |_1 1 l 1 
и _ и x | 32 | 2 4 8 
249 0 > M=0 = |El d = 5 3 5 6 
b) f Qx—1dx=6 = [E] - f, Qx- Ddx- S ж | 52 | 4 4 16 
| 2 
(с) True Value x 100 = 0% 
з. С х [ә Га Гак) 
L ' Е 4, А b-a  1-(-D. 2. 1 AX 15 Хо -1 2 1 2 
(АЈ РОВ ан А = == 55=1; | | 1/0[ 54 |2 5/2 
у тбх)у= 1 > T= 1) =225; x;| 0 1 2 2 
Ех) = х? +1 f'(x) 22x f"(x) 22 M хз | 12 5/4 2 5/2 
> В < ЕС uA ) (2) = 5 or 0.08333 кыч 2 І 2 
1 1 
&) б?+1)ах= [+ Х| = =(@+1)-(-4-1)=# э в=/] et na-T-i- 
= |El e 2 
(©) теуде Х 100 = (3) х 100 =3% 
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x? — 1) 


(a) 


(b) 


(b) 


(с) 


(а) 


(b) 


(c) 
(a) 


(b) 


(c) 


































































































































































































Forn = 4, Ax = == = HD à -1- 2-1; Xi fx)| m [|mf(x) 
DE 16 > S= SA 8 = 2.66667; Хо | —1 2 1 2 
К. : сз ей x -2| 54| 4 5 
22: 2225 меш ые И. Го 
Лечи = [8 +*| = : о | 12 | за | 4 | 5 
i = х4 | 1 2 1 2 
= |B) =f (+1) dx-s=%-8=0 
Es 
m x 100 = 0% 
Xi fx) m mf(x;) 
— 090-02). 2—1 Ax _ 1 
корп” Ак ж” кыс ал: эл. Їх| 301541 2 | 5/2 
У шИх) =3 = Т=1(3)=8; х | —1 0 2 0 
f(x)ext ele foe xx 2 X3 | — 1⁄2 | -3⁄4 | 2 —3/2 
ое ЛЕ P uL E led 
0 0 0 
[0 -04&-[£-3 |-0-(-1«2-3 5 &- f, -0a-T-3-1- 
= [E|- 4 
21. 
Tu х 100 -(%) х 100 ғ 13% 
For n = 4, Ax = эса = zE 2 = 1 Xi f(xi) m mf(x;) 
Ax _ 1. 1 2 X —2 3 1 3 
-» 2-1, фея 0 
= = 2 5 : E : х |-32| 54 | 4 5 
а = (х) = т |Es| = XX cd 0 2 0 
Јо - 10) а= 2 = = f, - nàx- 8 х | 34). 4. | 3 
сд X4 0 —1 1 —1 
3 3 
[Es 2 
True Value x 100 = 0% 
m 
| 1 
Богп = 4, Ах = 2-8 = 220 = 2 = 1 5 
- 3-1 Si mf) <25 + T= 1025) = 2, 2 
f(t) = 3 $i = (00 = 30 +1 = (0-6 в | 3/2 | 39/8 | 2 39/4 
2 M-12-f"Q) 5 |E| x 22 (22 - 1 Маја ЕВА И ЦРВ 
4 212 4 2 2 
Гежда-( + |„=(+)-0=6 = |в|= }/(#+)й@-т=6-®=-]} 
zn x 100 — 531 х 100 ~ 4% 
Forn = 4, Ax = = = 270 = 2 = = 55 = 1; t | f(t) | ш Га) 
у] т() =36 = 5 = 1(36) = 6; | 0 [0 1 0 
9-6 = #0900 =0 = М0 = [Б|=0 а nz A 5 гн 
2 2 2 
Ї ё-уа-6- Е-1 (8-04-8 t| 32 |398| 4 | 39/2 
coru) & 33 [10] 1 10 


ISl х 100 = 0% 


True Value 
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1 

e. fex 
І (a) Forn = 4, Ax = СО 2 = 
=> 55 = 1; Ут у) =8 => T=} 
ко=8+1 = f'() 23e 20 6t 

> M=6=f"(1) = |E,|<! 





1 
2 











(c) «EL. x 100 — 0% 












































(8) = 2; 


57 (5) 6) = 
o f Ређа [+ = (9+1) - ы =2 > = (е 
































і і т і 
о] = [0 1 0 
и | —1/2 | 7/8 2 7/4 
ty 0 1 2 2 
ts | 1/2 9/8 2 9/4 
ty 1 2 1 2 














-1)4-Т-2-2-0 


















































































































































Ттие Уаше 
IL (a) Forn =4, Ax = = = D -2 1 t | ft)| m |mf(t) 
= &=1; 9 mit) =12 => §=1(12)=2; ыо | 
а а Пра М ый u -2| 78| 4 T7 
8000 =6 = f(9() 0 2 M-0 — |Es|=0 217 ї 5 5 
1 i 2 
© / (08-1)4:-2- [BI =f (841) at—- i) 12] 98} 4 | 92 
-2-2-0 u| 1l 2 1 2 
Es 
(с) тш Vac x 100 = 0% 
ај d ds - 5 15) m mis) 
b-a 2-1. 1 Ах — 1. 1 
Ер Se EOE iO gs a ао м | 5 | 16/25] 2 [32/25 
179,573 Ус 179,573 \ __ 179,573 
у] шы) = Fae > T= § (GER) = BSE »| 32 | 49 | 2 | 89 
: NIME 88 | 7/4 | 1649 | 2 | 32/49 
= 0.50899; d —pone P ec 547122 1/4 Ї 1/4 
> f~)=§ = M=6=f"(1) 
= ЈЕ < 25! (1) (6) = 5 = 0.03125 
2 2 
ы) fodds= f's?ds = [-1]? =-1-(-1) =1 9 E - f àds- T- 1 — 0.50899 — —0.00899 
=> |E;| — 0.00899 
(c) Tuba: x 100 — па x 100 © 2% 
П. (а) Богп = 4, Ах = 5° = 28! = 1 = 8 = 5; s [fs)| m Таҝ̆) 
264,821 264,821) __ 264,821 So | 1 1 1 1 
> mf(s;) ын 44,100 > S= 15 Ес. — 529,200 $1 5/4. 16/25 4 64/25 
== 0.50042; #8) ($) = -2 -» 2 = 12 s2 | 3/2 | 4/9 2 8/9 
| 512 [а [1 174 
— 4l; e 0.00260 
2 2 
b) е 24=1 5 в,= / 14%—5 = 1—0.50042 = —0.00042 => |Es| = 0.00042 
[Es| шини 
(с) тез х 100 = х 100 = 0.08% 
в. | ius ds s [| m [mo 
I2 | 2 І І І 
b-a 4-2 1 Ax 1: 
1 @ Богп= ф Ах= 717 =74 => 24 51 | 52 | 49 | 2 | 8/9 
Y mf(s) 2 29 | 3 | 14 | 2 1/2 
=> T= : (1209) = 1269 = 0.70500; 53 “ | М2 
f(s) 2 (s- 1)? 2 f(s) =- 2p 34 
= Р" (8) = би => М=6 
= |6. < 452 (1)26) = 1 = 0,25 
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4 4 
(b) ds = [5] = (4) - (FR) = 3 = в = f, gp ds -T = $ – 0.705 ~ —0.03833 


iom 6-015 
= |E;| © 0.03833 
(с) тъ; х 100 = 99 x 100 ~ 6% 



























































e Value (3) 
П. (а) Forn = 4, Ах = > = t =} > 32-14, s | f(s) | m [| п) 
— 1813 2 1 1 
D mils) = asg а а | а | | 16 
1 

SG aso.) = хас И als m2 i 

GX(s) = үсү» O(s) = лу > М=120 5з | 7/2 | 4/725 | 4 | 16/25 

> El< шэг (120) = 1 = 0.08333 OR И 

4 
® Јафе 2 > E = | ap ds—S ~ 2 – 0.67148 = —0.00481 = |Es| ~ 0.00481 


(c) теб Х 100 = 29981 x 100 ~ 1% 


e Value уа 2 ) 






































9. Ј часа t | | m Та 
1 0 
ІТ (a) Forn = 4, Ах = 5-8 = 7-0 – т Ах — 1. 2 
(а) oS a PER ЕЛИ п | ла | /22| 2 | у2 
Y. mf(t) 2 2 c 24/2 e 4.8284 5150 5 5 
>T=2 (2 + 2/2) ~ 1.89612; ts | 30/4 | 22. 2 | y2 
f(t) = sint — f'(t 2 cost — f"(t) 2 —sint ц| т 0 1 0 








> М=1 = |Б}< 5° (5) 1258: 
& 0.16149 


(b) | за са = [ов 5 = (—соз т) — (—сов 0) =2 = |Er| = f sintdt - T & 2 — 1.89612 = 0.10388 


Ere: X 100 — 910388 x 100 = 5% 


(c) True Value 








Ъ-а т-0 T Ax T. 
I. (a) Forn=4, Ax = "= i д =; t | f(t) 
Y. mf(t) 2 2 -- 4/2 == 7.6569 
=> 5= 5 (2+4/2) = 2.00456; 























т 
1 
ц | ли | /22] 4 |2/2 
2 
4 
1 








(3) (9 = —cost > f(t) = sint ts | 37/4 | /2/2 2/2 
=> M=1 = [E € *x? (3) (1) ~ 0.00664 и| ту 0 0 











(b) | sintdt=2 = Е, = [7 sintdt - S ~ 2 – 2.00456 = —0.00456 — |Es| ~ 0.00456 
(c) тс х 100 = 00056 х 100 ~ 0% 


е Уаше 









































1 
10. f. sin tdt & [ft | m [mf 
шээж кый о UE di. 20 
| | n DT 20087 ц| 141221 2 | v2 
Y. mf(t) — 2 4- 24/2 c 4.828 ы 17 [ 1 2 2 
= т=} (2+2\2) = 0.60355; f() = біп ті | ЗА E 7 
=> f(t) 2 v cos vt ч 1 0 1 0 
f"(t) = 2 sin mt М=л? 
=> |E,| < " (1) (2) = 0.05140 


1 1 
(b) f sin mt dt = [— 1 cos лї] = (— 1 cos п) - (- 1 cos 0) = 2 0.63662 — |E;| = | sin rt dt — T 
N 2 — 0.60355 = 0.03307 
Е | 0.0330 Z 
(с) тш x 100 — 5" 7 x 100 © 5% 


e Value 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


П. 


(а) 
(5) 


(а) 
(5) 


(а) 


(b) 


(a) 


(b) 


(a) 


(b) 


(a) 


(b) 


(a) 


(b) 


(a) 


(b) 


Chapter 8 Techniques of Integration 











b—a 1-0 1 Ax l. 
(a) Forn — 4, Ax а алау 


п 4 
Y. mf(t) — 2 - 4/2 e 7.65685 


= S = } (2+4/2) « 0.63807; 
FOM = r? cos nt > fO) = 7t sin 7t 


=> М = 14 – | < 1-9 (1)* (14) = 0.002 


11 




















ti (0) m mf(t;) 
tl 0 0 1 0 
ty | 14 vy220| 4 |242 
| 1/2 | 1 2 2 
в | 34 |/2/2| 4 |2\/2 
u| l 0 1 0 














1 1 
(b)_f, sin xt dt = 2 ~ 0.63662 — Es = | sin rt dt—$ ~ 2 — 0.63807 = —0.00145 = |Es| ~ 0.00145 


п 


(с) теуге X 100 — 9098 х 100 == 0% 


n 


=> n> 115.4, so let n = 116 


=> n > 115.4, so let n = 116 


= n > 282.8, so let n = 283 


= 200, so let n = 201 


=> n > 70.7, so let n = 71 
M = 120 (see Exercise 7): Then Ax = 1 = |Е;| = 





M = 12 (see Exercise 5): Then Ах = 2 = Еј < = 


М = 6 (see Exercise 7: Then Ax 2 1 — |Er| < + (1 


в ( 


n 


1 


180 


M = 0(see Exercise 1): Thenn=1 => Ах= 1 => |Е = Б (10) 2 0 < 10-4 


М = 0 (see Exercise 1): Then n = 2 (n must be even) => Ах = 1 = |Es| = Ww (5) (0) =0< 10-4 


2 


M = 0(see Exercise 2): Thenn = 1 => Ax=2 => |Е = 2 (2)(0) - 0 < 1074 
М = 0 (see Exercise 2): Then n — 2 (n must beeven) => Ах=1 = ЈЕ = т; (1)1(0) = 0 « 1074 


М = 2 (ѕее Exercise 3): Then Ax = 2 = |Ex| < 2 (2) 0) = á <10 > n? > #(10%) э п> 
M = 0 (see Exercise 3): Then n = 2 (n must be even) => Ах = 1 = |Е;| = 55 (170) = 0 < 1074 
М = 2 (see Exercise 4): Then Ax = 2 > |E] < 5 (2) (2) = 54 < 10-4 = по > + (10) = п> 
Ecl 5 ^on T 12 in ^ 32$ 3 


М = 0 (ѕее Exercise 4): Then n = 2 (n must be even) > Ах=1 = |Е;| = 17 (1)%(0) = 0 < 1074 


2112) - $ < 10> 5 n» 8(10 = п> 


n 


M = 0 (see Exercise 5): Then n = 2 (n must be even) = Ax=1 => |Е;| = o (10) = 0 < 1074 


M = 0 (see Exercise 6): Then n = 2 (n must be even) => Ах=1 = |Е;| = o (1)*(0) = 0 < 1074 


) (6) = L <10 => n? > 2 (109) > n> 


202 


(1)4(120) = 2, < 10-4 = of > 2 (104) 


n 


= п> (2 (10) = n» 9.04, so let n = 10 (n must be even) 


t (0) 


$ (104) 


8 (104) 


М = 6 (вее Ехегсіѕе 6): Тһеп Ax = 2 = |Ex| < 2(2)(6)- 5 < 1073 > №>4(104) > n > //4(109 


2 (104) 


М = 6 (see Exercise 8): Then Ax = 2 = |Ex| < 2(2)(6)- $ < 107* = п > 4(10%) = п> (/4(109 


= п > 200, solet n = 201 
M = 120 (see Exercise 8): Then Ax = 2 = |Е;| < 


2_ 
180 


(2)*120) = 4 < 10-4 = п > 6 (10) 


n 


— n» \/% (104) > n> 21,5, so let n = 22 (n must be even) 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


19. 


20. 


21. 


22. 


23. 


24. 


Section 8.6 Numerical Integration 507 








(а) Ко = Ух+1 = РФ =1 (5+ 0-1? > РО = О = ар = М = 07 =]. 
Then Ax = 2 > [E] € $ (2) (1) = 7% < 104 = o> 2 (104) > п> ,/ 8 (109) => п> 75, 
so letn = 76 
ь) #3) =3(+ 15/2 = 19) =- 6+7 = – —5— = M= 15, = 5, Теп Ах = 3 
b) Об) = gat) @®=- Bat) ATE yi : 


15) _35(15) cA 4 443745) (104) 4 /3515) (104%) 
= [Е < в (1 ) (R) = rasom < 107 > по> ч > > 16180) «> 10.6, so let 





n = 12 (n must be even) 











(a) f(x) = ved => Р)=—4(х+1)%? > POSTE = a = М = Uy 3. 

Then Ax = 3 5 |E < $ G)? G) = 255 < 1074 => 5 209 n> (2M = n> 1299, soletn = 130 
(b) f9() 2 — B (x - 17772 = 193 = (+197 = ИИ => М = (07 = 105 Then Ax = 3 

= |63 < 150 (3) (10) = Gams < 10+ = ot > е = п> 4 2009000 5 р> 17.25, во 


let n = 18 (n must be even) 


(a) f(x) 2 sin(x - 1) = f'(x) 2 cos(x - 1) 2 f"(x) 2 —sin(x - 1) > M= 1. Then Ax = 2 > |6 < 5 (2) 0) 


= 2, < 10+ = R> HA & 24/209 & n> 81.6, soletn=82 





(b) f9)(x) 2 —cos(x - 1) 2 f(9(x) 2 sin(x -- 1) 2 MI. Then Ax 2 2 ^ [E;| € i5 OF (1) = туа < 104 


32 (104) 
180 





= п > n > n> = n > 6.49, so let n = 8 (n must be even) 


(a) f(x) =cos(x+7) => f(x) 2 —sin(x 4-1) — f"(x) 2 —cos(x - 7) > M = 1. Then Ax = 2 





8 (104) 8 (104) 
TD > n> —i2- 


47... п2 > 


(b) 1969 = ви (х +) = 100 = сов(х +) => М = 1. Тве Ах- 2 = |E,| < "(2 x (D 5 x « 1074 


=> n > 81.6, solet n = 82 


= п > 210) > n> а = п > 6.49, so let n = 8 (n must be even) 


5(6.0 + 2(8.2) + 2(9.1)...+2(12.7) + 13.0) (30) = 15,990 #8. 


Use the conversion 30 mph = 44 fps (ft рег 
sec) since time is measured in seconds. The 
distance traveled as the car accelerates from, 
say, 40 mph — 58.67 fps to 50 mph — 73.33 fps 
in (4.5 — 3.2) = 1.3 sec is the area of the 
trapezoid (see figure) associated with that time 
interval: 1 (58.67 --73.33) (1.3) = 85.8 ft. The 


total distance traveled by the Ford Mustang t (sec) 





Cobra is the sum of all these eleven trapezoids 
(using 4! t and the table below): 

v (mph) 
v (fps) 
t (sec) 
At/2 
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25. 


26. 


27. 


28. 


29; 


30. 


s = (44)(1.1) + (102.67)(0.5) + (132)(0.65) + (161.33)(0.7) + (190.67)(0.95) + (220)(1.2) + (249.33)(1.25) 
+ (278.67)(1.65) + (308)(2.3) + (337.33)(2.8) + (366.67)(5.45) = 5166.346 ft © 0.9785 mi 


























Using Simpson's Rule, Ax = 1 => Ах = 1 3 Xi yi m my; 
>> my; = 33.6 — Cross Section Area z 1 (33.6) Xo 0 15 1 1.5 
= 11.2 ft?. Let x be the length of the tank. Then the x. : Ге 5 A 
Volume V = (Cross Sectional Area) x = 11.2x. - 3 19 4 76 
Now 5000 Ib of gasoline at 42 lb/ft? X4 4 20 2 40 
= У = 5 = 119.05 f? хе | 5 24 4 84 
= 119.05 — — 12x — x 10.63 ft X6 6 2.1 1 2.1 

















24 [0.019 + 2(0.020) + 2(0.021) +... +2(0.031) + 0.035] = 421. 
























































(a) |E.| € 5x? (Ax) Man =4 > Ax = 810 =1; [24| <1 > М=1 = |в] < 850 (л) ~ 0.00021 
(6) Ах= 7 = 2 = д; X fx) m тҚхн) 
Y ii — 10.47208705 0 1 1 1 
= S = £ (1047208705) ~ 1.37079 7/8 | 0.974495358 4 3.897981432 
л/4 | 0.900316316 2 1.800632632 
3778 | 0.784213303 4 3.136853212 
л/2 | 0.636619772 1 0.636619772 
(c) m (90001) x 100 © 0.015% 
(a) Ax = = = 1? = 0.1 = erf(1) шин + 4у1 + 2у2 + 4уз +... + 4уо + уш) 
gor (E + 46—001 -p 2e 09^ -p 4e 099 -,.. -E 4e 091 -E e^) аг 0,843 
(b) |Es| € ix (0.1)*(12) = 6.7 x 1075 
T= AX (yo + 2y; + 2y2 + 2y3 +... + 2yn-1 + yn) where Ax = = [a, b]. So 


— b—alyotyityit+y2+yo2+...+yn-1+Yyn-1+yn) _ b—af f(xo) +£(x1) f(x1) + #02) £(Xn1) + f(Xn) 
т= °- t = ben (Meo ptt) 4 fers) us, sd HR). 

2 : . : f(xy 1) + 8 
Since f is continuous on each interval [xy..;, xy], and бал) а) 


Цэ) 109). this is a consequence of the Intermediate Value Theorem. Thus our sum is 


is always between f(x,_1) and f(x,), there is a point cy in 


[хк-1, Xk] with (ск) = 








У (5=а) Кск) which has the огт У) Ах, (ск) with Ax, — ?— for all k. This is a Riemann Sum for f on [a, b]. 
к=1 k=1 


$ = Ах (уо + 4у + 2ух + 4уз +... + 2yn-2 + 4¥n-1 + yn) where nis even, Ax = 2 and f is continuous on [a, b]. So 
ЕУ =a (wots ty 4 Dy + mem Жу iai fact tya) 


i 





= --|-- ташый ЕЕ Канаана) d озан а па) 
f(xak) + 4 (хок) + (хокро) 
6 





is the average of the six values of the continuous function on the interval [xox, X2k+2], so it is between 
the minimum and maximum of f on this interval. By the Extreme Value Theorem for continuous functions, f takes on its 
maximum and minimum in this interval, so there are x, and xp with xoy < Xa, Xb < X2k+2 and 





- 


f(x.) < хак) «Қалын Қозы) < f(x»). By the Intermediate Value Theorem, there is cy in [Xox, X2K+2] with 
n/2 


Кск) = хш) + (шан) лыш) So our sum has the form Аҳа) with Ax, = um: a Riemann sum for f on [a, b]. 
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31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 
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т/2 
(а) a=le=4 > Length — 4 f 4/1 – ; cos? t dt i i m 
z | Xo 1.732050808 1 1732050808 
=2 |" уа сова 7 0) ас иѕе е Xi 1.739100843 | 2 |3.478201686 
Trapezoid Rule with n 2 10 2 At — = = ()-0 2 шилээ : хаш, 
р 5 10 хз 1.790560631 2 3.581121262 
т/2 10 
=n Ї 4— cositdt & Y! mf(x) — 373686183. C“ 1.82906848 1 3.658136959 
0 ёо х; 1.870828693 1 3.741657387 
— T= 4 (37.3686183) = 3 (37.3686183) X6 1.911676881 2 3.823353762 
= 2.934924419 => Length = 2(2.934924419) хт Lee. ee. -21825383461 
шө Xs 19759082919 | 2 3.951965839 
20 X9 1993872679 | 2 3.987745357 
(b) ІР(0|<1-- М-і Xio 2 1 2 




















(3) 9 (:)^1 « 0.0032 


> |Er| < 1 (APM) < “5 





















































Ах = то = "> ~ = 24; 55 mf(x;) — 29.184807792 х, f(x;) m mf(x;) 

= 8 = 7 (29.18480779) ^ 3.82028 хо 0 1.414213562 1 1.414213562 
хі T/S 1.361452677 4 5.445810706 
X2 т/4 1.224744871 2 2.449489743 
X3 37/8 | 1.070722471 4 4.282889883 
X4 т/2 1 2 2 
X5 57/8 | 1.070722471 4 4.282889883 
X6 37/4 | 1.224744871 2 2.449489743 
X7 7т/8 | 1.361452677 4 5.445810706 
Xg T 1.414213562 1 1.414213562 

2 
The length of the curve y = sin (27 х) from 0 to 20 is: L= је 1+ (8 2)" dx; у = x COS (27 х) => (%) 
20 
= 36 сов? (27 х) x) > L= Ї 1- n cos? ( ) dx. Using numerical integration we find L z 21.07 in 
Fi 'll find the length of the cosi aif py agr in 
irst, we ll find the length of the cosine curve: — 3s + ах Х% — $0 ѕіп (1х) 
2 
= (8) = = - sin? ( (=) > L= |. 2 1+ 2 sim? (2) 1+ ™ sin? ( (=) dx. Using a numerical integrator we find 


L z 73.1848 ft. Surface area is: A = length - width = (73.1848)(300) = 21,955.44 ft. 
Cost = 1.75A = (1.75)(21,955.44) = $38,422.02. Answers may vary slightly, depending on the numerical 
integration used. 


2 т 
y=sinx > 9 = созх = (2) = cos? x > S= Ї 27(sin x) үу 1 + cos? x dx; a numerical integration gives 
S 144 


LEO dox Y x 5= Ј 2л (2) /1+ 5 ах ical integration gives S z« 5.28 
У= 1 = =з > ах = 7 > =o T 4 PF X, a numerical integration gives ~ 3. 


A calculator or computer numerical integrator yields sin~! 0.6 ~ 0.643501 109. 


A calculator or computer numerical integrator yields m ~ 3.1415929. 
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8.7 IMPROPER INTEGRALS 








1. la = lim. сше. = ышы [tan x]? = pim, (tan 1b —tan 10) 22—0-— 7 
2. |, = lim, E = im |-1000х-2901)) -- im (= + 1000) = 1000 
275: 1 peso О 
4. | JE = іш. Га x) dx = Ни |-2/4-5-(-2ү4)| -044-4 
5 Ј еј +f B= lim Beh]! + tim, [3x19]! 

= im [361/3 — 3(—1)!] + (im, [3(1))/5 — 3c!/3] = (0+ 3) + (3 – 0) =6 
в. [Ж = [у + /, Е 

= im [} 62° - 27 tim, [5^ - $8] - [o- $65] - G -9) 2 - 
3. Ї 2 = im [sin-! x]; — , lim. (sin! b—sin!0—225—0-5 
8. [5 = ШЕ (100091 -- im, (1000 — 1000b°°) = 1000 — 0 = 1000 
9. fo o fm o fo, lim in x — a? — tim fin x вю fin |=) 


= т (1а |=] а |60) =In3-In(, нт 0) = №3-ш1 = №3 





)-* 


кога 


10, ЛС > b lim гааг! an = » Jim + (сап! 1 — tan! 2) -1- (- 





и. зе = вы | 





у] = im (2 In |2=+4| 2 21n |253]) = та) –2 1 (5) = 0+2 12 = 114 








12. Ј 29 = Him [п [к], = „т (In |P=+] — In |5=+]) =In(1) — In($) =0+In3 =In3 
хах х ах S uie Е E ац а _ | € 
B gite - ft Cte Du] o e = за, iim 
= lim aes [-$-CD] =(-14+9+0+D=0 


99 x dx ED 9 x dx © хах $ џ=Х2+4 > 
P J –ос (ха + 4992 0 J —оо (x2 + 4)9? t J, 2+4 | ди = 2х ах | ” Га 597 + jo au 


е сты. 


b — oo 4 
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1 4 : u = 0* 4- 20 3 = — ,/3 
15. лужа 48 и Жас ыш, Seas = „im, [va]; = lim, (v3- vb) = v3 -0 
= уз 











2 8 2 Sas u = 4 — s2 0 : | © | 
б Vice 48-2) Л - зал EE [ас = –25 а == Ч 7 Таш J, Te 2 
Е m Q* Jb i + | Gea т, [уч], T lim_ [sin ! а 





= m, (2- vb) Timo (зїг та P =н 





оо и = \/х оо b 
dx $ 2du _ Р 24и _ + =i]? 
17. Jn аху? ГЕ s — Т oe = вы, а = dim [2 tan ul, 
= lim (2tan!b-2tan10) 22(2) – 200) = т 
b — oo 


dx 


oo __4х — a {| =. с 
18. Дон х jes = Јо а + Ју хүх2-1 сш кост eem, 2 хүх2-1 


‚ Бесті ж olim, [sec™ |x|]; = ,um. (sec 12 — sec 1 b) + Ши, (sec 


-9«(5- 9-1 








-Їс-8ёс 12) 


P 5 


2 


која 


99 i : 2, b . == = 
19. Ї тээ = lim [In |1 + tan "о = №. [In |1 + tan™t b|] — 1n |1 + ап“! 0 
= In(1+ 4) —In(1+0)=In(1+ Z) 


со 2 b 
20. f lén dx = lim | [s (tan! x = lim. 8 (tan! ыу | – 8 (кап 10) — 8 (7) — 8(0) = 2л? 


0 





21. Jr. де? 10 = „т [бе° — ef] = (0 - e? — e?) — „тп [b^ —e] 2 —1—, lim (55) 


—oo b — —oo 





= –1 – " lim (- Lx) (l'Hópital's rule for m кк 


eg 


со b 
22. Ї 2е70 5іп0 40 = lim f 2е—® іп 0 40 
— oo 


E b 

= lim 2 ЕЕ (— sin 0 — cos 2 (FORMULA 107 with a = —1, b = 1) 
-» ОО 0 

23 im 22614 cos b) 4 2(sin 0008 0) = 0+ 0+ iy 1 


0 0 
23. Г ем ах = Ге ах- ‚№. [e]? = „т (1-е)-(1-0-і 


> 2 0 2 Ж 2 : 27¢ 
24. | 2xe* ах = 12 2xe™ dx + Ї 2xe* ах = И Ші |-е” E + ш [-e*], 
тос Е — —oo 


0-9 оо 


= lim [—1—(—е®*)] + ш, [—е-© —(—1)] = (—1—0)+(0+1)=0 


b — —oo 


1 1 : 
25. | хївхах- tim, | шх-34 — (31-3) - tim. (Zmb- 5) - - 1- іш ty +0 
— b => b: 





ах 28) t 
еланы шашы imei 
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1 
26. J, tn dx = №, x - xInxj; — [1 1n 1] lim, [b-binb 2 1—0-, Him, nb — 1+ lim 


=1- lm b=1-0=1 
b—0* 





— 


2 
48-04 =]. 2 0 АР) но рт 
27. Т Jiu = ШЦ. [sin slo -,lm. (sin 2) sn“ O0=5-0= 5 


1 
28. f час s » lim [2 віп! (12)]° = И [2 sin“! (b?)] — 2 sin 0=2-2-O=7 








2 
29. f ds . — jim fsec™! s]? = sec™!2— lim sec™!b= Z-0= 1 
9 1 sys2—1 b—1* | l» b> 1+ 3 0 3 


30. (^ = „Ви, | эес 11 - im, [see 4) – } seen! (8)] = 4(§) -4-054 


31. T A = im Паһ lim. f 3 = [—2\/—х|” + lim, [ERE 
— co co 
= lim_ (-2V-0) - (2 C) eic lim, 2/c-04242-2-0-6 
— с— 


о 
ы 











Баја = 52+ 54 h | 

Je Axt ka » im _ E г] + lim, [2 x-1| 

= lim_ (-2V1-6) - (2 15) езі - lim, (2Ус-1)-0-242-0-4 
= с— 





зз. вх га = „йт [в | = „и Паје |] – 1 |] =0–1 (5) =122 


-1 














оо к : 21415 : & a)" 
34. | Emeri im, [5 In |x + 1| — 4 In (x? + 1) + Гап“! х] = lim [} in ( 11 ) +} tan tx] 
1 





= lim, [$m (444) +} tan] - [bin 5 +} tano] =mi +} 3-in-0 


т/2 

35. Т ап 9 49 = : lim_ [—In |cos 6|]} = + lim_ [—In |cos b|] + In 1 = i lim | [-In |cos b]] 2 — oo, the integral diverges 
т/2 

36. f cot 0 d0 = im- [In [sin 0]? — In 1 — UA [In |sin b|] = - lim, [Па |ѕіп Ы] = + оо, Һе integral diverges 








T 0 T T 
sin 0 dð . 2 e = sinx dx __ sin x dx : sin x 1 dx 
37. = [m—-0-2x| > Ї эпе = Ї SA Since 0 < Sk < E for all 0 € x € s and T Vx converges, then 





ж. 
Ї wx dx converges by the Direct Comparison Test. 


х=л- 29 2 | 
совбад ,|р—7_х f ш е ш QUSE 
38. i Gr 28y/8 >? 22| Јат за = Ј, “47. Ѕіпсе0 «225 5 э» югаП0 < х < 2тапа 
27 sin X dx 
ТЫ 52. converges, then Ї m converges by the Direct Comparison Test. 
l/In2 » .. oo 

39. | x ?e ^ dx; 1 2y| 5 | ; Yedy — e?dy- lim [-e?],, — lim [-e*]- [-e-"^7] 

х оо m 1/In2 b — oo 1/In2 ф ЕС 


=О-е "22 = e-'/™2 so the integral converges. 
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envi - 1 ut 2 4 
De: dx; [y = yx] > 24 e^ dy — 2 — 2, so the integral converges 


41. 


| OL т. . Since forO <t<7,0< aaa emu EF and Ј = d ; converges, then the original integral converges as well by 
the Direct Comparison Test. 


KO D ede 3s 6t 

42. ea Sar let) = n t= wnt and g(t) = a> then lim -30 a(t) eee t—sint = lim 1—cost = Jim, sint 
lig: EA S. 1 
йт, 26-6. Мо $= im. [- 4]. 


qoe m. [- | = +oo, which diverges => 
by the Limit Comparison Test 


1 
у = diverges 
43. 


2 1 2 1 
dx. .* dx dx dx 
Таш аа) зар 1-х2 and f 1 

















ге = т [3 4] = вор [2а – 0 = oo, which 
diverges => а DES = diverges as well. 
2 1 
44. f, S feme f, ава ] т® = іа (ма р = 
=> 





i lim_ [7 In (1 — b)] — 0 = on, which diverges 
| S ; diverges as well. 


1 0 1 1 
45. ШІ |х| ах = | ш(-хах+ | ахах; шхах= ит [x Inx — x] 


zeli 
0 1 
=-1-0=-1; Пас» dx=-l => f im |x| dx = —2 converges 


lim [blInb—b] 
b—0* 


46. |” (хи ||) ах = f [2x in o9] dx - f, Cox nx) dx = lim | = 


21! 1 x x2]! 
Be Ge |e | | 
1 : b? p? 1 1 : с? с? 1 1 

[jm 1-3] - tim, [$ no- 4] = Вт 1-] + lim, [$me- $| --1-041- 

converges (see Exercise 25 for the limit calculations) 


© dx. 
A [ge 











1 1 
gay = 3 torl € x « ooand 7% з converges => |, 





гял converges by the Direct Comparison Test. 


YS 





M (2 ғ 
48. 1 Jeo’ x lim, ЕЗ Б -> EL 1-+ 


li b 
= = т = [3 -,lim [2v3], = 
which diverges => v түг — diverges by the Limit Comparison Test. 


1 
49. |52: im Ga – 


which diverges => 5 

















= hy = land f = lim [2/9 = со 





50. [^ :0< 1 





75% | for0 € 0 « oo and |74 


Ї 19; converges by the Direct Comparison Test 
51. Ј, Aa 


= + + fr 2. 28+ Sand ј g 
= lim, (— a + 2) )-:[ Ru 


lim [е7] 
b — oo 


: —b 
lim. (-е?--1)-1-> цо or converges 


= 1519 
m im, [— 221 1 
7 converges by the Direct Comparison Test. 
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1 














52. Г JAM ; Hm. 2.1 = lim, mor = =; f: dx = lim а Ы)? = оо, 








which diverges => A ғ Tea 


dx; „Пт. E x im, We = x dim, dm |“ VE dx = |2 E 


= 











53, Jam 


S 





— ]im [-2x-1/2]* = pu. (3 + е =2 = | ух! Дх converges by the Limit Comparison Test. 


b — oo 














= XSdX- : а) MU 2 : 1 201. 9 хайх _ Lax 2 b 
54. J OSs lim, эшш сш lim. Fae Hs se = JS = lim, [In x]; = оо, 











which diverges => | s Fea 


оо оо 
55. f {сох 4х;0<4< LORS for x > лапа f z = lim [lnx]? = 00, which diverges 
T T b — oo " 


oo 
= f {сох dx diverges by the Direct Comparison Test. 


56. T. Lise dx; o < Hin < 3 forx >and f° 3 dx = lim [- 2]: = lim (-2-2)-2 


b — oo b — oo 


= 125 24x converges > 13 І Шап dx converges by the Direct Comparison Test. 


el 


P 59 5 b : _ 
57. Ї гуч ; lim, a " Тапа 24: — „а [-472], = pim (+ 21 =2> jm am converges 


4 8/2 


= f. e converges by the Limit Comparison Test. 


58. Ts о <! we for x > 2 and ТС: & diverges > fe diverges by the Direct Comparison Test. 


Ба 





59. 1 е ах;0 < 1 < = for x > 1 and f N diverges — 1 Ed diverges by the Direct Comparison Test. 


60. f mani) dx: [x — e] — ЇГ апу)е 4у:0 < пу < (пу)е fory > eand / туйу = lim [y In y – у? = оо, 
е е е — оо 


which diverges => | "Ine dy diverges => | т In (In x) dx diverges by the Direct Comparison Test. 























1 
© ах ( i 2 ы Je 226013 1 БЕ 1 23 БЕА 3-1 -х/2 
61. Ј, мех х ; lim (Ж) = lim, е-х = lim, 1-х  y1-0 The dx 


е 





оо оо 
= lim [—2е*?]"= н —2е-°?-+„2е-!?) = 2. => fe —*/? dx converges => 21 converges 
,lim, [2e ]]- V im. (726 28 9) - Fe = J, e e= converg 


by the Limit Comparison Test. 














© ақ : (aix) : 1 ах : ED 
62. ut. lim = = lim = Шт —=<+ = =- = 1 апда < = lim [-е“) 
| &-2^x- 0o (4) хоо е әсе x — oo 1-(2) - ге аа 1 
= Ит (-е фе =: = = converges => |]. 
b — oo < 1 1 














oo оо 1 оо 1 оо 
ах 2-5 dx dx dx dx 
63. | и -2/ Ta 0 xil J, МЇхї +1 +], МЇхї+1 5 /, МЇхї +1 +S х2 and 


dx 1]? — 1 — 89 dx 1 : 
I: = = pim, [— 1] ‚ = , im | (— 5c 1) =1 = ја у сопуегрев by the Direct Comparison Test. 
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65. 


66. 


67. 


68. 


69. 


70. 


71. 


72. 
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° ах 23 29 4. 1 5 
Je = 2] ай 0< Sres for x > 0; (24 “converges => 2 р a converges by the 
Direct Comparison Test. 
(а Ј 22:13 - | t tim da tim 4 (шоу 
sme о Ф b > 0+ T b b— 0+ P7! 1—р 


=> the integral converges for p < 1 and diverges for p > 1 
(b) Í. 5 нэ ; [t = ln x] — 1 ~. а and this integral is essentially the same as in Exercise 65(a): it converges 


for p > 1 and diverges for p < 1 





Ї 285 = pim, [їп (x? + 1)]o E lim. [In (b? 4- 1) -0— im. In (b? 4- 1) 2 oo — the integral p оч dx 





diverges. But p im, ЯА сша „т [in (x? + 1)", = pim [In (b? + 1) — In (b? + 1)] = „п In (23 
— о0о = со — OO 


х2-1 
= lim (ln 0 = 
b — oo 





нэн S. 22 1 -х19 _ : —b -0 
A= fet dx = lim [e= lim (=e) (=e) 
=0+1=1 





х= 1 Ї хел dx = щй [-xe™ — e7]? —, lim. (-be*—e*)-(-0-e*—e?) 2041-1 


ъ= оо 


у= /, @#7)?4х= 3 [г е*ах= ша 1[-1е”],= tim 1(—1е*)—1(—1е%) =о+1=1 


V= f; 2mxe*dx=2r f, xe*dz=2r lim [-xe= е] = 2л | lim (-be* - e*) - 1] 2 2s 





У= [т e Зах=“т | e* dx = 1 m. [- Ре] =r lim. (-316:54-1)-52 
сан dx= lim | І =, lim_ (In]1+ |-111-0 
= J, (sec x — tan x) а [In |sec x + tan x| — тео in. (In |1 + £?| — In |1 4- 0|) 


= m- ln |1 + sin b| = In 2 
2712 


т/2 т/2 т/2 п/2 
(a) V= T 7 sec? x dx — Ї тїап?хах=т Ї (sec? x — tan? x) dx = e 7 [sec? x — (sec? x — 1)] dx 


т/2 2 


= е 
=т }, dx = 4 


т/2 т/2 
(b) Souter = Ї 2r sec xy/ 1 + sec? x tan? x dx > 1 27 sec х(зес x tan x) dx = 7 : lim | [tan? х]? 
M 


т/2 
= п | lim_ [tan? b] — o =T іт (tan? b) = 00 = Sewer diverges; Siner = f 27 tan xy 1 + sect x dx 
Ha — 2 


IV 


7/2 
2r tan x sec? x dx = c, lim. [tan? x] = т | lim [tan? b] — o = т ой (tan? b) = 
д? 22. mit 


=> Sinner diverges 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


516 Chapter 8 Techniques of Integration 


73. (a) Г e dx — Im. БЕ езі! - Vm. (-l1e*)—-(-1e**)-041l.e?-le? 
= 0.0000411 < 0.000042. Since e-* « ет? for x > 3, then f. "e? dx « 0.000042 and therefore 
oo 3 
ЈЕ e-* dx can be replaced by f e-* dx without introducing an error greater than 0.000042. 


3 
(Ы) Ј е dx ¥ 0.88621 


99 1\2 i 115 5 1 1 
14. @ У= ]т( dx m, lim [-3 [dm (-0-(C2]50* 027 
(b) When you take the limit to co, you are no longer modeling the real world which is finite. The comparison 
step in the modeling process discussed in Section 4.2 relating the mathematical world to the real world fails to hold. 


75. (a) 






x 
sia = [ ЭШ ар 
0 t 





(b 


хи 


> int((sin(t))/t, t=0..infinity); (answer is 2) 





76. (a) (6) > f:= 2*exp(—t’2)/sqrt(Pi); 
> int(f, t=0..infinity); (answer is 1) 


t 


-t2 
erf(z) — o eu dt 





77. (a) f(x) = Fae” 


f is increasing on (-оо, 0]. f is decreasing on [0, со). 


f has a local maximum at (0, f(0)) = (0, ы) 
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(b) Maple commands: 
>f: = exp(—x42/2)(sqrt(2*pi); 


>int(f, x = —1..1); ~ 0.683 
>int(f, x = —2..2); = 0.954 
>int(f, x = —3..3); = 0.997 


(c) Part (b) suggests that as n increases, the integral approaches 1. We can take Г. f(x) dx as close to 1 as we want by 


choosing n > 1 large enough. Also, we can make | х) ах апа f E f(x) dx as small as we want by choosing n large 
enough. This is because 0 < f(x) « e^? for x > 1. (Likewise, 0 « f(x) « e"? forx « —1.) 
Thus, |” fx) dx < f” eax. 


fJ edx = lim f edx = lim[-2e792 | — lim [ – 26792 + 2e7*2 ] — 2e? 


coo 


—n/2 


As n — oo, 2e — 0, for large enough n, f f(x) dx is as small as we want. Likewise for large enough n, 


| n f(x) dx is as small as we want. 


78. (a) The statement is true since Je fo) dx = f^ foo dx 4 f. "од ах, Ј воа = Јах für di 
and i : f(x) dx exists since f(x) is integrable on every interval [a, b]. 
© J^ foo dx f teo ax — f^. feo ax e f " fo) dx — f. foo dx + f. feo dx 
= [te ax + ЈУ код ах + f^ f60 ax — f^ f60 ax - f foo ax 


79. Example CAS commands: 
Maple: 
f := (xp) -» x^p*In(x); 
domain := 0..exp(1); 
fn_list := [seq( f(x,p), p=-2..2 )]; 
plot( fn_list, x=domain, y=-50..10, color=[red,blue,green,cyan,pink], linestyle=[1,3,4,7,9], thickness=[3,4,1,2,0], 
legend=["p= -2","p = -1","p=0","p = 1","р = 2"], title="#79 (Section 8.7)" ); 
ql := Int( f(x,p), x=domain ); 
q2 := value( ql ); 
q3 := simplify( q2 ) assuming р>-1; 
q4 := simplify( q2 ) assuming p<-1; 
q5 := value( eval( ql, p=-1 ) ); 
il := ql = piecewise( p<-1, q4, p=-1, q5, p>-1, q3 ); 


80. Example CAS commands: 
Maple: 
f := (х,р) -> x^p*In(x); 
domain := exp(1)..infinity; 
fn_list := [seq( f(x,p), p=-2..2 )]; 
plot( fn_list, x=exp(1)..10, y=0..100, color=[red,blue,green,cyan,pink], linestyle=[1,3,4,7,9], thickness=[3,4,1,2,0], 
legend=["p = -2","p =-1","p=0"","p = 1","p = 2", title="#80 (Section 8.7)" ); 

q6 := Int( f(x,p), x=domain ); 
q7 := value( q6 ); 
q8 := simplify( q7 ) assuming p>-1; 
q9 := simplify( q7 ) assuming р<-1; 
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410 := value( eval( q6, p=-1 ) ); 
12 := q6 = piecewise( p<-1, q9, р--1, (10, р>-1, 48 ); 


81. Example CAS commands: 
Maple: 
f := (xp) -> x^p*In(x); 
domain := 0..infinity; 
fn_list := [seq( f(x,p), p=-2..2 )]; 
plot( fn_list, x=0..10, y=-50..50, color=[red,blue,green,cyan,pink], linestyle=[1,3,4,7,9], thickness=[3,4,1,2,0], 
legend=["p = -2","p =-1","p=0"","p = 1","p = 2"), title="#81 (Section 8.7)" ); 

q11 :2 Int( f(x,p), x=domain ): 
911 = Ihs(i1+i2); 
= rhs(il+12); 

7 z piecewise( p<-1, q4+q9, p=-1, q5+q10, p>-1, q3+q8 ); 

7 z piecewise( p«-1, -infinity, p--1, undefined, p»-1, infinity ); 


82. Example CAS commands: 
Maple: 
f := (x,p) -> x^p*In(abs(x)); 
domain := -infinity..infinity; 
fn_list := [seq( f(x,p), p=-2..2 )]; 
plot( fn_list, x=-4..4, y=-20..10, color=[red,blue,green,cyan,pink], linestyle=[1,3,4,7,9], 
legend=["p = -2","p =-1","p=0"","p = 1","p = 2"), title="#82 (Section 8.7)" ); 
412 :- Int( f(x,p), x=domain ); 
q12p :- Int( f(x,p), x-0..infinity ); 
q12n :- Int( f(x,p), x--infinity..O ); 
412 = а12р + 4125; 
= simplify( q12p+q12n ); 


79-82. Example CAS commands: 

Mathematica: (functions and domains may vary) 
Clear[x, f, p] 
f[x_]:= xP Log[Abs[x]] 
int = Integrate[f[x], {x, e, 100)] 
int/.p — 2.5 

In order to plot the function, a value for p must be selected. 
р=3; 
Plot[f[x], {x, 2.72, 10}] 


CHAPTER 8 PRACTICE EXERCISES 





1. u=In(x+ 1), du = 59; йу = х, у =x; 








х-1 х--1 
= (х+ 1) 1(х+ 10) -х+8С = (х+ 0) (х +1) – (х+ 10) +С, мее сС = Су +1 


[п(х-++1)4х =хїа(х+1)— [у= 4х=хш(х+1)— јЈах+ | © =хш(х+1)—х+1ш(х+1)+С‹ 


2. u = In x, du = ¥ ; dv = x? dx, = 4 x3; 


feinxdx =!x3Inx— [4x3 (4) dx= Inx- $ +C 
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u — tan! 3x, du — = dv = dx,v =x; 


D 


-1 =. —1 3xdx . у=1+ 9х2 —1 dy 
[тап 3x dx = x tan к Гады: устае — х{ап Зх – 1 y 





—xtan 1 (3х) — Е ш(1 + 9х?) +С 


222. 

=1 үх xdx . =4— -1 (х 
fe (ок = ко e [ats T rs | 7 59 09-17 
=X cos” (5) - yV 4 — x? +C = x cos™! (&)—2 1- (3) +C 








ех 
(х +1) а 
2(х +1) Rm e* 


(+) 


e* 


> Јо + e dx - [x D? 26 02e C 


sin (1 — x) 


yt) 


X^ ————  cos(l — x) 


(- 


2x ———  -—sin(l- x) 
(+) 
2 —— —со$(1—х) 
0 = fe sin (1 — x) dx = x? cos (1 — x) + 2x sin (1 — x) — 2 cos (1 — x) + С 
u = cos 2x, du = —2 sin 2x dx; dv = e* dx, v= e5 


I= fe cos 2x dx = e cos 2x +2 fe sin 2x dx; 

u = sin 2x, du = 2 cos 2x dx; dv = е* ах, у =е*; 

1 = е* соз 2х +2 [e sin 2x — 2 f'e cos 2x ax] = e* cos 2x + 2e* sin 2x — 4 = І- Жох ү 2=зш2х С 
u = sin 3x, du = 3 cos 3x dx; dv = e~* dx, v = — t e7”; 


I= fem sin 3x dx = — i e^* sin 3x 4- 3 Те cos 3x dx; 


u = cos 3x, du = —3 sin 3x dx; dv = e~** dx, v = — те”; 
I=-je™ sin 3x + 3 [— $e cos 3x — 3 fe sin 3x dx = — te sin 3x — 3e* cos 3x — 21 
=> [= 5 (– 1е sin3x— 1e cos 3x) -С--жез ѕіп 3х — фе cos 3x +C 











Гэм = ја — | ве => јх— 2] – па |х— 1 +С 





10. Јожа = 3 | 5 а Гоа = Зла | +3]– Па |х + + С 





х2--4х--3 х+3 2.) х-1 








2. 1 
11. [m - f (1-2 + aah) dx = In [x - In 


х 


12. f gto ax = f(2; -2- 3) à 221 S2] - 1e C 221 x 1 21n x 1] C 
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_5040___. - dy if Lf oy, Е 1 уза 
13. Језа 23 [cos 0 — y] f: 3 7 у—1 Kg y+2 In +С 
-— сов8 0-2 IB а cos 0 — I 
= į hn |S | +С = z In || + С 


14. 











сов 0 а0 : x dx zx El dx 1 dx . 1 sin0—2 
чп20 + 510 —6 > ; [sin 0 = х] = [ х2+х—-6 5 = 5 125 zE In К +С 


15. 








зотан а | ах | 54 ах = 41а |х| – 11а (х2 +1) - 4tan ! x - C 


гх 








17. 





| 
Í 

16. f &% = f 4% =2 tan! (8) 4C 
J 


+3)d 
e эк =] (+з + т») ЧУ =- &In|v|- ZIn|v -2] c E In |v - 2] - C 


2у3 








oo. (v—2)?(v +2) 
(3v — 7) dv — [C€24dv dv 22 (у-2ХУ-3) 
18. | е =. = J v-1 +f: “+ в = In | тр |с 











а fat if d. iQ 1 -1(4 сыйла Кү ЙІ фанер ій 
19. Га 1 [а 1 е = 1 ап pes Hm (5) -+с= ав t— “= tan wate 





а ЕКІН! t dt 1 tdt. -- 1 2 1 2 
20. wit - 1 f di ха = ај —2]—&Ш(ї +1)+С 











21. f pbs dx = f(x + Py) dx = fxd +3 f+ $ fey = Ft fink +24 к-С 
2. f'&t1ax- f( 
23. Ја ак ЈО зз) аке хакъ Г 8 а = 5 их 3 + а хе +С 


+ | 














sth) dx = [1+ кк ак = Јах+ Ја – Јн =х «1 јк— у – ју + 




















24. pe tx 2x +4 dx = f [2x-3)+ a5] dx = f @x—3)dx+} fs 
=x? — 3x + Žž In |x +4| + 4 In |x- 2| +C 


и = \/х-+1 






































dx A 28 4х 2 udu _ 1 du 1 du | 1 1 
25. Fx du 2/x41 2 [uem fum 1 | = а ји– у – иаји+ у +С 
dx = 2u du 
шон ізі 
j m|] +c 
u= ух 
dx У dx зи ди 22 2 u нэ Vx 
> Јер: du = зат EIE з Га = 312 [+С =з |05, 
ах = Зи? du 
1- е-і1 
ds . — e$ du 2 du e == 
2: Jus ME Г = [à + Је = и | + С=ћ |+C=Injl-e*|+C 
S= шүү 
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30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 
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и УИ 
а Ss) -2/ = f= ш| +С 














ds 2u du 
ме = 
= n |] +c 








w Ja = 1 À = -vie-¥ +e 
0) J SS ly = 4 sin x] — 4 f soxscosxd = _4c05x4C=— WEF Се бус 




















x dx d (4 4 x2) 2 
@ JAS =) 4) = = \/4+х? +С 


(b) л. > [эш хш = 2 f'sec ytany dy 2 2sec y - C — V44+x24+C 











_ 2 
о) Гаа =-3 [GP =- пи ја-х] +С 
(b) 24S ; [k = 2 sin 6] > [2522529 — 0090 = —In ов 0] +С = — In (4 =) +c 








4 cos? 0 
=—Шш|4—х?|+С 








(а) 00 = 1 О = 1/42 -1+С 
фу | i по. pue 1 fsecto ag - m? c- v4 c 


tan 6 





| 





бай 
а х J^ и = ши +С=ш +С = 


den 
du — —2x dx u n= +С 





ах 1 Га г Га 1 [^а _1 1 1 
зи = $ pau Ef -impi-imp-x-4mpexc 
In |x| - 21а |9 – х2 +С 








= 2 |3 -х| +2 |3 +х| +С= 51 |3 +С 








dx : x —3sin0 3 cos 0 - xeu 
ете Т? [3258 a0 — f a6 2 0. C — sin 4 + С 


. . . . $5 7. 
sin?x cos^x dx — | соёх(1 — cos?x)sin x dx — | оёх sin x dx — J cos®x sin x dx = —95$* + SA+C 


— D — n 


: : 2 
cos?x sin?x dx — IE cos*x cos x dx = J sin® x (1 — sin?x) cos x dx 


. . . 3446. “1113 ata TO. 
= f sindx cos x dx — 2 f'sin"x cos x dx ^-. f sin?x cos x dx = sex wx psc 
ai. 
Гах sec?x dx — eC 


СЕ sec?x dx — J (sec?x — 1) sec?x - sec x - tanx dx = ЕС · вес Х · (апх dx — J sec?x -secx- tanx dx 
5 


— sex —— secx 
cg cua NE 
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41. f sin 50 соз 6040 = 1 f (sin(-6) + sin(110)) dé = © f'sin(— 9) 49+ 5 NE 110) 40 -- 3cos(—6) — 55соз 110+ С 
= 1005 0 — 4008 110 + С 


42. | со 30 сов 30 а0 = 1 ] (соз 0 + соз 60) 40 -1|а0-1 [соз 6040 = 10+ зїп 60+ С 


43. f 12 соз(%) dt = f v2 cos H| dt = 44/2 | sin 1| - C 


44. fe tanet + 1 dt = fi sec e' | et dt = In| sec et + tan et | + C 











45. E | : Qm (Ах) M where Ax = 3=! = 2; f(x) =} =x"! f'(x) 2 -x7? f"(x) 2 2x? f"(x) 2 —6x-* 
(£(x) — — 24x which is nmm оп [1,3] = maximum of f“ (х) on [1,3] is ЁС (у) = — 24 — M — 24. Then 
3- 68 180 68 
ші; < 0.0001 = (3=1) (2)*(24) < 0.0001 = (168) (1) < 0.0001 = 5 < (0.0001) (19) = п* > 10,000 (78) 
=> п> 14.37 = n> 16(n must be even) 


4 


46. |Er| € L5? (Ax)? M where Ax 2 129 2 1;0 € f(x) € 8 2 M—8. Then [E] € 10? = 4 (5 (8) € 107? 


= n 
























































= 22 $ = > 1000 > n? > 2M = n> 25.82 > n> 26 

47. Ах = 08 = 120 = 1 3-5 X; f(x;) m mf(x;) 

6 X0 0 0 1 0 

Ут) = 12 = Т= (5) (12) = т; х | пб 1/2 2 1 

D хә л/3 3/2 2 3 

хз л/2, 2 2 4 

Xi 27/3 3/2 2 3 

X5 57/6 1/2 2 1 

Х6 T 0 1 0 
5 Ах т Xi х) m шїї (х, ) 

>. mf(x)-— 18and 7 = в > = 0 0 1 0 

$ = (=) (18) = т. Xi 7/6 1/2 4 2 

хә л/3 3/2 2 3 

хз п/2 2 4 8 

X4 27/3 3/2 2 3 

X5 57/6 1/2 4 2 

X6 T 0 1 0 





























48. [Г @®(х)| <3 > M=3; Ax = 2=1 = 1. Непсе [В,| < 10-8 = (254) (1)*(3) € 105 9 4L; « 1075 5 nt № 
=> n > 6.38 = п > 8 (n must be even) 

49. у„ = зше Ј, [37sin(25 (x — 10) 4-25] dx = 4l |-37 (28 cos (25 (x — 101)) + 25х)] 2” 

— a [(-37 (38) cos | 2& (365 — 101)] + 25065) - (—37 (38) cos [2 (0 — 101)] 4- 25(0))] 

= — 27 соѕ (27 (264)) + 25 + 37 соѕ (27 (—101)) = — 32 (cos (25 (264)) — cos (25 (-101))) 4- 25 


E 
— ЕЦ 7 (0.16705 — 0.16705) + 25 = 25°F 








675 
50. "e )7 em Ї „ [8.27 + 107° (267 — 1.87Т?)] 4Т = gl; [8.27Т + BT? — 992333 T3] 


= ы [(5582.25 + 59.23125 — 1917.03194) — (165.4 + 0.052 — 0.04987)] z 5.434; 


8.27 + 10-5 (26Т — 1.8712) = 5.434 => 1.877? — 26T — 283,600 =0 = T a; 28-9 CT DOS а, 396.45 С 
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52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 
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(a) Each interval is 5 min = b hour. 
x [2.5 4- 2(2.4) + 2(2.3) + ... + 2(2.4) + 2.3] = #5 ~ 2.42 gal 
(Ы) (60 mph) (55 hours/gal) ~ 24.83 mi/gal 

































































Using the Simpson's rule, Ax = 15 = Ах = 5; х, f(x) m mf(x;) 
У мх) = 1211.8 = Area ~ (1211.8)(5) = 6059 #2; Хо 0 0 1 0 
The cost is Area - ($2.10/f) = (6059 ft) ($2.10/ft2) х = 26 5 is 
2 4 х2 
= $12,723.90 = the job cannot be done for $11,000. x 15 51 1 204 
X4 60 49.5 2 99 
Xs 75 54 4 216 
X6 90 64.4 2 128.8 
XT 105 67.5 4 270 
Xg 120 42 1 42 
3 b 
dx 27 ; ах -å 5 : xy : г —1 (Ђ а == о\_ т 207 
Ту -ыш а тыш [sin (3), = а за (3) ~ sin (3) = 3-0 = 5 
1 : 1 : : Inb : 0) 
Ї шхах = lim, xlix —x], 2 (-In1— D) - lim, [bInb—b] =-1- lim, A, =-1-_ lim : 
0 b> 0t b> 0t ь-0% (4) 5-0" (-Ш) 
--1-0--1 
| dy ° : dy | ду 1/3] ! : 1/3 
Lea) Јо а оез ыш, [y 1-6(1-,іш, ) =6 
оо —1 
ЈЕ or bs = 12 eae + 12 oa bs + Г GI converges if each integral converges, but 
4 3/5 . . 
Um. Guys = = l and 1 zz diverges => i diverges 
2 208002 du_ + а-2115- y b-2 3-2) _ 2 
S f Ју t = lim [n|*2|],—, Him [Im[Pz7]] 21n|552| 20 - 1n (3) 2 n3 


[кевдл [ыы з) фу = а [Inv- 1—Indv - D] 
= „то Па (арт) — в] — 1-1 - №3) = £1 In3—- 1 In j 


Г х?е—* dx = „тп [—х?е—* — 2xe™ —2e7]) — lim (—be™ —2be™ — 2e*) — (—-2) = 042=2 

0 — оо b — oo 

ЈЕ 3x d mE li X д3х 
хе" ах = р іп [5 е – 


-9 -00 b — —oo 


"as -2], x = [жш ii 2 tan—1 (2x\]> _ 1 4: 2 tan—1 (2b е 
Lh El, жез =з „йа [уап (Ж), = 5,üim [stan (Ẹ)] — 3 tan™ (0) 


-14-9-0-3 





Гақ-2 8-2 lim [tan (9,-2( На (аа (2)] - tan) =2 (3) -0=7 


оо х2 +16 о х2+16 


. 0 2 1 59 40 4: | 90 46 : 
lim Jen = 1 and . 9 diverges => в Ув diverges 


0 — oo 
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64. I— fe cos u du — , lim. [—e cos u] > — fre sin u du = 1 + » im [e™ sin u]; — fe) cos u du 


-» ОО 


> I=1+0-I > 21=1 = I = } converges 


оо е оо 2] е : 215 К 2 
65. Ју шеаг = f ве dz + fae dz = [02] + tim [SF] = (4-0) + lim [SP - 3] = 00 


= diverges 


66. 0 < = 21 <e™ fort > 1 and Г e' dt converges => 1 5 5, - dt converges 





oo оо оо оо 
2dx^. — 2dx 4 dx 2dx 
67. T See 2 Ї тре © Ї = converges => 15 = е= converges 


со —1 0 1 со 
а = d d d d š 
68. {| == +=) = J. +=) ар = s 0 +=) Яг 1 Pte) 3 








i 2 i 1 1 
lim () = lim 0+“) — ци (1 Бех) = 2апа n 9х diverges > -*x__ diverges 
х-0 га) x0 x ыш. 1e) o X 5 0 х2(1--ех) 8 


E dx : 
= | _ овај diverges 








бо. Јао; pe — [528 — fu? — 2042 - 72.) ди = 2 —? 4 2u- 2m |l e u| C 
= Ж” —х+2\/х—21(1+ \/х) +С 

















70. [23x3ax- f(x 82) ax - [xax- 8f 5 -3 f 5 --E-3mlxe2]- 3:nix-2] C 


dx x = tan 0 sec? 6 dé cos? 6 dé 1 — sin? 
71. [ame 12 les шы sec? 0 2 =? Jae E ен sin 0 = f(a sin 0 2) d(sin 9) 


2 
2 х 
— In [sin 0| — 2 si 6 -- C — n|- (==) +С 





dx = d(x+1)  _ 3—1 
n. | = Jg simt + ОС 





73. Јах dax = f 2 csc2xdx — fee + fese x dx = —2 cot x + J. — In ese x + cot x| +C 


sin? x sin? x 


= —2 cot x + csc x — In |csc x + cot x] + C 


74. [0 ав = [020 аб = | зес20ад — [ад — tano - 6C 


cos? 9 cos? 9 














9dv __ 1 dv 1 dv 1 dv —_— 1 3+v 1 -1 v 
75. Tensi на а [= Ба [= + ва 3 С 





59 ах | b | 
76. fo Sp = yim, [FG]. = в, (15-0-0|-041-1 
77. cos (20 + 1) 
(+) ти 
0---»- += 5 sin(20 + 1) 
poe —1 соз (20 + 1) 
0 = | дсов(20 + 1) 40 = 8 зт (20 + 1) + 1 соз(20++1)+С 
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82. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


91. 


92. 


к5 


= # +2х+31и|х—1|— +C 





+ cos 26)2 2 (1 4- cos 20)? 2(1 us cos 20) 


71/2 
RES 1+ cos 4x dx = va f 'cos 2x dx = [- УЗ sin zx] = v2 





38 
ари ла 


dy = —dx 


+C 
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. 58 feo uA) dx- fee 2dx5 f: = t+ ftp 


ШУГЕ ОО сро +С = 1 ѕес20 + С 


т/4 


хак. 285 зу 08 Qui = 22/2 ay tC 2-х 42-Х + С 


58 ау; [у = эт 0] — е воа [леш = ]сзс?0 49 — [ад = сов -0+с 








sin? 6 sin? 0 
= -sin!y- Yl-* +С 
d; = dy-1) _ 21 
4 2 1 «+ 1 (х2+1 
V8 tm: x4 2. TT EE Е )+с 
Jre f G+- Ł) dz = 4 In |z| — Ł — ġ In (z? +4) – Е јап! #Е + (С 


|» e”? dx = £} = f e? d(x?) = i (xe? - е“) +C= нэрж +С 











сф _ _ d(9-40) | 1,/ 2 
Vo- 00 Jo-42 2 394 ахас 
= —1 ее dX Ss — dx == 1. 
u = tan x, du = fg d S gy} 
an—1 
aad — — 1 јап“! x4 f; ey itan! х+ је – Jae 
= – јап“ 1x + In |x| — 4 In(1 +x?) +C = — 2 4+ In |x| - In 14 x? - C 





= In |x + 1] —In|x +.2|+C =In [243] +C 





et dt dx 22 4х ах 
(25:25 [6 = х] [ч ей = Jn f х+2 


= 11 (= 





1) -С 





/тап$+& =] (ап) (вес? — 1) dt = wt — [tant dt = 














tant _ In |sec t| +C 


= In |u| + C = In |In (sin v)| + C 


| х= пу ) 
oo oo oo 
пуду. - 4 f хоё f x qy — | х ох 1 2-2] 
T 5 dx = 3 sepe dx — , хе ах = lim | 26 де |р 
ау = ех ах 

= | cb. od6y (бы 
= „ш, (с®—хъ)-(0—4)=1 
Jan => соз у ду 5 u = In(sin v) EE fa 

In (sin v) | (sin v)In (sin v) ? | du = cos v dv u 

sin v 
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94. 


95. 


0 21 лаб : 
Је УЗ + де! аб; Р 


u = 4e? 
= де" ад 


u = cos 5t | 


1-- (cos 5t)? * du — —5 sin 5t dt 





Chapter 8 Techniques of Integration 


93. Ге ах = f ү/хах = 249° +С 


1 f /3Fudu=1-23403?24+C=1(3 440")? +0 


du 


xo [reti _ 
5 1+u 


х=е " 21»: 4 Е POM 
> ЕТ 12 5 > fa = кс x +C = вес“! (е ) + С 


dr и = ут 
Jo да = 52. 


2u du 
| = Jas 


Л 





ап и + С = – + п 1 (cos 50 + С 


4) du = 2 — 2 щ |1 + +-С=>2/т— 2 (1+ /r) 4 C 


а (х^ – 10х2 +9 
ace fts 


f 4x3 — 20x 
x4 — 10x? 4-9 10x24-9 


99. зах = f(x- a) ax = f[xax- 1 f 2, ax - 1 


98. = In |x* — 10x? +9] +C 


= Па(1+ х2) +С 





















































100. f Es dx — 3In|1 + x°| +C 
101. ['1+% ах; 1+% = А ВКС, > 14x? = А(1–х +х2) + (ВХ+ОЈИ +х) 
= (А + В)х2 + (-А +В + С)х + (А +С) 5 А+В = 1, -А+В+С= 0,А+С=15А-= 2,В= 1,С= 1; 
14 х2 2/3, (1/3)х+1/3 х 202 х+1 | 
Леза = [OA + F) Satia fha Jp ез 
+3 u - и 
Б "dE Ева] 5 4841 саа u= Паја + |+ Зап (3725) 
2 1 -1(2х- 
= боја + (x- 3" | e etant (551) — пију – х + ха] + МЕСІ 
= 210621 J ete ax = 1 +х | +1 zIn|1 - x + р Jean (2571) +C 
өз ы Ы Лоа ferita Гры Гры [88i ned с 
1 
И а нео 


zs 2522 
103. | /хү/1--/хах: 0 " = f2w? yTFw dw 


+ 
2w? EN 2(1 + wy? 
(=) 
ду —— &(1 4 w)? 
(+) 
-» 1&(1++%)”? 
0 = [2w? /T+w dw = 4w С с 


i 


3/2 5/2 
зх(Е Vx) — вух(Е+ x) + 151 + 


A 
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| м = \/1+х= м? =1+х . 
104. [te Vira | 0 ЕЕ IF w dw; 
[u = 2w, du = 2dw, dv = 1+ wdw, v = 2(1+w)*? 


Гм утту dw = twa +w- fia +w? dw = fwa w- aw + С 


3/2 5/2 
=$/T+x(1+ I +x) - (1+ Vi+x) +С 





1 ‚[ч=+\/х=и?=х 2 | 2 zm T du = sec? V 2 = | 
105. Ја де | КОДА | - аа и — tan 6, 2 <0< 5, du — sec 0d0, у 1 + u? = sec 
Srn fg do = f2sec 8d = 2In|sec 6 + tan 6] + C = 21n| V1 + w +u +C 


УТ +х+ Мс 
106. f, i утах; 


[x = sing, cn ROUES T , dx = соѕ0 0, y 1 — x? = cos 0, x = 0 = sin b > 0 = 0, х 1 чпб = 0 3 


ane авомир ГУ gap - [7^ Spese 40 = lim. (7 реше “ай 0568” 


= 21п 














У1-сов0 М1- с0$9 с—0+ МЛ – соз@ 
[o = cos, du = —5іп 0 10, dv = JEU dð, v = 2(1— 20 


т/6 


Шит [2 e059 ( (1 — cos er + Та — cos дато J 
tim, | (260s() (1 — cos(Ẹ))"? - 2eose(1 — cose)?) + [$01 сово] 
уз 


| 

N 

— ]im | 
| 


1/2 3/2 
lim (1- x3) - 2cosc (1 — cose)? 4 (3(1 — cos(7)) / 40 = сове а) | 
1/2 3/2 
= lim, V5(1- 33) - 2cose (1 — cose)? - $(1— 93) ја = сове 


к т е» (аЗ) ууя 


2 342 





107. f ах- [fx dx иг — [ета = Гаа Таа=и- ша +С 


= (1 + Inx) — In|] + Inx| + C = Inx — InJ1 + Inx|+C 





u = (ах 
108. f cnc dx: [s al^ — f} du = Inju] +C = Injin(1n x)| + C 


109. Јах; Г = хех = Inu — Inx'?* = (Пах)? = tdu = 2* ах — йи = 20085 х = 20—08 ax] — NE 
= su+C= sxx +C 











110. Ja] 4 ide) | dx; [u = (Inx)""* 2. Inu — In (Inx)"* — (Inx) In (Inx) > tdu = (53 + naa) dx 


xlnx x 





1 
— du—u ! + "а ах = (шх)'^ |! + ie) dx] > fau =u+C= (Inx)"*+C 
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111. Joke - fS xe = sing, 0<0 < 5, 2xdx = cos 6 dé, М = х = соз] — 1 f uet ад 


sin 0 соз Ө 
fT = x4 
+ УНЕ +Ф Се -Ип 





= 1 | сведад = – Ппјсвеб + согдј + С = — На шук IE +С 























112. [Xa [u- Vi- xo = 1— х = 2ааи = ах] – f 25 = [ = [| ==) ди; 


22 Заг ой = 2 = А(и 4.2.77 

















эА-ізэВ--; /(2-аш)ш- 4) du 
ES = 23 = _ М1—х—1 
—2u-ln[u - 1| - Inu 1]--C 22/1— x 4 Jn аа! +С 








а 0 а 
113. (а) Jta — 3) dx: [Ju =a—x + du =-dx,x=0u=ax=asu=0] zei Ки) ди — /"t(u) du, which is 


a 


the same integral as ЇГ х) dx. 























(b) 77 штээ E хе ЈУ sin(% — x) dx = 125 8ш(2)совх-со8(2) япх 
inicr sin ( sin (3 —x) +-cos (3 —x) x) PES 0 віп(2) cos X — сов(2) sin x + cos (=) совх--іп(2) sin x 
т/2 sa т/2 т/2 т/2 т/2 
cos x sinx _ sinx _ ___созх _ sin x 4- cos x 
= Ae cos x + sinx dx = jf, "IPEA х= |" sinx + cosx dx sr ЈЕ Sa x= f° sin x + cos x dx = = J- dx 
nea raah ls sin x dx= Z fe sin x dx = 
= |x sin x + cos x m = 0  sinx+cosx Хо 1 
114. Juss sinx dx — Jj = cos x + sinx — sinx dx = Joes dx + f —cosx + sinx dx + Jo —sin x 
sin x + cos x sin x + cos x sin X + COS X sin xX + cos x dnx op d 
= fax Teen dx f — sinx dx = x — ln|sin x + cos x| — Ioe dx 
sin X + cos X sin x + cos X sin X + COS X 
sin x ACT | sin x ктг. +, : 
=> eee x = x — In|sinx + cosx| > (е зі dx = 5 — 5ln|sinx 4 cosx| - C 
sin?x 
sin?x соѕ2х tan^x = tan? x + sec? x — sec?x E tan2x 4- sec?x Ssec^x 
115. | 1 + ѕіп2х dx = Ja ті + зш dx = jo EE dx — f зес2х + (ап2х dx = jus + tan2x dx — 12552 dx 
mm uos 
225 4 вес“х E -1 
= fax Ja в. dx = x уп (\/2tanx) +C 
1 — cosx (1 — cos x)? Pea x 115 га ез [= к x 
116. ШЕ dx = =f 1] — cos? x dx = sin? x dx = sin? x dx sin? x dx + sin? x dx 
= fose x dx — 2 | csc x cot x dx + [соё хах = —со{х + 2с5сх + J (csc? x - 1)dx = = —2cotx + 2cscx —x +C 


CHAPTER 8 ADDITIONAL AND ADVANCED EXERCISES 


224042 4 
1. u= (sin™! x) , du = А; ду = dx, v =x; 








1-х2 
-1ұу2 = ; —1 2 2x sin! x dx . 
f sin x) dx = х(зш ! x) E E 
u = sin™! x, du = yes =; Чу = — JA ,Уу-2/1- х2; 
-| асаа -2 = 2 (sin™* x) V 1 — x? — увс: (sin! x) V 1 — x? — 2x + C; therefore 
f sin: х)? dx = x (sin! xy +2 (sin™* x) yV 1 -— x? — 2x +C 
2 1—1 


cd 2s D. 
x(x+1) x x+1? 
1 uA 1 J 1 
xa + Da+2) ~ 2x ха | 2642) 
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1 21 Me apo c 1 
xx-DG42G43) & Wath | 3x42) 6x43" 

1 Т 1 1 1 1 : y 
а бе 303943 7 3x — 6x40 * 4a43 ^ 6x43 * 244; ^ the following pattern: 








1 
PDD Se -X xm рв: 





dx 
therefore | XRF Ix +2) (x tm) 


ay lus E 221 +С 
к=0 





u = 517 


2 
== . > Же 
x, du = Zo xdv -xdev-$ : 


ш =: 2 ots 2 х = sind 25 ЭЭ 4120 cos 
fx sin“ x dx = E sin! x — f хайх da | - ЈГ хіпі хах = 2 віп-1х – | 0 сойо 





24/1-х27 = соѕ 0 10 2 2 сов 0 
PES . ОСО. х 51 -0- 
= E sin-! x — 1 f/'siód6 — 2 sin! x — 1 (4 — S22) 4 C= X sin “Tx 4 sinbeosP@—8 С 


De gy ae 4/1 — x2 — sin”! 
5 sin Ту + Х Т 5 sin xn 


1 


— f 2z sin™! z dz; from Exercise 3, fz 81 747 





‚= уу 
sin! dy; 

J МУ y lac 
= z siniz + ааш: qo f sin Jy dy =y sin“! МУ + Уа а 











-1 
= узіп у М — УС 
u = tan 0 
| t= sin 0de _ do, ED 
Eva Рат СЕ m | 2 du a 2. S т) 
40 = 2 
u Tl 
= р Га fuif imam Pacaec- bpm _}9+С 





1 = 
-іш(-у- в) -} —$sin!t4C 


= 1 = 1 
dens dx = Г dx = Terrence dx 

















_ 1 2х+2 2 2х2 

— 16 Ла tary RA 01 dx 
2 42x 42 z = 

= = 1 55283 4-1 Пап 1 (x 4- 1) 4- tan iu us 





, lim, Г. sin tdt = lim. [—cost]", = , lim, [—cos x + cos(—x)] = , lim, (— cos x + cos x) = Іш 0-0 





1 1 1 1 
lim æst dt; lim ( = lim =1 = lim cost dt diverges since 1 4 diverges; thus 
x 0+ x t t 0+ (% D) t gt cos 2 x 0+ Ух t ot 


1 
lm үх Ї 9$- dt is an indeterminate 0 - оо form and we apply l'Hpital's rule: 
х 








1 | m - (===) 
lim x f 27 dt= lim -345-- lim *~ = lim, cosx=1 
х— 0" 2 х— 0" х x—0* (- 4) х— 07 


| a k_ y n (2) аа 
lim, нүк аш 2 ае уа = Ја ов |, 0s u=1l,x=1 u=2 





2 
> f Inu du = [u In u — u]? = (2 n2 — 2) — (n 1- 1)=2In2 -1 =1n4-1 
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п-1 
1 и 2 


n — oo 





~ в 
ТМ: 
М 
Б 
"Is 
nx 
To 
М te 
= 
в 
М. 
= 
8 

5 
Mi 

(л 
= 


1 guyl 
= J she & = [sin x = 


NIA 


а 
11. “= 


2 т/4 2 т/4 
V cos 2x => 1+ (2) = 1 + сов2х = 2 со х; 1. = | \/1 + (Ме 21) a- 2f cos? t dt 
— y [sint]/^ — 1 


2 2 
dy | —2 dy 525 (1—х2)? +4x2 1-+2х2+ 1+х2 
D atu = 1e (8) - “а-а ЗЭ -( x 


1/2 5 
| акс да iex) ЕЈ, 1+ (2) dx 
Hs Me 1/2 
f (+=) dx = f (-1+1 (25) 4-1, EER 
(- 





+ 











rh) dx = [=x + n iP 
3 +ln3)-(0+In1)=ln3- 4 


1 
ed shell 
13. V= f 2r (2 ) (ца) ёх-- о 2лху х 


у=3х/1—-х 
| u=1-x 
= бт | ху хах; du = — dx 

х? = (1 – ш)? 
0 
> —6r а ш)? уча 
0 

= -бт / 52 du 
= бл [2 3/2 — 4 5 + 







hi]; en - 














TE — I 
– вл (18630) — 6 (15) = 2 
4 v2 f "ту? ах = т ae 
Кек ү АХ jo ae 
= a pet 
"|е х2 85) у= 5/(х/5 = х) 
= x [in|s25-§]{ = 04-8) - (01-5 


1 
Lo) shell x 
15. у= Ј гл (24 555154 аш 
= 2л [хе* – еј, = 2л 
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In2 
16. V= f 2x0n2 х) (е — 1) dx 


In2 
= 27 f [(In 2) e* — In 2 — xe* + x] dx 


In2 
= 2л |@п2)е* — (п 2)х — хе* + e + $| 

0 
-24|212-0029-2242-9 | 212 +1) 


= 2л |- ®2#—а2+1 


17. (а) У- м1 - Qnx?] dx 


=л x — x(In x)"]f +2” | шхах 
(FORMULA 110) 

x — x(In x)? + 2(x Inx — x)]} 
= 7 [—x — x(In x)? + 2x In x]} 
-т|-е-е-2е-(-Ц|-т 

(9 V= ла - шх? = я 1-2 шх+ (1х? ах 


=л x — 2(x In x — x) + x(In x)?]? — 2s f. In x dx 
= t [x — 2(x In x — x) + x(ln x — 2(xIn x — x); 
= п [5x — 4x In x + x(In x)?]} 

(Se — 4e + e) — (5)] = 702e — 5) 


3 








3 





=т(5 2+5) = 96629 


19. (а) lim хшх=0 = lim. f(x) 20—f(0) — fis continuous 
x—0* x—0* 





| и = (1пх)? | 
(b) Vv = fran x? dx: eee 2, = (tim. [a] - f (3) 2m» 3 
vs 
-7 |) a2? - G) tim, | нх-5| | == |а – 92 4 gg) 


1 
20. V= |, = х)? ах 


. 211 1 
= п шін [х(1п х) 1-2| шхах 


=—2л Шш |ХїХ-Х| -2т 
+ 


— 
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21. м = [хах = {кх х =(е—е)—(0—1)=1; 
м, = f, dnx) (5) dx — 1 f. dnx)? dx 
= 1 (ха х)2]; - 2 7 In x dx) = 1 (e — 2); 


M, = Гхахж- [2] -f xax 














X = 1 . 
22. М = 2. 


е, 


therefore, x — м = 2 and y = 0 by symmetry 








e o. 1 SEXE d ух 1 у х = їар 0 Lm. fie sec 0-вес? 0 40 
23. 1,= ] 1+Ъах= ] x [Ке n = т/4 tan 6 


Қ в (вес 0) (tan? 6 + 1) 24 tne 
= === ад = 
т/4 tan 0 т/4 


= (Итне -in | V8 1) - [/2- m (14 v2)] - Vice - In (358 4 1) - /2-m (14 2) 


кап“! е 


(tan 0 вес 0 -- сөс 0) 40 = [sec 0 — In |csc 6 + cot 0|] $a 


M d 1 у= еу 
24. у= ах = 1+ (#) PERR 5 = 2л), x1 +x? dy = $=2л/], КА нэгч 
z И oa. u = tan 0 инте Е 
= 5 = 2л], vVl-4u “Гэнэт - 24, sec 0 - sec^ 0 d0 
= 27 (1) [sec 0 tan 0 -- In [sec 6 -- tan 0] = т (е2) ео |2 ~n[V¥2-1+In(v2+1)| 
2 1+е+е\ _ 
= еутфе + ( ERES ) У2| 
1 1 
25. S — 2 [ Кк) 1+ [ х) х:8х)-(1-338)”-» Ес 41-44, > 5=7 J,ü-5y^.-9 


mE 
3 | и= 
= =4т f, (1 x2/3) / (їз) ах; E _ 


dx 
х1/3 
1 T 
= 67: 10-090] = 


26. y= [yV 1a = У пете ЈИ (т) ac fie vx 1s 


6 16 
_ 1: ухах - [j^]. = 416) "S 4(1)5/4 2 124 


шоно ж 


| — 4-30 fd —w? du = бт а - аа — и) 











оо b . x241)* b 
27. = – 4) дх = im LG e dx—, т [п (х2 +1) – 3 х], = ұт?» |мен) 
= lim 5 ES шар - Ш a2] ; lim qe ш > lim ы = lim b?¢-) =ooifa > 4 5 => the improper 

— оо b — oo b — oo b — oo 





: $ : : . : 21)! 
integral diverges if a > 1; юга = 1; , im ptt = „п 1+ 5 =1 = , im i | ow - T 
— од — co - оо 
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(шт $02) = - "2; Нах}: 05 tim 7 < tim SSP = lim (b+ 1" =0 
= um In we D! Z o = the improper integral diverges if a < 5 ; in summary, the improper integral 
f P — x) dx converges only when a = 1 апа has the value — m2 
b xb 
28. G6) = іш /езш- іш [- te=] = lim (0) = 12 = lifx>0 9 x60) - x (2) 2 1ifx 50 


29. A= ха x converges if p > 1 and diverges if p < 1. Thus, p < 1 for infinite area. The volume of the solid of revolution 


about the x-axis is V = fon ^dx oq 18: 5% Which converges if 2p > | and diverges if 2p < 1. Thus we want 


p> 1 for finite volume. In conclusion, the curve y — x^? gives infinite area and finite volume for values of p satisfying 


(5) 


i <р< 1. 
1 
30. The area is given by the integral A = : 9 Е 
p=1: A= p im, [In x]; — -, lim, In b — oo, diverges; 
p>l: A= lim, [x]; = 1- , lim. b'-? = —oo, diverges; 
p<l A= p im, [x]; =1-— gim. b' = 1 — 0, converges; thus, p > 1 for infinite area. 





The volume of the solid of revolution about the x-axis is V, = 7 | Ж = Which converges if 2p < 1 or 


p< 5 , and diverges if p > i . Thus, V, is infinite whenever the area is infinite (p 7 1). 


The volume of the solid of revolution about the y-axis is V, — л 1 % [к(у)]? ау = т 1 А: oe which 
converges if " »] & p «2 (see Exercise 29). In conclusion, the curve y — x^? gives infinite area and finite 


volume for values of p satisfying 1 < p « 2, as described above. 


31. 9 ID - f° edt = 
(b) u 2 t', du 2 xt*! dt; dv — e* dt, v = —e™; x = fixed positive real 
=> га + ђ = | сета = „іп [беја + х fy tet at = lim, (– 5 + 09) + хгод = ход 
(c) Г(а-+1)=0оГа) =п!: 
n=0: [0+ 1)=Td) = 0!; 
п = k: Assume I'(k 4- 1) — k! 
п=К+1: IF(k-1-41) —(k4 DIY(k- 1) 
= (k + 1)k! 
=(k+1)! 
Thus, Г(п + 1) 2 nI'(n) — n! for every positive integer n. 


b 
а —t E 052001 1 = = 
pim, Је dt = lim [-е Jo = „їшї [-4-(-b] =0+1=1 


— оо 


for some k > 0; 
from part (b) 
induction hypothesis 
definition of factorial 


32. (a) T(x) & E yZ апа пГ(п) = п! => п! ~ n(2)" т = (2)" 2пт 


























Ф) п (2)" 2пт calculator 
10 3598695.619 3628800 
20 2.4227868 х 1018 2.432902 х 1018 
30 2.6451710 х 10% 2.652528 х 10% 
40 8.1421726 х 10“ 8.1591528 х 1097 
50 3.0363446 х 1003 3.0414093 х 1064 
60 8.3094383 х 1081 8.3209871 х 1081 
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33. 


34. 


35. 


36. 


37. 


Chapter 8 Techniques of Integration 




















(c) п (®)*\/2пт (2)"V/2nm el calculator 
10 3598695.619 3628810.051 3628800 
e% (+) cos 3x 


a o isin 3x 
ца а — 1с05 Зх 


9 
— y 
13 


I= & sin 3x + © cos3x— 41 > BI= $ (3 sin 3x + 2 cos 3x) > I= $ (3 sin 3x + 2 cos 3x) + C 


езх (+) sin 4x 


de үзэж —1 cos 4x 


4 


ши не — i. sin 4x 


16 
PP 


3x 
we fe 
D 


3e* <; 9 251. е? : _ ех : 
cos 4x + < 51п4х — 161 = 161 = 16 (3 ѕіп 4х —– 4 соѕ 4х) => I= 5 (3 sin 4x — 4 соѕ 4х) +С 


sin 3x (+) sin x 


3 cos 3x Бх —cos x 
—9 sin de ае —sin x 


a 
I = —sin 3x cos x + 3 cos 3x sinx + 91 > —8I = —sin 3x cos x + 3 cos 3x sin x 
= [= sin 3x cos x—3 cos 3x sin x +С 


соѕ 5х (+) sin 4x 


— sin 5x es cos 4x 


4 


ра Ц jus 
—25соѕ 5х (+) -іс 5іп4 
--------:----Х- 
І = — } соз 5х соз 4х — 5 віп 5x sin 4x + 2 = — 11 = — 1 соз 5х соз 4x — & sin 5x sin 4x 


= = 5 (4 соз 5х cos 4x + 5 sin 5x sin 4x) + С 


e (+) sin bx 


ae™ йг» у с=з — i cos bx 
йы (je — ib sin bx 


--------------р- 


ах ддаж а 22 42. 2 ах . 
I= — Ẹ cos bx + % 5 БХ – 51 = (£&) 1— & G sin bx — b cos bx) 





= = = (asin bx — b cos bx) + С 
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38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


Chapter 8 Additional and Advanced Exercises 


ез (+) cos bx 


ae™ “Трруззагы i sin bx 
ie. ee — i cos bx 


---------------р»- 





І- v sin bx + 3 > cosbx— 41 > (s 5) I= È (G cos bx +b sin bx) 


= І- СЕ 


In(ax) (+) 1 


жін 
лт 
| 
~ 
ж 


Іа (ах) (+) хо 
ЯВ ds 


1- 1x3 (ах) — ] (1) (5) dx = $ x? In (ax) – į x? +C 


(255) 


1- =f (828) 
Ica ES 1-( 








= 2 
| z El Tee 1 —tan (3) Jp 


x 
2 


24) 














= (25) =. 2% f 
аъ Jac 2) Боге = 1x7 = 1 |1+4 +С 


1- 
(22 + 1--22 


= In |tan (5 )+1|+С 





Г = ! (245) =f 2dz e ЕС ];- (1 23-1 


o 1--віпх 0 1+ ( 22 ) ü cz 


2dz 





N| 


т/? К 1 ( =) 1 ‘ 1 
MEE = Mice cds lg Ad 


dz 








2; 
12 а | (255) =f 2% = f 2 Ex 
0 2-cos0 — Jo 24 (1:5 2) 7.9 2-22-1-2 7/0 2-3 7/3 
= == И 
$3 9 


(25 








1--22 


2n/3 3 с 
Jo cos 6 40 = c (255) 22 Je 2(1—22) dz 
т/2 sin@cos0+sin0 — a ) "Ji 22-2234224223 


( У (25 

УЗ 

1 1 22 
= [21 а 3n 


E 
701 














242 
Їсэж 20: сэш рв = [к=з 
sint—cost 6 21-2} ` яа = а = +1 2 
(22-152) 1+? 
d. tan (5) +1— 
= у, Ч tan (5) AU +С 
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1-22 





= (3 nV3— 3) — (0-3) = $2 - 3 = 3 3-2) = } (In V3-1) 


|+ 


dz 


535 


536 Chapter 8 Techniques of Integration 


2dz 
cos t dt 7 (22 5) 2 2(1—22) dz 2 2(1—22) dz 
48. Цан то ГЕ EE S = las — (1+22) (1-22) | [oA 1--22) 


= EN 1 
1. ra 2 — 14-22) jene fs 2 f 


2 tan! z+ C = —cot ($) —t+c 





49. J sec 010 = {= Л (25) = 


= 2 dz _ 
La ==) E 2 аар E e E LM E s 











ШЕ 

















=In|1+z|—In|l1—z|+C=In el) +C 
ка (5) 
(255) dz 0 
50. I TEE ata = Ју - [mibi c n fan 3| +C 
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CHAPTER 9 FIRST-ORDER DIFFERENTIAL EQUATIONS 


9.1 SOLUTIONS, SLOPE FIELDS AND EULER'S METHOD 





қ м м 
ceoec oc c c] cho + cc + || | s or hcc cR been b 
cec c ec есейе RR E f wow c www $ SEEK P LLSRRRSSSSE! deeem ms 
ecc c c А wow ow www $ ffák)kgsrsasrcetdc w RÀ {жле + ээ ее ж {ее 
еф УУ wc ww SF FIPS KS ww eee Аи з» жжения} ++ 
eec oc c РУ УУУ occ ec c 9 ww AN ф я АУУ женя {++ + 
ТҮУ хол фри КЕКЕТУ ЕКЕН! cc bod m 
лла рии eM hn PEPPER A 4n RR ER Spann) Eae 
XS ben MA b hn кен ЧЭ хээ b dae 
и. Б > о ера eee 
Yee pee ue МААН их adis bonn Пером 
ЖАМАА фри RE EE nnnm умея $ {$ к хк 
MAS рерни TP КААХХЭ жийн 909 eben 
RRR Eee ww ww we wR GS oe ww ХАХАХА Флур я tee bree as paces 
EP A te eee eee фрик ХОХХХЭЭХ 0 жийли8 ten peewee * 
фирме = XR Ern ххх жуу ЯЯ а еен фа 
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фи -—————— 4 ӨЛ ж махае фелни bee Mert 
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5. 6. 
УЕ 
+ + + + + + + 
teed egg 
#4 $s os 
а жая ж, 
ее pie 
== =X 
-4 КЕТЕ ЕЕЕ 
eR RN Ww RR 
бағала аа 
++ +++ 
уље 
НЕ 
CT T Аа ША + 
а а 
7: у= 1+ {7 t- y(t)dt > Z =x- y(x); y =-1+ f t- y(t)dt = -1; Z =x — y, y(1) = -1 


1 
8. у= а= 9 = у) = f за =0 = 1,у() =0 


9. у= 2 – 14 (1+ y(t))sintdt > $ % = _(1 + y(x))sinx; у0)-2-(/а-уй t))sintdt = 2; 5 S y — —(1- y)sinx, 
у(0) =2 


10. у =1 + Ј'ујоф = 9 = у(х); у(0) = 1+ / у( = 1; ® = у, у(0) = 1 
П. у= уо + (1-0) а= 1 (1 51) (5) = -025, 

уз = уз + (1— #) 4х = -0.25 + (1— 2025) (5) = 0.3, 

уз = уз + (1— #2) 4х = 03+ (1— $) (5) = 0.75; 





9 + (2)у=1 = Р(х) = 1.00071 2 fPeodx - f! dx = In |x| =Inx,x>0 > v(x) =e™ =x 





= y= fx-tdx=1($4+C);x=2y=-1 = -1=14+$ = C=-45 y=4-3 
=> y3.5)= 3-4 = 48 ~ 0.6071 
12. y1 = yo + Xo (1 — yo) dx = 0+ 1(1 — 0)(.2) = .2, 
y2 =yi +x1 (1 — y1) dx = .2 + 1.2(1 — .2)(.2) = .392, 
Y3 = y2 + x2 (1 — y2) dx = .392 + 1.4(1 — .392)(.2) = .5622; 
po =xdx => —ш|[1—у|=%з+С;х=1,у=0 = –и1=:+Сс э С=—4 э ю|1-у|=—5%+1 


> y= 1— e02 > y(1.6) = 5416 


13. у; = уо + (2хоуо + Зуб) ах = 3 + [2(08) + 2(3)](.2) = 4.2, 
y2 = yı + Qxiyi + 2у1) dx = 4.2 + [2(.2)(4.2) + 2(4.2)](.2) = 6.216, 
уз = уг + (Схру» + 2у2) dx = 6.216 + [2(.4)(6.216) + 2(6.216)](.2) = 9.6969; 
% = 2у(х + 1) = 3 —2(x41)dx 2 In|y| 2 (x - 1? -C;ix 20 y 23 > п3=1+С > C=In3-1 


— Iy-(x-1-113—1 — y — e(*D Hn3-1 олз 2x — 36x02) —. y( 6) zc; 14.2765 





14. y1 — yo + y2(1 + 2x9) dx = 14 1[1 + 2(-1)](.5) — .5, 
уг = у t+ y7(1 + 2x1) dx = .5 + (.5)*[1 + 2(-.5)](.5) = 55, 
уз = у2 + У2(1 + 2х2) dx = .5 + (.5)*[1 + 2(0)](.5) = .625; 
a= + 2х) 4х > -i =x+x +G x=-l,y=1 > -1 =-1+(-1} +C > C=-1 = t=1-x-% 


> y= > (5) = rsy = 4 
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15. 


16. 


17. 


18. 


19. 


20. 


У1 = Уо 
yo S21 
Уз = y2 
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+ 2хое® ах = 2 + 2(0)(.1) = 2, 
4 2xje dx = 24+ 2(.1)е?(.1) = 2.0202, 
4- 2xse? dx — 2.0202 4- 2(.2) e? (.1) — 2.0618, 





ду = 2xe* dx > y=e* +C;y0)=2 > 2=14+C > C=1 > y=e" +1 = y.3) =e” +1 © 2.0942 





(yo e%) dx = 2 + (2-e°) (.5) = 3, 





- (ya e*) dx — 5.47308 + (5.47308 - el") (.5) = 12.9118, 














Y= You 

y2 = yı + (yı e") dx = 3 + (3-5) (.5) = 5.47308, 
Уз — y23 

у уе 4у 


Ş =e dx > ln|y| = e* + C; x = 0, y = 2 > In2 = 1 +C => C= ln2-— 1 > In|y| = e* +1n2 — 1 


— y —2e* -1 > y(1.5) = 2e" - ! ~ 65.0292 


yr 214 1(2) 2 12, 
уз = 1.2 + (1.2.2) = 1.44, 

уз = 1.44 + (1.44)(.2) = 1.728, 

ya = 1.728 + (1.728)(.2) = 2.0736, 


^ 


dy 


ys — 2.0736 + (2.0736)(.2) = 2.48832; 








у =4х = Шу=х+С, = у= Се; у(0) 1 1 = Се? С= 1 у = е* y(1) = e & 2.7183 





yı =2 + (2) (2 224, 

y2 = 2.4 + (44) (2 =2.8, 

уз = 2.8 + (18) (2) = 32, 

у = 3.2 + ($2) (2) = 3.6, 

уѕ = 3.6 + (26) (2) = 4; 

vi = шу= lnx+C > y= kx; y(1)=2 2=k у = 2х у(2) = 4 








у= =1+ [60 05) = —5, 
ЖЕ (5%) (5) = —.39794, 
(= 











уз = —.39794 + | = | (.5) = —.34195, 
y4 = —.34195 + | d (.5) = — 30497, 


уѕ = —.27812, у = —.25745, ут = —.24088, уз = —.2272; 








Ийэ -|рэ2үХ4СЫуй)--1-1-240-0--19 у ух = YO) = дя --2880 
у= 1+ (0: ѕіп 1) (2) = 1, 

у= 1+ (4 sin 1) (4) = 1.09350 

уз = 1.09350 + (3 - sin 1.09350) (4) = 1.29089, 

ул = 1.29089 + (3 - sin 1.29089) (1) = 1.61125, 

ys = 1.61125 + (4 - sin 1.61125) (4) = 2.05533, 

ув = 2.05533 + (5 · ѕіп 2.05533) (1) = 2.54694; 


у’ = xsiny > cscydy = xdx => —In|cscy + coty| = ix? + С = cscy+coty = ex tC — Ce” 


= 1+©%У — Се = со (3 ) = Се-2х 


siny 


2 


;y(0) 2 1 — cot(3) = Ce? = C = cot(2) = со (1 је“ iw 


=> у=2сог! (со((1)е-3У ) у(2) = 2 сог ! (со (1 је“2) = 2.65591 
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21. y 2 —1— x t (1 4 xo t- yo)e* ^ => у(хо) 2 —1 — хо + (1 + хо + уо)е 0 736 = —1 — хо + (1 + хо + yo)(1) 7 yo 


бу = —1 + (1 + хо + уо)е 9 5 у= –1 х + (1 + хо фује 5 -2-х-2-х-у 


22. у! = Кх), у(х) = уо = у = Ј'Коф + С, убио) = [ "ош + С=с=С=у = у = fidt yo 


23-34. Example CAS commands: 


Maple: 

ode := diff( y(x), x ) = y(x); 

icA := [0, 1]; 

icB := [0, 2]; 

icC := [0,-1]; 

DEplot( ode, y(x), x=0..2, [icA,icB,icC], arrows=slim, linecolor=blue, title="#23 (Section 9.1)" ); 
Mathematica: 


To plot vector fields, you must begin by loading a graphics package. 

««Graphics PlotField^ 
To control lengths and appearance of vectors, select the Help browser, type PlotVectorField and select Go. 

Clear[x, y, f] 

yprime = y (2 — y); 

pv = PlotVectorField[{1, yprime}, (x, —5, 5], (y, —4, 6), Axes — True, AxesLabel — (x, y}]; 
To draw solution curves with Mathematica, you must first solve the differential equation. This will be done with 
the DSolve command. The y[x] and x at the end of the command specify the dependent and independent variables. 
The command will not work unless the y in the differential equation is referenced as y[x]. 

equation = y'[x] == y[x] (2 — y[x]) ; 

initcond = y[a] == b; 

sols = DSolve[{ equation, initcond}, y[x], x] 

vals = {{0, 1/2}, {0, 3/2}, {0,2}, {0, 3}} 

f[{a_, b_}] =sols[[1, 1, 2]]; 

solnset 2 Map[f, vals] 

ps 7 Plot[Evaluate[solnset, (x, —5, 5]]; 

Show[pv, ps, PlotRange — {—4, 6}]; 
The code for problems such as 31 & 32 is similar for the direction field, but the analytical solutions involve 
complicated inverse functions, so the numerical solver NDSolve is used. Note that a domain interval is 
specified. 

equation = y'[x] == Cos[2x — y[x]] ; 

initcond = у[0] == 2; 

sol = NDSolve[{equation, initcond}, y[x], {x, 0, 5}] 

ps = Plot[Evaluate[y[x]/.sol, {x, 0, 5}]; 

N[y[x] /. sol/.x — 2] 

Show[pv, ps, PlotRange — {0, 5}]; 
Solutions for 34 can be found one at a time and plots named and shown together. No direction fields here. 
For 34, the direction field code is similar, but the solution is found implicitly using integrations. The plot 
requires loading another special graphics package. 

««Graphics ImplicitPlot 

Clear[x,y] 

solution[c_] = Integrate[2 (y — 1), y] == Integrate[3x? + 4х + 2, х| + с 

values = {—6, —4, —2, 0, 2, 4, 6}; 

solns = Map[solution, values]; 

ps = ImplicitPlot[solns, {x, —3, 3}, {y, —3, 3}] 

Show[pv, ps] 
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23. 24. 
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A^ wow ххх у 
ххх ъа B&B wo Y 
—_— За Зүг є х 
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25. 26. 








1 Рис + |М 





27. 28. 





11111118 


ЕР. 





ДАМ 





2 


35. 5 = 2хе* ,у(0) = 2 > yout = Ya + 2хһе“ах = у, + 2х„е*% (0.1) = ул + 0.2хне* 


On a TI-84 calculator home screen, type the following commands: 

2 STO > y:0 STO » x: y (enter) 

у + 0.2*х*е^(х^2) STO > y: x + 0.1 STO > x: y (enter, 10 times) 

The last value displayed gives ygue (1) ~ 3.45835 

The exact solution: dy = 2xe"dx > y =e” +C; y(0) =2=e° + CS3C=1Sy=1+e 
=> YVexact(1) = 1 +e ~ 3.71828 








36. 4 = 2у2(х — 1), у(2) = —1 9 Yeu — Ya  2y2(3s — 1)dx = yn + 0.2 yh (Xn — 1) 
On a TI-84 calculator home screen, type the following commands: 
—0.5 STO > y:2 STO > x: y (enter) 
y + 0.2*y?(x — 1) STO > y: x + 0.1 STO > x: y (enter, 10 times) 


The last value р gives ygue (2) & —0.19285 

The exact solution: => % = 2у2 (х—1) = 3 = (2x — 2)dx > —1 =х?—2х+С э }= —х?+2х+С 

У(2) = -5 = <> = — (2)? +202) +С = СэС--2-і--х42х-2-у- ас? 
= 1 eme 

(3) = ван =—02 
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dx y 


37, £— Y*y »0,y(0 =1 увы = ya + Ух = ук+ У® (01) = у„ +01У® 
On a TI-84 calculator home screen, type the following commands: 

] STO » y:0 STO » x: y (enter) 

yt 0.1*(\/х /у) 5ТО > у: х + 0.1 STO > x: y (enter, 10 times) 


The last value displayed gives Yeuter(1) 1.5000 
The exact solution: dy = Уақ = оу у \/хах = Y =a 4 c; 6 = 2 == 2(0)°? -0-0-14 


=F = 230 t l у= (|432 +1 = узи (1) = \/4(1)82 +1 = 1.5275 


38. 9 = 1+у2, у(0) = 0 = уни = уһ + (1 + у2)дх = уа + (1+ у2)(0.1) = yn + 0.1(1 + у2) 
On a TI-84 calculator home screen, type the following commands: 
0 STO > y:0 STO > x: y (enter) 
y +0.1*(1 + y*) STO > y: x + 0.1 STO » x: y (enter, 10 times) 
The last value displayed gives ygue (1) 7 1.3964 
The exact solution: dy = (1 + y*)dx > E = dx tan ly 2x4 C;tan^ly(0) 2 tan 020-04 C— C0 
= ап ју = х > у = tan x > Yexact(1) = tan 1 & 1.5574 





39. Example CAS commands: 
Maple: 
ode := diff( y(x), x ) =x + y(x)sic := у(0)=-7/10; 
x0 := -4;x1 := 4;y0 := -4; yl := 4; 


b:=1; 

P1 := DEplot( ode, y(x), x=x0..x1, y=y0..y1, arrows=thin, title="#39(a) (Section 9.1)" ): 

Рі; 

Ygen := unapply( rhs(dsolve( ode, y(x) )), x. C1); i 
P2 := seq( plot( Ygen(x,c), x=x0..x1, y=y0..y1, color=blue ), c=-2..2 ): # (с) 
display( [P1,P2], title="#39(c) (Section 9.1)" ); 

CC := solve( Ygen(0,C)=rhs(ic), C ); т 


Ypart := Ygen(x,CC); 
P3 := plot( Ypart, x=0..b, title="#39(d) (Section 9.1)" ): 
P3; 
euler4 := dsolve( {ode,ic}, numeric, method=classical[foreuler], stepsize=(x1-x0)/4 ): # (е) 
P4 := odeplot( euler4, [x,y(x)], x=0..b, numpoints=4, color=blue ): 
display( [P3,P4], title="#39(e) (Section 9.1)" ); 
euler8 := dsolve( {ode,ic}, numeric, method=classical[foreuler], stepsize=(x1-x0)/8 ): # (Е) 
PS := odeplot( euler8, [x,y(x)], x=0..b, numpoints=8, color=green ): 
euler16 := dsolve( {ode,ic}, numeric, method=classical[foreuler], stepsize=(x1-x0)/16 ): 
P6 := odeplot( euler16, [x,y(x)], x=0..b, numpoints=16, color=pink ): 
euler32 := dsolve( {ode,ic}, numeric, method=classical[foreuler], stepsize=(x1-x0)/32 ): 
P7 := odeplot( euler32, [x,y(x)], x=0..b, numpoints=32, color=cyan ): 
display( [P3,P4,P5,P6,P7], title="#39(f) (Section 9.1)" ); 
<< МВ | percent error >, # (е) 
« 4 | (x1-x0)/ 4 | evalf[5]( abs(1-eval(y(x),euler4(b))/eval(Ypart,x-b))*100 ) », 
« 8 | (x1-x0)/ 8 | evalf[5]( abs(1-eval(y(x),euler8(b))/eval(Ypart,x-b))*100 ) >, 
< 16 | (x1-x0)/16 | evalf[5]( abs(1-eval(y(x),euler16(b))/eval(Y part,x=b))*100 ) >, 
« 32 | (x1-x0)/32 | evalf[5]( abs(1-eval(y(x),euler32(b))/eval(Y part,x=b))*100 ) > >; 
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39-42. Example CAS commands: 
Mathematica: (assigned functions, step sizes, and values for initial conditions may vary) 
Problems 39 - 42 involve use of code from Problems 23 - 34 together with the above code for Euler's method. 


9.2 FIRST-ORDER LINEAR DIFFERENTIAL EQUATIONS 


. ха +усе = 8+ (у= 5.0) 1.0095 
Пе JPG) dx — gx — x 
у= 5 Јубдобо ак = ! Јх (=) ах = 1 (е + С) = ==6,х > 0 


2. е + 2еу =1= 9 + 2у = ет", Р(х) = 2, О(х) = ет" 
шэг ds e% 
y= fe. e™ dx = x k fe dx = a z(e*+C) = ех + Ce-* 











3. ху +3y= Hx >0S 84+ (ју = 39, Р(х) = Об) = зар 
f ак =3 in |x| =Inx3,x 50> v(x) =e™ = x3 


y- à fx? ($5) ах = 3 f'sinxdx — i(- cos x + C) = C=oosx y SQ 


4. у + (ап х)у = с052х,— 1 <х < 1: = ау X + (tan x) y = cos? x, P(X) = tan x, Q(x) = cos? x 





Јапхах = | зе dx — —-In|cosx| 2 In(cosx) 5, - «x « 5 => у(х) = еп) = (совх)“! 


COS X 


у= carga J (cos x)! - cos? x dx = (cos х) сов x dx = (cos x)(sin x + C) = sin x cos x + C cos x 


5. х9 +2у=1-1,х>0= 9 + (2)у=1– 1,р() = 2,00) =1- 2 
ош nat esos ee = 


у= #/[У(1-4)4х= &/[«—-1)й4х= &(—-х+с)=1-1+,х>0 








6. а фоју фу= ухо 8 + (15) у = 75 PO = Th. QW= S 


js dx = In (1 + x), since x > 0 2 v(x) = ee = 1 
ye ds face» (0E) ee уха = (32) 9 +0 = +15 














7. y -ly-lee* => Р(х) = – 1, О(х) = іе => [P(x) dx =—ix => у(х) = е2 


> y= fe (3e) dx — e dx — e? (3x 4 C) 2 ixeV? + Cer? 


8. 9 .L2y 22xe^ = P(x) = 2, Q(x) = 2xe™ | fP(x) dx = f2dx 22x > vx) = e” 
= у= + Је“ (2xe ?*) dx — Aa dx = e™™ (x2 +C) 2 xe + Ce-™ 


9. $ -(Dy-21x > P(x) =—!,Q@) =2Inx > [PO dx =— fax =-Inx,x>0 
> у(х)=е-"*=1 > y =xf (4) 2 In x) dx = х [їп x)? + C] = x n x)? + Cx 
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2 аг e 


х2 


10. 8 + (5ју = => 


= у(х) = ез" = х? > у= + Ја (555) ах = 5 J cos x dx = 4 (sin x + С) = 925€ 





п. (26) = пыр 5 РО) = 14,00 = оу — fPod- fS a-4mp-1| -ma- 0f 
> ý=" Е 1) > s= [t-t Fed а= f(e-1)ae 


3 


M: t C 
= ap! (5 - t C) “30-14 (t-I a (t— 14 


12.0 1) FH 28= 34 D+ eae > (ОЗ = РФ. ОФ Нео" 


> Јроа«= | 2 аг=>21 | + 1] = а. + 12 = vit) =e™ = (+17 
> 5= ар Ји + 123 + + 17 dt = cars f 80-7 D? t 071] at 
= «xg [t D? 4 In [t 1] - C] 2 (C 1) - (1)? In(t 1) - cg t» —1 


13. + (cot )r = sec 0 = Р(0) — cot 0, Q) = sec 0 => 0 dó — fcot 6 d6 — In |sin 0| — 0) — e^ 
= sin Ü because0 « 0 « 5 — r— a3 fisin 0Хвес 0) 40 -- fian 0 dó — 4.5 (In [sec 0| + С) 


sin Lj 
— (csc 0) (In |sec 0| + C) 


sin an) 








14. tan 0 & +r = sin? 0 > ге = = sin“ = 4. + (сог дуг = біп 0 сов 0 — P(0) — cot 0, Q(0) — sin 0 cos 0 


> Јр) ао = [cot a6 = 1п [sin 6| = Іп (біп 0) since 0 « 0 < т — у(0) - el sin®) — sin 0 
J sin? 0 соз @ а0 = (51 ) (вес) = ес 


біп 0 











= г= ob [ (sin 0) (8ш 0 сов 0) 40 -- 17 aie 





15. д + 2у =3 > Pit) =2,QH =3 > [POdt= f2d=2 > v =e" > y= & [erat 
= а (бе + Суб =1 = ;+С=1= Се-у > у=у— јез 








16. 9+2=6 = р) = 2,00) = 2 = Јроас= 21 || = мо=е“=е > y=} fed 


t 


1 
5t 


N 


чү» 


-4/ба-4(8-с)-4-6:5:0)-1-013144-1-0--4-у- 


wl 


17. 9 + (1)у = 58 5 p(9) — 1, Q(0) — 55? 5 fP(9) 40 = n |0| — vO) = e = [6| 
= у= fi (55) ao — ch — y- Lf sin6a6 — } (~ cos 0 + C) 
= – 1с050+5;у(7) = =e 1 = у=—– 1 с050+ 5 


18. 9 — (2) у = 0? sec 0 tan0 => P(0) 2 — 2,Q(0) « 0? sec tan0 => f &€ 40 = —2 1 |0| = (0) = е2" 
=0? > y= ps | (6-2) (6? sec 0 tan 0) а0 = A 0 тап 0 40 = 0?(5ес 9 + С) = 0? sec 6 + CO?; 


у()-2-2-(%)озс(%) = с=В-2 5 у=Я seco + (8-28 





х2 x(x ex? ex 
19. & 0$ 2629 ex) y S S = % 2 [e] y = сет» - 9 -2ху- шүр 2 РО)-- 
х2 с 
О(х) = ЕТ? = [Рх dx = ү dx = —x? у(х) ег“ у = е I| dx 


З 2 [х -1 е2 x 
=e" f ta dx =e" [2 +c] = – 2 + Се"; у(0) =5 => – 11 +С=5 => -1+C=5 














х2 
=> C=6 => у= бе E 
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2p: 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


Section 9.2 First-Order Linear Differential Equations 545 








% + ху=х = РО =х, 0 =х = } Р(х)йх = fx dx х у(х) ех2/2 у 45 [e - x ax 


ех2/2 


= sh (e"? +€) =14+ Ss yO = —6 > 14+C=-6 => C=-7 = y=l1- 


xz 


-ky-0 2 P--kQ0-0 = [Ро&= |-ки=-к = ую =е® 
> у= f(e) 0 dt = e (0+ © = Ce¥; yO = yo + C=y0 + y=yoek 


(а) ®+£u=0 5 РОК, 900 =0 > fPHa= fEd=*kt="* = uy sem 











> y= ae ILE $x; u0 uo хбуя Uo C — ug и = ше (т 
b) 38 e Eg 4 —* dt Inu о. 


dt m 
- Cı and u(0) = ш = -Cı = C4. So u = up en (k/m)t 








Then u = 


W m) EU 


x fi dx =x(In |x] + C) =x In |x] + Cx => (b) is correct 











ox \[соз х dx = -= (sin x + C) = tanx + =; = (b) is correct 
Steady State = X and we want i = 4 (X) => 1 (5) = и 1 –—е у) > і4-1-ет > —{ = —eR/L 
1 Re qed _ 1 
—1nj--T-o-£glni-t-ot-fgln2sec 
(а) $-Ri-0 > та =— а => nhi=-R +C => = свем = се -I-I-C 
— i-Ie- RV. amp 
(b) I= Iet > eR- i -Ï = ]n 4 = - 02 = (= Е 2 3ес 
(c) = 5 = і = IeCR/DU/9 = I e~ amp 
(a) t— 3E > i= Y (1 — eCROGUR) — V (1— e-3) © 0.9502 ¥ amp, or about 95% of the steady state value 


Al< ж|< 


у 
R 
(b) t= = 1=% (1-е 890) = \ (1-е) = 0.8647 У атр, ог about 86% of the steady state value 


(а) 4+ 81= У = р) = 8,00 = У = Ѓройа= Ѓка= 8 > vi =e 














dt L L?’ L L 
е. сілі Rt/L І к. = М. —(R/L 

> i= де fe (¥) dt = gh [k e (У) +C] = У + Се 
(0) i(0)=0 > $4+C=05 C=-f si=ft-fem 
(c) ї=ү > 8-0 => ЧЕ: =0+ (Е) (У = ү = і = Y is a solution of Eq. (11); і = Се“ 
! 00 = | xis] du — -2% — _y2du 
y -y-—-y^5wehaven—2,soletu—y ^—y .Theny—-u апа 5 = —ly >$ --у“ы 
= -u t – 17! = –—и72 => w +u = 1. With e/4** — e* as the integrating factor, we have 
eX(# +u) = £(eu) — e*. Integrating, we gete'u 2 e*--C u—14 € 1 у GE eae 
y! — y = xy’; we have n = 2, so letu — y^!. Then y — u^! and qu = у 28 = 5 k= --уш- = u?&, 
Substituting: —u 724 – 17! = хит2 => шш +u = —x. Using eS = eX as an integrating factor: 
ех(9 фои) = 4(еш)--хе --еш-е(1-х)-С-а- 05 о-ю+с Уи = с 


—2 4-23. 


xy cy S y? 5 y! - (Dy 2 (Dy? Letu 2 y. C? = y? > y = ш? апау? = 


А = зу эу-2-(0( = G) (E) (0). Thus we have 
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(1) (%) (и 23) + (1) и? = (1) 28 5 % + (3)u = (3) 1. The integrating factor, v(x 
3 


), 
eS ix = e3lnx — gh? = 32. Thus 4 (аи) = (1) = 3х2 => ху = х Со 0=1+ 65 = уз 


= у= (1+ e 


х? у’ + 2ху = уз > y’+ (2)y = (S)y’*. P(x) = (2), Q(x) = (Z2), n2 3. Letu 2 y^ 2 y? 
Substituting gives $¢ + (—2)(#)u = —2(5) — $ 4 (—)u — a. Let the integrating factor, v(x), be 


X 
ef (dx 2 glnx* — x-^ Thus 4 (x74 u) = -2x76 > x4 u = 2х5 Си = 2С = уг? 


= y = (24) 


9.3 APPLICATIONS 


Note that the total mass is 66 + 7 = 73 kg, therefore, v = voe(k/mt —> ү — де—39/73 
(a) s(t ) = foe 9t/73at — 520 e 39V С 
Since s(0) 2 0 we have C — 209 апа ]ims(t je jim 53” ae 20 (1— go = 20 ~ 168.5 


The cyclist will coast about 168.5 meters. 
(b) 1-98 79/5 lt = In 9 > t= BB? x 41.13 sec 
It will take about 41.13 seconds. 


у = уре (к/т) => у — Ge~(59.000/51,000,000)t > у — 9е-59/51,000 

(a) s(t )- f Qe-59t/51,000 ge — 559000 e-59/51000 |. (C 
Since s(0) = 0 we have C — 922900 and lims(t) = іт 295000 (1 – е—59:/51000) — 452.0000 ,. 7780 m 
The ship will coast about 7780 m, or 7.78 km. 

(b) 1 = 9е 59051000 > -fi = ln 9 => t = 3197710? д, 1899.3 sec 


It will take about 31.65 minutes. 


The total distance traveled = “= => 52970990) = 4.91 => k = 22.36. Therefore, the distance traveled is given by the 


function s(t) = 4.91 (1 — e- 02363992!) The graph shows s(t) and the data points. 








vom = coasting distance => (080) (4950) = 1.32 = К = 228 
vom _ к _ __998 _ 20 
We know that 4— = 1.32 and = = 33(499) — 33° 


Using Equation 3, we have: s(t) - ** (1—e хэ mt) = 1.32(1 — е 20938) д 1.32(1 —е 0609) 
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5. у= тх = Ў = т A EY 0 = у' = #. 5о [ог 
2 





X 
orthogonals: a = = = уйу = —хах => 5 + i =C 
>x +y =C 


~ 
ма 
= 


2e f. s 
6. у = сх? = 5 =с= 4-05 2y' = day 
ду _ х 


= у! = 9 So for the orthogonals: | = ->2у 





= гуду = хіх = у= —5 + Сеу= + 2 +C, 
С>0 





® 


7. Кх2 + у? =151-у2 = Кх2 = 157 = К 


= (У) _ 9 = —2yx2y! = (1 — y?)(2x) 
0-29 _ (1-у) 


= ===. 80 Тог ће orthogonals: 


Il 
у= —2ху? —ху ° 


deo 
ау у СҰ) Оду = хах > пу- 5 = 5 +С 


кх? + у? = 


Ж 


8. 2х? + у? = с® => Ах +2уу' =0 > у' = – = —%. For 
orthogonals: у E x = У E 9 = шу = Ыпх+С 


= Iny =Inx!2+InC, > y= C, |x|” 





x 





- 
»- 
Y 


9. у=се 9 d -c2 EC =0 


— e *y! 5 —ye * 5 y! — —y. So for the orthogonals: 


9 = 1 = уу = ах = $ =Х+С 


= у? =2х + С = у= + \/2х + С, 





Ж 
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x(1)y/—-Iny 
10. y =e" = Iny =kx > = =k SUUS y 





=> Ө у —пу=жд=у'= үшу. So for the orthogonals: 


dy | -x 
dx — ylny 


= iylny - i?) ES (-ix?) +С 
> y NS cuu 
уЛпу – 5 = –х2 +С; 





=> ylny dy = —x dx 





11. 2x? + 3y? = 5 and y? = x? intersect at (1, 1). Also, 2x? + 3y? = 5 => 4х +буу' = 0 > у' = E => у'(1,1)=— 


2 3 / 2 / 3х2 2)\ (3 
yi 5X > 2y1y ЭХ oe 


У((1, 1) - 3. Since y’- yf = (—4) (3) = —1, the curves are orthogonal. 





12. (a) x dx +y dy = 0 = х + Y = Cis the general equation 1 
of the family with slope y’ = — y For the orthogonals: 
у Ен i == 9s = шу = ах + Согу = Сух 
(where C; — eC) is the general equation of the 
orthogonals. 
x 
(b) x dy — 2y dx =0 > 2ydx =xdy> %=% Y 


= 1(9) = % = у= ах +С = у= Сух? іѕ 


the equation for the solution family. 


f 


1 ee = ly _1 
j;lny -Inx 2 C 5 pats 
— slope of orthogonals is Фу E =y 


> 2y dy = —x dx > y? = -£ + C is the general 


(3 


P» 


equation of the orthogonals. 





13. Let y(t) = the amount of salt in the container and V(t) = the total volume of liquid in the tank at time t. 


Then, the departure rate is 59 (the outflow rate). 


(a) Rate entering = 22 - 38! — ]0 Ib/min 











(b) Volume = V(t) = 100 gal + (St gal — 4t gal) = (100 + t) gal 
(c) The volume at time t is (100 + t) gal. The amount of salt in the tank at time t is y lbs. So the 
concentration at any time t is i00 =; Ibs/gal. Then, the rate leaving = i00 11 (Ibs/gal) - 4 (gal/min) 
4 : 
= pep ls/min 





4 4 4 4 4 4 

(d) ш =10— под > at Gon)y=10 > PO= ин, 00 = 10 => Jew dt = Тийн dt 
=4In(100 +t) + vit) = e™™ = (1004)! => у = Gada Ј (100 + 0410 49 
= пичи (С +С) =2(100+0+ пусруг:У(@) = 50 => 2(100+ 0) + осчу = 50 


> С=-—(150)(100)# = y = 2(100 +t) — 92009 > y= 2(100 + t) — io 
100 
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(e) y(25) = 2(100 + 25) — CON ae А 188.56 №5 = concentration = 209). Rd 188.6 & 1.5 Ib/gal 





14. (а) 37 = (5—3) =2 = У = 100 + 27 


The tank is full when V = 200 = 100+ 2t > t = 50 min 








(b) Let y(t) be the amount of concentrate in the tank at time t. 
dy _ {1b al al ду _ 5 3 5 
d (3 в) (521) (асын в) (321) >Ч4-і- ан)» = $ 
QW = $; PO = (зл) > JPO dt = 3 fy at = dm (+50) since t +50 > 0 
v(t) = ef Pi) dt — ĝln (t+50) — = (t+ 50)?? 
3/2 -3/2 
yO = ggr J 40+ 50) at = (t+ 50)? [0 +50)? 6С] = У() =1+50+ ©. 
Apply the initial condition (i.e., distilled water in the tank at t = 0): 
у(0) = 0 = 50 + 5 = С = -5052 > y(t) = t + 50 — wa When the tank is full at t = 50, 
y(50) = 100 — A e ez 83.22 pounds of concentrate. 
15. Let y be the amount of fertilizer in the tank at time t. Then rate entering — 1 eu -1 a = 1 р. апа Ше 
volume in the tank at time : is V(t) = 100 (gal) + [1 ш) -3 eaten min = (100 — 20 gal. Hence 


d d 
rate out — (о x) 3= ii z Ibs/min > = (1 — iix) Ibs/min — + Ga =) у= 1 


5 Р() = тт. 00 =1 => sro dt = Ji x dt = — TOR ae ewe PED SHE 
= (100 – 20-92 — y — cg lees | (100 - 29-9 a = (100 — 25-9 ыы. + c 


— (100 — 20 4- C(100 — 2072; y(0) 2 0 = [100 — 2(0)] + C[100 — 2(0)]3/2 => C(100)3/2 = —100 


/ 3 — 201/2(— 
= C= —(100)- 1/2 a a => у= (100 Зи 20 = ае Let ву =0 > 5 23240133 (3) (100 шанг (-2) 


—2 4. 2X100—5 — 9 ~ 20 = 34/100 — 2t — 400 = 9(100 — 2t) = 400 = 900 — 18t => —500 — —18t 
— tz 27.8 min, the time to reach the maximum. The maximum amount is then 


y(27.8) = [100 — 2(27.8)] — ль = 14.8 lb 


16. Let y = y(t) be the iu of carbon monoxide (CO) in the room at time t. The amount of CO entering the 
room is ( in x 5) = т ft?/min, and the amount of CO оо the room is ( 1255) (5) == ft/min. 


со, 12 у ду m = 22112, 22 41/15,000 
Thus, $ аг = 1000 — 15000 => dt № 15. 000 У = 10% = РО = 15, w. QO = mo > Vi =e 


+ у=: ah ү 712; е!/15,000 фр => у = е-//15000 (2315000 15.000 е 1/15,000 + С) = = е—\/15.,000 (1806915, ,000 С); 


y(0)=0 => 0= 1(180 +C) => C= —180 = y = 180 — 180e*/, When the concentration of CO is 0.01% 
= у — 0.45 ft?. When the room contains this amount we 





У _ 01 
in the room, the amount of CO satisfies 4500 = 100 


have 0.45 = 180 — 180е—159% => 1738 -- с-/15000 > t= —15,000 In (1235) == 37.55 min. 


9.4 GRAPHICAL SOUTIONS OF AUTONOMOUS EQUATIONS 


1. у'= (у+2)(у—3) 
(a) y = —2 isa stable equilibrium value and y = 3 is an unstable equilibrium. 


(b y" 2 Qy - Dy' 2 2(y - 2(y - 1)(y - 3) 


1 1 
y»0 i у'<0 І у> 0 

' ' 
- А, 0 1 2 " 4 М 
| у"<0 |o y20 
1 1 
i 


0.5 
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2. у= (у+2)(у – 2) 


(a) y = —2 isa stable equilibrium value and y — 2 is an unstable equilibrium. 
(b) y" = 2yy! = 2(y + 2)y(y — 2) 





3. у = у" –у =(у + Пу(у–1) 
(а) у = —1 апа у = 1 is an unstable equilibrium and y = 0 is a stable equilibrium value. 


b) у” = (8y? — 1ју' = З(у + D(y + +; )y(y = =) -1) 











у>Фу>0 
у'<0,у"<0 


у<0,у”>0 
х 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley 


Section 9.4 Graphical Solutions of Autonomous Equations 551 


4. у'=у(у—2) 
(a) y — Oisa stable equilibrium value and y = 2 is an unstable equilibrium. 
(Ы) у" = (2у – 2)у' = 2у(у – 1)(у - 2) 





S. y'= /y,y>0 
(a) There are no equilibrium values. 


І 1 1 
(5) о 


у»0 





0 1 2 3 4 
y">0 





6. у’=у- \/у,у>0 
(a) y = l is an unstable equilibrium. 


еы E e EE A D-H 


y' <0 | y' <0 | y'>0 
[705 T3 2721 
у"> 0 | ү ей Л у"> 0 
0.25 
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(c) 





-10 -1.5 


7. у'= (у—1)(у—2)(у—3) 
(a) y = 1 and y = 3 is an unstable equilibrium and y = 2 is a stable equilibrium value. 


(6) y" = Gy? = 12у+ П)(у — 1)(у – 2)(у — 3) = 3(у — 1) (у – 5577 )(у — 2)(у — 5575) (у – 3) 














1 ' ' 
у<0 ' y»0 i у'<0 у>0 
+ «—— 1% р > хе 3% — i У 
у'<0 | у">0 ! у<0 | у>0 j у<0! y">0 
1 t 1 
| 
5-3 16 SM sass 





8. у= у? у? = уу 1) 
(а) у =Oand y = 1 is an unstable equilibrium. 
(0 y' 2 Gy! - 26? — у?) 2 y! y — 2)(у—1) 


y'«0 y'«0 y'»0 
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9. ЧЕ = | — 2P has a stable equilibrium at P = 1. ФР —2%Е = —2(1—2Р) 


dt? 


Р'>0 Р'<0 









Р'<0,Р">0 





0.5 


10. ЧЕ = P(1 — 2P) has an unstable equilibrium at P = 0 and a stable equilibrium at P = 2. 


ФР = (1 — 4Р)% — P(1— 4P)(1— 2P) 
Р'<0 










Р'>0 








Р">0 | Р'<0 


0.6 Р'<0, Р'>0 


ы 


Р'>0, Р"<0 


НН 










0.4 


0.2 
Р «0, Р"»0 


E e ма» 
4 


303 Р'<0, Р-<0 


11. ар = 2Р(Р — 3) has a stable equilibrium at P = 0 and an unstable equilibrium at P = 3. 
ФР — 2(2p — 3) — 4p(2P — 3)(P — 3) 


Р'>0 | Р<0 ' Р>0 
i i 
= еще 
ПО © 05 Е as 90359147 
р<0 1 Р>0 P'«0 Р>0 





3 04 05 06 
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12. 


13. 


14. 





ар = 3P(1 — P) (P - 1) has a stable equilibria at P = 0 and P — 1 an unstable equilibrium at P — 2. 


Фе = —3 (6p? — op+1)# = 3P(P- 25) (P - 3) (P- $593) - n) 








Р'> 0 Р'<0 





p” > o| Р"<0 Р”> j pp 


А 0.21 А: 0.79 


P'»0 
, Р"<0 


Р"»0 
, Р"«0 
, Р"»0 
Р"<0 





Before Catastrophe After Catastrophe 


2 занг кы 


wisp eee opera eee Sib ee: Bru не ата А. 
: 
1 
1 


ae 





>t >t 


t 


1, ‘catastrophe 


catastrophe 


Before the catastrophe, the population exhibits logistic growth and P(t) — Mp, the stable equilibrium. After the 
catastrophe, the population declines logistically and P(t) — Mi, the new stable equilibrium. 


Ф = ІР(М –Р)(Р – т), г, М, т> 0 
а b 
1 
! 


Р'<0 


The model has 3 equilibrium points. The rest point P = 0, P = M are asymptotically stable while P = m is unstable. For 

initial populations greater than m, the model predicts P approaches M for large t. For initial populations less than m, the 

model predicts extinction. Points of inflection occur at P = a and P = b where a = i [M -m—-4M?—-mM-« m | and 

ъ= (М + т + /M?—mM+m]. 

(a) The model is reasonable in the sense that if P < m, then P — 0 as t — оо; іт <Р < M, then P —^ Mast — ow; if 
P > M, then P — M as t > œ. 

(b) Itis different if the population falls below m, for then P — 0 as t — oo (extinction). If is probably a more realistic 
model for that reason because we know some populations have become extinct after the population level became too 
low. 
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(c) For P > M we see that ар = rP(M — P)(P — m) is negative. Thus the curve is everywhere decreasing. Moreover, 
Р = Misa solution to the differential equation. Since the equation satisfies the existence and uniqueness conditions, 
solution trajectories cannot cross. Thus, P — M as t — oo. 

(d) See the initial discussion above. 

(e) See the initial discussion above. 


& —g—Evg k m» Oand v(t) 2 0 





Equilibrium: = 5-— У = О=>у= 
у. Фу _ k dv __ k к.2 
Concavity: $3 — -2(Ev)& — -2(Ev)(g - Ev?) 
a 
| dv, | dv cg 
dt : dt 5 
0 dw 1 42, 
289) ' a? 
mg 
Vea A Kk 
(b) 


1 


(c) Vterminal — \/ 10 — = 178.9 = 122 mph 


F=F, —-F, 
ma = mg — Кү/у 
E-e- EVO =w 


Thus = 0 implies v = cme)’, the terminal velocity. If vo < ЕЗИ the object will fall faster and faster, approaching the 


, в k 

terminal velocity; if vo > eae the object will slow down to the terminal velocity. 

F= Fp- E; 

ma = 50 — 5|v| 

а = (50 — 5) 

a maximum velocity occurs when ау = Оогу = 10 i. 

(a) The model seems reasonable because the rate of spread of a piece of information, an innovation, or a cultural fad is 
proportional to the product of the number of individuals who have it (X) and those who do not (N — X). When X is 
small, there are only a few individuals to spread the item so the rate of spread is slow. On the other hand, when 
(N — X) is small the rate of spread will be slow because there are only a few indiciduals who can receive it during the 
interval of time. The rate of spread will be fastest when both X and (N — X) are large because then there are a lot of 
individuals to spread the item and a lot of individuals to receive it. 

(b 


— 


There is a stable equilibrium at X — N and an unstable equilibrium at X — 0. 
EX — kdX(N — X) — kX9X* = k?X(N — X)(N — 2X) = inflection points at X — 0, X — Ñ, and X = N. 


Х'>0 Х' <0 





X">0 x26 xX" >0 
0 N/2 N 
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у у 
L R 
Equilibrium: ¢ = 8(¥ -i) =O>i= f 
Concavity: и --(8)4- в - i) 
Phase Line: 





As t — 00, It — steady state — Y. (In the steady state condition, the self-inductance acts like a simple wire connector and, as 


a result, the current throught the resistor can be calculated using the familiar version of Ohm's Law.) 


20. (a) Free body diagram of the pearl: 





И = тр 


(b) Use Newton's Second Law, summing forces in the direction of the acceleration: 


m-P 


mg — Pg – Ку = ша => а = (5 ЈЕ - $v- 





(c) Equilibrium: $* = SAM = v) -0 ” ) 3 (m- P)g 
dt terminat = 
=> Vterminal = (m DE i k 
Concavity: ay = = (&) (= v) 
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(d) 


(m- P)g 





(e) The terminal velocity of the pearl is &* =De, 
9.5 SYSTEMS OF EQUATIONS AND PHASE PLANES 
1. Seasonal variations, nonconformity of the environments, effects of other interactions, unexpected disasters, etc. 


2. x=rcos => E = -гвіп0 4% + соѕ0 =y +x — х(х + y?) 2 rsinü -- rcos0 — cos 
y —^rsinü — 9 — rcos0 € + sinð £ = —x + y — x(x? + y?) = —rcos@ +rsin@ — r^sinó 
Solve for ar by adding cos@ x eq(1) to sin@ x eq(2): 
cos? 0 S + sin? 0 # = cos @(rsin@ + rcos 6 — rcos@) + ѕіп0(—гсоѕ0 + гѕіп0 — г?ѕіп 0) 
= а = г5іп 0 соѕ 0 + гсоѕ2 0 — г?соѕ2 0 — r sin 0 cos 6 + rsin 0 — rsin? 0 = r — r = (1 — r°) 
Solve for £ by adding (—sin 0) x eq(1) to cos 0 x eq(2): 
rsin? 0% + rcos? 0 X = —sin (rsin 0 + rcos 0 — г?соѕ0) + соѕ0(—гсоѕ0 + rsin 0 — rsin 0) 
= г® = —r sin? 0 — r sin 0 соз @ + г?зїп Ө соз Ө — rcos” 6 + rsin@ cos — rsin 0 cos 0 = =r = КЕ = –1 
If r = 1 (that is, the trajectory starts on the circle x? -- y? — 1), then ar = (1) (1 - (1) = 0, thus the trajectory 
1 


т= 


дд _ 


remains on the circle, and rotates around the circle in a clockwise direction, since ¥ = —1. The solution is periodic since 


dt 
at any point (х, у) оп the trajectory, (x, y) = (rcos 6, rsin 0) = (1 cos 0, 1 sin 0) = (cos 0, sin 0) = both x and y are 


periodic. 


3. This model assumes that the number of interactions is porportional to the product of x and y: 


ах = (а—Ьу)х,а<0,® -ш(1- L)y-nxy-y(m- Ey-nx). 
To find the equilibrium points: 
dx a Y 


&=0=> (a—by)x=0>x=Oory=? 
(0,.M)@ 


(remember 2 < 0); 
$ —0—y(m-By-nx)—y-0ory- – Мах + М; 
Thus there аге two equlibrium points, both occur when 
x = 0, (0, 0) and (0, M). 
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Implies coexistence is not possible because eventually trout 


die out and bass reach their population limit. 





4. The coefficients a, b, m, and n need to be determined by sampling or by analyzing historical data. Then, more specific 


graphical predictions can be made. These predictions would then have to be compared to actual population growth 


patterns. If the predictions match actual results, we have partially validated our model. If necessary, more tests could be 


run. However, it should be remembered that the primary purpose of a graphical analysis is to analyze the behavior 


qualitatively. With reference to Figure 9.29, attempt to maintain the fish populations in Region B through stocking and 


regulation (open and closed seasons). For example, should Regions A or D be entered, restocking the appropriate species 
can cause a return to Region B. 


5. (a) 


(b) 


(c) 


Logistic growth occurs in the absence of the competitor, and simple interaction of the species: growth dominates the 
competition when either population is small so it is difficult to drive either species to extinction. 

a = per capita growth rate for trout 

m = per capita growth rate for bass 

b = intensity of competition to the trout 

n = intensity of competition to the bass 

kı = environmental carrying capacity for the trout 

kz = environmental carrying capacity for the bass 


ж =б=>а(1— )х—Ьху= [а(1—&)-һух =0=>х=0ог 4(1-4)-5у-0-х-0о 
у-4-үдх -0-44(1-Д)у-аху- Im(1- £) -nx|y 20 y =00г 

m(1- Э -0Х-0-у-0огу--К- noy, There are five cases to consider. 

Case I: | > ky and > > ki. 


By picking $ > k and Ẹ > kı we ensure an equilibrium point exists inside the first quadrant. 


Y y. 


(0,6) 1 (0,5) y 


(0000: (0.0) (о) | > 


Graphical analysis implies four equilibrium points exist: (0, 0), (ki, 0), (0, k2), and (залаа, =i] 


(0,0) 


(the point of intersection of the two boundaries in the first quadrant). All of these equilibrium points are unstable 
except for the point of intersection. The possibility of coexistence is predicted by this model. 
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Case II: § > kp and 7 «€ kj. 
(0, k2): unstable 
(kı, 0): stable 
(0, 0): unstable (0,k,) 
Trout wins: (k;, 0) 
Not sensitive 
No coexistence 


п (8,0) 


Case II: $. « k» and 7 7 kj. 
(0, kz): stable 
(ki, 0): unstable 
(0, 0): unstable 
Bass wins: (0, kz) 
Not sensitive 
No coexistence 





Case IV: ġ < kz and 7 < ki. 
(0, kz): stable 
(k;, 0): stable (0.5) ($1 
(0, 0): unstable 


amk;bmkiko amk,—ankiky ). 
( am- brik > am Бай ! unstable 


Bass or trout: (0, Ко) or (kj, 0) 
Very sensitive 
Coexistence is possible but not predicted 





e 
(0.0) а Ж 0) 
If we assume è < kọ and > < k, then graphical analysis implies four equilibrium poins exist: (0, k2), (kı, 0), 


(0, 0), and (заны. нні, анны шкы) (the point of intersection of the two boundaries in the first quadrant). 


Case У: $ = k апа ВЕ = мы (lines coincide). 
(0, kz): stable 
(ki, 0): stable (о) 21 
(0, 0): unstable 
Line segment joining (0, ky) and (kj, 0): stable 
Bass wins: (0, Ко) 


У 


Not sensitive 
Coexistence is likely outcome 


(0.0) (4,0) 


Note that all points on the line segment joining (0, ky) апа (Ки, 0) are rest points. 


6. Fora fixed price, as Q increases, ® r gest smaller and, possibly, becomes negative. This observation implies that as the 
quantity supplied increases, the price will not rise as fast. If Q gets high enough, then the price will decrease. Next, 
consider a. For a fixed quantity, as P increases, 5 d M^ larger. Thus, as the market price increases, the quantity 
supplied will increase at a faster rate. If P is too small, $ "аг Will be negative and the quantity supplied will decrease. 


This observation is the traditional explanation of the effect of market price levels on the quantity supplied. 
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ар ао 


ас ас 
constant P 





-с02 
(а) $* — O and 19 = 0 gives the equilibrium points (P, Q): (0, 0) and (25.8, 775). 


Now ар > 0 when PQ < 20,000 and P > 0; Œ < 0 otherwise. 2 a > 0 when P > g and Q > 0; 


т: 40 < 0 otherwise. 


ба 

















(b) These considerations give the following graphical analysis: 
Region | 4 49 
1 >0 | <0 
II 20520 
III <0 | <0 
ГУ «0520 

















(25.8,775) 


РО = 20000 





The equilibrium point (0, 0) is unstable. The graphical analysis for the point (25.8, 775) is inconclusive: trajectories 
near the шин may be periodic, or may spiral toward or away from the point. 
(с) The curve 9? = 0 or PQ = 20000 can be thought of as the demand curve; a = 0 or Q = 30P can be viewed as the 


supply curve. 





7. (a) & = ах — bxy — (a — by)x and 2 = ту — пху = (т — пх)у = 9 = = dy dx > а - - - = mmy 


(b 


wm 





5 = үн азу > (s —b) dy = (2 — n)dx => Ге —b) dy = Ге — n)dx ^ aln|y| - by 2 min|x| - nx - C 
— In|y*| - Ine^?* = In|x™| + Ine^?* + Ine© = In|y? e*?*| 2 In[x'^ e^? *e€| 2 y* e^*y — x" e7?*eC 1её К = ef 
E уге”? = Kx™e-™* 

(c) f(y) =yte PY 2 f'(y) 2 ay* le ?Y — by*e PY = y#le¥ (a — by) and f(y) =0 > y =Oory= 4; 
Е” (&) = —b(2)* е < 0 = f(y) has a unique max of M, — (4) when y = 5. g(x) = 


x" 
> g'(x) еа — nxe™* = x™-le—"*(m — nx) and g'(x) = 0 >x =0o0rx = ®; 


еп X 


g"(8) 2 -n(2 yee 'e™< 0S g(x) has a unique max of M, = (2)" when x = ©. 


n en 


f) a(x) 


xg 








>х 


зіз--------- 


| 
| 
| 
| 
| 
| 
а 
b 


(d) Consider trajectory (x, y) — (2, a), * ае ВУ = Кхмейх > 35 = = K, taking the limit of both sides 


= e (5 . =) = ua K >м = K. Thus, Зэ = =e a Iepresents the equation any solution 
х-эт/п х-эт/п Ж 
y—a/b y—a/b 


trajectory must satisfy if the trajectory approaches the rest point asymptotically. 
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(e) Pick initial condition yo < в. Then, Hom the figure at 


y Bass 


ы Куо) < Му implies M = 20 < My and thus 


M, сих 
<x < Mx. From the figure for g(x), there exists a 


unique xo « 7 satisfying 2 a < Mx. That is, for each 





a 
у < s there is a unique x satisfying 3 и = М: Thus, b 
Бс can exist only one trajectory solution approaching x 
(т, 2). (You can think of the point (xo, yo) as the initial 7 т Tur 
condition for that trajectory.) Unique xq 
(f) Likewise there exists a unique trajectory when yo 7 £. Again, f(yo) « My implies y М.Е уха = 35 « M, and thus 
ax « Mx. From the "gute for g(x), there exists aunique xp > ™ m satisfying X; ax « My. That is, for each y > р еге 15 
a unique x satisfying 3 X = M E x. Thus, there can exist only one trajectory solution approaching (м, a). 


Let z = y’ = = = z = z' = y”, then given the differential equation y” = F(x, y, y’), we can write it as the following 
system of "m. dm differential equations: y => 


а 
g = F(x, y, Z) 





In general, for the n® order differential equation given З y = F(x, y, y, y", a yr D), let zı = y’ = E 
=> а =z = y”, let z = z| = y”, > Ч = 23 = у!",...„ Пер = 0 = у) = z!_; = y®. This gives us the 
following system of first order differential equations: 4у = 71 

2 = i 

Ment = F(x, у, 21, 20,..., 2-1) 


In the absence of foxes > b = 0 > бх = ax and the population of rabbits grows at a rate proportional to the number of 
rabbits. 


In the absence of rabbits > d = 0 > у = —су апа Ше population of foxes decays (since the foxes have no food source) 
at a rate proportional to the number of i 

& =(а—Ьу)х=0=у=#огх=0; ау = (—c + dx)y = 0 > x = § ory = 0 = equilibrium points at (0, 0) or 

(5, а). For the point (0, 0), there are no rabbits and no foxes. It is an unstable equilibrium point, if there are no foxes, but 


a few rabbits are introduced, then 9 = а = the rabbit population will grow exponentially away from (0, 0) 


Let x(t) and y(t) both be positive and suppose that they satisfy the differential equations * — (a — b y)x and 


9 = (—c + dx)y. Let C(t) 2 alny(t) - by(t) — dx(t) - cInx(t) 2 C'(t) = aro —by'(t) - dx'(t) - c ЫН 


-( -5)У(0) 4 (4 -4)Х0)-()-5)С-еках0х() 4 ( 5-4) by(y(0 — 0 


Since C'(t) 2 0 > C(t) = constant. 





Consider a particular trajectory and suppose that (xo, yo) is such that x9 < § and yo < ? 4 then © $t > O0 and gy « 0 2 the 
rabbit population is increasing while the fox Em is decreasing, points on the а are moving d ud and to the 
right; if xo 7 $ and yo < p, then ах > 0 and & у > 0 = both the rabbit and fox haga are increasing, points on the 
trajectory are moving up ~ to a sight if xo » $ and yo 7» в , then & О and % ae 0 = the rabbit population is 


decreasing while the fox population is increasing, хон оп ГА Биг are moving up and to the left; and finally if 
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Xo < $ and yo > в, then 9 « 0 and 9 < 0 = both the rabbit and fox populations are decreasing, points on the trajectory 
are moving down 2 to m left. Thus, points travel around the trajectory in a counterclockwise direction. Note that we 
will follow the same trajectory if (xo, yo) starts at a different point on the trajectory. 


14. There are three possible cases: If the rabbit population begins (before the wolf) and ends (after the wolf) at a value larger 
than the equilibrium level of x = $, then the trajectory moves closer to the equilibrium and the maximum value of the 
foxes is smaller. If the rabbit population begins (before the wolf) and ends (after the wolf) at a value smaller than the 
equilibrium level of x = 4, but greater than 0, then the trajectory moves further from the equilibrium and the maximum 
value of the foxes is greater. If the rabbit population begins and ends very near the equilibrium value, then the trajectory 
will stay near the equilibrium value, since it is a stable equilibrium, and the fox population will remain roughly the same. 


CHAPTER 9 PRACTICE EXERCISES 


1. y! 2 xe /x - 2 => етуду = хух — 24х =® —е—У = 2®<9—@к+® уб e = eE tA L e 
—2(х — 2)9(3х —2(х — 2)9(3х 
= -у-ш 2 2 (3х +4) -c| >y= Е 2( 2, (3х44) с 


2 4 2 lix? 
2. у' = хуех = ~ =е хах= ту де +С 


dy хах 
соя2у sec X 














3. sec x dy + x cos*ydx = 0 tan y = —cos x — x sin x + C 





4. 2х?4х — 3,/y csc x dy = 0 > 3,/ydy = 2? dx => 2y3? = 2(2 — x?)cos x + 4x sinx +C 


CSC X 


— y? — (2 — x?)cos x - 2x sin x + С; 


5. y'= Ž => уе ау = = => (у+ ђе У = –т |x| + C 





6. у' = хех Усзсу => у’ = Хе свсу => „ду = хегах => © (зїп у — cos y) = (x — 1)е + С 


сзс у 


7; x(x — 1)dy — y dx = 0 = x(x — 1)dy = y dx > = т => Iny = In(x — 1) —In(x) +C 


Сі(х- 1) 





=> Шу = In(x — 1) — In(x) 4- In Cj = Iny = (9620) >y= 








In( X—1 
8. у'=(у?—1)(х-!) => 507 = ® = (E) Inx cC o (153 1) 22Inx en Ci o 13 = Сух? 


x/2 Xax/2 


9. 2у”-у-хе => y'— $y = &е 
p(x) = —3, v(x) = ed (a) dx — gx, 


ex y! — 1 ey — (e -82) (5) (е х2) Ж > d (e2 y) ==> е? у= о > у= (5 +C) 


ын» 
a 
я 


10. Y +y = e™*sin x > y’ + 2y — 2e "sin x. 
p(x) = 2, v(x) = е/2 =е® 
ey! + 2e%y — 2e?*e^*sin x = 2e*sin x => 1 (e?* y) — 2e*sin x — e?* y — ех(ѕіп х — cos x) - C 


=> y — e^*(sin x — cos x) 4- Ce?* 
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11. xy’+2y=1-x!>y’+(2)y=i-Z 
v(x) 2 e$ 2 e2inx — ginx? _ „2 
х2у '+2ху=х—1= 4(9у)-х-ізху-Ж-хас-у-1-15 
12. xy’—y =2xInx > y’— (4)y =2Inx. 
v(x) =e JE майн у (југ хэ 
i(i- y) = 2x > t -y= [nx +C > y = x[n]? + Cx 
13. (1 +e*)dy + (ye* + e™*)dx = 0 > (1 + e*)y’ + e*y = —e™ > y' = py = 257. 
v(x) 2 ef d = ene) ех фр, 
(езу (E41) (y= Geet) = е уе е Ss (+4 Dy =eF +e 
ех +С ех +С 
>у- р = үл 
14. ех у + (еу – 4х)ах =0= % +y = 4хе* = р(х) = 1, v(x) = ef 1 = ех = ех 9 + ye* = 4x e” 
=> (yer) = 4xe% = уех аи = 2xe* —e* + Coy = 2xe* —e% + Се“ 
15. (x + 3у?) ду + y dx = 0 > x dy + y dx = —3y°dy => 4 (xy) = —3y’dy > xy = -у + С 
16. xdy + (3y – х 2соѕ х) іх = 0 =» у’ + (2)у — x^?cos x. Let v(y) = е/ — nx cu = хз. 
Then x? y - 3x y ^ cos x and x y = [cos x dx — sin x + C. So y = x™° (sin x + C) 
17. (+ 18 +2у=х = у' + (БН ју = $. Let v(x) = ef zA% = е2щх+1) — сен)“ — (х + 1), 
х 2 2 
So y'(x - 1) + ee х+1)у = min +!) > [y(x +17] =x(x +1) > yx +1) = fx(x + 1)dx 
у(х) =$+$+C>y= (x41)? ($ +$ +C). We have y(0) = 1 > 1 =C. So 
уын ы) 
18. сез а узы EG) mt = х2, Ѕо х2у' + 2ху = х? + х 
= (ху) = х} +х= у= + ФСњу= & +6 + 1. Мећауеу(1) =1=51=1+С+1 5С = 1 
$ x? 1 1 _ x442x?41 
оу= = +15 +5 = HH 
19. Чу | 3x2y = x?. Let v(x) = ef 32 = ех .Ѕо еу + Зх2е“у = хех => 4 а (е ју) = хе“ > ey = le? +C. 
Е ЕЕ ШИ ре -4-у-і-4е” 
20. хау + (у — cos x)dx = 0 = ху’ +у- созх = 0 > у’ + (1)y = 2%, Let v(x) = ef s® = el™* =x, 
So xy’ +x(4)y = cos x > 4 (xy) = cos x = xy = [cos хах = xy = sin x + C. We have y(£) =0= ($)0=14+C 
= С= –1.5оху = –—1 + ах = у = = 1х 
21. ху' + (х – 2ју = Зхје““ = у! + («= 2 ју = 3x2e™*. Let v(x) = eJ Ux5)&x = ex-2inx — & So 








бу’ + 5 (х= эвт Р ЭХ ло Оо 


ех 2д-х 


эгугшлг Эхэ Эс» эхо (х 3) 
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22. ydx + (3x — xy + 2)dy = 0 > врата Еде ПР АЕ реса (3 1)x= = 
Р(у)=3—1= /Р(у)ду =3шу— у = v(y) = е? = уе 
yee Yx! + ye(3 - 1)x = —2ye 5 yle?x — } —2у?е Уйду = 2e” (y? + 2y +2) +C 


2(у? 2у +2) +Се” 





5 ‚ Уе һауе у(2) = —1 = —1 = 2%2+9+©°” „б —4e and 


2 (у: + 2у +2) — 4е+! 
х 


>y = 











>y = 


23. To find the approximate values let ya — Ya—1 + (Yn—1 - cos xo 1)(0.1) with xo — 0, yo — 0, and 20 steps. Use a 
spreadsheet, graphing calculator, or CAS to obtain the values in the following table. 


х у Х y 

0 0 1.1 1.6241 
0.1 0.1000 1.2 1.8319 
0.2 0.2095 1.3 2.0513 
0.3 0.3285 1.4 2.2832 
0.4 0.4568 1.5 2.5285 
0.5 0.5946 1.6 2.7884 
0.6 0.7418 1.7 3.0643 
0.7 0.8986 1.8 3.3579 
0.8 1.0649 1.9 3.6709 
0.9 1.2411 2.0 4.0057 
1.0 1.4273 


24. To find the approximate values let yp = ya—1 + (2 — Yn-1)(2Xn-1 + 3)(0.1) with xo = —3, yo = 1, and 20 steps. Use a 
spreadsheet, graphing calculator, or CAS to obtain the values in the following table. 


х у Х y 
—3.0 1.0000 -19 -5.3172 
-2.9 0.7000 —1.8 —5.9026 
—2.8 0.3360 —1.7 —6.3768 
-2Л —0.0966 —1.6 —6.7119 
—2.6 —0.5998 —1.5 -6.8861 
—2.5 —1.1718 —1.4 —6.8861 
—2.4 —1.8062 —1.3 —6.7084 
—2.3 —2.4913 —1.2 —6.3601 
—2.2 —3.2099 -ІЛ -5.8585 
—2.1 —3.9393 —1.0 -5.2298 
—2.0 —4.6520 


25. To estimate y(3), let y = yp_1 + (s+) (0.05) with initial values x9 = 0, yo = 1, and 60 steps. Use a spreadsheet, 


graphing calculator, or CAS to obtain y(3) ~ 0.8981. 


2 1-2уа-1:-1 


26. To estimate y(4), let Zn = Yn-1 + (5 ) (0.05) with initial values x9 = 1, yo = 1, and 60 steps. Use a 


Ха-1 


spreadsheet, graphing calculator, or CAS to obtain y(4) ~ 4.4974. 


27. Let ya = Yn-1 + (xc) (dx) with starting values x9 = 0 and yo = 2, and steps of 0.1 and —0.1. Use a spreadsheet, 
programmable calculator, or CAS to generate the following graphs. 


(a) 





[-0.2, 4.5] by [-2.5, 0.5] 
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(b) Note that we choose a small interval of x-values because the y-values decrease very rapidly and our calculator cannot 
handle the calculations for x < — 1. (This occurs because the analytic solution is y — —2 + In(2 — e*), which has an 
asymptote at x = —In 2 = 0.69. Obviously, the Euler approximations are misleading for x < —0.7.) 





[-1, 0.2] by [-10, 2] 


28. Let Yn = Yn-1 — (Gat) (dx) with starting values x9 = 0 and yo = 0, and steps of 0.1 and —0.1. Use a spreadsheet, 


en-1 + Xp 
programmable calculator, or CAS to generate the following graphs. 


(a) (b) 


Y У; 





29. x 1 1.2 1.4 1.6 1.8 2.0 ү 
у -1 —08 —0.56 -028 0.04 04 


Y =x > dy = xdx > y = Ẹ +C; x = l andy = -1 













жж ЯУ 
ЯЯЯЯЯЯ ЯЯ 
ААА 
МА 





а 











-1-14-0-0--4 y(exact) = $ — 3 





=> y(2) = т - 3 == 1 is the exact value. 







POORER 
эл л лаа Жи л лж аж 


5%%%% el 
хэлээч эээ 


аааз 






























30. x 1 1.2 1.4 1.6 1.8 2.0 
y -1 -0.8 -0.6333 -0.4904 -0.3654 -0.2544 Dh 2211221 
P UP P LU m m m] 
9 – 1 = dy = İdx > y = ln|x| +C; x = 1 and y = —1 iu 222122222 
` Ж ж ж э ua 
=> —1=ш1+С= С=—1 > у(ехасї) 2 Inlx| - 1 хар жүзө эы жыз... 
5. -3- 14 4 s 

= у(2) = lIn 2 — 1 ~ —0.3069 is the exact value. => х: 12 

ы-- Dr я 

[s ` ж 

~ ~ хх яж 
~ ~ “% хх жел 
о ~ ~ ~ ~ ~ 4 = ~“ ~ ~ ~ · 

3l. x 1 1.2 14 1.6 1.8 2.0 Y 
y -1 -12 -0488 -19046 —25141 —34192 РХ: 
dy dy x2 о, 
вх = ху > У =хах = Шу| = 5 +С CR NN XR ия яу 
2 2 2 DNUS P iE e MEE E a a o 
у= е С = е? .еС = Спе; х = l andy = –1 Па ар 

x2 Sg ee ww ээ ох хо 
=> —1 = Ciel? > Cı = —el2y(exact) 2 —el? . e? тео 
4 4 
= —e(-1)2 =, (2) = —e3? = —4.4817 is the , ; ; ; s ие xa x : : } 4 
= Бағы pt rur 5221424 


exact value. 
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392; X 1 1.2 14 1.6 1.8 2.0 у 

у —1 -12 -—1.3667 —1.5130 -1.6452 -1.7688 ен 
, сыла сла НЫЕ а 

9 = l S ydy = х» 5 =хХ+Сх= 1апу=–1 рт т н А 
х ОЕ 
1 1 2 ; 
= = 1 Шээс -2Х-1 э——ө— oeoo o o o o p o onoo o o o o 
шэг Posi EIE 
= = QN 23:-2 i x 1 x 

= y(exact) = /2x — 1 = y(2) = -V3 ~ —1.7321 is the ог S 
exact value. Dates Se Ae ият ық» 


RoR ee ee ee — Á 


33, # = у —1 = у' = (у + 1(у — 1). Мећауеу' = 0 = (у +1) =0, (у – 1) =05 у= –1,1, 
2 Equilibrium points are —1 (stable) and 1 (unstable) 


n 


(6) у =у2– 1 = у" = 2уу' = у" = 2у(у? – 1) = 2y(y- D)(y-1) 50у”-0--у-0,у--1,у-1. 





dx dx | dx е 
—_—. +. 
dy Фу у Ду 
— <0 г —=>0 ! —-<0 ! —=>0 
dx? | 42 бе 1 а2 

у= 





34. % =у- у2 = у! = у(1 – у). \е вауе у’ = 0 => у(1-у) =0> у=0,1-у=0= у=0, 1. 
(a) The equilibrium points are 0 and 1. So, 0 is unstable and 1 is stable. 
(b) Let —+ = increasing, ¢«— = decreasing. 
y'«0 у'>0 у'<0 
б 1 У 
у=у-у =у"=у—2уу > у” = (у— у?) — 2у(у—у°) = у — у* — 2у? + 2у = у” = 2у! – Зу? +у 
= у(2у2 – 3у + 1) = у” = у(2у – 1)(у – 1). Soy” =0>y =0,2y-1=0,y-1=0>y=0,y=3, 
у = 1. 
Let —> = concave чр, +— = concave down. 
у” < 0 у"> 0 у”<0 у”»0 
0 172 1 d 


(с) 





35. (a) Force = Mass times Acceleration (Newton's Second Law) or F = ma. Let a = ү = су . s = ү des Then 


та = —mgR?s? — a — T e ve = = 2 =? > y dv = —gR?s ?ds — Ју ду = J —gR’s 7246 


2 R? 2gR? 
= oe 


= 5 = +С! = у? = 28 + 20 = 2 R? L C. When t = 0, v = vo and s = R > v = 
> C= v- 2gR > v = ЖЕ ЭГЧ 
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(b) If vo — \/2gR, then v? = È = v = ,/ 288 since v > 0 if vo > 2gR. Then $ - УЗЕ = \/s ds = 2582 dt 
=> fs!?ds = f J/2gR? dt > 25°? = J/2gR2t 4 C, — s?? — (3 /2gR2)t - C; t = 0 and s = R 
5 R? — (3 /2gR2)(0) - C > C = R”? > 9? — (3 /2gR3)t - R'? — (2R2g)t - R? 
= R2 [ ($R /2g)t+ 1] = R| (RE) 1] ТЕЛЕ ИЗЕУ 


36. 0 = coasting distance > 89008) — 9.97 — К л 27.343. s(t) = W (1 — emt) = s(t) = 0.97(1 — e- 0734/50841) 
— s(t) = 0.97 (1 — e7®8866t), A graph of the model is shown superimposed on a graph of the data. 








CHAPTER 9 ADDITIONAL AND ADVANCED EXERCISES 


1. (а) € —k$(c- y) 2 dy - -k$(y – соја = $ = —kĝdt > f -4 = — каа = ly — c| = —k$t + Cı 





-у-с- +ečeK?t, Apply the initial condition, y(0) = yo > yo = c +C > C = у) – с 
=> у = с + (уо — c)e 9, 


(b) Steady state solution: yo, = limy(t) = lim [c + (уо — с)е—®%“] =с+ (уо —с)(0) = с 
1-00 t—00 
2. а) Е (у и) = Е = 4 аа) – (у +0) => Е = т ру —-y@ -u@ > Fame -u®. 


am = —b а Оа Е DR 











Thus, F — (mo — |b]t) & — u|b| 2 —(mo — [blt)]g| 9 & =-g+ ШЧ > v = -gt - uin( ==") +C 


то – [bjt 





v=0att=0= Cı =0. Sov = -gt — та (2952) = 8 »- f| gt ша (29585) |агаади = су =0 а 


t=0sy=—lg+e E (55528) (==) | 


3. (a) Let y be any function such that v(x)y — /убх)О(х) dx + C, v(x) = eJ Px Then 

2 (v(x)-y) 2 v(x) y' y: v'(x) 2 v(x)Q(x). We have v(x) — е/Рд –, у'(х)= = ed POX) “Р(х) = у(х)Р(х). 
Thus v(x) -y’ + y- v(x) P(x) = v(x)Q(x) => y’ + y P(x) = Q(x) > the given y is a solution. 

If v and Q are continuous on [a, b] and x € (a, b), then 2 [Г v(t)Q(t) d |= v(x)Q(x) 

= 12 v(t)Q( = fv) x) dx. So C = yov (xo) — ШЕШЕ dx. From part (a), v(x)y = Jv(x)Q Q(x) dx 4 C. 


Substituting for C: v(x)y — i (x)Q(x) dx + yov(xo) — /у(х)О(х) dx = v(x)y — yov(xo) when x = Хо. 


(b 


wm 


4. (a) y’+P(x)y = 0, y(xo) = 0. Use v(x) = ef Po) dx as an integrating factor. Then 4(v(x)y) = 0 = v(x)y 2 C 

=> у = Се“ P0) dx and y, = Cre JP) &, yy = Cye JP) 4, У (хо) = y2(xo) = 0, y1 — y2 = (Cy — Coe“ SPO) dx 
= Сзе- ЛР 4 and yı — y2 = 0 — 0 = 0. So yı — y2 is a solution to y’ + P(x)y = 0 with y(xo) = 0. 
Loya -0 = g (PO eo - с] = 2-6) = ©) =0 


4 
J & (690169 = yo) Jax = vwy) )= foax=c 
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10. 


(c) yi 2 Cie P9 &x, y, = Coe SPH 4, y = у – уз. Ѕо у(хо) = 0 = Cie- | P099 dx — Coe“ JPW) & = Q 
= С, — С› = 0 = С, = С) yi(x) 2 ya(x) fora € x < b. 
































а —(х?+у? x x v 
(x? +y°)dx + xydy = 0 > $ = eu) = к—у= y у= (0) = Е(у) = у-у ®+у%у=0 
~ + cU =) = ЈЕ 2225 -C-In|x| 4 22 +] = С => 4in[x| + 2 (2) +1 ze 
— In|x^| - 1n| 222€ Ec EC In|x2(2y? + x» = С х2(2у? + х2) = ес = х2(2у2 + х?) = С 

Aes 
dy + (у? ху)йх =0 => = > B= - (9)? 4 Е) о Н) = у 84+ ey = 0 
= “+ [4% =c > ins|-!=C> mp|- 1 =С => щх|—5=С 
(хеу/“ + у)ах — хау =0= Sl Weg = +Y = F(}) э (у) =е*+у» ®+.; за E 
=> fa- f = с шх не = С х] еу = С 
-(х- id У — X ү 

(х + у)ду + (х – ујах = 0 = 2 = 20 143 F(Z) > Ку) = үт: тый 
= Га + Орда (13-44 ~ =0> [f+ f4 x fame = 0 In[x| + ап ! v 4 Пају- + | = С 
— 2In|x| - 2tan^ eui) ES! = С = шх? | - 2tan ^! (Z) + 11 тэс a = C= 2tan“! (2) + In|y? + =С 
эт” эж 
E: а о Е аа d e ce poete )|-c 
(xsinX — y cosZ) ах + хсоз* ау = 0 = dy = 26909 -ус) y _ tan¥ = F(Z) — F(v) 2 v — tanv 


dx хсов; 


-> E Sea =0= /® + fcotvdv = 0 = In|x| + пу = С + In|x| + In|sin 2| =C 
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10.1 SEQUENCES 


10. 


11. 


12. 


13. 


15. 


17. 


19. 


21. 


23. 

















{21 123 1 1—3 2 1-4 

а = 2 = 0, аз = 22 = — 4,83 = 32 =–>%= 42 = 
1 1 _1 1 _ 1 1 1 

а= п=1,а = = 5,а3 = з= 5,84 = д = зд 
cp. CP — 1 6104 1 _ (15 

а= зт =1,а2= ү =—3,аз= т =$,а1= ж] 























xB 


























шк 




















34, аі = 55 


ар = 2+(—1)! = 1, a =2 + (1) = 3, a = 2+ (1) = 1, а= 2 + (1) = 3 
2 1 22 1 23 1 24 1 
c i c c c ов 05 
2-1 1 22-1 3 23-1 7 24-1 15 
араг 9.8 a2 22 4° 43 23 g > 24 21 16 
= 2 1-3 Ee ОЛ шй н Ді сіз 15222 ai _ 63 
а = ,а=1+5 = 5,83 = 5 +5 = 4,4 = 4+5 = 6,85 = $ Нм = 16, 46 = 3, 
— 127 255 И a — 1023 
ат = “Gq > 48 = Tog > 89 = 556 › а = 51 
1 1 4 
1 (7) _1 (D. ouod (4) 21 zit es ert пад аи 
а = 1, аз = 5,аз 3 6,44 4 34 » 85 5 120 » 86 — 739» 97 — 5040 › 28 — 40.320 › 
et mE 
49 = 362,880 » 410 = 3,628,800 
z CO I ae a ЕВЕ ена аер ей 
а = 2, 5 = = = 1, аз = 5 = 5,44 = gS 2,85 = о а 
m doce c i UA ouf, dio ms id 
86 — 165 87 = — 35, ав 64 › 89 = 128 › 210 = 556 
= 15-2) 2:(:1))2- 272: 26391855) 224 22 298 фи Ме. 
a, = —2,a) = 2 = 1, аз = 3 = — 3, 4 = a = — 5,8 = 3^ S536 = 
2 ж теуді 1 
a7 = — 5,48 = — 7,49 =— 5,410 = —§ 
a = l, a = 1, a = 1 + 1 = 2, a4 = 2 + 1 = 3, a = 3 + 2 = 5, aş = 8, a7 = 13, aş = 21, ag 
1 1: 
= E 1 24235221 = 6) 2 = 2 и 
а1 = 2, а2 = —1, аз = — 5, ад = = = Ра = ү = -1, a5 = -2, ar = 2, ag = —1, ag = 
Ж 
ал = (—1)"*!‚,п = 1,2, 14. a, =(—1)",n=1,2,... 
сүүн! 
an = (—1)"*'n?, n = 1,2,. 16. a, 2 —J— ,n=1,2,... 
_ 22-1 = _ 2n-5 _ 
а = за)» 1 = 1, 2, 18. an = пуу, = 1,2,... 
ay =n? —1,n=1,2,... 20. a =n—4,n=1,2,... 
а, = 4n—3,n=1,2,... 22. аа = 4n—2,n=1,2,... 
3 
a, = 3142 n=1,2,... 24. ав = эт, п = 1,2, 





п! 
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25. аа = 1560, д 1,2,... 26. аъ = "2610900 ара 1,2,... 
27. п 2 + (0.1)' = 2 = converges (Theorem 5, #4) 


: nt+(-1" _ 4 CD = 
28. шп > =, lm, 1+ 4° =1 => converges 


n — oo 











: —2n : 1)-2 : = 
29. п n3 = „шп. ee = „шп == = —1 = converges 
1 
30. lim. эл = , lim, LAE = –оо = diverges 
155 
31. lim im lim (8) 








п ШШ MF — по 1+(5) = —5 = converges 


1 n+3 = 1 
32. nim, n2+5n+6 = , lim, тэ. = „шп. n+2 =0 = converges 














: n2—2n+1 _ 1; n—Dn-1 | |. = i 
33. , lim. cM = „ШП, тте T c. (n— 1) 2 oo — diverges 





1 
А — n8 : BTN . 
34 lim. =_= = „шп ПЕ =œ > diverges 
. п . . . n T . . 
35. , lim. (1 + (—1)*) does not exist = diverges 36. , lim. (—1) (1 - 1) does not exist = diverges 





37. Іт (224) ( – 1) = lim ($+ 5) (1-1) == => converges 


n — oo n — oo 














38. lim. (2 — x) (3 + x) = 6 = converges 39. lim. a = 0 = converges 
40. , lim. (- 1) = , lim. c = 0 = converges 

41. „їй ү Эт = 4/, lum, 28 = , lim. (тїт) = V2 = converges 

42. lim, (095 = „ШП (10)" = оо = diverges 


43. lim, sin (¥ +4) = sin (tim. ( 


1 urn d s 
+ 1)) = sin 5 = 1 = converges 


NIA 


44. lim пл с0$ (пл) = , lim. (n7)(—1)" does not exist = diverges 


n— oo 





45. lim $2? — 0 because — 4 < 282 <! = converges by the Sandwich Theorem for sequences 
n — oo n n n n 


46. , lim. ашп _ = 0 because 0 < шш nog эк => converges by the Sandwich Theorem for sequences 


47. lm == nim = 0 = converges (using l'Hôpital's rule) 


n—oo 2 — oo Find 
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58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


“noo In2n” noo (2) 
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: 35... d 313 . y 3 (n3? sys 303) _ : : At ae a 
lim. == , lim. A = „шп —в = , lim. =% =œ > diverges (using l'Hopital's rule) 

1 2 

2 : 

lim 29840 = lim 8) lim. 2V^ — lim ( 5) = 0 => converges 
n = од n п оо (55) n= n+l поо 1+ (1) 

2 /n n 

1 

lm 2 = lim G) =1 = converges 


, lim. 81% = 1 = converges (Theorem 5, #3) 

im. (0.03)'" = 1 > converges (Theorem 5, #3) 

, lim. (1 + 1)" =e" > converges (Theorem 5, #5) 

aim, (1 — 1)" = , lim. 1 + c = e7! = converges (Theorem 5, #5) 

, lim. V/10n = , lim. 101/n.g!/n 21.1 —1 — converges (Theorem 5, #3 and #2) 


: fra a VANS 0420 
, lim. Мп“ = , lim. (Уп) = 1" = 1 = converges (Theorem 5, #2) 











im 3! 
, lim. (3) Tus in - x: 1 = 1 => converges (Theorem 5, #3 and #2) 
, lim. (n 4- 4)/(*4 = , lim. хх =1 = converges; (let x = n+ 4, then use Theorem 5, #2) 
п ma = сэ 3 = T —oo = diverges (Theorem 5, #2) 








aim, [nn -lnn + 0] = lim, In (44) — In (lim, 217) = 101 = 0 = converges 
, lim. V4n = п lim. 4 «л =4-1=4 => converges (Theorem 5, #2) 


| 7/221+1 — | 2+ уп) _ | 2.31 — 9.1 — 
nim, V3 H = lim, 3 пл) = lim, 3 31 —9.1=9 = converges (Theorem 5, #3) 





lim ™= lim о < , lim. (i) = 0ад = >0 = lim =0 = converges 
noo n n oo n-n-n---n-n n n п— оо п 
п ( co =0 => converges (Theorem 5, #6) 
, lim. n == , lim. (2) = оо => diverges (Theorem 5, #6) 
: n! |. 1 
, lim. жәе == , lim, ® = = оо => diverges (Theorem 5, #6) 
: 1 H/(Inn) : т1-1 -1 
, lim. (i) = lim. exp (Б In (1 )) = „шп, ехр (===) =e - = converges 
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68. 


: , lim. (1 - 4)” = , lim. exp (а (1 — 2)) = , lim. exp (= C 


lim In (1 + 1)" = а ( lim (1 + 39 =Ine=1 = converges (Theorem 5, #5) 
n — oo n n oo n 








lim,, (3024)" = „lim, exp (n In ($) = lim, exp (BGrtznz nnn) 


noo \3n-1 n 


3 


3 
: 31-17 30-1 : 6n? 6 2/3 
= lim. exp | Е 1) ) = lim, exp (== DOn- 5) = exp (3) — e^? => converges 











ic 
„и, (5807 - li, exp nr) =i, vp (MH) = ни, гл (22 


: 2 = 
= „шп, ехр (- x) =e! = converges 








| в \1/ . 1/ : Д бу 
aim, (5251) "edm. €i) "=x lim, ехр (2 їп (55:11) =x шп ехр (=" =) 
0 


=x lim, exp (3: ==) = хе = х,х > 0 = converges 


вн 


mB) ла, го [ 852) 





— d —21 ) — 60 — 
= lim, ехр (227) = е = 1 => converges 


3n.6^ 36^ 











73. , lim. aab 7 nim, г =0 = converges (Theorem 5, #6) 
JA. айс vee Gs lim. ze Dep. o ues үй a = = 0 = converges 
п 00 (m) (в) п (11) (10) + (а) (2) 18-0 (%) 4 
(Theorem 5, #4) 
75. п tanh n = , lim. a = , lim. il = , lim. 2T = , lim. 1=1 = converges 
x 2 1 еп етп . n— (1) 1 
76. lim sinh(Inn) — lim. *—7;—— — lim 7 = оо => diverges 
n — oo n — oo n — oo 
1 m$sn(l) у. sin(l) _ - (cos (1) (3) : -со8(1) _ | 
TI. , lim. жі = lim, (2-3) = lim. (-3+3) = lim, 2+0) = 2 => converges 
1 sin (1)] ( 
78. lim п(1 – соѕ 1) lim а - Га lim би (А) (8) = , lim, sin (4) =0 = converges 
n = оо (5) п > оо (2) п 


79. 


80. 


81. 





lim Vnsin(+.) = lim sin a) = lim es) Cuin) _ Ша cos (4) = с0$0 = 1 = converges 
n — oo оо оо n — oo 





n n 313+ 50 15 
y lim, (3° + sinus 2 jim, exp ШЕ “р ЭШ = , lim. exp | 2329) = , lim. exp E 


n 


(3r)In3 +In5 G) 341n5 

. 5 . n n 

= , lim, өр an | = lim, ер | aw | = exp(In5) = 5 

, lim. tan™! n = 5 => converges 82. , lim. ss tan ! n — 0- 5 =0 = converges 
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83. lim 1) + 75 = lim ((4)"+ (+) ) = 0 => converges (Theorem 5, #4) 





84. lim. v n? +n = nim, ехр Е = „шп, ехр (221) =e” =1 = converges 











. 200 . 199 1 : 198 Ч 
85. lim C9 = lim 2009 — gj, 20190" .. , — lim 2 =0 = converges 
п — оо п n — oo n — oo n noo n 
ваа) 
: 5 : ( : а : 3 : 
86. lim & = lim 2 = lim 10000) = jim LU —.. = lim 2 =0 = converges 
n= vn п — оо (55) п — оо п п= со үл n= уп 
2\/п 


87. lim (а- а) = lini (s - zm ear 
17200 n = од 


Lol 
= 5 => converges 








-1-1 





: 1 оо à 1 
88. yu. 12—1— Vn? 4n = im, (жету) (Узун 


1 1 
1-44 /1+} 








2—1 п2 а) = lim У па —1+ упа+ап 
n — oo 


= „шп. СС) = —2 = converges 
89. lim + ldx— lim ®®= lim 1-05 converges (Theorem 5, #1) 
по пух поо n n= n 


90. „шп | 5 dx = lim, ЇЕ ыы) = lim гэ (+ - 1) = erp 1 => converges 


91. Since a, converges => , lim, as == nim, an+: = , lim, e = Ш = DA -1(1-1)-72-» 12+1.—72 =0 


=> L = —9 or L = 8; since a, > Oforn > 1 => [= 8 


92. Since an converges = „lim an = L => lim ат = lim te => Г. = EE >L(L+2)=L+6>L?+L-6=0 


— OO ân + L 








=> L = —3 or L = 2; since a > O forn > 2>L=2 


. . m . RT . __ 2 СД __ 
93. Since a, converges = lim an =L= lm asi = lm V8 + 2an >L= /84+2L>L*-2L—-8=05L=-2 
or L = 4; since an > O forn > 3 > L =4 


94. Since a, converges => , lim an —L- lim assi = lm V8 + 2an -І-а4/8-2,--12-2,-%-0--І,--2 
or L = 4; since a > Oforn>2>L=4 


. . Ал . 29 . __ 2 y __ = ы . 
95. Since a, converges => , lim. an = [= , lim an +1 = nim, v За > L = y 5L > L4 — 5L = 0 > L = O0 or L = 5; since 
an > Oforn>1>L=5 


. . f= . __ . -— 2 T 
96. Since a, converges => lim an =L > Ші an+1 = lim (12 — мала) = Ш = (12- VL) => 14 – 25. + 144 = 0 
=> L = 9 or L = 16; since 12 — ,/a, < 12 forn>1>L=9 


97. а,,1-2-- zs n> 1, a; = 2. Since a, converges > man ==> nim anti = „im (2+ 1) >L=2+ Ї 





>»12—21,—1=0=1,= 1- \/2;5шсе а, > Oforn> 1 >L=1+/2 
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98. ang = + а, п > Та; = VAT Since a, converges => , lim, as SLS nim ап+1 = , lim, V/1 +a,>L=VJ14+L 


-12-1-1-0-1,- 1t V3: since а > Oforn > 1=1,= 5° 








99. 1,1,2,4,‚8, 16,32,... = 1,2°,2!,2°,25,2%,25,... —> xp 1 and x, = 2"? for n 2 


100. (a) 1? — 2(1)? = —1, 3? — 2(2)? = 1; let f(a, b) = (a + 2b)? — 2(a + b)? = a? + 4ab + 4b? — 2a? — 4ab — 2b? 
= 252 – а; а2 – 252 = —1 = Ка,ђ) = 2b? — a? = 1; a? — 2b? = 1 = f(a,b) = 20? – а? = –1 











Yn 


2 
2 _ (at2b)2 _ a2 +dab + 4b? — 2a? — dab— 2b? _ — (a? — 2b?) +1 1 
(b 1. -2= ( a+b ) 2= (ab)? (arb? ^ y һ = \/2 + 


In the first and second fractions, y, > n. Let Б represent the (n — 1)th fraction where Б >landb>n-1 





for n a positive integer > 3. Now the nth fraction is ate anda+b>2b>2n—2>n = y, >n. Thus, 
, lim. т, = 1/2. 


101. (a) f(x) = x? — 2; the sequence converges to 1.414213562 = 4/2 
(b) f(x) = tan (x) — 1; the sequence converges to 0.7853981635 z 7 


4 
(c) f(x) = e'; the sequence 1, 0, —1, —2, —3, —4, —5, ... diverges 


— 





102. (a) lim, nf (+) = NLM E Adm, KO-AX) -80) — f/(0). where Ax — 1 
(b) lim, ntan ! (1) = #'(0) = ig = 1, f(x) = tan! x 


(c) „ш п (е!# — 1) = Ё'(0) = е“ = 1,#0) = е — 1 
(d) lim, nin(1+ 2) =#'(0) = 1220) = 2, f(x) = ln (1 + 2x) 


103. (а) Ра = 2n + 1, then b = ЕЈ = | n1] = |2n? + 2n + ¿| = 2n? + 2n, c = [21 = [2n? + 2n+ 1] 
= 2n? + 2n + 1 and a? + b? = (2n + 1)? + (2n? + 2n)? = 4n? + 4n + 1 4- 4n! 4- 8n? + 4n? 


= 4n + 8n? + 8n? + 4n + 1 = (2n? + 2n + 1)? = с. 











a2 А a2 
(b) a im, 13 = lim. 529428. = lor lim. ІҢ = lim. sin ð = lim 8 sin ĝ = 1 


ps 
104. (a) „шп (2n7r)!/ (2) = nim, exp (2227) = ,lim, exp (8) = , lim, exp (4) 6-1 


n! z (2) ¥/2nr, Stirlings approximation = Wn! ~ (2) (Qnz)!/ 09 ду ® for large values of n 





























(b) n Уп! 5 
40 15.76852702 14.71517765 
50 19.48325423 18.39397206 
60 23.19189561 22.07276647 
1 
105. (a) | lim, nn = , lim. La), = lim. 4-0 


(b) For all e > 0, there exists an N = e- (1 9/e such that n > e~""9)/¢ => Inn > — me => Inm > а (2) 
s 0| «c lm 4-0 
n п — n 


srnoiste<es 
€ CO 


nt 





106. Let {a,} and {b,} be sequences both converging to L. Define [c,] бу с, = Б, апа с. = an, Where 
n—1,2,3,... . Forall e > 0 there exists N; such that when n > № then |a, — L| « e and there exists №5 
such that when n > N» then |b, — L| < e. If n » 1 4- 2max(N;, Ns), then |c, — L| « e, so (c,) converges to L. 
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107. 


108. 


109. 


110. 


111. 


112. 


113. 


114. 


115. 


116. 


117. 


118. 


119. 


120. 


121. 
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n. oq 1 TES Dc oe 
„im n!/ = lim exp (+ Inn) = lim ехр (1) =е0 = 1 


іт х = іт ехр (1 In x) — e? = 1, because x remains fixed while n gets large 
n — oo n —> oo n 


Assume the hypotheses of the theorem and let e be a positive number. For all € there exists a N; such that 
when n > N; then |an — L| < € = —є<а„—1,< є — Le « a, and there exists a No such that when 
n»Nsthen|e; —L| «€ — —-e«c;-L«e- e <L+e. Ifn > max{Nj, No}, then 
L-e«ay, Eb, ас +е => |Һ-Ц<е- nim, bn = L. 


Let € > 0. We have f continuous at L — there exists ó so that x — L| « 6 — |f(x) — f(L)| « e. Also, an —^ L = there 
exists N so that for n » N |a, — L| « ó. Thus for n > №, |а) - f(L)| « e => f(a.) — f(L). 


3n--D-41 .. 3n41 3n+4  3п+1 2 2 
GFDL oO MEL =” Race пет $6090 + 3n+4n +4 > 3n +6n+n+2 


= 4> 2; the steps are reversible so the sequence is nondecreasing; 2H <3 => 3n41 «3n43 


— 1«3;the steps are reversible so the sequence is bounded above by 3 


а > a> 














((n+1)+3)! © (2n+3)! (2n+5)! 2 (2-3) 5)! 2 (0+2)! 
> (а+у+у ^ QD! 7 (42! ^ (n4 (2-3) > (а) 
= (2n + 5)(2n + 4) > n + 2; the steps are reversible so the sequence is nondecreasing; the sequence is not 
(2n +3)! 
(п + 1)! 


афі > an 














bounded since = (2n + 3)(2n + 2)---(n + 2) can become as large as we please 








2п+131+1 2138 2®+13+1 
пт © “и = “Я 


reversible so the sequence is decreasing after a5, but it is not nondecreasing for all its terms; a; = 6, ag = 18, 


а С а = < ат = 2-3 < n + 1 which is true for n > 5; the steps are 





аз = 36, ал = 54, 45 зы 64.8 the sequence is bounded from above by 64.8 





а Z an => 2 2 so > 2 2 1 => 


a 2n Е 1 = 2» gu ; the steps are 


2 
п n+l ^ mH 2n п(п--1) <- 
2 





reversible so the sequence is nondecreasing; 2 — = — 2; <2 = the sequence is bounded from above 


1 


а, =1— 1 converges because = — 0 by Example 1; also it is a nondecreasing sequence bounded above by 1 


an =n 1 diverges because n — oo and 1 — 0 by Example 1, so the sequence is unbounded 


d 


n 


— O(by Example 1) — 4 — 0, the sequence converges; also it is 





2—1 
7 =l 


a nondecreasing sequence bounded above by 1 


а, = — & and 0 < % < 4; since 


an = A = (2) - i ; the sequence converges to 0 by Theorem 5, #4 


а, = ((- 0" + 1) (2H) diverges because a, = 0 for n odd, while for n even a, = 2 (1 + 1) converges to 2; it 


diverges by definition of divergence 


Xn = max {cos 1, cos 2, cos 3,... ,cos n} and x,,; = max {cos 1, cos 2, cos 3,... ,cos(n+ 1)} > xX, with x, < 1 
so the sequence is nondecreasing and bounded above by 1 = the sequence converges. 





an 2 аш € tym o» узир S e n 14 V2n? - 2n > n+ V2n? + 2n e Уп+1> уп 


апа кую > y 2; thus the sequence is nonincreasing and bounded below by У2 = it converges 
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122. 


123. 


124. 


125. 


126. 


127. 


128. 


129. 


130. 


131. 


132. 


133. 
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a > an € att > GIDH © п?+2п+1>п?+2п <> 1 > 0 and ™ > 1; thus the sequence is 


nonincreasing and bounded below by 1 = it converges 


дан n+l 


pt =44 (1) so а 2 ан = 4+ (1) EUR (3) = (5) > (3) 


> 1 7 i and 


4+ (2)" > 4; thus the sequence is nonincreasing and bounded below by 4 = it converges 


ар = 1, ay = 2 — 3, a3 = 2(2 3) – 3 = 22 — (22? — 1) - 3, a4 = 2 (2? — (2? — 1) - 3) — 3 = 23 – (22 – 1)3, 
as = 2[23 — (23 —1)3 -3=24- (24 —1)3,... , an = 21-1 — (21-1 — 1)3 = 2-1 —3.28-1 4+3 
=21(1 —3)+3 = —2" +3; an > ap & 00 RO Bey a Som ө 1<2 


so the sequence is nonincreasing but not bounded below and therefore diverges 


Let 0 « M « 1 and let N be an integer greater than 1. Thenn > N > n> D =>n-nM>M 


M 
= а> М+М > п>РМа + 1) = р> М. 





Since M, is a least upper bound and M; is an upper bound, M, € M^». Since M; is a least upper bound and Mj 
is an upper bound, M» € Mj. We conclude that M; — M^» so the least upper bound is unique. 


= EDE 5 1 3 1 3 
The sequence a, = 1 + ~5~ is the sequence 5,5,5,5,-:- 


but it clearly does not converge, by definition of convergence. 


. This sequence is bounded above by 3 у 


Let L be the limit of the convergent sequence {an}. Then by definition of convergence, for $ there 
corresponds an N such that for all m and n,m > N = |am — L| < 5 andn >N = |an — L| < 5. Now 
аъ — an| = lam — L + L — an| < Jam — L| + |L — an| < $ + $ = € whenever m > N and n > N. 


Given an є > 0, by definition of convergence there corresponds an N such that for all n > N, 

а — an| < € and |L — an| < €. Now |L — [| = 15 — an + an — Li | < |L — an| + lan — L| < € + € = 2e. 
|Lə — Lı| < 2e says that the difference between two fixed values is smaller than any positive number Зе. 

The only nonnegative number smaller than every positive number is 0, so |Li — Lo| 2 OorL; — Ls. 


Let k(n) and i(n) be two order-preserving functions whose domains are the set of positive integers and whose 
ranges are a subset of the positive integers. Consider the two subsequences ay) and aj), where akn) — Li, 
ак") — L2 and Lı Æ Lə. Thus | ax(n) — ain) | = Гл – Го] > 0. So there does not exist N such that for all m, n > N 


=> |am — а. | < e. So by Exercise 128, the sequence {an } is not convergent and hence diverges. 


ax — L & givenane > 0 there corresponds an N; such that [2k > N; => |ax —L| < e]. Similarly, 
акы > L & 2К+1> М = faxy1 —L| < €]. Let N 2 max(N;, No). Thenn » N = Ja, — L| « e whether 
n is even or odd, and hence a, — L. 


Assume a, — 0. This implies that given an € > 0 there corresponds ап N such thatn > N => |an — O| < € 

= |а| <є = ||| < с = |ај| – 0] <е = |а| — 0. On the other hand, assume |a,| — 0. This implies that 
given an e > 0 there corresponds an N such that for n » N, |a] - 0| « e 2 ||a]| « e = |а| < є 

> |а„—0|<є > а — 0. 


х2- 
2ха 


(Б) xy = 2, Xo = 1.75, x3 = 1.732142857, x4 = 1.73205081, x5 = 1.732050808; we are finding the positive 


number where x? — 3 = 0; that is, where x? = 3, x > 0, or where x = УЗ. 





_ 28-042) | жа. (ty) 
5 


(a) х) = х? -а = #(х) = 2х = хы = ха Ш > Xl = 2 = 4 
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134. xı = 1, x2 = 1 + cos (1) = 1.540302306, x3 = 1.540302306 + cos (1 + cos (1)) = 1.570791601, 
ха = 1.570791601 + cos (1.570791601) = 1.570796327 = 5 to 9 decimal places. After a few steps, the 


arc (x, 4) and line segment cos (x,_,) are nearly the same as the quarter circle. 


135-146. Example CAS Commands: 
Mathematica: (sequence functions may vary): 
Clear[a, n] 
a[n]; =n!” 
first25= Table[N[a[n]],{n, 1,25}] 
Limit[a[n], n — 8] 
Mathematica: (sequence functions may vary): 
Clear[a, n] 
a[n. ]; 2 n'/* 
first25- Table[N[a[n]]. (n. 1, 25]] 
Limit[a[n], n — 8] 
The last command (Limit) will not always work in Mathematica. You could also explore the limit by enlarging your table 
to more than the first 25 values. 
If you know the limit (1 in the above example), to determine how far to go to have all further terms within 0.01 of the 
limit, do the following. 
Clear[minN, lim] 
lim= 1 
Do[{diff=Abs[a[n] — lim], If[diff < .01, (minN- n, Abort[]}]}, {n, 2, 1000}] 
minN 
For sequences that are given recursively, the following code is suggested. The portion of the command a[n_]:=a[n] stores 
the elements of the sequence and helps to streamline computation. 
Clear[a, n] 
а[1]= 1; 
а[п_]; = а[п]= а[п — 1] + (1/5)®—2 
first25= Table[N[a[n]], {n, 1, 25}] 
The limit command does not work in this case, but the limit can be observed as 1.25. 
Clear[minN, lim] 
lim= 1.25 
Do[{diff=Abs[a[n] — lim], If[diff < .01, {minN= n, Abort[]}]}, {n, 2, 1000}] 
minN 


10.2 INFINITE SERIES 











_ а(ї—г) _ 1—(—4)" 
3. Sa — pe 


2 





=> lm s,— 
п > оо 


— 1-62" 
Д7 == TCD? 





a geometric series where |r| > 1 = divergence 


1 


аттар = ат aes > = (9-3) + —a) + + Gate) =~ > a 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


21. 


23; 


24. 























Chapter 10 Infinite Sequences and Series 
5 5 5 2 5 5 5 5 5 5 5 5 Su 5 
ик = кут = %= (5—5) G-39-405 1-4 x PIDE) 999.3 
=> lim s,=5 
n — oo 
ise а cb te the sum of this geometric series is mo m 
4 t 16 64 to 5 Ты gm o 
4-4-4--4 the sum of this geometric series is (0) 21 
16 1 6471256 1559» 211) 12 
dee A us the sum of this geometric series is 8) —1 
4° 761 6 bette 8 iui 3 





З 8 : : € біз. еді 
5—3 + ġġ t-- -the sum of this geometric series is Г-(-1) -4 


5) + E + x) +... ,1is the sum of two geometric series; the sum is 


(5—1)+ (5 - 1) + (3 - 5) + (5 - 2) +... „15 ће difference of two geometric series; the sum is 








(1+1) + (4 — 1) + (4 + x) + (4 — ты) +... ,1is the sum of two geometric series; the sum is 
122255 5 _ 17 
Cg'ug-?técs 
2+4+5 +16 +... =2(1+ 4 + $ + q$ +...) ; the sum of this geometric series is 2 (yy) = 2 


Series is geometric with r = 2 = H < 1 > Converges to 





ШҚ, 2229 
г 


Series is geometric with r = —3 > Е > 1 > Diverges 











1 
Series is geometric withr = į > H < 1 = Converges to гт = 
2 
Series is geometric with r = —4 = |~3| < 1 + Converges to i5 = —2 
3 
023 — У“ 23 (15 — (6) _ 23 20. 0284 — Y^ 24 (1^ — (85) о 
23 => (о) = Cy = 55 . 0. =X sew) = ту = 99 
п=0 10 п=0 1000 
4. y 7 1B e T 22 1-5 d 1B (&) _d 
0.7 — ^ i5 (io) 9 04-13 16 (1) = =5 














со 414 
1414 = 1 - 5 dus (3x) = 1+8 
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25; 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. s 


39. 


40. 
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124 123 124 123 123,999 _ 41,333 


з) = 100 + 105—102 = 100 1 99,900 99,900 ^ 33,300 


124 |,N5 123 у 138 _ 14 (is 
1.24123 = 124 Эн (10) = 10 +; 


ы 
st 





106—1 ~~ 999,999 37,037 





(12852) 
106 
106 106 


105 

1- (8 

3.142857 = 3+ >> 289 (4)! 2.3 4 Lae 
n=0 1- (ds 


=3 + 142,857 3,142,854 __ 116,402 








М4 

















іт „рю = lim + = 140 = diverges 
noo noo 

т n(n+ 1) он m+n — 2n+1 _ py, 2 _ Я 
Шш пој = Ш 05056 T im 2055 = №5 = 1 3 0 = diverges 
lim = + z = 0 = test inconclusive 
П1-900 

lim ug — lim x = 0 = test inconclusive 
noo 11-00 
lim cos = cos0 = 1 40 = diverges 
noo 

n n n 

lim —— = Ша = = lim © = lim! = 1405 diverges 
noo etn nooo @ tl noo € п >00 1 % 5 
шп Int = = —oo £0 = diverges 
noo 


lim cosnz — does not exist — diverges 


noo 


x-ü-2«0-2«Q-De (Doe) 1-я uim s 
1 








5к = (1\/2— м1) + (in 3- юу?) + (1\/4— муз) «eb (mv - Ink — 1) T (Inve + 1— пук) 
=InV/k+1—- түл =Invk+1=> , im Sk = , im Iny k + 1 = œ; series diverges 
— о0о -» ОО 


= (tan 1 — tan 0) + (tan2 — tan 1) + (tan3 — tan2) +... + (tank — tan (k — 1)) + (tan (k + 1) — tank) 
= tan (k + 1) — tan0 = tan (k + 1) > , lim sk — , lim tan (k + 1) = does not exist; series diverges 
= со = оо 








зе = (cos! (3) — cos! (3)) -- (cos! (3) – сов“!(4)) + (сов“' (1) – сов“'(5)) +... 
* (eos! (2) – сов“! (151)) + (0057 (т) — e087 (Ga) = 7 – сов“ (1525) 
= ш, Sk = im. E eos"! (z15)] = а 2 ES 2; series converges to $ т 


«к = (у/5 — уа) + (V6 - V5) + (/7- \/6) +... + (Мк+3-/к+2) + (Мк+4- ук+3) 


к+4—2= , im Sk = lim (Уға -2| = œ; series diverges 
— OO — oo 
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41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


4 = 1 1 2; 1 1 1 
(п —3)(4п+1) 41-3 4041 = = (1-5) + (5-5 
1 1 S 1 3 Ll : 
tx - at) =l-a > im slim ( 





6 — А в_ _ АОп+1)+В0Оп—1) _ _ 
ба-т0:11)- 52172317 (0 -багр) => ACn + 1)+ BOn -— 1) = 6 = (2А + 2В)һ + (А – В) = 6 


[| за мо 


k k 
6 1 1 
=> 2A =6=>A=3andB = -3. Hence, X a= 1) тағу 3 (аст D mi) 


1 


А-8В-6 А—В=6 





=3(ф—4+1-1+ 
lim 3(1- =17) = 


1 1 1 1 \_ 1 : 
- +... - жет + жет —зкут) = 3(1— эк) = the sum is 





> ан 


40n РЕ: ES B + С S D  _ A(2n—1)(2n+1)? + B2n+1)? + C(2n+1)(2n—1)? + D(2n—1)? 
(Qn—1)2(2n41)2 ^ Qn-1) ! Qn-1? Qnil) Г (+12 — (2n—1)2(2n-+1)2 


= AQn— 1)(2n+ D? - Bn 4 D? 4- Cn 4 Dn — 1)? + D2n— 1)? = 40n 

= А (813 + 412 — 21 — 1) +В (412 + 41 + 1) +С (813 — 4n? — 2n + 1) = D (4n? — 4n + 1) = 40n 

= (8A + 8C)n? + (4A + 4B — 4C + 4D)n? + (—2A + 4B — 2C — 4D)n + (—A + B + C + D) = 40n 
8A+8C= 0 8A+8C= 0 

| 4A +4B—4C+4D= 0 | A+ B-C+ D= 0 { B+ D= 0 





~2A + 4B — 2C – 40 = 40 -А-28-0-20-020 Bao рр ee В 


-A+ B+ C+ D= 0 -A+ B+C+ D= 0 


A+C=0 


ытын аг 


k 
= = 40n 
=> C=OandA=0. Hence, тт 
п= 





= 1 i: zd dd odes dog 1 1 1 
-5 Y [oy = этү] =э (1 9 +9 — 25 + 35 — +++ — ODF Ie Gk-T? ap) 


1 |: 1 
=:5 (1 — =! = Ше sum is | lim. 5 (1 — тту) = 5 





2n+1 — 1 1 e 1 1 1 1 1 1 1 1 1 
Шаға За?” (ағ »x-(0-2«G-924G-3)*— + [у — 5] +[@ — сту] 


> lim s= lim l-z] =! 


— oo k — oo 






































» = (1 $) + (3 3) * 5 à) t (at) а 5) =1 и 
> lim s= lim (1- 1 js 


— oo k — oo 











Sk — (5 яя) + (sin qs) ЗЕ (эл za) +... + (51767 zx) F (six vm) E : ЭТДЕН 
1 
2 


=> lm 5ұ- 


-4 
— oo 1 


юн 








222 1 1 1 1 1 1 1 1 1 1 

s — (x5 55) + (55 55) + (55 nal bus + (ктт ык) + (кг ШЕРТ) 
Кад 1 1 $ 5 1 
=- n3 tmar > ШП s=- p 


s, — [tan (1) — tan~! (2)] + [tan~! (2) — tan~! (3)} +... + [tan7! (k — 1) — tan~! (k)] 





+ [tan (K) - tan ! (k -- D] 2 tan! (D — tan™ (k + 1) > lim s —tan!(0-2-22-2--£ 
k — oo 
convergent geometric series with sum —+—. = EAR 2+ 2 2 
mm (5) У2-1 
() 
divergent geometric series with |r| = м2 >1 51. convergent geometric series with sum =1 


= 
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55. 


56. 


57. 


58. 


59. 


60. 


61. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 
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. x n+1 . . o . ив п . 
: , lim. (—1)"t'n 40 = diverges 53. , lim, сов (пт) = lim, (-1) Z0 = diverges 


соѕ (пл) = (— 1)" — convergent geometric series with sum =) == 
- (5 


_ 
е2—1 





convergent geometric series with sum | ( Ty = 
(9 


* d. 2 v. б 
lim, In 4; 2 —oo 50 = diverges 
convergent geometric series with sum (0) – 2 = 20 - 18 = 2 


10 


convergent geometric series with sum = = == 
А 


difference of two geometric series with sum =) - O -3- 3 = 3 
ШЕ = 


, lim. (1— 1)" = , lim, (1+ =)" =e !#40 = diverges 








. n! MN . . n? А . п-п . Шы, . 
, lim. jog — o0 7 0 — diverges 62. aim, ap , lim. 15-00 , lim. п = оо => diverges 
лаж qz SA (nn, (an S^ (1? and So (3)? TR 
>, === => +> => (2) +d (3); both = YF (5) and; (i) are geometric series, and both converge 
n=1 n=1 n=1 n=1 n=1 n=1 n=1 


: 21 1 =з 3 
sincer = } = || <1апйг=3 = |3 


ко 





< 1, respectivley > >> a) E 


n=1 





1- 





= 1and > (3)" = à =3 = 
n=1 


3 
1-3 


ni 


У. 24 = 1 +3 = 4 by Theorem 8, part (1) 























n=1 
lim «+ = lim ын — lim d = + =1 #05 diverges by n^ term test for divergence 
noo n—oo qn t noo 14) Т 
х In (=) э» [In(n) —In(n + 1)] ^ s, — [In(1) — In (2)] 4 [In 2) — 1n (3)] + [In Q) — In (4)] +... 


- [In(k — 1) — In (K)] + По бо — In(k 4- D] 2 —In(k- 1) => im $к = —с0, = diverges 
-» ОО 

Um. an = lim. In (=%) — |n (1) 50 = diverges 

convergent geometric series with sum = = 2 


divergent geometric series with |г| = © ле 29441 > 1 








mm ~ 22459 
oo oo 
$3 (D -251(x";a-lr--x;converges to ЕТЕР? = 11 for |x| <1 
n=0 n=0 
oo oo n 
> (—1)°х?° = > (—x?)"; a = 1, r = —x?; converges to 74g for |x| < 1 
n=! ==! 
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71. 


73. 


74. 


75. 


76. 


77. 


78. 


79. 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


х-1. 3 2-76 х-1 
: (1) = век or 1< 1 <lor-l<x<3 


a=3,r= 5 














со со 1 
= n т сес. л „з ^ш] (5) 
eX (=) =. > (seams) за орг zF sinx > CONVerges to - 25: ) 

n= 





























= = aS = ASS forall x (since } түших 5 5 гайх) гр 
a = 1, r = 2x; converges to y+ [ог |2x| < 1 ог |х| < 1 
a= 1, r = — уу; converges to - "n = 24 for |4 [< Тог |х| > 1. 
а= 1,г= —(x + 1)"; converges to qye yy = 4 for |x + 1 «lor-2«x«0 
а=1,1= 25 =) = 

2 
а = 1,т = sin x; converges to to. for x # (2k + 1) 5 , K an integer 





a = 1, r = In x; converges to yz for |In x| < Тоге 1 <х<е 








со со со 
1 1 1 
(a) 2, (n+4)(n +5) (b) 25 (п + 2)(п +3) (с) 2. (n—3)n- 2) 
n=—2 n=0 n=5 
(a) > (n+ 2)(n + 3) (b) > (n— 5-5 (с) 25 (n— I9)m — 18) 
n—-1 n=3 n=20 
SS Ёз, фы үй 1 (5) 
(a) one example is pigs tt Пе == 1) -1 
2 
: 3... 3 3 (- 3) 
(6) опе ехашріе і8-5-4-і-%---- 10) = 3 





(с) опе ехатріе 151—5 == $ = = – ... =1- 7 
1- (3) 


со 
5 n+l . 5 5 . 
The series $` k(4) is a geometric series whose sum is 


= 1-(3) 





= k where k can be any positive or negative number. 


Ме 


Let an = bn = (1)". Then >> ay = У b, (1) = = while Y (&) = » (1) diverges. 


п=1 п=1 n=1 


Let an = bn = (4)”. Theis a Без: (4)" = 1, while $> (anba) = Ў (1)" = + # АВ. 
п=1 п=1 п=1 п=1 п=1 
Гога, = (5)" апађ, = (1)". Твепд =>; а = 1 ,В => ћ = 1апа у, (и) => (5)'=1%8. 


п=1 n=1 n=1 n=1 


Yes: >> (2) diverges. The reasoning: 5> a, converges > a, -> 0 -> + > о = У; (2 L) diverges by the 


nth-Term Test. 
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87. 


88. 


89. 


90. 


91. 


92. 


93. 


94. 
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Since the sum of a finite number of terms is finite, adding or subtracting a finite number of terms from a series 


that diverges does not change the divergence of the series. 


Let An = a +а +... Та and | lim, A, = A. Assume J` (an + bn) converges to S. Let 
Sn = (a, + by) + (a2 + be) +... + (an + Dn) => За = (а Фа; +... + ap) + (by + bg +... + bn) 


> Ы +65 +... + = $, — А, > , lim, (b; bo t... b) =S—A => J} bn converges. This 
contradicts the assumption that $` bn diverges; therefore, X` (an + bn) diverges. 


(а) 1 =5 > 2=1-1 > r= 2;242(2)42(3)' +... 


l-r 





3 











1 

> 2 3 
не. 
1 +е?+е? +... = 15 =9 = ф=1—е > e= $ > b= l (}) 


Sn = 1 + 2r +r? +2 Hrt +2 +.. + 12 + 29 п=0,1,... 
S s= (1HP +... + 18) + (2г + 229 + 20 +... + 2288) > lim. 8а = т + 125 
= l+% fep eere 


1—12? 











а ай-й) ан 
Lo. ын l-r ^ 1-r 
2 2 2 1 2 1 4 2 
area = 2 + (v2) + (1) + (+) жат Т ез =. 
(ај у за јр 3 (8) а а (5) ен ші 55 Шш G 


(b) Using the fact that the area of an equilateral triangle of side length s is узу, we see that Ay = ын. 
RN. ри, млн, 


А+ = As 3 (E) (E). As = BSE n 
(0) е зз 0) = A(S E). 
im A= tim, (4 +3V3(3 $3) ) = (ы) - УЫ - и + 


k=2 
- X) - i^ 


А, = X3 4 y: ај“ 





10.3 THE INTEGRAL TEST 


1. 


2. 


b 


со b 
f(x) = + is positive, continuous, and decreasing for x > 1; 1 л dx = lim f L ах = lim E 
х x b—oo У1Х b — oo Ха 


lim (-1-1)-1- 


= dx converges => эг гс converges 
= со 


1 2 
b 
5 al 


со b 
f(x) = E is positive, continuous, and decreasing for x > 1; І d, dx— lim f L dx = lim E 
x к Ь—әсо #1Х b — oo 1 


oo 
. 510.8 _ 5 ҮР. 1 : loa 
= , im ( ір 5) = 00 = |, уо dx diverges > РЭГ diverges 
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b 
= 214 — «d 1 =. “fs 1 —1х 
3. Кх) = q 18 positive, continuous, and decreasing for x > 1; J шін ах- , im | (xa dx-— , im | E $} 
оо оо 
= , im | (пап 1 В B ian!) == Заа”! = f zu dx converges => У` zi converges 
25 n=1 
b b 
4. f(x) — — is positive, continuous, and decreasing for x > 1; = lim dx = ,um Inix +4 
P 5 
х+4 b—oo “1 rd — oo 1 
= pim, Џајб + 4] – 105) = о = ч x44 Ox diverges => Ба ara diverges 
b 
5. f(x) — e ** is positive, continuous, and decreasing for x 7 1; fre -2x dx = , im | fre -2x dx = „п ге 
— со 1 
= , im | (--- =) = э = Г e~?* dx converges > Y em converges 
m n=1 
= 1 . ... . . К 59 1 ЖЕ . b 1 T . pc ИМ b 
6. f(x) хп)? is positive, continuous, and decreasing for x > 2; d F dx = p EE dx = gpm | 5) : 
в 1 кү ni pi 
= pim, (- + uz) = > Í. uy ; dx converges — DE Tan ыыр converges 
7. f(x) — a3 is positive and continuous for x 7 1, f'(x) — 2 < 0 for x > 2, thus fis decreasing for x > 3; 
© = 2 11 (2 200 1042 1 = wx 
НЭЛЭЭД [e „im [Hn zi = ,lim_ (Jln(b? + 4) — }In(13)) = 00 = Ј, с ax 
оо 
diverges > > т Уегое$ = > aa = 1 + 2 TO aig diverges 
n= n=3 
8. f(x) = mx? is positive and continuous for x > 2, f'(x) = 2-1 Ja? < 0 for x > e, thus f is decreasing for x > 3; 
Mint ge ү f "nx? gy qi ИЛ: 2 Ж I nx 
fos ax = „im ВА ах = lim | йн), = іт Q(nb)-2(n3) — oo — J IAE dx 
o dura NS О ки 
diverges > У) in diverges > У) ип = ind TX шиг diverges 
n=3 n=2 n=3 
9. "09 = x; is positive and continuous for x > 1, f'(x) = == ®) <0 forx > 6, thus f is decreasing for x > 7; 
b 
200 3х2 _ 18 _ 54| _ | —362—186—54 | 327) _ 
3 5 dx = , im. = sa dx = yum. E — xm 5]. = » im | 2-09 + 9) - 
= ышы (хаса) + ін - lim. (53) + NA = А = L= as dx converges = х converges 
> Be ла ге E ын da +3 т + 26 T 2% +3 6 x en/3 ^; converges 
22 х-4 — _x-4 $ : 1 хил ! _ _7=х 4 
10. f(x) = ETAG17 gay continuous for x > 2, f is positive for x > 4, and f’(x) = Gop < 0 for x > 7, thus f is 
: хал 5 3 . 1 Ж 
decreasing for x > 8; К =p dx= lim. Í. (іу к. ay dx = „шп. 1 ах [oo dx 
b 
= um. [Inix -Ц- =] = um. (In[b — 1| - 2, -In7- 32) = оо = ЇГ Gc ; dx diverges 
8 


1 1 2 
- алын > до шт =-2-}+0+5+А+%+ Bst diverges 


11. converges; a geometric series with r = a <1 12. converges; a geometric series with r = 1 <1 


13. diverges; by the nth-Term Test for Divergence, | lim пл = 120 


— oo n 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22: 


23. 


24. 


25: 


26. 


27: 


28. 


29. 


30. 


31. 
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dx =5In(n+1)—5In2 => dx — oo 


diverges by the Integral Test; 1 ins 3 x 


x+1 


со 





diverges; >} Л =3 У) A , which is a divergent p-series (р = 2) 
n=1 n=1 
converges; >> A = –2 x e , Which is a convergent p-series (p — 3) 
п=1 


converges; a geometric series with r = i «1 


diverges; 5; = = –8 У) 1 апа ѕіпсе x 1 diverges, —8 Y diverges 


n=1 n=1 n=1 n=1 


diverges by the Integral Test: frm dx = $(In?n—In2) > 118: dx — oo 


t=Inx 
diverges by the Integral Test: [L5 dx; | dt = x > T te/? dt — „п [2te'/? = 4et/2] 2 
dx — e! dt TUR 


= lim [2e°/2(b — 2) — 2e")/2(In 2 — 2)] = оо 
b — oo 


converges; a geometric series with r — 2 <1 


diverges; Ша = = lim 515 = Ни (23) (3) — oo £0 


noo 413 п > оо 4% 114 n oo 


diverges; >> = —2 x = 21 , which diverges by the Integral Test 


та 
п= 
diverges by the Integral Test: 12 = 1 In(2n— 1) — coasn — оо 
; "EL Ss лг 2512 _ 
diverges; lim а, = , lim. zii , lim. == =O #0 


е 


уна 
diverges by the Integral Test: Гед: желе >] та 1 (//п +1) – 112 — o as n > oo 








1 
diverges; lim. um = lim, == = im. УЛ-оо70 


; 2" 2, “УУ, гүй 
diverges; lim. An: = y lim. (1 s 5) ze # 0 


diverges; a geometric series with r = пе 144>1 


converges; a geometric series with r = Түз яе 0.91<1 





1 = оо 
converges by the Integral Test: __()__ Ч х 20155 f 1 du 
3 (In шола 4 du = x dx n3uVu2-1 
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32; 


33. 


34. 


ЗЭ: 


36. 


37. 


38. 


39. 


40. 


41. 


Chapter 10 Infinite Sequences and Series 
2 i = 5 em 2 A . = 1 E 
= im [вес-! |] = Um. [sec ! b — sec! (In 3)| — um. [cos ! ($) — sec! (1n 3)] 
— cos А (0) — вес”! (Іп s Т. sec! (In 3) & 1.1439 
оо оо 1 u=Inx oy 
converges by the Integral Test: M ГЕР х= | ti) Trix? dx; fe 1 dx. es J тиг ЧЧ 


. = b . Ез 
= lim, [tan tulo = lim. (tan! b —tan 10) 22 -0— 2 





diverges by the nth-Term Test for divergence; , lim. n sin (1) = lim 





1 —4,) sec? (1 
diverges by the nth-Term Test for divergence; lim п (ап (i) — ]im tn (1) — ]im (а) е) 
n — 00 n n= (1) n — oo (- à) 


201 2 (1) — 20 — 
= , lim, sec (1) =sec?0=10 


. 0% ех : u=e Г 1 2 3 eT b 
converges by the Integral Test: J i dx; | Jise = > Jo Tp due, lim, ап u], 


— lim (tan!b-—tan !e) — 2 — tan 1 ec 0.35 
b — oo 




















и=е* 
converges by the Integral Test: |, се тра @х; | Ч =е 4х | 5 12 FIENT du = Ј (2 — 2.) du 
dx = 1 йи 
2 4 b oq b 22 е => е i 
= , im | [2 In e = „ш 21а (52%) ЕРМЕН -- 2111 -21һ(-4) = —2 10 (==) & 0.63 
nci u—tan x т/2 = Sog 12 
converges by the Integral Test: J — dx; ‘| di гі : | =н ges 8u du = [42] =4 Є — =) = ын 
: Е Ын т [а | 1 b | 1 
diverges by the Integral Test: | жт dx; p xy 5 Ї 4 ышы [5 In u] ‚= im, z (n b — ln 2) = œ 
со b 
= + -1 gx] 
converges by the Integral Test: f sechx dx = 2. im. VE iic ах- 2 , im [tan ! e*]; 


-2 lim (tan! eb — tan! e) 24 —2tan le z 0.71 
-» ОО 


со b 

converges by the Integral Test: f sech? x dx = lim f sech? x ах = lim [tanh x]? = lim (tanhb — tanh 1) 
1 Б— оо “1! b — oo b — оо 

—]-tanh 1 z 0.76 











EPA : b . b +2) A 
Ло - a) ox = lm аа |2] In ce [1 — lim n $227 — (2); 

lim ОА =a lim (b+ 2)! = ке => the series converges to | (3 ) if 1 and di t if 
„то рта lim GA en ges to In ifa — 1 and diverges to co i 


a> 1. Ifa « 1, the terms of the series eventually become negative and the Integral Test does not apply. From 
that point on, however, the series behaves like a negative multiple of the harmonic series, and so it diverges. 











и 2а cnt: x opt s ca: ped 23. 

=) (527 = т) 9 = lim [In | ae], = № тя — № (=); lim) Se 
= ji кыы di he seri In (4) = ш2 Ка = 1 and di if 
=, За + п-т = acl — the series converges to n (3) =Inzila= 5 an Iverges to 00 1 
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44. 


45. 


46. 


47. 
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ifa< 1 . Ifa» i , the terms of the series eventually become negative and the Integral Test does not apply. 


From that point on, however, the series behaves like a negative multiple of the harmonic series, and so it diverges. 


(a) 








(b) There are (13)(365)(24)(60)(60) (109) seconds in 13 billion years; by part (a) s, < 1 + In n where 
n = (13)(365)(24)(60)(60) (10°) => s, < 1 + In ((13)(365)(24)(60)(60) (10°)) 
= | + ln (13) + In (365) + In (24) 4- 2 In (60) 4- 9 In (10) z 41.55 


oo со со 
1 _1 1 14 
No, because » те» (m and 5 (m diverges 
n= n= n= 


оо оо оо 
Yes. If $` an is a divergent series of positive numbers, then (4) >> an = >> (#) also diverges and Ae da. 


п=1 n=1 n=1 
оо 
There is no "smallest" divergent series of positive numbers: for any divergent series Y? a, of positive numbers 
n=1 


a, 


(=) has smaller terms and still diverges. 


Me 


в 
|| 
= 


oo oo оо 
No, if $7 a, is a convergent series of positive numbers, then 2 5? a, = >> 2a, also converges, and 2a, > ay. 


п=1 n=1 n=1 


There is no “largest" convergent series of positive numbers. 


(a) Both integrals can represent the area under the curve f(x) = JZuT and the sum sso can be considered ап 


50 
approximation of either integral using rectangles with Ax = 1. The sum sso — У, Ju is an overestimate of the 
n=1 


51 
integral [| Jue The sum $50 represents a left-hand sum (that is, the we are choosing the left-hand endpoint of 


each subinterval for c;) and because f is a decreasing function, the value of f is a maximum at the left-hand endpoint of 


51 50 
. . 1 1 # . 
each sub interval. The area of each rectangle overestimates the true area, thus 1 Ju dx « i VET In a similar 


1 
х--1 





50 
manner, sso underestimates the integral Í dx. In this case, the sum sso represents a right-hand sum and because 
fis a decreasing function, the value of f is aminimum at the right-hand endpoint of each subinterval. The area of each 

50 50 51 
. 1 1: . . 2 T 
rectangle underestimates the true area, thus 2 Aal < 1) ean. dx. Evaluating the integrals we find f пж 


5 
0 


23 Saal и 22 50 1 M 0... эс 
-| к = 2/52 — 2/2 = И.бапа | ду = [2 x41 — 2/51 — 24/1 e 12.3. Thus, 





50 
11.6 < $55 —— « 123. 
п=1 


n+1 





nal 1 nal /2 2 Л 
(b) s» 1000 => f ud = |2 x+ Ц = 2\/п+1—2\/2 > 1000=п> (500 + 2 2) — & 2514142 
> n > 251415. 
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30 оо 
48. (а) Since we are using ѕз0 = У) 4 (0 еѕйтаіе У) Д, е еггог іѕ ріуеп by 2 . We can consider this sum as an estimate 
п=1 п=1 


of the area under the curve f(x) = 4 when x > 30 using rectangles with 2 = ] and cj is the right-hand endpoint of 
each subinterval. D fis a decreasing function, the value of f is a minimum at the right-hand endpoint of each 
b b 
subinterval, thus $` 2 >. 4 < Час ах = dim J, 4dx = Jim Е = Jim (-+ FS xd) ~ 1.23 х 107. 
Thus the error « 1.23 x 107. 
oo b b 
(b) We want S — s, « 0.000001 — |” Зах < 0.000001 => |” зах = lim f дах = lim ЕЗ 


b—oo b—oo 


= lim (—45 4 45) — 4 < 0.000001 2 n » 4/1999? 2; 69.336 — п > 70. 


b—oo 


49. WewantS-s, « 001 5 f^ 4dx «001 5 [^ Adx— lim f^ ldx— lim ЕСЕ lim (—45 4 45) 
. п . a . a X п ХЗ 2х2 | b 2b? 2n? 


= <00lSn> y50 ~ 7.071 >n > 8 > S7% sg = У) Д 1.195 


1 1 -1(х b 
dx < 0.1 > lim f? zaks 1 lim Ер (|. 


b—oo 


50. We want S — s; « 0.1 — | 


dus 


= Jim (маа (2) - ап“! (5)) = 2 — tan! (3) < 0.1 > n> 2tan(Z — 0.2) + 9.867 => n > 10 = S z sio 





10 
= ay © 0.57 
n=1 


оо b b 
51. 8—5, < 0.00001 — f idx < 0.00001 = Јах = Шт trdx = jim [35] = lim (- $+ 38) 


b—oo" n b—oo 


= 49 < 0.00001 = n > 1000000? — n > 10% 


ШШЕ [- xus] / 


—L., «001 2 n » eV9 a 1177405 > n > 1178 


b 
52. 5 –— а <001= Ј пак <001= ЈУ јак = dim f. Ld 


(In x) boo) x(nx) 





= 5 1 e 
ыш; (зле 3 xus) = Fina) 


n n 
53. Let An = 5 ac and B, = >` 2Ка(ж) , where (ay) is a nonincreasing sequence of positive terms converging to 
k=1 k=1 


0. Note that {A,} and {B,} are nondecreasing sequences of positive terms. Now, 
В, = 2а> + Дал + Заз +... + 2" a(20) = 2а> + (2a4 + 2a4) + (2ag + 2ag + 2аз + Зав) + 
+ (За(») + За») +... + За(»)) < 2ay + За» + (Заз + Зал) + (2а; + Заб + Зат + Зав) + 
————M————— 


2?-! terms 
+ (2a) + аа uc 2а()) — 2A(») < 2 9- ak. Therefore if ` ak converges, 
k=1 
then {Bn} is bounded above = У; 2*ас»ь) converges. Conversely, 


An = a + (ах + a3) + (ал + а + ав + ат) +... Нав < а + 2а + 4а +... + 27а») = а! + В, < а + У; 2Ка(ә). 
кл 


Therefore, if X` 2Ка(х) converges, then {An} is bounded above and hence converges. 
k=1 





со со со 
1 1 1 1 . : 
54. (а) ао) = тау бү = жа = » 2"аролу -- 222 23 ain 5 ^ i3 » z» Which diverges 
n= n=. n= 


oo 
T . 
=> » an diverges. 
= 
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53; 


56. 
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(b) am) = 55 + > 27а) = 2 D = D =) (x 1: , a geometric series that 


n=1 n=1 


converges if 5-1 < 1 orp > 1, but diverges if p < 1. 








“оқ u=Inx o d. n ЕУ 0, 1 —р+1 Hap 
v) Ј, ane = Ч p Ju P g та ~ 5 | In2 Е Е, (55) [b mE (n 2) a | 
E | sot (in 2yP p> 


— the improper integral converges if p > 1 and diverges if p < 1. 
со, р e 


For p = 1: => lim. [In(In x]; — , lim [In (In b) — In (In 2)] — oo, so the improper integral diverges if 
-» ОО -» ОО 


2 ЖУ 


р=1. 
(b 


— 


oo 
Since the series and the integral converge or diverge together, X` converges if and only if p > 1. 
n=2 


asks 
n(In n)P 


(a) p=1 = the series diverges 
(b) p=1.01 = the series converges 





oo oo 
1 1 1 : : 
(c) 5 nim T 3 > зй): р = 1 = the series diverges 
n=2 


n=2 


(d) p=3 = the series converges 





nal 
57. (a) From Fig. 10.11(a) in the text with f(x) — 1 апа ак = ү, we have 1 1 dx <1+ i + i +... + 1 
<1+ ах = Шао < 1+1 +1+... +1 < 1+ Ша = 05 ша+0- Ша 
< (1 + 1 + 1 +... + 1) — |nn € 1. Therefore the sequence (a + 1 + i +... + 1) - Inn) is bounded above by 
1 and below by 0. 
п+1 
(b) From the 2m in Fig. 10.11(b) with f(x) = +, < jJ. idx—ln(n-1)-Inn 
=> 0> 4, -[n(nt+ 1) — Inn] = (14+$444+...+ 4 – (о +1)) – (1 + + +... + — а). 
If we define a, = 1 + 1 = 1 + 1 — ln n, Феп 0 > аы —а4„ = andi < а = {an} is a decreasing sequence of 
nonnegative terms. 
58. е « e^* for x > 1, and foe dx = im, [-e*]? = Vm. (-e? + el) =e! > У e-* dx converges by 
the Comparison Test for improper integrals => У; e™ =14 5 gu converges by the Integral Test. 
п=0 п=1 
10 1 : e : -21" : 1 1 1 
59. (8) зо- 2 в = 197531986; |], пад = tim fix dx tim |-5"| = в (- 5+5) = zh and 


60. 


* 1 : v eed | x2]? ; 1 1 1 
= dx = , im Jus dx — , im E] NS шп, (735 * 3i) 50 
Б + 515 <5 < 1. лов + 3 — 1.20166 « s « 1.20253 


© 
х 


1.97 
Ф) $ = » 4 ~ 120166 + 120253 22 1.202095: error < ы = 0.000435 


b b 
*1 : —4 — 1; ke = __1 1 sf 
ux dX — , im. Tx dx — „im | 3 [з= iH lim ( зы + 3053) = 3993 and 


10 
(a) sio = > 5, = 1.082036583; 


b b 
1 Ч —4 амтыг ХС? -— Ud 1 1 25221 
ж а= lim, f dx = tim |-5? оты, (зе + зоб) = so 
— 1.082036583 -- xb, « s < 1.082036583 + 3d = 1.08229 < s < 1.08237 


(b) s= Уу 4 ~ 1.08229 1 1.08237 S 1.08233; error < 1.08237 — 1.08229 __ 0.00004 


n=1 
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10.4 COMPARISON TESTS 


1. 


Compare with 2 2» Which is a convergent p-series, since p = 2 > 1. Both series have nonnegative terms for n > 1. For 


п=1 





n > 1, we have n? < n? +30 > 4 > 


oo 
i 1 
пе 2 түзү. Тһеп Ьу Сотрагзоп Тезї, 2 22:30 COnverges. 


Compare with ns ;3, which is a convergent p-series, since p = 3 1. Both series have nonnegative terms for n 7 1. For 
п=1 
oo 
п-1 
п4--2 


n= 


из > M. Then by Comparison Test, 





— n 


1 
п > 1, ме have nf < nf +2 = 4 pc mds a түз > в > 


converges. 


< 1. Both series have nonnegative terms for n > 2. For 


oo 
: 1 . . . : . Ж! 
Compare with ‚ул? which is a divergent p-series, since p = 5 
n= 


n > 2, we have 





. Then by Comparison Test, 57 md diverges. 
n=2 


+ 


oo 
Compare with Уа , Which is a divergent p-series, since p = 1 < 1. Both series have nonnegative terms for n > 2. For 

















oo 
п > 2, we have n? — n < n? Sa = + => аш = 1 = 222. >72 1, Thus У) g diverges. 
n=2 
Compare with » d 75, Which is a convergent p-series, since p — 3» 1. Both series have nonnegative terms for n > 1. 
oo 
2 
For n > 1, we have 0 < cos*n < 1 > nas 2 < zz- Then by Comparison Test, “aa converges. 
n=1 
Compare with хол à:, Which is a convergent geometric series, since |r| = 8 | < 1. Both series have nonnegative terms for 
n=1 
oo 
n > 1. Forn > 1,зуе һауеп.3" > 3" = os < +. Then by Comparison Test, $` v converges. 
n=1 
Compare with У у Xi. The series 5 A z İs a convergent p-series, since p — 5 3 > 1, and the series > x5 
n=1 n=1 п=1 


оо 
= 45 У) шт converges by Theorem 8 part 3. Both series have nonnegative terms for n > 1. Forn > 1, we have 


n=1 


n? < nf > 4n? < 41' = пе + 413 < пе + Ап“ = 5п' = п' + 413 о п + А < 5. 


4+4 
3 
> not) <5--Ді4<5-1/Д 4 <,/5 = = У5 Then by Comparison Test, > 














+ converges. 


oo 
Compare with >> Je which is a divergent p-series, since p — 5 < 1. Both series have nonnegative terms for n > 1. For 


1 
2 
n > 1, we have п >15 2/1 >2=2\/1+1>3=1(2\/п +1) >31 > 3 = 2п\у/п +п>3 


=> па + 2пуп +п > n24+3 > ЖЕКА >) айы >1,, Аа Wee > ft 


nm +3 п2--3 H3 n +3 








п +1 : eS +1 ,. 
= Yu > үе Then by Comparison Test, 2 уты diverges. 
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10. 


11. 


12. 


13. 


14. 


15: 


16. 
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Compare with хє =x, which is a convergent p-series, since p = 2 > 1. Both series have positive terms forn > 1. lim = 








aci noo 
n-2 
2 а % 3 — 212 e 2. 2 2 
- lim^u- lim „= = lim 35—2 — lim -5- lim $ =1 > 0. Then by Limit Comparison Test, 
п-әсо 11-00 noo noo noo 


Me 


A converges. 


Б 
| 
= 


oo 
Compare with У) um which is a divergent p-series, since p — i < 1. Both series have positive terms forn > 1. lim # 
noon 





n+1 

2 . 24 . 24 . . . . . 

— lim4 MAT = lim 4/545 —,/ lim 522 — ,/ lim 2224 — | / lim 2 — \/1 = 1> 0. Then by Limit Comparison 
noo noo noo noo noo 





























n+l 4; 
Test, х 57,7 diverges. 
a 


Compare with Xd , which is a divergent p-series, since p — 1 « 1. Both series have positive terms forn 7 2. lim 2 











n-2 noo"? 
n(n4 1) 
— qum Mee) | Des — о За qq 9042 _ + 6— ы . 
= lim D = ]im = үп = lim янт = ]im бло = lim є = 1 » 0. Then by Limit Comparison 
се п(п + 1) 
Test, > @+Da-lh diverges. 
Compare with ae 3a» Which is a convergent geometric series, since |r| = È | < 1. Both series have positive terms for 
n=1 
iL» 4n 4^ n4 5л а 
O p m _ + n4 НЕ ; 
п >], [ип ү, hes lim pos — lim + lim ad 1 > 0. Then by Limit Comparison Test, 2 3,4; COnverges. 


oo 
Compare with Y л” which is a divergent p-series, since p = 5 < 1. Both series have positive terms for n > 1. Jim jy br 
Km 


P mu 28,9% . 5\1 22 . . . 59 5n . 
= ШЕ у A lim > ж = lim (3) = oo. Then by Limit Comparison Test, 2 aas diverges. 


noo noo 























oo 
. n . . . . . . ... 
Compare with У) (2) , which is aconvergent geometric series, since |r| = 8 < 1. Both series have positive terms for 
n=1 
Leg (ii) s (1004-15)? 10n +15)" . 10n +15 
п >]. lim — lim ? = Шт (= = ехр іт ш(-—2) -— exp lim nln( 5c 
E c Eb qa c аг (бв) PI (бта) Poe (оге) 
= : nag) _ 10: 115 mu — 70n? 70n? 
= exp іт — та – = ехр Ши гаг = ехр Ши торт) (тон 8) = ©ХР Ш 160-2308 7120 





= ехр іт XS — — exp lim } ЇН = e7/!0 5 0. Then by Limit Comparison Test, x (аа! converges. 
n= 


Пп— 00 noo 





oo 
Compare with У? 1, which is a divergent p-series, since p = 1 « 1. Both series have positive terms forn > 2. lim = 





n=2 n—oo 9n 
1 1 59 
= іт = lim * = lim + = lim n= œ. Then by Limit Comparison Test, X` -+ diverges. 
п-оо1/п noo Inn noo 1/n n—oo Inn 
n=2 


Compare with 5 а =z, Which is a convergent p-series, since p = 2 > 1. Both series have positive terms forn > 1. lim * 


n 
121 noo 





if ce 
= lim а) 27-11 


Пп— 00 noo 


= lim —L, = 1 » 0. Then by Limit Comparison Test, Y; In(1 + 2) сопуегре$. 


-2) поо 1+ 2 


TRH 


n=1 
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17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25: 


26. 


27. 


28. 


29. 


Chapter 10 Infinite Sequences and Series 


diverges by the Limit Comparison Test (part 1) when compared with 5 7 vs , à divergent p-series: 
n=1 


1 
а о UG) um. к = о (зуга) =} 


diverges by the Direct Comparison Test since n +n +n > n + Jn +0 = - 2 Ta > 1 , which is the nth 





term of the divergent series Y * 1 or use Limit Comparison Test with b, = 1 


п=1 


їп? п 
n 





converges by the Direct Comparison Test; < ds , which is the nth term of a convergent geometric series 


converges by the Direct Comparison Test; Ligen © 2 апа (ће р-ѕегіеѕ У? 3 converges 


diverges since | lim. xt, = 240 
converges by the Limit Comparison Test (part 1) with -35 , the nth term of a convergent p-series: 





| (54) 5 һ--1 
n img ( 3 ) Е y lim, C оо 1 
3 


converges by the Limit Comparison Test (part 1) with + , the nth term of a convergent p-series: 


10n+1 
: (ыр) — | 10:2-0 - |; 20n+1 _ ү 20 _ 
y lim, (2 = „шп, n2+3n+2 . nim, 2п+3  — , lim, 27 10 
n 





converges by the Limit Comparison Test (part 1) with E , the nth term of a convergent p-series: 


( эг ) 
n2(n -2) (n2.-5 
: ==. су 5n? — 3n = | 155$-3 _ ү 30n .. 
y lim, 5) = о пара HB 3н#—4п+з “ПШ а-4-3 
2 
П: 


converges by the Direct Comparison Test; (ын)! < (à) = (1)", the nth term of a convergent geometric series 


converges by the Limit Comparison Test (part 1) with s , the nth term of a convergent p-series: 





(z2) 

. 3/2 . 3 . 

lim, Ту = „ШП =, lim, 1+ =1 
Маз +2 


оо 
diverges by the Direct Comparison Test; n > Inn => Inn>InInn > : « us < ИСТ апа У) 1 diverges 


n=3 


oo 
converges by the Limit Comparison Test (part 2) when compared with 5? i , à convergent p-series: 


п=1 
(In n)2 
n3 _ 


) = lim nn)? _ lim 20n w (4) Inn 


=2 lim ===0 
noo n 





lim 
п — оо a 
E 


п > оо п п — оо 1 


diverges by the Limit Comparison Test (part 3) with 1 , the nth term of the divergent harmonic series: 











1 20. 
lim Lai] = jim Ee Jan (в) р сеге 
п => оо (1) п оо nn ` n= (t) поо 2 
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30. converges by the Limit Comparison Test (part 2) with d , the nth term of a convergent p-series: 

















(In n)? 2 2Inn 1 
lim [5] am lim @ = lim CIL sg dun in? —8 lim Ш 42 dim +, =32-0=0 
п — оо T п — oo n4 n — oo 1 noo n7 n — oo 1 noo n^ 

(аа) (Хн) (ба) 


31. diverges by the Limit Comparison Test (part 3) with 1 , the nth term of the divergent harmonic series: 


(ттин) = Җ: =. № 
(1) =, lim, na = p iM, 


E 


() 





lim = lim П-оо 
n — oo n — oo 


BIR 


32. diverges by the Integral Test: Г pu dx = fou du = lm. [5 13] a = lim 


33. converges by the Direct Comparison Test with d , the nth term of a convergent p-series: n? — 1 » n for 





п>2 = п? (02 – 1) >08 = пуп? -1> 82 > > шоо or use Limit Comparison Test with 4 


34. converges by the Direct Comparison Test with de , the nth term of a convergent p-series: n? + 1 > n? 





=> 12 + 1 > fn? > E >n’? > a < <p or use Limit Comparison Test with <5. 





oo 
ау + DE 1 which is the sum of two convergent series: 
n=1 n=1 
oo со 1 
5 x converges by the Direct Comparison Test since E < ds ,and 5; isa convergent geometric series 
п=1 n=1 








+5 < = +, the sum of 


n2? 


36. converges by the Direct Comparison Test: X t = > (4. + 4) and 3 
п=1 


п= 


the nth terms of a convergent geometric series and a convergent p-series 


37. converges by the Direct Comparison Test: т < 3 дет , Which is the nth term of a convergent geometric series 


зегі 





. 2 . 3n-l T = i 1 1 ERE! 
38. diverges; то ( 3 ) = , lim, (1+1) =120 


oo 
39. converges by Limit Comparison Test: compare with $` (1)", which is a convergent geometric series with |r| = 1 <l, 





п=1 
Р 
: п^-„3п > = : n+l _ 
nim, 5): lim, п2--3 = , lim, 24525 - 0. 





oo 
40. converges by Limit Comparison Test: compare with > (3), which is a convergent geometric series with |r| — 1 <1, 
































n=1 
2n4 30 gyn 
j е ВЕЗЕ Оз ur d eil T 
Hn. бу = , lim. o 2x = lm, (ы =т= 1>0. 
оо | (25) » 
; фы : : : ший. : : : um) 02. Ln 
41. diverges by Limit Comparison Test: compare with 2 ;> which is a divergent p-series, , lim. ppm , lim. A 
— qd 2212-1 _ 2^ (In 2)? 
E y lim. 22 = nim, 2 (n2) ^. =1>0. 
oo 
42. diverges by the definition of an infinite series: $` In( 
п=1 


т) = > [Inn — In (n + 1)], sk = (In 1 — In2) + (In2 — In3) 
1) 


+ ...4(In(k — 1) — Ink) + (Ink — In (Kk 4- 1)) 2 —In (k 4 > lim Sk — —oo 
-» ОО 
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43. converges by Comparison Test with L T па Which converges since $ zc =» |н - Ч, апа 
п=2 n=2 
23 1 id 1 1 1 1) _ р 
к = (1—2) + (5-3) + ие Tei) -1- 5, lim s e fora 22,0 2) 21 


—n(n-1)(n-2)! »n(n-1) 2n! 2n(n-1)2 1 « — 


п! — n(n-1) 








oo 
My. c . : . 1 . . . . E 
44. converges by Limit Comparison Test: compare with 5^ -5, which is a convergent p-series, , lim. IPS 


n=1 
Sp п?(п — 1)! E 212 -- |; i 
са nim, (n+2)(n+ 1)n(n—1)! — nim, күз = = „шп. 2n43 — , lim. Des 120 


45. diverges by the Limit Comparison Test (part 1) with 1 , the nth term of the divergent harmonic series: 
: (sin 1) I 
«Шы () cum 





sinx .. 
5-1 


46. diverges by the Limit Comparison Test (part 1) with 1 , the nth term of the divergent harmonic series: 


lim a) = lim (ст) (885) - lim (.1.) (sux) 2 1.1—1 


n—o9o (l) n= 9o Vcos 1 (1) х— 0 \cosx х 














dl. 
nit 


т оо т оо 
47. converges by the Direct Comparison Test: mnn р 2) is the product of a 


















































n=1 n=1 
convergent p-series and a nonzero constant 
5 5 = -1 x oe т 59 dn 
48. converges by the Direct Comparison Test: sec! n &« 5 — 20.72 9 and >. % =” > aia is the 
n= nc 
product of a convergent p-series and a nonzero constant 
49. converges by the Limit Comparison Test (part 1) with 5: lim (225) = lim соһп- Іш ет 
. ges by р р rU 5) таша. = „ЫШ. етеп 
= 1+e7" 
= y lim, 1-e - 
шил) 
ee s : 1. 5 n c г = Ў еп еп 
50. converges by the Limit Comparison Test (part 1) with 75 : , lim. (5) = , lim. tanh n — п lim. шон 
г 1- 
гт y lim. Eus =1 
51. diverges by the Limit Comparison Test (part 1) with 4: lim (515) lim =1 
á Без Оу, р р n'n—oo (l) n—0o0 Yn ^" 
52 by the Limit C ison Test (part 1) with 5: li (>) | mnc 
. converges by the Limit Comparison Test (part 1) with 55: | lim. (5) = „шп үп = 
53. == = ш) атп 2. D The series converges by the Limit Comparison Test (part 1) with 4 
li (қыз) zm 2 — li 4n — ү —2 
n. (3) а ga — Qm, 2n+1 Ta 2 
54. в = TOE = е D < 3 => the series converges by the Direct Comparison Test 
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55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 
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(a) If , lim. 





&-o«1 ^ -I«B«l 
> а < 3 Thus, if X` bn converges, then $` a, converges by the Direct Comparison Test. 

(b) If nim, p = œ, then there exists an integer N such that for all n > N, m > 1 = an > bn. Thus, if 
X bn diverges, then ` an diverges by the Direct Comparison Test. 


oo 
Yes, у) @ converges by the Direct Comparison Test because ^? < а, 


n=1 


lim. i? — oo => there exists an integer N such that for alln > N, > 1 = ay > by. If} an converges, 


n — oo 


then $` bn converges by the Direct Comparison Test 


> an converges => п a, = 0 = there exists an integer N such that foralln >N,O<a,<1 => a2 < а, 


= > a? converges by the Direct Comparison Test 


Since a, > 0 and , lim. аһ = oo z 0, by n term test for divergence, У) а, diverges. 





* : 2 а: s 1 s * 22040 
Since a, > 0 and , lim, (n^-a;) — 0, compare 5 /a; with 5» 5, which is a convergent p-series; aim, T A 


. 2 EN B . . 
, lim. (n? - an) = 0 => Xan converges by Limit Comparison Test 














Ге! —со < q < œ and p > 1. If q = 0, then 2 Qna -X I, which is a convergent p-series. If q 4 0, compare with 
2 y Where] « r « p, then | lim. a = lim. (шау. „and p -=r > 0. Ifq < 0 = —q > 0 and lim. (ony 

= im, myr =0-1fq>0, іш бы” = tim, ашы) = lim, ea. Ifq—1<0=1-q>0and 

, im, aln = = lim, ipa m = 0, otherwise, we apply L'Hopital's Rule again. | lim. четат (0 

= , lim. ga LR. На-2<0=2-а> 0and , lim. E = , lim. тые = 0; otherwise, we 


apply L'Hopital's Rule again. Since q is finite, there is a positive integer k such that q —-k <0 > k—q > 0. Thus, after k 


q(q-l)-(q-kcl1)mm** _ qu qq-1-(q-k- 1) 


pp n aom oana наа = 0. Since the limit is 


applications of L'Hopital's Rule we obtain , lim. 


0 in every case, by Limit Comparison Test, the series Y as. (ишу converges. 


п=1 


Qin)? 





Let —oo « q « oo and p < 1. If q = 0, then yd = I, which is a divergent p-series. If q > 0, compare with 
n-2 n-2 
(іп п)4 


i, which is a divergent p-series. Then , m. Ts = , lim, (In n)? — oo. ff q < 0 > —q > 0, compare wi X I. 





Me 


n=2 


мћеге0 <р <г< 1. lim. – = = lim, йал = lim. di 5j since r — p > 0. Apply L'Hopital's to obtain 
иң, (йет = „ы CECI И—д— 1 < 0=> д+-1 > ааа lim, ERTE оо, 
otherwise, we apply L'Hopital's Rule again to obtain а lim. qa = , lim. — If 
—а—2<0=а+2>0 and шп. = = , lim. ELM — oo, otherwise, we 


apply L'Hopital's Rule again. Since q is finite, there is a positive integer k such that —q — К < 0 = q + k > 0. Thus, after 


k applications of L'Hopital's Rule we obtain 4 lim (г р) = lim [IU es 


oo (-aq)(-q- 1)--«(-q — k-- 1) (Inn) ** “азы (—q)(-q-1)---(-q-k+ 1) жас 
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63. 


64. 


65. 


66. 


67. 


68. 


69. 
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Since the limit is œ if q > 0 or if q < 0 and p < 1, by Limit comparison test, ће ѕегіеѕ У? 








nP n 


(In n)? 
nP-r 





п=1 


diverges. Finally if q < 0 


and p = 1 then 07 (nn — Уу (nn)? Compare with >> 4, which is a divergent p-series. For n > 3, Inn > 1 
n=2 


n=2 n=2 





IV 





n 


q (Inn)? 1 ~ (Inn)! 1. : оо 
se nul z Thus > diverges by Comparison Test. Thus, if -co <q < co andp < 1, 
n=2 





oo 
: (Inn)! |. 
the series ) ) ~{=- diverges. 
n=1 


Converges by Exercise 61 with q = 3 and p = 4. 


t3l— 


Diverges by Exercise 62 with q — 1 and p = 
Converges by Exercise 61 with q = 1000 and p = 1.001. 
Diverges by Exercise 62 with q = 1 апа р = 0.99. 


Converges by Exercise 61 with q = —3 andp = 1.1. 


Diverges by Exercise 62 with q = -i and p — І. 


Example CAS commands: 
Maple: 
а:= п -> 1./^3/51п(п)^2; 
s := k -> sum( a(n), n=1..k ); 
limit( s(k), k=infinity ); 
pts := [seq( [k,s(k)], k=1..100 )]: 
plot( pts, style=point, title="#69(b) (Section 10.4)" ); 
pts := [seq( [k,s(k)], k=1..200 )]: 
plot( pts, style=point, title="#69(c) (Section 10.4)" ); 
pts := [seq( [k,s(k)], k=1..400 )]: 
plot( pts, style=point, title="#69(d) (Section 10.4)" ); 
evalf( 355/113 ); 
Mathematica: 
Clear[a, n, s, k, p] 
a[n ]:2 1/( n? Sin[nf ) 
s[k_]= Sum[ a[n], (n, 1, k}] 
points[p_]:= Table[{k, N[s[k]]}, {k, 1, p}] 
points[100] 
ListPlot[points[100]] 
points[200] 
ListPlot[points[200] 
points[400] 
ListPlot[points[400], PlotRange — All] 


# (a)] 
# (b) 
# (с) 


# (а) 


To investigate what is happening around k = 355, you could do the following. 


N[355/113] 
М — 355/113] 
Sin[355]//N 
a[355]//N 
N[s[354]] 
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N[s[355]] 
N[s[356]] 


70. (a) LetS = Y -,, which is a convergent p-series. By Example 5 in Section 10.2, Èx converges to 1. By Theorem 8, 








Ji 

n=1 "d "gen 

5- ја = У ғ) + > т Lia : *x (à - тілі) also converges. 
n= n= n= M 








(b) Since Хи converges to | (from Example 5 in Section 10.2), S = 1+ 52 (2 = тиг) = 1+ 2 SLE 
п=1 п=1 п=1 


оо 
(с) Тһе new series is comparible (о У) i, so it will converge faster because its terms — 0 faster than the terms of 


Ха. 
n=1 n=1 
1000 1000 
(d) The series 1 + 2 ЕЙ гч ; gives a better approximation. Using Mathematica, 1 4- з Wary = 1.644933568, while 
1000000 А 
У) 5, = 1.644933067. Note that | = 1.644934067. Тһе error is 4.99 x 10-7 compared with 1 x 1076. 
n=1 


10.5 THE RATIO AND ROOT TESTS 





21-1 oo 
1. Z » 0foralln 2 I; lim (5) - lim (Z8...) - lim (221) —0 « 1 — У) 2 converges 









































n—oo inl n—oo n—oo Bt әсі 
ax 43-03 +3 1 1 Snt 
. зар ic : n | шэг 1 п = 1 =) = = п 
2. аксу шз 2) = Ми (в) = Ма (3) = 5 <1=> 7% converges 
п+1)—1)! 
(n — 1)! fi E (а4)42 | _ +. m(n-1)! (а+1)2\ — 1. m+2n?+n\)_ k 302 + 41+ 1 
: oralln21; lm| ———-]- lm(——- = lim | 510 | = lim | F 
3 (п +1)* 289 — 7 noo E ncooX (n22)? | (n- I)! nooo \ 12 +41 +4 на 2n+4 
6n+4 = 
= lim (2) = -оо»1-» 2 л > diverges 
noo 
2(@+1)+1 
2ntl A * (а+1)-3@+1)-1 " 2nH.5 . n-32-! n s. 2n EM . 2 2-2 
4. езет > Oforalln > 1; lim зн, = т| узета онг) = Jim (5755) z Jim (5) 5061 


оо 
nol 
=> 4m converges 


п=1 





n. 4 
noo qu noo 44 i noo 


n+l 
5. É >0foralln>1; lim (=) = lim (> . =) = lim (gt) 


= lim (1 +} + => ts Lb ди) = 1 «1 » converges 
n—oo =] 





г» 




















з(@+1)+2 
31+2 2 : Та (051) = : 3132.3 шп \__ 1; Зап X» SL Зп + 3 
6. =, > Oforalln > 2; lim Ce) = lim (3, . ша) = lim (кш) = lim ( n ) = lim (2223) 


Inn Пп— 00 П--200 noo npl noo 


— lim п (1) = =3>1= =e T * diverges 














n 4- 12 ((n 4- 1) 52) 
n?(n 4- 2)! ос ас (n4. 1820 1) c (n 4- D? (n 4- 3)(n 4- 2)! п!322 2 n? 5n? 7n -3 
7. aas D 0foralln2 Lh: lim| ас = na = lim| armaz isa) = lim | aiv 
П. 
— њи (32 Е5а+7) — ] ба +15 7 у 612 CS n?(n +2)! 
= ш (а) = Ш (ги) = lim (34) = 9 <1 => 2 “yaa converges 
= 
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(п + 1.581 
п-5" RU сағуауабануғу |200; (n-1)55 | Qn 3)In(n4 1) 
Саз) щат) > О ѓогайа 2 1; sim ( и. ) = у n5 ) 
2 : 5(n+1)-(2n+3) In(n+1)\ _ : 10n? + 25n+ 15 : ша уу +. 20n + 25 . zH 
= Jim ( 10045) ` uu = Jim ( X. e ) ` lim (PEH) = lim ( 4125 ) : Jim (22) 
= lim (2) . lim (23) =" ШІ 1) -5-1-5»1 > orrip diverges 
: у 21/7 99 
CES > 0 for alln > 1; lim z баз) = Jim (525) =0<1 = УЛ кузу converges 
c» > У ва = lim (4) = =0<1> ха FF converges 
(3443) > 0 for all n > 2; lim 5 (223) = lim (3223) = lim (3) =4>1> 2 (3155) diverges 
п+1 nl 1+1/n 
Іше + 2| >Oforalln>1; lim 4 Ша + 1) = lim Ша + 1) In(e*) =2> 1 


оо nal 
= У) Іше + 2| diverges 


n-l 


Gat +5 > 0 foralln > 1; 








lim и, = 16 1-> Эг 8255 converges 


noo n=1 


(овна Е T- mag) moos a] 
ШЕЛІ > 0 foralln > 1; [sin ЕЗІ = lim sin( sin(0) = 041-5У sin ЯГ converges 


п-1 


15) 
1) 


1-4 > Oforalln>1; lim У 1-1) E lim ( – = е шэн 1= 01-1)" converges 


c 
dim ( n=1 











x > 0 for all n > 2; lim = = lim в ( 0) — ]im (35) - =0<1= Уха aim converges 
n—oo n-2 









































I 42 
: 20561 v2 п 2 
: қ 5 аы ү — y; (nc TDV^. 28. _ -т 1 їз E 
converges by the Ratio Test: іт = = іт, ЁЗ = „Ш ыг aa , lim. (1 + 1) (5) =5<1 
2n 
(s) 2 
, ЖЕ die vj л = + @+17 ge тү? үзү 1 
converges by the Ratio Test: , lim. = = , lim. Э = , lim. gH A T p Mo (1 + 1) ( ) шоо 1 
е 
ЕЗ 
: : um aH y at) 7 (mtd! 6 rl nyi = 
diverges by the Ratio Test: , lim. "uim , lim. "Gy = п lim. md = , lim. == = 00 
(шыу) 
. . . а . n+I . ! п . 
diverges by the Ratio Test: lim 52 — lim A7 = lim Gt. MW] jim л = 00 
n— 00 а n => oo ЕЗ) n— oo 10 n! п бо 10 
(== | i 
. B . а . 10n4- = . (n4 1) қ 10° = . 1 1 2. ДЬ 
converges by the Ratio Test: п lim. mc em п lim. (ЖУ = lm, Soe aw =, lm, (1 + 1) (5) = 1 <1 
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24. 


25: 


26. 


27. 


28. 


29. 


30. 


31. 


32; 


33. 


34. 


35. 


36. 


37. 


38. 


39. 
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. 2 . = . п-2 үй E . —2\n o owes 
diverges; lim, a = im, (=) = lim, (1+ 22) =е? 70 
converges by the Direct Comparison Test: AD = (2)" [2+ (-1)% < (2) "(3) which is ће п" term of a convergent 
(1.25) 5 — \5 


geometric series 


converges; a geometric series with |r| = |- 2| < 1 
: БОДУ — E зүп _ |: «ЗА». 55822 
diverges; lim аһ = а (1-2) = , lim, (1+ =>) =е3 = 0.05 #0 


n — oo 


. . . n . 3 = 
diverges; lim | a; — , lim (1 — x) = lim 1+ =~ ) =е-!3 ~ 0.724 0 





converges by the Direct Comparison Test: ma <35 = for n 7 2, the n^ term of a convergent p-series. 
by the nth-Root T lim wx dm q/Ux 2 qu (m7 0 pu man p (1) Хал 
converges by the nth-Root Test: Шо у да = „ит “астап “(ауа а im = т = < 





diverges by the Direct Comparison Test: 1 => 1(1) for n > 2 or by the Limit Comparison Test (part 1) 


with 1, 
converges by the nth-Root Test: lim Уа = „то у (1- L)'—- lim ((1- iy^ = lim (1-5) =0<1 


4 4 : . Inn 1 
diverges by the Direct Comparison Test: =" > ; forn > 3 



































converges by the Ratio Test: , lim. эс = п ШП, arb ety - cm = 1 «1 

converges by the Ratio Test: , lim. эс = п ШП BINOS - E E =0<1 

converges by the Ratio Test: | lim. = = lim, = . S = 1 <1 

converges by the Ratio Test: | lim аы = dim. Eur - EET = lim, нэ =1<1 

converges by the Ratio Test: y lim. ки. = y lim. OE Em - pi = , lim. (221) (3) (223) = 2 <1 
converges by the Ratio Test: (Ші == = іт, a - бат = , lim, (24:52:15) =0<1 

converges by the Ratio Test: , lim. => = , lim. wn - т = , lim. (GM) = , lim. Guy 

= , im, (i ay = 1 «1 

converges by the Root Test: , lim, а, = nim, 5 Ta nF = nim, 2 = lim, uz =0<1 
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. 1 n = 1 п n == 1 Vn == Jm, Vn = 
40. converges by the Root Test: nim, у аћ = nim, ay (ша = , lim. Va ТЕ 0«1 
(от vn 1) 








: : . n!hnn __ шп п Р 1 1. 
41. converges by the Direct Comparison Test: [Ll ана Хаг, aaa oe 
which is the nth-term of a convergent p-series 
4 » 2 # аһ <= * зан 32n = 2 3 3 2.55 
42. diverges by the Ratio Test: , lim. me = „ШП, аттан” = , lim. їй (3) =$> 1 
| | : +1)]* : 2 : 
43. converges by the Ratio Test: Што == = lim [ord ај. == lim = lim аена ey 
n— oo 


an nim, [2 - DJ! ^ [nr]? пЗ оо Qno2Qn-D noo 4022-01-24 

























































































: 20H аы ү (2п +5) (29163) зо _ |. Qn+5 | 2.644.294 3.3946 
44. converges by the Ratio Test: nim, 55 , lim. BHD (24 3:3)(28:4:3) = nim, ЕЕ 
— y; 20-51. р 2.61 + 4.21 + 3.3146]  ү 2— 2 
аа Ё | а Ж oad Sigs ae 
1-sinn), 
45. converges by the Ratio Test: lim == = lim (==) а =0<1 
n — oo an n — oo an 
энэ аһ 23 
46. converges by the Ratio Test: lim == = lim ----- Іш Itta n — Q since the numerator 
п— со a n — oo аһ n- oo n 
approaches 1 + 5 while the denominator tends to oo 
Зп—1 
: : 201 аы ү (anes) an _ | 3n-1 _ 3 
47. diverges by the Ratio Test: , lim. x E , lim. шэг , lim. 55 =5>1 
5 . cl = п п—1 M n п-1 п-2 
48. diverges; амы = таз > anyi = (z2r) (hd ii) = asa m (et) (52) (22 83) 
зай. 1 = 2 4 2 3 . . . 
= амы = (4) (2 ) (=) ee (3) а => ац = TS => а = эт , which is a constant times the 
general term of the diverging harmonic series 
i : а, Р (2) an Р 2 
49. converges by the Ratio Test: Што = = lim —— = lim ==0<1 
п— со 4 п ә оо an noo n 
(%) 
: : : ; па ја : a 
50. converges by the Ratio Test: lim == = lim - = lim уп -іс<1 
п оо а п — оо an noo n 2 
. (ыш) ы 
51. converges by the Ratio Test: lim &= = lm --5--- lim 4 2 - Іш 1-0<1 
n — oo an n — oo an п — оо n noo n 





52. па > Оапда = 1 = a, >0;Inn> 10forn>e!? > n+Inn>n+10 > nhn >1 


= аці = аша an > an; thus an+1 > an > 1 = , lim. an 7-0, so the series diverges by the nth-Term Test 


53. diverges by the nth-Term Test: a; = 4,а» = y/4,a3 = 4/ = 93, ал = di = 01... : 


а = 2/1 = lim a, -— 1 because « ij is a subsequence ог ут) whose limit is 1 by Table 8.1 
n — oo 








3 
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converges by the Direct Comparison Test: a; = i „а; = y ‚аз = (( 


4 
1\2 iyo 2 туб 
2) ) = (5) „а= (0 ) 
)" which is the nth-term of a convergent geometric series 


55. converges by the Ratio Test: 





























: авар т 231101) (0--13 (Qn)! ү 2(n + 1)(n + 1) 
um. - — m. Cn +2)! © эла = п Ш 01590141) 
2 5 п+1 1 
num, mer 3 <1 
: : : : ап __ : (Зп + 3)! n! (n 4- 1)! (n 4- 2)! 
56. diverges by the Ratio Test: lim. = = , lim ааа Зу ` Gn)! 
aa: Gn+3\(3+2)3n+1) 1: 3n+2) (3n+1) _ = 
тана, GE Dae es 3 (H3) (BS) =3-3-3=27>1 
57. 


А : Ё , 200 а/ ил 
diverges by the Root Test: 2 lim. v/a, = lim 


n — oo 





! 
(my = nim, э-оо>1 
58. converges by the Root Test: lim 4° у = lim ff = lim = 
n oo nu n oo (п) 
< lim +=0<1 
noon 


nim, ae 0 (a) Gd a 
59. 


. 1 n — 1 a/ 1 22 : 1 
converges by the Root Test: | lim. Уа = што w nim, x = im жы? 
diverges by the Root Test: | lim. {Уа 


60. 


, lim. Пн lim 1 
61. 


























n 4 — 00» 1 
: 201 ccc] 1-3---+-(2n — D)On 4- 1) 4n 2^ n! _ | 210011 
converges by the Ratio Test: , lim. шог: nim, даа Т та On D = , lim. aJe D 14 © 1 
: 240220 153.-0л-1) 1234-400-1)00) - (n)! 
62. converges by the Ratio Test: a, = (24--200(3841) 7 (24-0208(3441) = ома 
. (2n + 2)! 2 (аа) (38-1) 001 (2n + 1)(2 + 2) (3" + 1) 
Яо nim, [29 (n 4- Df? (35 + 1) (2n)! uS nim, 22(n 4- 12 (35H 4 1) 
01 4n2+6n+2\ (1+37") _ 1% 34 
nim, (ae) бра) 1542-4501 
63. Ratio: , lim. ar = „шп, GT - T = , lim. (4)? = 1? =1 = noconclusion 
А : Т 222 : ву = р T 23 
Root: lim. Wan = шп y/o =, lim 


lim, (y = а» = 1 = noconclusion 

GAL Ratios ola ee i a Tusce asa ЕУ а А 
: бп оо а п->оо (іп(п--І)) ^ in—0o In@+)D] |а 

= (Ре = 1 = no conclusion 


Root: , lim. уда == 














lm 4 
n — oo 





— 1 s яг, 1/n __ Indnn) 
—_ = —__+____: Jet f(n) = (0 then In f(n) = ==— 
(In n)? (im. (іп ШӘЙ ; let f(n) = (In n) /^, then In f(n) ü 

І (ап) . 

=~ 


1 
> lim Іп Қа) = lim lim (аша) 2 
n — oo 1-9 ОО 








lim —— =0 > lim (шп)! 
n = oo п> ою пап n => oo 
Е Inf(n) — е0 — 7. х 1 mud ы | 
d lim e e 1; therefore , lim. лу аһ lim, napis mum asy dy ] — noconclusion 
noo 
oo 

n 4 п : s 5 0-1 2^ 1 

65. ay < 5; for every n and the series >. æ converges by the Ratio Test since , lim. mT Hal 
oo 
= J. a converges by the Direct Comparison Test 
n=1 
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66. 








2 2@+1) 2 
2 0f 5001 D |— |: geet ш\__ ру (PM) fi (242) ү (2:494 
a oralln > 1; Ші | --- | = lim -4)= lim = Ша (=) = lim (4 
n! > = ses m п-эооЦ (141) п! 222 поо 8-1 lim (2) lim ( 1 ) 


o0 a o. 
= оо > 1 = 7. diverges 


п=1 


10.6 ALTERNATING SERIES, ABSOLUTE AND CONDITIONAL CONVERGENCE 


1. 


10. 


11. 


converges by the Alternating Convergence Test since: up = Ta >Oforaln>1;n>1S>n+1>n5> /п+1 > уп 


1 de. z h Z т — = 
“лт Ст d m Ue tim Un = Jim 7, = 0. 





oo oo 
converges absolutely = converges by the Alternating Convergence Test since >) |а„| =), 55 which is a 


n=1 n=1 


convergent p-series 


converges = converges by E Series Test since: un = + > Овога пп > Бп> 1 => +1 > п = 3"! > 31 


n+l n | 222 5 Le gis 
=> (n4 1)3**! 7 n3 > qt < E => ug] € Ug; Jim un = lim zs =0. 





converges = converges by Alternating Series Test since: ц, = —~z > Oforalln>2;n>25n+12n 








ad 
2 2 1 1 4 
=> In(n-F 1) » Inn — (In(n  1))* 7 (Inn) (ED < (aay = maD” < aur = Un+1 < ш; 
limu, = lim бап = 


converges = converges by Alternating Series Test since: Un = > Oforalln > 1;n>1=> 202 +20 2 п п + 1 





БЇ 
= 13 + 212 + 21 > +n? +n+1 > n(n’ + 2n4 2) > +r +n+1 + a((n +1) +1) > (n? + 1)(n +1) 
=0. 








> > Ет => Un+1 < Ш; Ши = lim 
п—0оо 


n 
n+l > (0+1)? зб H^ 


diverges > diverges by n® Term Test for Divergence since: lim п 43 =1= lim( шар ЭЭ mi — does not exist 


n—oo n—oo n 











diverges > diverges by n® Term Test for Divergence since: lim 2 = со => lim ( 12 = = does not exist 


11--%00 noo 


converges absolutely = converges by the Absolute Convergence Test since » |а| = У way Т? which converges by the 
n=1 


n=1 





йы __ == 
Ratio Test, since jim = = Пт 75 -0-1 


diverges by the nth-Term Test since forn > 10 > 7 >1 > n iM, (2)" 20 = 2 (= 1)"+! (5) diverges 


1 


converges by the Alternating Series Test because f(x) = In x is an increasing function of x = pz 


=0 


is decreasing 
= Un > йил forn > 1; alsou, > 0 forn > 1 and „п ш xr 


converges by the Alternating Series Test since f(x) — mx => Ё (х) = шы lnx < 0whenx >e = f(x) is decreasing 


n 


1 
= Un © Un41; also un > O forn > 1 апа іт ш = lim nn lim ( ) =0 
n — oo noo n n- oo 1 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 
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converges by the Alternating Series Test since f(x) = In(1 + x") > f(x)= «Oforx » 0 = f(x) is decreasing 


20 1) 


=> Un © Uņn41; also un > O for n > l and, lim. Un = „ШП In (1 + 1) = 11 (im, (1 + у) =Ш1=0 





converges by the Alternating Series Test since f(x) = a = Ё(х) = DR « 0 — f(x) is decreasing 


: 1 
= u,2u,,;alsou, 2 Oforn Тапа Нм и = lim vari =0 
n — oo noo 1-1 


Е 


BEL y; 314 =3 40 


diverges by the nth-Term Test since , lim. pr , lim. ps i 7 = 


п 


oo oo 
. n . . 
converges absolutely since )* |a,| = > (5) a convergent geometric series 


n=1 n=l 


1 


= (бп © (5) which is the nth term 


_1үз+1 п 
converges absolutely by the Direct Comparison Test since | oe 





of a convergent geometric series 





со oo 
converges conditionally since vs > ed > 0 and , lim. NA — 0 = convergence; but X |an] = X сір 
n=1 n=1 


is a divergent p-series 


A ы 1 1 1 m . 
converges conditionally since -+ Ta PUE GER > 0 and m ЖЫЙ Т 0 = convergence; but 





oo oo oo 
mE 1 . B B . 1 
У; а =>) тр ва divergent series since z~ ооо апа La aia is a divergent p-series 


n=1 n=1 








со со 
converges absolutely since 55 |a] 2 55 i апа зт < 4, which is the nth-term of a converging p-series 
n=1 n=1 
diverges by the nth-Term Test since _ lim x — oo 
n — oo 
oo 
converges conditionally since - 3 > aa > 0 and п lim. TE = 0 = convergence; but $` |an] 
n=1 
со оо 








1 1 1: . . 
күз 2 3, and 5, , is a divergent series 


- 


n=1 


sinn 








мал! < 1 


converges absolutely because the series 2 Е? | converges by the Direct Comparison Test since | <= 





diverges by the nth-Term Test since 5 lim. iln =1#0 





(- 21 
n45^ 


5 
— n+5" 








converges absolutely by the Direct Comparison Test since | <2 (2) " which is the nth term 





of a convergent geometric series 


converges conditionally since f(x) = + + 1 — f(x-2- (3 + i) « 0 — f(x) is decreasing and hence 


x3 
oo 


oo 
и, > ши > ОЮги > 1 апа Што (5 + 1) =0 = convergence; but > |a,| = >> 42 
n=1 


п? п? 
n=1 


Me 


oo 
5, +5 1 is the sum of a convergent and divergent series, and hence diverges 
=1 


п=1 
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27: 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 
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diverges by the nth-Term Test since lim an= lim 10!'/—140 
n — oo n — oo 

converges absolutely by the Ratio Test: | lim. (=) = „шп | 


[In (x) + 1] 
(x In x)2 





converges conditionally since f(x) = + — f(x-- « 0 — f(x) is decreasing 


— uQ 47 0forn 7 2and, lim 1 


— oo nlnn 


— 0 — convergence; but by the Integral Test, 








Men а » ( (1) NE у" Г 
1 xinx lim. ае dx = lim | Па (а х)] = іт [In (In b) — In (10 2)| = оо 


oo оо 1 , 
=> J |a| =>) zig diverges 
n=1 n=1 


со Дз чл дд 
converges absolutely by the Integral Test since 1 (tan! x) (тг) dx = lim Ея 
1 


b — oo 
= pim [(tan= b)? — (tan! Ју =} I E (9 | - am 


(1) (x — In x) — (In x) (1 - 1) 











converges conditionally since f(x) = Dux ->f "(x)= а Таја 
1– (55) ах- (5) 1—Inx : Inn 
= с=п = a hF <0 = Un È Uny > 0 when n > eand lim. а 


1 
n—Inn 


1 Inn 1 
>, = э so that 


n—Inn 





=0 = convergence; but n— lnn <n > 











У) [а | = У) 2 diverges by the Direct Comparison Test 
1 





n—lnn 
n=1 n= 
: : . "n 
diverges by the nth-Term Test since nim, гт-1%0 
. со ec n. . . 
converges absolutely since )> |an| = }> (4)" is a convergent geometric series 
n=1 n=1 
converges absolutely by the Ratio Test: lim (+) = lim 0076, a рр 10 = Q <1 
8 у бу ' n oo Un ^ n—0o (0+1)! (1000 ^ noo n+l ` 


oo oo 
converges absolutely by the Direct Comparison Test since )> |an| = >> and < $ which is the 
n=1 


n= 


1 1 
п2--2л--1 п2--20-1 


nth-term of a convergent p-series 


ир 


nya 











со оо оо 
сопуегеев аһвоішеіу ѕіпсе У |а| = У E ES is a convergent p-series 
п=1 п=1 п=1 


oo оо 
ME 1 : —]p. a 4 : 
converges conditionally since }) = =), c» is the convergent alternating harmonic series, but 


п=1 п=1 


oo oo 
у) |аһ| = >) + diverges 


n=1 n=1 


1/n 
Е 1 n 23 4 (п+ 1)" 2 
converges absolutely by the Root Test: i lim /|a,| = п ( nyt ) = 
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39. 
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41. 


42. 


43. 


44. 


45. 


46. 


47. 
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(n-D)? Qm! - (n 4- 1? 1 























converges absolutely by the Ratio Test: , lim. A = lim. (Qua 3D a = , lim. @a+DOnth = 4 < 1 
diverges by the nth-Term Test since | lim, |an| = , lim Qt m= lim GDO tD О) 
п —> oo -» ОО nen п — оо п 
2 (n+ 1) + 2)---(n+ (n— 1)) : п+1 TN 
= ви, анас > lim, (E) 00 £0 
. . 2 " n+l 

converges absolutely by the Ratio Test: „lim ан = , lim. ir ЭГ : Cnt 2 ! 
= (+ 1023 _ | 
= iM, mra T Sl 

Kek va, mE va 1 











converges conditionally since 














Уп Jn Уп+1+ /n and { ——t—-} is a 


со 
: 22% : (1 . 
decreasing sequence of positive terms which converges to 0. => 5 Ет converges; but 


У; lanl = Y їг diverges by the Limit Comparison Test (part 1) with v ; a divergent p-series: 


1 
. 1 . . 
ur pae p ДИ mA. qup л. ул 
n oo N^ п оо Vn+1+/n n> 1414] 2 
n 


diverges by the nth-Term Test since , lim (v n?+n— n) = lim. (У n?+n— n) - (тшн) 


n?+n-+n 
= lim —— = lim = 0 
п 5 00 Уп п БЕ 


diverges by the пћ-Тегт Теѕі ѕіпсе іт, ( А+ ут Мп) = , lim, (уз уп – Мп) i 


_ y; Уп шиг? 1 =a 
=, im, ев үзээч 772 70 








мін 

















T 
SS 
os 


converges conditionally since Uni is a decreasing sequence of positive terms converging to 0 


(=н) _ om 


сай ;but li a 
2X Jaa Jani converges; ut, lim. aN T nbo уау = nim, ERN 


юн 


so that 2 тах ы diverges by the Limit Comparison Test with хэ Ja which is a divergent p-series 


converges absolutely by the Direct Comparison Test since sech (n) = == = SU < 26, - 2 which is the 


nth term of a convergent geometric series 


2 


en—e-n 





converges absolutely by the Limit Comparison Test (part 1): S> |an| = У; 
n=1 


n= 


Apply the Limit Comparison Test with i, the n-th term of a convergent geometric series: 


2 
. mm. . n . 
lim 2-7 | -— lim .2—-— lim 25 = 2 
n — oo S п оо е-е noo 1-е 





1 - l + : - b + Б - ü +... = >, СЫ: converges by Alternating Series Test since: un = TT > 0foralln > |; 
1 . 
n+2>n+1> 2(n4+2)>2(n4+ 1) > +00 < SED > Uns < ш; Jim un = lim 1 5011) -0. 
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Chapter 10 Infinite Sequences and Series 
1+] 5 БООЖ 5 at. 25382 converges by the Absolute Convergence Test since х а => 5 
n=1 n= n= 
which is a convergent p-series 
|error| < |(—1)° (4) | = 0.2 50. |error| < |(—1)° (5) | = 
leror| « |- n9 92 22 x 1071 52. Jerror| « | - D! t| 2 t « 1 
lerror| « 0.001 2 ини < 0.001 = GI < 0.001 > (n+ 1)? +3 > 1000 > п > —1 + 1/997 © 30.5753 > n > 31 














lerror| « 0.001 = шт < 0.001 > —*+}— < 0.001 > (n+ 1)? +1 > 1000(n + 1) тэ» 2 уд E4098) 


(14-1) 
~ 998.9999 = n > 999 


jerror| < 0.001 => Uny1 < 0.001 > + < 0.001 > (с + ) + зу + D > 1000 


1 
(0+1) +3уп+ D) 
2 
= (жт) e3/n*1-10205 nt 12 353212 25 n-535n24 


lerror| « 0.001 => un+ı < 0.001 = icis « 0.001 => In(In(n + 3)) > 1000 = n > —3 е" л 5.297 x 10923228467 


which is the maximum arbitrary-precision number represented by Mathematica on the particular computer solving this 
problem.. 


a <i > (2n)! > 1 = 200,000 > n>5 > 1-4 +4- t g 7 0.54030 





Тов = ош = п>9 5 1-1+1-1+4-1+4-1+1=0.367881944 


(а) а, > any fails since сез «4 5 
oo oo 
(b) Since х а= э )*+()] = © ()" + d (§)" is the sum of two absolutely convergent 
n=1 n= n=1 n=1 
series, we can rearrange the terms of the original series to find its sum: 


(0:54-44-4-1-051-4--4-13 5-1 -1-15- 








tol 


80=1-4+1-1+... + р – 3 5 0.6687714032 = вә + i- d == 0.692580927 


21 


B 


The unused terms are 5; (—1)!a; 2 (—1)"*! (a,,4 = ао) + (1) (аз = аа) +... 


j=n+1 
= (—1)"" [(anu1 — ange) + (an3 — Anja) +...]. Each grouped term is positive, so the remainder 


has the same sign as (—1)"*', which is the sign of the first unused term. 





ва = ту Кз за + Карт) -X mi L (i-en) 
= (1-3) +(§-3)+(-3)+ (4-4) +... (1— 4) which are the first 2n terms 


of the first series, hence the two series are the same. Yes, for 


ал шашин или гн 
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=> lim s,=_ lm (1 -4 ) =1 = both series converge to 1. The sum of the first 2n + 1 terms of the first 
п — оо п > оо п+1 
series is (1 - тн) + т = 1. Their sum is | lim. Sn = „шп (1 - -44) = 1. 


оо оо оо оо 
63. Theorem 16 states that $` |an| converges => » 7 a, converges. But this is equivalent to $`} an diverges > )> |a,| diverges 
п=1 п=1 п=1 п=1 


64. [а +а +... +а < |а1| + |а2| +... + |а| for all n; then 5> |a,| converges = X}, an converges and these imply that 
n=1 n=1 





со 
У; а 
п=1 





со 
<>. јал 
n=1 


65. (a) >> |an + bn| converges by the Direct Comparison Test since |a, + | < |а| + |6, апа hence 


n=1 


X (an + bn) converges absolutely 


5 
- 


(b) [bn] converges = } > —b, converges absolutely; since > a, converges absolutely and 


1 n=1 n=1 


5 
1 


—b; converges absolutely, we have $7 [as 4- (—b4)] — $5 (as — bs) converges absolutely by part (a) 


п=1 n=1 


Ms 


5 
1 
= 


Mes 


(с) 


oo oo oo 
|a,| converges = |k| Y^]a,| = > |kan| converges = J ka, converges absolutely 
n=1 п=1 


n=1 


5 
1 
= 


со 


66. Ifa, = b, = (—1)" NA ‚ Шеп у) (—1)" converges, but )> a,b, = >> 1 diverges 
n=1 n= 


5 =1 п=1 








67. 88--4,858--4-1-134, 
1 LC due déco tuba. a эй. де, a ot у 
Бан фр а 10 а лењи 95099, 
s4 = s3 + } ~ —0.1766, 
_ 1,5 5287 Мръ- 04250422 ИС ОЕТ „Лр, зд а 
85 — $4 — 34 — 36 — 38 — 30 — 35 34 36 038 30 23 ме 0.512, 


56 = 55 + 1 ғ —0.312, 


B docu POM Sea Ee ao EE TR e st, de Fat Pt ow 
S7 — 86 — 36 — 38 — 50 52 34 56 58 00) 62 6i 66 0.51106 


0 





68. (a) Since >> |a,| converges, say to M, for €e > O there is an integer N; such that 





Nı—1 
У Jal- M «25 
n=1 





51-1 51-1 со со со 
e |D lal- | ÈX lal +Y lal] <5 l- ше» la|< 5. Also, J an 
n=1 n=1 n-N; n-N; n-N; 











converges to L < fore > 0 there is an integer Nz (which we can choose greater than or equal to N;) such 
oo 
that |sy, — L| « $. Therefore, 55 |a,| < § and |sn, — L| « 5. 
n-N; 
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k 
> |а| = М 
whenever k > N;. Now all of the terms in the sequence {|b,|} appear in {|a,|}. Sum together all of the 
Ni 

n=1? 


(b) The series $` ја, | converges absolutely, say to M. Thus, there exists N; such that 


n=1 


«t€ 








terms in {|bn 





}, in order, until you include all of the terms (|а, |) - , апа let No be the largest index in the 


Мә No со 
sum ` [Б„| $0 оМашед. Тһеп |> |b,| - M| « eas well > )°|by| converges to M. 
n=1 n=1 n=1 








10.7 POWER SERIES 


1. 


хан 





<1 > | <1 = -1<х< 1l; when x = —1 we have X` (—1)", a divergent 


n=1 














Пт |2511- lim 
n — oo Un n oo 


x 
оо 

ѕегіеѕ; мһеп х = 1 ме һауе У 1, a divergent series 
п=1 

(a) Ше radius is 1; the interval of convergence is —1 < х < 1 

(b) the interval of absolute convergence is —1 < x < 1 

(c) there are no values for which the series converges conditionally 




















n+l 
nim, |G} <1 = , lim, aM <1 = |x+5|<1 > -6<x < —4; when x = —6 we have 
со со 
> (—1*, a divergent series; when x = —4 we have > 1, а divergent series 
n=1 n=1 


(a) the radius is 1; the interval of convergence is —6 < x < —4 
(b) the interval of absolute convergence is —6 « x « —4 
(c) there are no values for which the series converges conditionally 


(4x+ 1" 
(4x+ 1)" 











n — oo Un 


<1-» lm 
n — oo 





<1 > |х+1|<1 => -1«4x*1«1 ——-ic«x«0;whenx 2 — i we 


have 35 (C D'(-1)? = $5 (-1?? 2 V5 P?, a divergent series; when x = 0 we have 35 (—1) (1? — 37 (-1)^, 
n=1 n=1 n=1 


n=1 n=1 
a divergent series 
(a) the radius is n the interval of convergence is — 1 <х<0 
(b) the interval of absolute convergence is — i «x«0 


(c) there are no values for which the series converges conditionally 


1 п (3 -2yH 1 
lim, |" mA. gyl <1 > [x-2 hm (H) <1 > |3х—2|<1 


<1 lm 
n — oo 











99, n 
=> -1<3х-2<1 = i <x < 1l; when x = i we have У) шэн which is the alternating harmonic series and is 


n=1 


оо 

conditionally convergent; when x = 1 we һауе У 1 , the divergent harmonic series 
n=1 

(a) the radius is i the interval of convergence is i <х<1 

(b) the interval of absolute convergence is i «x«l 


(c) the series converges conditionally at x — i 

















: Un : (х – 2)2+1 10" ік-2| 
, lim. Л <1 = lim, тог стеу); <1 > 5p <1 > |к-2|<10 = -10<x-2< 10 
со со 
=> —8 < x < 12; when x = —8 we have $7 (—1)^, a divergent series; when x = 12 we have Ў `1, а 4іуегсеші бегіев 
n=1 n=1 


(a) the radius is 10; the interval of convergence is —8 « x « 12 
(b) the interval of absolute convergence is —8 « x « 12 
(c) there are no values for which the series converges conditionally 
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(Ох)! 
Ох 


lim mE 
n— oo 








<1 = lim | 
n — oo 





«1 — lim |2x| «1 2 |[2x|)<1 > —}<x <4}; whenx = — } we have 
n — oo 


оо 


оо 
> (— 1)", a divergent series; when x = 3 we have 5; 1, a divergent series 


n=1 n=1 


(a) the radius is 5; the interval of жан is — 1« х < 5 
(b) the interval ai absolute convergence is — 1 «x 1 


(c) there are no values for which the series converges conditionally 











: шыш : (nc Dx" — (а+2) 2) (n+ 1)(n +2) 
, lim. <1 > im |"wis ле |<1 = | | шп "uw «1 dei 
— —]«xc«l;whenx — —1 we have У (= 1)" 45 - 4 divergent series by the nth-term Test; when x = 1 we 


n=1 


oo 
һауе 27 155, a divergent series 


n=1 
(a) the radius is 1; the interval of convergence is -1 <x < 1 
(b) the interval of absolute convergence is -1 <x < 1 


(c) there are no values for which the series converges conditionally 


E 








(x2) | 


<1 > dime pp eR 


lim «1 2 |x+2| lim) (sy) <1 = [x+2/<1 
n — oo 


n+ 








> —1<х+2<1 = -—3<x< —1; when x = —3 we have У 1 a divergent series; when x = —1 we have 
n=1 
оо 1 Е 
у“ ©" a convergent series 
n 


n=1 


(а) Ше radius is 1; the interval of convergence is —3 < x < —l 





(b) the interval of absolute convergence is —3 < x < —1 
(с) ће series converges conditionally at x = —1 


K xnl ae М п 
<1 = п lim. ауаз |<1 = 3 , lim. atl п TEI <1 


M) (00) <1 = |x| «3 2 -3«x «3; when x 2 —3 we have x Ce, an absolutely convergent series; 


lim |= 
n — oo 

















when x — 3 we have x sum a convergent p-series 


n=1 
(a) the radius is 3; the interval of convergence is -3 < х < 3 
(b) the interval of absolute convergence is -3 < x <3 
(c) there are no values for which the series converges conditionally 


lim |= 
n — oo 











<1 > im [SF A] <1 = x-1], / lim <1 > [х—-1[<1 


(х= 1" n- oo REI 


со n 
=> -1<x-1<1 = 0«x«2;whenx — 0 we have 57 Cm. a conditionally convergent series; when x — 2 


п=1 


we have > uu z» à divergent series 


(a) the radius is 1; the interval of convergence is 0 < x < 2 
(b) the interval of absolute convergence is 0 < x < 2 
(c) the series converges conditionally at x = 0 


хэн! 


e xm 
(+1)! x 


<1 > , lim, 
n — oo 











lim 
n — oo 





<1= |х Шу (=) < 1 for all x 


(a) the radius is oo; the series converges for all x 
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(b) the series converges absolutely for all x 
(c) there are no values for which the series converges conditionally 


зан goth 2 
+0 E = 


- 


lim «1-2 lim «1 — 3|x|, lim. (4) < 1 for all x 
п — оо п — оо п+1 








(а) Ше e is co; the series converges for all x 
(b) the series converges absolutely for all x 
(c) there are no values for which the series converges conditionally 

















i Te : LAMP GM 2 1 да у — 4x2 221 
„їп <1 > lim |r Fa <l >x , lim, (225) — 4x <1->:2<4 
со 
1 1. zd 4^( 12 1 : ei SA 
=> —5 <X <5; when x = – we have ХЭ) = 2. 4 » à divergent p-series; when x — 5 we have 
n= = 
e 4n 2n ен 1 
D =(5)" => 4, a divergent p-series 
n=1 n=1 
(a) the radius is 5; the interval of 22 is —5 1 « х < 5 


(b) the interval 2 absolute convergence is -4 <х < 1 


(с) there are no values for which the series converges conditionally 

















. шы . (х= 1H . п2 38 2 . һ2 zz docs 
nim, <1 > nim, (1-1) 384 (х— 1 <1 > х 1| y lim, (5258) по 3|Х Ц <1 
oo n оо ^ а ы 
=> —2 <x < 4; when x = —2 we have $7 c = 2, ( = , an absolutely convergent series; when x = 4 we have 
= = 
со 


со 
= >>, an absolutely convergent series. 


n 
n=1 n=1 


(a) the radius is 3; the interval of convergence is -2 < х < 4 





(b) the interval of absolute convergence is -2 < х < 4 
(c) there are no values for which the series converges conditionally 














~ E 1 + хан У x ээ 
oo n 

= –1 <х < 1; ућепх = —1 ме һауе У) ез , aconditionally convergent series; when x = | we have 
n=1 n 


oo 
Y) —L.a divergent series 
21 УЗ 


(a) the radius is 1; the interval of convergence is —1 < x < 1 
(b) the interval of absolute convergence is -1 «x « 1 





(c) the series converges conditionally at x — —1 
Ч E. | хан ым т. ES 
, lim. «1 — lim, Varii «1 2 |x| lim. 2E, «1 => |x| <1 








со 
—1 <x < 1; when x = —1 we have 1 a divergent series; when x = 1 we have D 
m SENE A g > мн 








a conditionally convergent series 

(a) the radius is 1; the interval of convergence is —1 < x € 1 
(b) the interval of absolute convergence is -1 «x « 1 

(c) the series converges conditionally at x — 1 
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Ба 





: (0411-3891) 58 E ; ut [к +3| 








шп 
п > 





=> х+3<5 = –5<х+3<5 = -8<х <2; wie wees G 3" — Y^ (—1 n, a divergent 


п=1 п=1 
оо оо 
series; when x = 2 we have х пә” = 2 n, a divergent series 
(a) the radius is 5; the interval of convergence is —8 < x < 2 
(b) the interval of absolute convergence is —8 < x < 2 
(c) there are no values for which the series converges conditionally 

















: о ; (n+ Dx?! 4? (п? +1) |х| ; (п--1)(п2--1) 
lim, far | <1 > , lim, jeremy пе | <1 > d tm, jaw | <1 > |х <4 
oo 
у 2 п( 1)" pa 262 Е 
=> —4 < х < 4; when x = —4 we have У T? a conditionally convergent series; when x = 4 we have 9 / із 
п= Қаз 


a divergent series 
(a) Ше radius is 4; the interval of convergence is -C4 < х < 4 
(b) the interval of absolute convergence is -C4 « x « 4 








(c) the series converges conditionally at x — —4 
: шы : VnrlxH | за |х| 1 п+1 х 
е а БИ ,lim, (325) «1 9 $ «1 2 [x| «3 








oo oo 
= —3«x«3;whenx = —3 we have $7 CDn, a divergent series; when x = 3 we have )> Ул, a divergent series 


n=1 n=1 
(a) Ше radius is 3; the interval of convergence is —3 < x < 3 
(b) the interval of absolute convergence is -3 « x < 3 
(c) there are no values for which the series converges conditionally 











: Host : n1 : е 














=> |2х+5| э (ж) <1 |2х+5| <1 = —1<2х+5<1 > –3 <x < —2; when x = —3 we have 





oo 
У (=1) хуп, a divergent series since aim, п = |; when x — —2 we have ` «ул, a divergent series 


n=1 n=1 
(a) the radius is 5; the interval of convergence is -3 < x < —2 
(b) the interval a absolute convergence is -3 « x « —2 


(c) there are no values for which the series converges conditionally 














First, rewrite the series as Y^ (2 4- (21))(x 4- 1)! 2 Y? 2(x - 1)! + 9 (—1)"(x + 1)" ". For the series 
n=1 n=1 n=1 
= п—1 : Un. 2(x+1)" . | 
2 ARE) c Bm. else Bm. PEE 1| im, 1= [x+ 1|< 1 = -2« x « 0; For the 
5 о п п—1 : Un : Dy (x4-1 
series (=N (хар Та im, 3#] <1 = im, M „ 1=|х+1]<1 











= —2 < x <0; when x = —2 we have )> (2 + (—1)")(—1)" |, a divergent series; when x = 0 we have 
n=1 


> (2+ (—1)*), a divergent series 


n=1 

(a) the radius is 1; the interval of convergence is —-2 < х < 0 

(b) the interval of absolute convergence is -2 < х < 0 

(c) there are no values for which the series converges conditionally 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


612 Chapter 10 Infinite Sequences and Series 


(— 17132142 (х 2 2] 3n 























1 T Б =, 
22. lim. <1 >, lim, ari) на 2X 2| lim. J =9|х—2|<1 
n32n 
> п <х < 19; уһепх = 17 we have 5 С D (-i E х à. a divergent series; when x — ? we have 
n=1 
Эс 1 n32n oo 
92 = d (4) =>. , aconditionally convergent series. 


uc 
(a) the radius 1 18 0 ; the interval of к і5 17 <х < М 


(b) the interval т absolute convergence is = 7<х< 2 


(c) the series converges conditionally at x — e" 











n+l у t 
23. lim |5=|<1 > | lim, (зан) wt <1 > |x| (еу! <1 => |x|/(£) <1 => |х <1 
В (1+1) = шш (1-1) е 


=> —1 <x < 1; whenx = —1 ме һауе У) (— 1)" (1 + 1)", a divergent series by the nth-Term Test since 


n=1 
, lim. (1 + ly = e # 0; when x = 1 we have >, (1 + 1)", a divergent series 
(a) the radius is 1; the interval of convergence is —1 < x < 1 


(b) the interval of absolute convergence is -1 «x « 1 
(c) there are no values for which the series converges conditionally 























A 1 
24. lim. |*2| «c1 — ,lim nn D1 => x lim тай <1 = |x| lim, (447) <1 = |x| <1 
n — oo Un n — oo ха шп п> Фо (1 ) n+l 
= —1 <x < 1; whenx = —1 we have $^ (—1)? In n, a divergent series by the nth-Term Test since „lim In n Æ 0; 


n=1 
oo 
when x = | we have 5 In n, a divergent series 
п=1 
(a) the radius is 1; the interval of convergence is -1 «x « 1 
(b) the interval of absolute convergence is -1 «x « 1 
(c) there are no values for which the series converges conditionally 


(n 4- 1H xnH 
nx? 


e 


25. lim 
n — oo 








«1-5 , lm, 
n — oo 








«1 2 [xl (tim, (14-2) (tim, à 0) « 1 
> е|х| a (и +1) < 1 = only x = 0 satisfies this inequality 
(a) the radius is 0; the series converges only for x = 0 


(b) the series converges absolutely only for x = 0 
(c) there are no values for which the series converges conditionally 


n+1 
пра а "[«12 ix — 4| lim. (n-- 1) « 1 — only x — 4 satisfies this inequality 


att 


26. lim 
п — оо 








<1 > , lim. 
(a) the NS is 0; the series converges only for x = 4 

(b) the series converges absolutely only for x = 4 

(c) there are no values for which the series converges conditionally 

|x + 2| 


Шин |\х +2] lim 


<1 > 2 „їп (түт 





: : (к+2! —— n2 
27. lim, <1 > im, афр" сету); 








on: <1 = |x+2| <2 


Un 


oo 1o 
=> —2<x+2<2 => —4 <x < 0; when x = —4 we have Yu , à divergent series; when x — 0 we have S Deo 5 
n=1 n=1 
the alternating harmonic series which converges conditionally 
(а) the radius is 2; the interval of convergence is —-4 < x < 0 
(b) the interval of absolute convergence is —4 < x < 0 


(c) the series converges conditionally at x = 0 
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(29H (n 2x — П) 
(-29(-F DG - DP 


m 





lim 
n — oo 








«1-2 Ш 
п > оо 





«1 2 2|x- H,.lim. (252) «1 2 2|x- I| «1 


n 





oo 
= кыо > -1<х-1<1 = 1 <х < 3; мћепх = į we have (n + 1), a divergent series; when x = 3 


n=1 


we have» ^ (— 1)?(n + 1), a divergent series 


п=1 
(a) the radius is 5; the interval of 2. is 5 Lex «3 i 
(b) the interval ү. absolute convergence is 1 <х < 3 


(с) Шеге аге no values for which the series converges conditionally 


“uit 











<1 > lm 


хан adn ШЕ 
п — оо 


2 
М п 4 Inn 
(n 4- 1) (In (n 4- D? [S => |х| 2 lim. =) (ойт, шаал) <1 
(a) 


2 
> |х| (1) | Што 74 <1 => |x|( lim. 2+! “84 > |х|<1 => —1 <x < 1; whenx = —1 we have 
п оо (28) noo n 


lim 
n — oo 

















» CDT which converges absolutely; when x = 1 we have 2 
n=1 


пп п)? dane Which converges 


adn 


(a) the radius is 1; the interval of convergence is -1 <x < 1 
(b) the interval of absolute convergence is -1 х «1 
(c) there are no values for which the series converges conditionally 


lim. m» 
n —> 








; хн пр (п) п In (n) 
<1 = im, anne. x | = |х| (. lim, m) (im. =) EM 


= || (И) <1 = |x| <1 => -1 <x < 1; whenx = —1 we have 2) a convergent alternating series; 


Cus $ 


when x = 1 we have X us Sinn Which diverges by Exercise 38, Section 9.3 


n=2 
(a) Ше radius is 1; the interval of convergence is —1 < x < 1 


(b) the interval of absolute convergence is -1 «x « 1 














(c) the series converges conditionally at x — —1 
lim |%4/ <1 => lim (65508. m 15 Gx-SP( im S) elo (х-58«1 
а < => ү АШ. “GED? ах-— ви | < => (4х- 5) ШИП. Т < = (4х— 5) < 
1n 
> |4х-5| <1 = -1<4х-5<1= 1<х< е £ D => ар which is 
n=1 


absolutely convergent; when x = 





, a convergent p-series 


n=1 


(a) the radius is 1; the interval of convergence is 1 < x < 3 


(b) the interval of absolute convergence is 1 < х < 3 


(с) Шеге аге по values for which the series converges conditionally 

















: Ung : Qx- D"? — 2n42 : 2n+2 
„їп |®= | <1 > dim [XA wx <1 = [3x41] lim, (43) <1 = | х-41| «1 
= –1<3+1<1 = -2 <x < 0; when x = — 3 ? we have x ны - a conditionally convergent series; 








a divergent series 


1 
20-17 


S oH у= 
энен кее. AT х 


(a) the radius is 5; the interval of 2 18-14 2< х<0 


(b) the interval 5 absolute convergence is — 2 <х<0 


(c) the series converges conditionally at x = — 2 
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33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


хэн 2.4-6--.(2n) eques |х т. ( 


a im, 246 NRMD ^» — 





Un+1 
Un 





<1 => , lim. 33) < 1 for all x 


(a) Ше radius is oo; the series converges for all x 
(b) the series converges absolutely for all x 
(c) there are no values for which the series converges conditionally 


3-5-7--(20--1)(2(0--1) -1)х"2 | n22” 
(п + 1)229+1 3-5-7---(2n + 1)х®+1 


(2n + 3)n 
2(n 4- 1? 














lim. || c1- lim «12 |x| lim ( г) <1 = опу 
n — oo Un n — oo n — oo 


X — O satisfies this inequality 

(a) the radius is 0; the series converges only for x — 0 

(b) the series converges absolutely only for x = 0 

(c) there are no values for which the series converges conditionally 


+ ОАО So that we can 
6 


Fortheisenes p» pBi2ti5x rcalll--24 фа = na) and 242? 4. 4n? = Ж“ 








< 1 





+1 
Un 





(n+1) oo 
BL m" n 3 n. : : Зх . (2n 4- 1) 
rewrite the series as > (: =) => (st) x ; then | lim, <1=> lim. E s 


n=1 6 n=1 


=> |x| іт 


n — oo 








A | <15 |х| <1= -1<х < 1l; when x = –1 we have > (5::1)(- 1)", a conditionally 


convergent series; when x — 1 we have » (4 js a divergent series. 





2п +1 


(a) the radius is 1; the interval of convergence is —1 < х < 1 
(b) the interval of absolute convergence is -1 «x < 1 
(c) the series converges conditionally at x — — 1 

















For the series 5 (уа 5 - п) (х — 3)", note that /n +1 — уп = ү dos m т HE = ол 80 that we 




















: Ча+1 (х- тоса. ‚ Ма+1 Vn 14 yn 
can rewrite the series as > ETR 0287 ; Шеп lim. || « 1 — шп. mm (x-3y «1 
= |x — 3|, lim. tlt <15 |х-3|<1=2<х < 4; when x — 2 we have 5 WA LÀ a conditionally 


. 1 . . 
convergent series; when x = 4 we have з ———À +, à divergent series; 
1 = Vntlt yn’ ? 


(a) the radius is 1; the interval of convergence is2 <x < 4 
(b) the interval of absolute convergence is 2 < х < 4 
(c) the series converges conditionally at x = 2 





























: Un : (n 4- 1)! 3-6-9---(30) (1+1) x| E: 
GB. см 7577 Гаво (аара ^ am | || сте Б <1> уј<зек=з 
: Up : (2:4-6-. (2п)(2(п + 1))у 4 —— (25:8-(3n- D? (2л +2)? Ах] 
а | зао | ee or а | (2:4-6- (2п))гха (ы mE a 








== је БРЕ 




















. me : (а + 1) р хан! ae у а ы 
тт хуш (2) we «12 p, lim. (M) «12 [xe! «12 [x| «e R-e 
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4l. lim |==|<1 = lim Е «1 => |x| lim 3«1 > |x| «1 2 -1«x« Latx 2 -1 wehave 
n— oo n = oo х n => оо 3 3 3 3 
и Түй 26 п | . 1 = Гүй E 4 : 5 = 
—5) = —1) , which diverges; at x — + we have ај == , which diverges. The series х 
3 (5 1 hich diverges; at 3 weh 3" (5 1 , which diverges. Th Зах" 
n=0 n=0 n=0 n=0 n=0 
oo 
3x)" is a convergent geometric series when — 1 1« х<а 1 апа the sum is — 
gent g т=3х 
п=0 
х _ лун У 
lm, |22| « 12 lim, T lim, 1«12 le —-4|«123«e «52 In3 « x « In5; 
oo n oo i оо п оо 
atx — In3 we have $5. (el^? — 4)" 2 $(—1)", which diverges; at x — In5 we have »; (e? — 4)" — 571, which 
n=0 n=0 n=0 n=0 
oo 
diverges. The series » (e* — 4)" is a convergent geometric series when In3 « x « In 5 and the sum is ae = gts. 
n= 
ы с. _ 1)2n4+2 n _ 1)2 А 
Qm, |52|«1 2 lim, [SR -gi <1 = £4 dim |<1 = (х–12<4 = [х-1|<2 
=" = со n eo 
> 2<x-1<25 -1<x<3; atx = —1 we have Y. < cS в — »; l, which diverges; at x = 3 
n=0 n=0 n=0 
oo 2n oo d oo 
we have $5 27 — Y; E — 35 La divergent series; the interval of convergence is —1 « x < 3; the series 
n=0 n=0 n=0 
oo = S үз. а 
> = >; (Gs ) ) is a convergent geometric series when —1 « x « 3 and the sum is 
1 3- 1 2 4 z 4 
1- (51) и [= ~ 4=x?42x—1 ~~ 342x—x? 
: : 2--2 п 2 3 
aim, | <1 = „и | el <b > SY Што ||<1 = (+ 1: <9 > | +] <3 
оо 
=> -3<x4+1<3 => —4<x < 2; when x = = )> 1 which diverges; at x = 2 we have 
n=0 n=0 
со 3m oo 
У; ос = > 1 which also diverges; the interval of convergence is —4 < x < 2; the series 
n=0 n=0 
и (x+ 1)" 2 1\2 Үл : i : 
Хэсэг EST (ЕЗ ) is a convergent geometric series when —4 < x < 2 and the sum is 
n=0 n=0 
1 ы 1 2 9 = 9 
x 2 © Т9—(х+1)2]  9—-x2-2x-1 8-2x- x? 
Ep а 
(a-a, a 
lm, |28| «1 — lim, АЗЫ, іт «12 |/x-2| «2 2 -2< fx-2<250</k<4 
oo oo 
= 0 <х < 16; мһепх = 0 ме ћауе У; (— 1)", a divergent series; when x — 16 we пауе У (1)^, a divergent 
n=0 n=0 
: : : “ХХ (ух-2ү", . : 
series; the interval of convergence is 0 < x < 16; the series >, ( 5 ) is a convergent geometric series when 
n=0 
: : 1 и 1 „э 22 
0 « x « 16 and its sum is m =) = (= н) Sa A 
2 2 
n+1 
jm, | | <1 = lim. d «12 [nx «12 -1<х<1 = e! <x <e; whenx =e"! ore we 
oo оо оо 
obtain the series >. 1" and >. (—1)" which both diverge; the interval of convergence is e^! « x « e; » (ln x} = Dou 
n= n-! n= 


whene™! <x <e 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


616 Chapter 10 Infinite Sequences and Series 


47. 


48. 


49. 


50. 


51. 


52. 


lim 
n — oo 


Unjl (х2 +1) 
Un 3 





<1 = 


х2 +1 








у n+1 
«эн, ЦЕМ) Ge" 





„ба || «1-5 8 1-2 





= |х| < /2 = -4/2 <х< V2; atx = + /2 we have )~ (1)" which diverges; the interval of convergence is 


n=0 





. со, 241 n . . UN . . 
-ү2 <х < V2; the series >, (5 + ) is a convergent geometric series when cay «x« /2 and its sum is 
п=0 
1 1 3 


1- (1) = (==) — 2-3 
3 3 













































































< n+l ” 
, lim, medo шп. шинэ -V3 <x < \/3; when x = + УЗ ме 
= . . : : : E x2—1 Wie 
have У? 1", a divergent series; the interval of convergence is -4/3 <х< уз ; the series $` (55) isa 
n=0 n=0 
. . . : 1 1 2 
convergent geometric series when -ү3 <х< уз and its sum is Ж (58) - Е ат 22 
2 
, lim. «зу - c «12 |x-3| «22 I1 «x «5; whenx — I we have >. (1)" which diverges; 
when x = 5 we have 5 *(—1)" which also diverges; the interval of convergence is 1 < x < 5; the sum of this 
n=1 
convergent geometric series is 1 == .иИ1од =1— :(х—3)+ 1(х— 32 +... + (- 1)" (х – 3)? + 
1+ (5:3) х—1 2 4 2 
= == then f'(x) 2 — 1 + 1 (x—3)+...+ (— l)'nx — 31+... в convergent when | < x < 5, and diverges 
when x — l1 or 5. The sum for f'(x) is асар $ 
Iffx)21—1(x-3)4-1(x-304 ert a) Cee a 
=х— ёо + mE +... + (– p «сауы . Ах = | the series 22 diverges; at x = 5 
the series $7 Lu converges. Therefore the interval of convergence is 1 «х < 5 and the sum is 
n=1 
2 In |x — 1] + (3 — In 4), since ЇНЬ dx = 2 In |x — 1| + C, where C = 3 — In 4 when x = 3. 
(a) Differentiate the series for sin x to get cos x = 1 эс + 5н Ds + өх цэс +... 
=1- x + 4 x — х + к - x +... . The series converges for all values of x since 
5 x2 0 (| _ 2 aq 1 = 
nim, Qu^ xn -Х , Hm. e — 0 « 1 for all x. 
. 3,3 5,5 tt 9,9 11,11 5 7 9 11 
(b) Ма2к-02х-28--28-28--28-20 ее. 
(c) 2sinxcosx =2[(0-1)+(0-0+1-1)х+(0-51+1-0+0-1)х2+(0-0—1- 2+0- АЕ 
4(0-1-1-0-0-1-0-4-0-1)х"-(0-0-1-4-0-0-1-4-0-0-1-4)х 
3 5 
41(0-4-1-0-0-4-0-4-0-1-0-4-0-1)х9--...| =2|x- + 16х -...] 
2 23х3 25х5 27x7 29x9 211x11 
=x- 3 tS 7 + Or mr + 
(a) “(е Х)-1- A + ax + T + вх +... =1+х + к + = + х, +... = e*; thus the derivative of e* is e* itself 


x4 


(b) | ех ах = ех + С =х+ 5 228 а 7+ at хі +... + С, which is the general antiderivative of e* 

One oe аса ара dae 
ае ора а (а ааа а ва ie 

+(11-45-1-444-4-4-444-1-4-1) 84+... =140404040+404... 
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53. (a) ї |весхј + С = Јапхах = f'(xe $35 к + @®+. «| 











7.22 x4 хб 17x8 31x10 ЕЯ Жы 27 1х2 хі хб 17x8 31х10 
=F tis + + 2500 + 1415 +... +Сх=0 = С=0 = In|secx| = > + 5+ 2 2507 141789» 
converges when – 5 <х < 5 


(b 


хи 











2. 2 d(tanx) __ 2х5 17x" 62x? = 2 2x4 17x® 62x8 
SeCX— ах -26-% + 15 + 315 tags Te Jerexe Xa 45 + 315 +--+ » converges 


мћеп – 5 <х < 5 








2 5 61 2 | 5x! , 6159 
(c) sec x — (sec x)(sec x) — (1+ жора ex qs 4122. 








=1+(#+5)х?°+ (ж $a 7) x4 а ве за тј +. 


-- 17 
=1+х°+Ж=-+ mes б д, Тек т 








54. (a) In |sec x + tan x +C= fsecxdx= f (1+ + 5% + Я +.. .) 



































ни sie KEE ee RO” А» 61x? | 277x? T P 
= ХН Е + 54 5040 пр | + Сх=бд= С=о => In|secx + tan x| 
МЕР x3 х5 61x7 277х9 т 5 
= Х+ % +24 504 + 25% +... › converges when -3 <X< 3 
а 3 
(b) sec xtanx — 999 — d 1 (1+5 pr ap 5н + б +. » =x+ 2+ бі + тк +... , converges 


T 
мћеп – 5 <х < 5 








(© (see xy(tan x) = (14+ 54+ 4+ 987...) (х5 27 МЕ 


) 


= 553 | бїх? ү 277х/ 
= Х+ %- + 0 78 1008 + - 














+. 
=х+ (5 + 5) Х + (5 + 5 + 20) Х dne S +. 
оо. 


55. (а) ИКх) = У anx”, еп ЁК (х) = Y п(п – 1)(п – 2): ::(п – (К – 1)) аах? * and f(* (0) = К!ак 


п=0 п= 





(к) i $ 
= ак = © 90). ; likewise if f(x) = y b,x", then bk = Ё ro = ак = by for every nonnegative integer k 
n=0 


(b) If f(x) = >> a,x" = 0 for all x, then fk (х) = 0 for all x = from part (a) that a, = 0 for every nonnegative integer k 


10.8 TAYLOR AND MACLAURIN SERIES 


1. f(x) — e^, f'(x) 2 2e* , f"(x) 2 4e? , f"(x) 2 8e?*; (0) — e?(0 — 1, f'(0) — 2, £”(0) = 4, Ё"(0) =8 = Робо = 1, 
Р(х) = 1 + 2x, Po(x) = 1+ x + 2x?, P3(x) = 1+x+2x?4+ е 


2. f(x) = sinx, f'(x) — cosx , f"(x) — —sinx,f"(x) — —cosx; f(0) — sinO — 0, f'(0) — 1, f"(0) = 0, #"(0) = — 
= Ро(х) = 0, Р1(х) = х, Рь(х) = х, Рз(х) = х – “0 
3. f(x) 2 Inx, f/G) — 1, f"(x) 2 — 1, f"(x) 2 3: f(1) 2 In1 20, f(1) 2 1,f"(1) 2 —1, f"(1) = 2 5 Рок) = 0, 
Р(х) = (х — 1), Рә(х) = (х — 1) — &(х — 1)Ў,Рз(х) = (х— 1) — 1(х — 1): + 1(х – 1) 





4. (ху=ш(1+х),Ё (кх) = 55 =04+07, 1") = -d +x), £%@) = 20+); £0) = In 1 = 0, 
(0) = 1 = 1, £0) = —(1)—? = —1,#""(0) = 201)? = 2 => Р(х) = 0, Р(х) = x, Pox) = x — 8, Рах) =x 8 $ 


5. f(x) = 2 = x71, (х) = —x7, f'(x) 5 2x79, f(x) « —6x75 fQ) — 3, 12) = — 1, £72) — 1, f") 5 — 0 


еше йе асыш эшле дй, 
Р()= #—1(к-2)+{(к—-2)#— (х—2)° 
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6. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 
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Ка) = (х + DT, f) = —(х - 2), f"(x) 2 2(x 2), f"(x) 2 —6(x c2) 55 0) = (2) = 2, 00) = —(2)7° 


1.f"(0 222)? = 1, #00) = —6(02) = – 3 = Рок) = 3,Ріх) = 5 *,Р(х) - i-i Y. 


2 3 
Ро 











f(x) — sin x, f'(x) = cos x, f”(x) = — sin x, f’”(x) = — cos x; f (7) =sin 7 = va qt (x) = созт = №. 
(0) = вп = – 52 ,Р(5) = —сов 1 = – YF > P= YP = X X (x- 1). 
Род = 2 (к 8) x I Ра) = e r e 8) 
f(x) = tan x, f'(x) — sec? x, f"(x) — 2sec? x tan x, f" (x) — 2sec^ x 4- 4sec? x tan? x; f (7) =tanf=1, 

Е (= у= sec 2 (1) => „1 (5) = 2вес^ (7 )tan (7 ) = 4 ,f"(£ ) — 2sec* (т) + 4зес? (т) (ап? (т) = 16 = Ро(х) = 1 
Рио) =1+2(х– 2) Ру) =1+2(х– 7) +2 (х – 5) Раб) =1+2(х— 7) +2(х – 5): + 8 (х — 1) 


f(x) = мх = хі, f'(x) — [2 )x -M2 f(x) — (- x -3/2 f" (x) = (3 )х -5/2. (4) - МА = 2, 
f'(4) — (1) 471? 2 1,f"(4) 2 (- 1) 43? 2 –— 4 1"(4) = (8) 4772 = „5. 2 PyG) 22, P6690) 22 1(х— 4), 
Р(х) =2+1(х – 4) – Д (х – 4), Рз(х) = 2+ i 4) — di (x – 4) + d; (x — 43 


f(x) — (1. —3)!, f'(x) 2 —$ (1 х), Р) = — 10 х) 80, Р(х) = — $00 — 397972; 60) = (1) = 1, 
f'(0) — -30) 7? 2 -1,f") - -10) ?? — — $, f"(0) — –— 0) = –— = Роб) = 1, 





риф dept. — 1х2, P3(x) = 1— 4x MEE 
Кх) = ет, Р(х) = ет, Р(х) = ех, Р(х) = -е* 5 ... f8(x) 2 (-1)*e*; f(0) 2 e-(9 — 1, f'(0) — 
f"(0) 2 1, f"(0)) 2 —1,...,£9(0 2 (-D* => e™ = 1 —х + 13 — 103 +. --55 ДУ үй 


f(x) = xe*, f(x) 2 xe* -- e*, f"(x) 2 xe* -- 2e* , f"(x) = xe% 4+ 3e% > ... F(x) = xe* + ke*; £0) = (0)e = 0, 





Me 
8 


f'(0) = 1,1" 0) = 2, 10) — 3, ...,f9(0) - k x -x* 153... = x 


п— 1)! 


n=0 


х) = (1+ х)-1 = f'(x) 2 —(0 -- x), f(x) 2 201 4- x) 3, f"(x) 2 —31 -- x) 4 — ... f(x) 
= (—1)Kk1(1 + x)-*-!; £0) = 1, £0) = —1, f"(0) — 2, f"(0) — —31,... ,£9(0) — (— 1k! 


=> 1-х+х2 х +... = У) (-х)" = У) (1) 
п=0 = 





f(x) = 1х => Р(х) = 


т25р, f"(x) 2 6(1 — x 3, f"(x) 2 18(1 x) * 2 ... Р(х) = З(КІ)(1 – х) 7—1; 0) = 2, 











oo 
f'(0) — 3, f"(0) 2 6, f"(0) 2 18, ... ,f9(0) 2 3(k!) 2 24-3x - 332 + 3х3 +... = 2 + У) Зх 
п=1 
х (- lx 2n+1 Sie 2 3 2 х (= 1)%(3х)29+! _ Y (-1)1328441,20-4 ж 3 33х3 Үй 35x5 
sin x — Qn! SIL OA (4 QD = QnrD| — — X 7 78 5! 
n= =з 
(ayant cox c XN тра (хулс со рр у х3 х5 
sin x = 2 "Opp > 810 5 = >. (бий = 2223 Е = > — Bart 55 +... 
n= n=0 
7 cos (—x) = 7 cosx = 7 > ( ч =7— T + Txt = T +... , since the cosine is an even function 
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19. 


20. 


21. 


22. 


23. 


24. 


29: 


26. 


27. 


28. 
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А COD LASS CD) 522 | 5л4ха _ 51656 
соѕх = У) бар > 5 соѕлх = 5 У) п)! = 5 or n er eias 
0 п=0 


n= 


созһх = ©%е” = [(1+%++%+к+..)+(1-х+и-+и-—..)]=1+ + ++... 


= У х21 
= 2n)! 
£o C 








нен. (-х48 -148-0)|-х6й 44 46 6. 


xnl 


-X би п! 


f(x) = x4 — 2x3 —5x+4 > f'(x) = 4x3 — 6х? — 5, Ё"(х) = 12х2 — 12х, Е" (х) = 24х - 12, f® (x) = 24 
Е) х) — Oif n » 5; (0) — 4, f'(0) — —5, f"(0) — 0, f"(0) — —12, £0) — 24, f? (0) — Oif n > 5 
=> xf — 2x — 5x +4=4- 5x- 2x34 LM n2 2x? — 5x - 4 

















f(x) — S => Ро) = жақ Рк) = an y (х) = Р => ®<® = Mm; f0) = = 0, f'(0) = 0, f” (0) = 2, 
2" (0) = —6, £™ (0) = (—1)°n! ifn > 2 = х2 – х рх – х5 i eri x 


f(x) = x8 —2x +4 2 f'(x) 2 3x? - 2, f"(x) 2 6x, f"(x) 26 — f9(x) 20ifn2 4; 2) = 8,f'Q) — 
f"(2) 2 12, f"(2) 2 6,£9(2) 20ifn 2 4 — x! -2x c4— 8c 10(x — 2) - (x - 2 - $ (x — 2» 
= 8 + 10 — 2) + 6x — 2}? + — 2) 


f(x) = 2x3 +x? +3x—8 = f'(x) = 6x? + 2x + 3, f" (x) = 12x - 2, f"(x) 212 — f(x) =Oifn > 4; f(1) = -2, 
f'(1) 2 11 f"(1) — 14, mas 12, г" (1) =0їп>4 = 2х9+х?+3х—8 
= окр (- 034 P1? 2 2-4 1 1-4 7( — D? + 20 – 1) 





f(x) 2 x! - x? c1 => f'(x) 2 4x? E 2x, f"(x) 2 12x? 4-2, f" (x) — 24x, f(9(x) — 24, f(9 (x) 2 0 if n » 5; 
К-2) -21,ЁС- 2) = —36, f"(—2) = 50, f”"(—2) = —48, £4)(—2) = 24, F(-2) =Oifn>5 > x* x? 41 
= 21 — 36(х +2) + 22 (x +2)? — 2 (x - 2) + 4 (x + 2)! = 21 — 36(K + 2) + 25(K + 2)? — B(x +2) + (K+ 2)! 


f(x) 2 3x9 — x! + 2x? + x? — 2 > f'(x) = 15x* — 4x? + 6x? 4+ 2x, f(x) = 60x? — 12x? + 12x + 2, 
f""(x) = 180x? — 24x + 12, f(x) = 360x — 24, £©)(x) = 360, f(x) = Oifn > 6; f(—1) = — 
f'(—1) 2 23, f"(—1) 2 —82, f"(—1) = 216, £(- = — —384, f (- 1) — 360, f(9(—1) — oda 26 

— 3x? x! 4 2x9 p x2 2 5 —7 E 23(x 4 1D) — (х + 1)? + 21 (x e 1 — 32 (x 1 39 (x + 1) 
= —7 + 23(х + 1) — 41(х + 1 4- 36(x + 13 — 16(х + 1) + 3(х + 1)? 


f(x) 2x? 2 f'(x) 2 —2x 3, f"(x) 2 31x-1, f"(x) 2 41х75 = F(x) = (—1)"(@ + 1)! х7%72; 
f(1) 2 Lf'(1) 2 22, f" (1) 2 3, f"(1) 2 —4, fa a) = =(-1)"@M+1)! = -- 
—1-2(— 0-4 3x- 1f - 4x — DP 4... — Y: (-D*(4 D(— 1» 


п=0 





f(x) = == as — f'(x) 2 3(1 — x4, f"(x) 2 I2(1 — x) 2, f"(x) 2 60(1 — x) = f(x) = шиш (1 — x) ?-5; 
ко) = ЫЫ — 3, f"(0) — 12, f"(0) = 60, ... ,£(0) = SH! = Goat = 1+ 3x + 6x? + 10x? +... 
= х (r2) D yn 
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29. Кх) = ех = (х) = ех, Р(х) =e > f) = ех; Қ) = е2, f/(2) =e’, ... FQ) =e 


> е^ = е? рех к-2 +... =. © (х—2)° 
n=0 


30. f(x) =2* = f'(x) 2 2* In2, f"(x) ^ 2*(In 2), f"(x) 2 2n 2? > F(x) = 2X(In 2)"; F(1) = 2, f/(1) = 2 In 2, 
f"(1) ^ 2n 27, f"(1) ^ 2n 2y), ... , f? (1) 2 2(n 2)" 





=> 2 = 2 + (211 20 – 1) + E825 (y — 1) + 20027 (у — 18... уз жайылу 
п=0 
31. f(x) = cos(2x + 4), f(x) = – un т), Р(х) = В 1) Р(х) = 8 іп (2х a 
Е (х) = 24 соѕ(2х + 1), ce 2°sin(2x + 3), ..3£(F) 2 -L f'(2) 20, f"(3) 24, f"(3) 20, £9 (2) = 24, 
£)(2) =0,..., f0)(2) = (-1)"2" > cos(2x + 2) 2 -142(x- 2) - 2(x - t)! +. 





32. f(x) = /x - 1, f'(x) — (x 1) 17, f(x) 2 —1(x - 1)? f(x) — 3(x - 1) 52, £9) — —B(x p 1) 7... 


£0) = 1,40) = 1, 0) = -1, P9) — 2.1 90) = –5,...= үух+1= 1+ 4х – 1х2 + $x аж +... 




















33. The Maclaurin series generated by cos x is 2 ЫГ "х2 which converges on (-оо, oo) and the Maclaurin series generated 
by 2 (—1, 1). Thus the Maclaurin series generated by f(x) = г 
n=0 
m v х2" — 29> x? = —1 — 2x — 3x? —.... which converges on the intersection of (—oo, oo) and (—1, 1), so the 


n=0 
interval of convergence is (—1, 1). 


34. The Maclaurin series generated by e* is 52 ow which converges оп (—oo, co). The Maclaurin series generated by 





f(x) = (1 —x + x”)e* is given by (1 —x +x?) > = 1+ 4x? + 2x3.... which converges оп (-оо, оо). 
n=0 
35. The Maclaurin series generated by ѕіп х 15 У) нега x?"*! which converges on (—oo, oo) and the Maclaurin series 
n=0 


байн x" which converges on (—1, 1). Thus the Maclaurin series genereated by 


Me 





generated by In(1 + x) is 


n=1 


f(x) = sinx - In(1 + x) is given by (> 2) (> => -х2- 18 + ixi — .... Which converges on 
n=0 ` 


the intersection of (—oo, oo) and (— 1, 1), so the interval of convergence is (—1, 1). 





n=1 


1» 


36. The Maclaurin series generated by sinx is >, d Y » 
n=0 1 





which converges on (—oo, oo). The Maclaurin series 











oo n 2 oo n oo n 
genereated by f(x) — x sin? x is given by x (5 Wm xen) =х (5 Sm = (2 Хайран" | 
п=0 ` n=0 : n=0 ` 
= x3 — 4x° + 2x’ +... which converges on (—оо, оо). 


37. fe —; "9 (х – а)" апа х) = ех, we have f^ )(a) = e* foralln =O, 1, 2, 3, . 


n= 


2 — а\0 2 АУ ау; А: tia 
= ее [+ | =e fit a-a +E +... atx=a 
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38. f(x) = e* => fa (х) = ех огап = f£@ 1) =e for alln = 0, 1, 2,. 
> её\=е+е(х—1)+ 2(х—1)9+ 8-1) +... = лу egg 





39, (х) - Ка) + Г(а(х — а) + G9 (x — aj + P (х а)? +... = Р) 
— f'(a) + Қау — a) + © e 3(x — a)? +... > f(x) = f(a) + f" (ax — a) - £558) 4 - 3(x — a)? + 
> fM) = f(a) +f ёс —a)+ eo (х = а)? + 
= Ка) = Ка) -- 0, f'(a) — f'(a) -- 0, ... , f) (a) 5 f) (a) 4- 0 





40. E(x) = f(x) — bp — by (x — a) — bo(x — a)? — bg(x — ay — ... — b,(x = а)" 
=> 0 = E(a) = f(a) — bo — bo = f(a); from condition (b), 
f(x) — f(a) — by(x — a) — bo(x — a — ba(x — af — ... — Бу(х — ај“ 230 
(x —a)? 


=, [її f'(x) — b; — 2bo(x — a) ЗЫз(х — а)” ... — пбу(х — a)?! =0 
Xa n(x — a) 








lim 
х а 








>b = f'(a) EE f"(x) — 2b — 3!b3(x — a) — ... — n(n — D)bs(x — a)? 240) 
1 ха 


n(n — 1)(x = а)п-2 


2221 ғ” : f(x) — 3! b3—... — n(n — 1)(n — 2)b,(x — a)? 
= = 5Ё (а) = dim, nn — Dn - 2x — ay? =0 


1 (п)(х) — 
=b; = 1 Ра) = lim, 79.5 —0 — ba = 4 f™(a); therefore, 


g(x) — f(a) -- f'(a)x — a) -- re (к-а)? +... + Pe (x — a)" = Р(х) 
41. f(x) 2 In(cos x) = f'(x) 2 — tan x and f"(x) 2 — sec? x; f(0) — 0, f'(0) 2 0, f"(0) 2 —12 LG) 20andQG0 — — € 


42. f(x) = e™* => f'(x) = (cos x)e??* and f"(x) — (— sin x)e??* 4 (cos x)?es^*; f(0) — 1, f'(0) 2 1, f"(0) — 1 
=> L(x) = 1+xand Q(x) =14+x+% 


43. f(x) 2 (1 — x2) ?. 5 f'(x) 2 x (1 — x2) 3 ава Ех) = (1 — x2) 9? + 3x2 (1 — x2)? £0) = 1, £70) = 0, 
f'(0) — 1 — LOG) — 1andQG) — 1 4- E 


3 
44. f(x) 2 coshx — f'(x) — sinh x and f"(x) — cosh x; f(0) — 1, f'(0) 20, f"(0) — 1 = L(&) = 1 and Q(x) = 1 + х 
45. f(x) =sinx => f'(x) = cos x апаЇ”(х) = — їп х; (0) = 0,Ї'(0) = 1,Ї”(0)=0 = L(x) =x and Q(x) = x 


46. f(x) 2 tanx — f'(x) — sec? x and f"(x) — 2 sec? x tan x; f(0) 2 0, f'(0) 2 1, f" 20 => L(x) = x and Q(x) = x 


10.9 CONVERGENCE OF TAYLOR SERIES 


























2 90 n p 2 e _ 1упспуп 
1. ёё=1+х+®+...=}ў] ве*=1+(-5х) + С. = 1— 5 + 5 +... =) СХ 
ды ! l 24 
2. еб =1+х+% + ЕТ, ER I сы. 
таг 21 “жы 54 2 2! pic 27020 28000 2. ти 
п= n= 
: 2 3 5 OS z _ E (—х)5 E 59 5(—1)+1х2®+1 
3. snx=x-F+5- -=È у 5 sin (—x) = 5 [(-x) - a boi ea oe 
n: 
s 22-33 х5 (= 1)%х21+1 Е Sat (zy ERR (Gy ү (-1) л2844 2841 
4. smx=x—-F+ 5 — -X +0: = Шо = о att 7 -X Zh Ond)! 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
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LS en” 5 сал (-18528х98 00000258 ү 625800 156252 
а Оп = Cos x? > creel => ба = ar deum er eade 
= 





1/2 
оо Ы , 1/2 oo (-1) (5) со 
d (= 1x 2n x3/2 ( 2 го (= 1)%х3п 
соѕх = У) “бшу = Сов (55) = cos ((% >) )- 5 =o ет » 201) 
= 


2 
© 











oo n-1 oo js 1 n oo п—1 
2 -1 ха 2 28 2 -1 ха 2 4 6 8 
n1 x) - 3; C7 o m( +) = a з а. 
п= п= п= 
59 (рат 5 (1) (34) 2917 99 20-41, (8044 
tux im шаг AM => (ап !(3х°) = 5 єр Өе) D = хоо = = 3x4 — 9x!? 4 23x20 _ 2187428 4 
n=0 n=0 n=0 








dis X CD = үа =}, (-1)'(ф9°)*= Cy) = 1 Ба - 9 +... 











x S = x Sa шээсэн ее 
=>, E К |= п Не 


Ix 2п--1 9 Ix 2п--1 1)"x 2n43 


(capt bi ( (ср 013 08 
sinx = “ыу = X sinx = x° (2 |» х “байд = 5 7. 
































оо 
— (—1)°х?° (—1)?x 20 — x2 x1 хб x8 х10 
POS D: — y —Ibeosx= 5-14) Gn)! EE 155 а еы Ын а эы 
= 
_ x4 6 8 10 (—1)"x?" 
=4— 6+ - wt =a 
р)" хн Y D х21+1 3 
мах = У Ст + sinx—x4 (5 sees 
= О тар PE Т CIE NEP ME хп ~ (peat 
E (x 15 7709 mte) Xx+ —s—mtoe-it => “Ont! 
(= 18x?" lyx 2n 22 09 (-1)% ya = (-1)т 2ny2n+1 2-8 4,5 бут 
cos X = x Cügr => Хсозлх=ху) Bae = х Qa = Х- ж Та Ғе 
п=0 
со 
(—1)° 2n 2 2 (43 (х2)7 1)" (— 1)" 4n42 2 6 10 14 
cos x = У) “Gyr > X cos (x?) =x x mE => Gu DXX TW Te Te 
соз?х = 1+ ж 21,41 ее Dex" р ха ох? | Ох! _ 0х% | са 
= 2772 n)! 2 2! 2! 6! 8! Р 
2 (2x)? Qx) (2х)6 (2x)8 2 Emr» = (= 1)" 228—1 ҳ2а 
= 1—55 +5 ze p" $a 00e lb 2 7720 = 1+ 2. Qn)! 
Цэ 











. ада 2 4 6 2 4 6 
шох = (=) = 1 — }оов2х = 1-— }(1- ®Ё + OH Oy) = OF Got aot 


п 22n- 1 xn 


oo oo 
= CDH _ (-D 
p 2 2-(2n)! T 2 (2n)! 

n=1 n=1 
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25. 


26. 


ЭЛ: 


28. 


29. 


30. 
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2 =P (4)=2 > Оху = ee = x? + 2x3 + 2?xt + 23x° +... 
xIn(1--2x) 2x Y? Cure -У (tae — 2х2? 2 + ма 2 3s 
п=1 п=1 
peg = Ma Leet +x +... Өд ae) Sage ee ax +. (=> ie У a+ 
n= n= 





Dh 28d? ( 1 )- 4 1 
(1-х) Т ах? \1-х/ 7 ах \ (1-х) 


= > (n + 2)(n + 1)x” 
n=0 














) = 242x434...) = 246K + 120 +... 


= У n(n- Dx? 
n-2 
































5 7 
tan ix 2x — Ix 4 l0 — Ix? e... — xtan ђе = x(x? - 408) + 1 (2) — 1(х2) + ) 
oo 
=з. ЖЫЙ ТОЛО 1,15 2 (21) 2-1 
= Hak hk — 7X ве т 
= 
3 5 7 ; . 3 5 7 
о те 27. + 29 - 09%) +...) 
= 4х | 16x5 _ 64x! 2 2x3 | 2X0 — Ax! ч (12у?! 
=х— 5 +5 А А а t = 5 Бату 
ее а Е and ——=1—х-+єх2—х?%+Ь... | 
= a Bp ees Ixx — туз 1+х 
2 3 90 
= (1+х+ 99+.) нх.) 260 б Бк... = (4+(-)")x 
n=0 
х3 х х? X X хб 4 
зшх=х- +... 419 603х=1-Я +9 - +... — cosx — sinx 
2 4 6 3 5; d 2 3 4 5 6 7 
-(1-248-84-)-(5-585-54-0)-1-х-548 90 -5-56 9 
= (— 12х28 2 (—1)°х2+! 
724 ба (2-1) 
шос 2241 24:31 3-2134 2|. x(42. l(Q2 1 1(/ү243-1(ү247 
In(1 +x) =x — 5x" + 3X — 3X 72. ) 
— 153 — lx 54 §x7— 4x? = Ser х2в--1 
= 3 6 вх т. 
п=1 
— 1,2 (1,3 1,4 = по ИЗ 14 
а(х) ох 3x —iX —. andin(l—x)—-—x—5x' —5X —;,X +... > ln(1 +x) -— ln(1-— x) 
oo 
fede .3:— 1.4 т а, A TD де уд = 248 4 245 — 2. nl 
= (x с gX +...) (-х D E gX +...) =2x+ 2x + $Х uL А 
n= 
е* =1++х+ ++ andsnx 2x— £44 E — E 4 => e*-sinx 
= T = В quoe 
2. 3 3 5 7 
=(14x4+84 54...) (k- $+ 8-H 4...) хаха р 


In(1 +x) =x — $x? + 4x? — ixt +... and 


(x— Ix? 13 — ixt.. (HxH Ha H... 


т^; =1+х+х?-+єх%+... 
= 1.2 33 
)=X+ 5x° + 2x 


In(1+x) _ 





=> da яа 
+x +.. 
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31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


ji 1,3 1,5 17 -1 = 
ап ЧЕ — 3X +... > (tan х)? = (tan7!x)(tan7!x) 
= 3 VS TF 1053 5 7.27, 2 0.4. 23.6. 44.8 
= (x 3X + 5X — 7х +. ..) (х gx + sx — 7х +. )=х 3Х —45Х —105Х +: 
5 х? х х! х2 x4 x® 2 5 Я 
пх = х – 5 А 2 — 5 +... апасоѕх = 1- т + р 4+... = cos’x: sin X = COS X - COS X - Sin X 











= la E х2 у хі х6 (ху , Qxy (жу = 7.8 4 61.5 _ 1247.7 
=cosx-4sin2x=4(1- $+ 5-H +...) (2x- Қ a ee) HX GX + GX — aX +--- 


5040 
x x x! X x x 

smx=x-—F+3—-5,+...ande*=14+x+5+3 4+... 

sin x x x x! 1 хз х x! : 1 x x x! 5 
>e 2 ++.) +(х-+—# +...) + (х- + - +.) muss 
=1+х+1 3X 2-1 +.... 
sin X = X — Е +, ана Ех ix? 155 = 7-E... o sin(tan !x) 2 (x — bó - lÓ — 1x? 4...) 

-1(х-157-157-157--.. л + 5 (x — 4x? + 3x? - е +. by: — ag (x - i5 - bó — bxc dn 
-х-і + 85 — 8 +... 
Since n — 3, then f ^ (x) — sin x, |f? (x)| € M on [0, 0.1] > |sinx| < 1 оп [0, 0.1] = М = 1. Тћеп |Ез(0.1)| < 19559 
— 42 x 1076 => error < 42 x 1079 
Since n = 4, then f 9 (x) 2 e*, [F9 (x)| € M on [0, 0.5] = |е*| < \/e on [0, 0.5] = M = 2.7. Then 
[R4(0.5)| « 2.7955" = 7.03 x 10-4 = error < 7.03 x 10-4 
By the Alternating Series Estimation Theorem, the error is less than Rr => |х| < (5!) (5 x 1074) = |x| < 600 x 1074 
= |x| < 76x 10-2 = 0.56968 
Ifcosx = 1— > с апа |x| < 0.5, then the error is less than Е e» |- = 0.0026, by Alternating Series Estimation Theorem; 
since the next term in the series is positive, the approximation | — х is too small, by the Alternating Series Estimation 
Theorem 





—3\3 
If sin x = x and |х| < 107°, then the error is less than av Г = 1.67 х 10719, һу Alternating Series Estimation Theorem; 
The Alternating Series Estimation Theorem says R2(x) has the same sign as — | Moreover, x < sin x 


=> 0<sinx —x=Rlx) > x<0 5 -10° <x <0. 






































y 2 
1-х-1-3- х + x —... . By the Alternating Series Estimation Theorem the er ол 
= 1.25 x 107 

3(0.1)(0.1)3 -4 2 
о: 1.87 x 107^, where c is between 0 and x 
3 . 
|[Ro(x)| = E шы. = 1.67 х 10-4, where c is between 0 and x 
. Е с 2 4 6 2 3,4 5,6 
sin?x = (1-982) = 1 — bcos 2x= 1-3 (1- GF 4G р.) еп ара 
: 5 3 5 7 У 
= 4 (sin? x) = i (= - ae + TX — 2 =2х— @0 + em - en +... => 2sinxcosx 


3 5 7 
D шу гч 











. = sin 2x, which checks 
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45. 


46. 


47. 


48. 


49. 


50. 


51. 
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7 


2x)4 2x)6 2х)8 2х2 23х4 __ 2758 
СЕ +...) 


= 23x4 _ 25х6 са ыз с сок жел ДУ, #6 1 8 — 
==] 20 р 2 ко =1 X° + 3X ag X + 5 Х 


2 


. 2 
cos” x = cos 2x + sin? x = (1 a 























A special case of Taylor's Theorem is f(b) = f(a) + f’(c)(b — a), where c is between a and b > f(b) — f(a) = f’(c)(b — a), 
the Mean Value Theorem. 


If f(x) is twice differentiable and at x = a there is a point of inflection, then f(a) = 0. Therefore, 


L(x) = Q(x) = Ка) + Р(ахх — а). 


(a) f” < 0, f'(a) = 0 and x = a interior to the interval I => f(x) — f(a) = e» (x — a)? < 0 throughout I 
= f(x) < f(a) throughout I = f has a local maximum at x = a 
(b) similar reasoning gives f(x) — f(a) = e» (х — a)? > 0 throughout I = f(x) > f(a) throughout I — f has a 


local minimum at x = a 


шэг ! — fx)- (1— xy? ~ Рбдо=2а –—х 3 > #80) = 60 – х)“ 











= 5. 22 10 1 10 1045 
(4)(Х) = 24(1 — x) 5; therefore z+ ~ 1 +x +x? +x’. |x| < 0.1 > ее E ЈЕ 5 < ($) 
> те | «x! (2)! 5 the error ez x [9979 | z (0.1)! (2)” = 0.00016935 < 0.00017, since | 9 = те 

















(a) Қх) = (1+ х) => f'(x) 2 k(1-c x)! 2 f"(x) 2 k(k — D( + 9*7; f(0) — 1, f'(0) — k, and f"(0) — k(k — 1) 
= сое и D x? 
(b) |R269| 2 |222 x3] « dg —9 || « щ = 0<х< quis or0 « x « 21544 


(a) LetP=x+a = |x| 2 |P- «| € .5 x 10^" since P approximates 7 accurate to n decimals. Then, 
P + sin P = (7 + x) + sin (m + x) = (п x) — sin x = 7 + (x — sin x) => |(P + sin P) — 7| 


3 
= |sinx — x| < aL < 0425 х 10-3" < .5 x 10" — P 4 sin P gives an approximation to 7 correct to 3n decimals. 





If f(x) — У anx”, then f (х) = 5 n(n — 1)n— 2)--«(n—k 4 l)ax" ^ капа (К ду = К! ак 


n=0 n=k 
(9) БЭХ ілді : : : : 
= ак = PO for k a nonnegative integer. Therefore, the coefficients of f(x) are identical with the corresponding 


coefficients in the Maclaurin series of f(x) and the statement follows. 


Note: feven > f(—x) = f(x) => —f'(—x) — f(x) — f'(-x) 2 —f'(x) => f’ odd; 
fodd > (х) = —fx) > —f'(—x) = Р(х) > f'(-x) — f(x) => f’ even; 

also, f odd = f(—0) = f(0) 2f(0) — 0 Ко) =0 

(a) If f(x) is even, then any odd-order derivative is odd and equal to 0 at x = 0. Therefore, 








a; = a3 = а; =... = 0; that is, the Maclaurin series for f contains only even powers. 
(b 


wm 


If f(x) is odd, then any even-order derivative is odd and equal to 0 at x = 0. Therefore, 
ag = ag = ay =... = 0; that is, the Maclaurin series for f contains only odd powers. 


53-58. Example CAS commands: 


Maple: 
f := x -> I/sqrt(1+x); 
х0 := -3/4; 
= 3/4; 
# Step 1: 
plot( f(x), x=x0..x1, title="Step 1: #53 (Section 10.9)" ); 
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# Step 2: 

P1 := unapply( TaylorApproximation(f(x), x = 0, order=1), x ); 

P2 := unapply( TaylorApproximation(f(x), x = 0, order=2), x ); 

P3 := unapply( TaylorApproximation(f(x), x = 0, order=3), x ); 

# Step 3: 

D2f := D(D(f)); 

D3f :- D(D(D(f))); 

D4f := D(D(D(D(f)))); 

plot( [D2f(x),D3f(x),D4f(x)], x=x0..x1, thickness=[0,2,4], color=[red,blue,green], title="Step 3: #57 (Section 9.9)" ); 

cl := x0; 

MI :- abs( D2f(c1) ); 

c2 := х0; 

M2 := abs( D3f(c2) ); 

c3 := x0; 

M3 := abs( D4f(c3) ); 

# Step 4: 

R1 := unapply( abs(M1/2!*(x-0)^2), x ); 

R2 := unapply( abs(M2/3!*(x-0)^3), x ); 

R3 := unapply( abs(M3/4!*(x-0)^4), x ); 

plot( [R1(x),R2(x),R3(x)], x=x0..x1, thickness=[0,2,4], color=[red,blue,green], title="Step 4: #53 (Section 10.9)" ); 

# Step 5: 

E1 := unapply( abs(f(x)-P1(x)), x ); 

E2 := unapply( abs(f(x)-P2(x)), x ); 

E3 := unapply( abs(f(x)-P3(x)), x ); 

plot( [E1(x),E2(x),E3(x),R1(x),R2(x),R3(x)], x=x0..x1, thickness=[0,2,4], color=[red,blue,green], 
linestyle=[1,1,1,3,3,3], title="Step 5: #53 (Section 10.9)" ); 


# Step 6: 
TaylorApproximation( f(x), view=[x0..x1, DEFAULT], x=0, output=animation, order=1..3 ); 
L1 := fsolve( abs(f(x)-P1(x))=0.01, x=x0/2 ); # (a) 


R1 := fsolve( abs(f(x)-P1(x))=0.01, x=x1/2 ); 

L2 := fsolve( abs(f(x)-P2(x))=0.01, x=x0/2 ); 

R2 := fsolve( abs(f(x)-P2(x))=0.01, x=x1/2 ); 

L3 := fsolve( abs(f(x)-P3(x))=0.01, x=x0/2 ); 

R3 := fsolve( abs(f(x)-P3(x))=0.01, x=x1/2 ); 

plot( [E1(x),E2(x),E3(x),0.01], x=min(L1,L2,L3)..max(R1,R2,R3), thickness=[0,2,4,0], linestyle=[0,0,0,2], 
color=[red,blue,green, black], view=[DEFAULT,0..0.01], title="#53(a) (Section 10.9)" ); 

absCf(x) -P^[1](x) ) «2 evalf( E1(x0) ); # (b) 

absCf(x) - P'[2](x) ) «2 evalf( E2(x0) ); 

absCf(x) - P^[3](x) ) «2 evalf( E3(x0) ); 


Mathematica: (assigned function and values for a, b, c, and n may vary) 


Clear[x, f, c] 
х ]= (1-4- x)? 
{a, b}= {—1/2, 2}; 
pf=Plot[ f[x], {x, a, b}]; 
poly1[x_]=Series[f[x], {x,0,1}]//Normal 
poly2[x_]=Series[f[x], {x,0,2}]//Normal 
poly3[x_]=Series[f[x], {x,0,3}]//Normal 
Plot[{f[x], poly1[x], poly2[x], poly3[x]}, {x, a,b}, 
PlotStyle — {RGBColor[1,0,0], RGBColor[0,1,0], RGBColor[0,0,1], RGBColor[0,.5,.5]}]; 
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The above defines the approximations. The following analyzes the derivatives to determine their maximum values. 

f"[c] 

Plot[f"[x], {x, a, b}]; 

f"[c] 

Plot[f"[x], (x, a, b]]; 

Р" [с] 

Plot[f""[x], (x, a, b]; 
Noting the upper bound for each of the above derivatives occurs at x = a, the upper bounds m1, m2, and m3 can be defined 
and bounds for remainders viewed as functions of x. 

ml=f"[a] 

m2=-f"[a] 

m3=f"[a] 

rl[x_]=m1 x? /2! 

Plot[r1[x], {x,a, b}]; 

r2[x_]=m2 x? /3! 

Plot[r2[x], (x. a, b]]; 

r3[x ]2m3 x^ /4! 

Plot[r3[x], (x. a, b]]; 
A three dimensional look at the error functions, allowing both c and x to vary can also be viewed. Recall that c must be a 
value between 0 and x, so some points on the surfaces where c is not in that interval are meaningless. 

Plot3D[f [c] x? /2!, (x, a,b], (c, a, b], PlotRange — AII] 

Plot3D[f"[c] x? /3!, (x, a, b), (c, a, b], PlotRange — All] 

Plot3D[f""[c] x* /A!, {x,a,b}, (c, a, b), PlotRange — АП 


10.10 THE BINOMIAL SERIES 












































(1-392 214 Bx (cs q Mt 2) ( ey =1+ix- 1+ ix- 

(4x =14 2x4 (06-16 2 9( Е: ев 

aha ы Е ЕЕЕ еа 
(1—2x)/2 = 1 + 1(–2х) + G) (aa + () C3) с. + =l1-x- ix -ix 

Gay ое при ОКА Ва вара а а 

(1—2)°=144(-4) + GE Kg ы = Dx ooon +0+... =1- 4х4 252 — $3 рх 
(1433) 7 =1- 1384 (069060 Сан Бэ... =1— 13436 59+... 

(+ ха У 11+ (53) Сре 4 CÀ сеш +. =l- itii xg... 

(1+ 15 –1+ (1) + #0067 СЮР |... Lb i eh 
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= —1) (— 4) x2 —1) (_ 4) (- 7) x3 
Ty = Х(1+х) sah ( туул ( DC ух emt 2) ( a ae es jon pede dites 


(14-3) =1+4х+ © + (00 | (O0 — 1. Ax Gp? + 4Х8 + хе 





(1 +х?)# = 1+ 3х2 + OACI y OODE _ 1 4 3x? 4 3x4 + x6 





(1 — 2x)? = 14 3(—2x) + BOC | ӨХ00Х-258 _ 1 _ 6x + 12x? — 8x? 


49-52 DAADE aaa (– 5)“ 
modi х, ӨӨД 5) + ®Ф®®( x) + CODDI 2114-0223 3421534 1 x4 





6 


02 02 5 0.2 37 0.2 | 
f sinx? dx= f (2-ңаш-.)ж-|%- Ж.) [5], = 0.00267 with error 


я 





0 





|E| < “2 =0.0000003 


02 . 02 : 02 у 
Ї “ах = | 1 (1-х. =] (1-5-6 +5...) а 


: 0.2 
— Е үс др zi „ 5 70.1904 with епо |E] < (02 2 0.00002 





0.1 1 1: х4 3x8 х5 0.1 2) бы 3 
> ge x= f) (1-54 8-2.) бк |...) = © 0.1 with error 


IE] < & = 0.000001 


0.25 4 5 0.25 x : 3 ð 0.25 3] 925 . 
Т, 1+x ах = | (1+5-5+..)&= k+5-5+.] ~ - £z 0.25174 with error 


IE] < & a; 00000217 




















Ma 83 х2 x4 хб x3 x? х! ал х3 x? s 
f x a= f ((-й+&-+..)&=[х-уу+ду— дл +...], к +. 
(0.1) ,., -12 
ШУ 2:28 x 10 
0.1 3 01 шен ий 28 РЕ 0.1 3o Q7 9 
үр ехр (—х?) ах = f. 1-х с ы ы ta | [кере |, 
(019 2, -12 
047 х 466 х 10 





(1 4- x£)? 2 (t2 4 G) aya у. 09 рузу (ха) 4 (3) Cc (1)-92 (x4? 
+ ССС а) 7/2 (x 4j Е 


0.1 | 5 0.1 
= Л (1+: -5+=-% +...) ж= [+8], = 0.100001, |E] < G s 139 x 107" 

















= | 2 4 6 8 3 5 7 • 11 
Шагж РЧв-1(1-048-89 --)88 8848-8948) 
яз 0.4863853764, |Е| < пін 21.9 х 10719 
1 1 1 
2 = “ 8 12 = {9 13 
: |] совт a-[(1-$-$-54)a-[ И = |етог| < тін © 00011 
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1 2 3 4 5 1 
24. Дома (нана) и oie за ван] 
= |епог| < 5i, & 0.000004960 
* 10 14 3 Т 11 15 5 3 Y 11 
25. кх) = f(e- n EE .) dt =|$- atia nte], А т т + ТЕ 
=> |error| < = ~ 0.000013 
10 12 3 5 7 9 11 13 2 
2. Fo - f (P - e £- $$ -$es)a-[$- 5 Rim m e i 
а шон т 15s; ^: 0.00064 
27. (a) F(X) = 1(- 5-5-4-..)«- %-5-5-. | м%-% > [ето < SE ~ 00052 
2 4 6 8 32 
(b) Jerror| «€ 455; = .00089 when F(x) = © — 444+ 5-454... +(-DY Sp 
Е 2 3 2 3 4 5 Ж 2 3 4 5 
28. (a) Fo) = fr(1- 14 ХОР. BET =|\-5+8-4+5-...| 9x-55-5-8 
— lerror| « 93" ~ 00043 
(b) error| « 515 e .00097 when Fx) x - $ - $ — S t... (7D?! Ж, 
29. 5(ёб—(+х)= 5((1+х++ +..)-1-х)=1+1 ++... іш, 42459 
= Jim, (4+44+54..)=4 
30. 1(e* — e™) = 1[(1+x+ +++. )-(1-х+&-#+—-.)] =! жаза Жаа...) 
= 2X^ sp. 2x5 250 : E-e ilo 4 2x 2x6 = 
=2+ 57 + 8р + 2 +... = lim —— = , lim, (24+ a4 a4...) =2 
2 2 4 6 2 4 : 1—cost- (5 
3. (1-es:i- $) -4 -$- (1- $4 $-$9..)] 2-3 $- $8 > № =(5) 
2 4 
= lim ( ata-at )--4 
5 sin ð — 0+ 
32. 5(-04-8-аш0)-4(-0-4540-848- )=4-7+9- = Jim, 2: (5) 
. 2 4 
Е (5-548 )= 
33. 4 (y-tanty)=4|y-(y-$4+¥-...)] =$-F44-.., > lim H =- lim (-5+у-...) 
у у 3 5 3 5 7 у-0 уЗ у= 0 3 5 7 
E 
73 
3 5 5 3 5 
34. y3 cosy 0 y3 cos y = y? cos y = cos y 
23у? _ 
1 Цус илд . e ) 1 
> жи, кол = 2m cos y шин: 
35. x (rem) zx nequid poto ы. уы шты ол mns = im, x? (ec! 1) 


= lim, (-l+s-at...)=-l 
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1 1 = 1 1 
36. (х--1)віл(-4)- (+1) (44 - adap + зы ==.) =1- зы t = 


: : 13. y 1 1 2 
= , lim. (x + 1) sin (5) = lim, (1 sla sm oss.) =] 


pr RR. (ғ-%-%-..) i (1-2+9-..) zia МО =: 13 (-%-%-..) ЖЭ 









































1I-cosx ^. 1-(1-5+%-...) Ej (Ф-% +.) x0 l-cosx але (Фе +.) == = 
24 __ — 2)(х +2) 2 х+2 х2-4 
38. 5—4 — (эд и = im 
In (x — 1) она. | [1-52 52° -..) 32 (х=) 
= lim Е НЕ 
хэ2 | 
39. я ... and 1 — cos2x — 2x? - ixi + 5х6 -...-> lim, sin x 
о 3х2-3х9-51х 10 _ о 3— 2x4 + Six — 2232 
= lim) 2x2 — 5x4 + Axo— — = Jim) Ам... 2 
3\ 3 6 9 12 2 3 хи 1215 2 In(1 +x? 
40. In(1-Ex3) 2 39 — € £ — E- c... and xsinx? 2 x? — 1x?! à dx! — uox +... = lim, cs) 
. Ве... : 1-4-8-5- 
= lim, x? ix! t dax! — gx. = lim, [e а даах + =й 
а 1 
гү? 144 гү? _ (1у3 1 1\2 аа 
42: (3) (a) eG) eem HG) t = дт “© Ыз = 
4з. 1—22 +32 — раје =1-4( +46) - 4G) + = cos(3) 
: 4223! ^ 444b ^ 496b 5-50 — 2114 114 6114 PER 4 
1 1 1 ze ба 1(1ү2 , 1/1)3 _ 1/1)4 = 1) _ 3 
44. 5g tap — ae +--- = (9) -2() +3(5) —1(0) v. —In(14 5) =) 
т т т л? _ 1 (л\3 1 (тү? 1 (тү? 2 тү _ уз 
45. 3 — aq +g a te. =з3—зя(3) +=(3) -я(3) +... =5щ(5) = \ 
2 23 25 27 _ (2 10233 | 10235 _ 17277 00, 
46. $— $3 t $3 — 33 + --- = (3) — 3 (3) +303) - 56) +... tm! (5) 
34 y44 y5 4 уб 52252 25143 И 
47. X хе + Хо + 0 +... = ХУ(1 + + + +...) = х (5) = 15 
BYE 34х4 36х6 1 2 1 4 1 6 
48. uu t ep sm du DX) PE) — alx) +- = cos(3x) 
2 3. 3 
49. x —- 9 c x! – х? +... -»(1-x +(x?) — (x?) +...) = (1) = 2 
2 3 4 
50. x? — 2x3 Еее E -x(1- 2x4 8 _ 9» + 29 - 2 — xe 
2 3 4 а ЖЕК ЕТ == РОЗЕ А el 
51. —1 + 2x — 3x4 + 4x? — Sxt +... = (xH a ХХ = dx! 
2 3 4 _ 1 2 3 4 5 _ 1 Е (1-х) 
S TAE E pE L Ep an Қ (Se eae .)=-{щ1-х)= — Be 
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In ($28) = в +) - ма -х) = (к- 5+9 9...) - (-к- 5-9-8...) =2(х+ ++...) 


| 


_7)yn-lyn _y)yn-lyn 
Ср м СХ | when x = 0.1; 
n n 


nA +x =x- +- +... = [тон = | aF 





us € qs o n10 > 108 whenn > 8 — 7 terms 


—1 = x3 x? x? x? 
tan Xx =X +5 72% 


1 


{= Тулгаа 
7 21-1 


ЗІ when x = 1; 





„+ DT +... = lerror| = | 























xh « m = п> 1001 — 500.5 — the first term not used is ће 501" = we must use 500 terms 

e x3 х5 х! х9 (— 171х211 : х21+1 20-11 ..2 4; 2n-1| _ _2 
tan х=х-– = + 5 Rg ese aaa +... апа lim. зат" X imo 2-4| -х 
= tan! x converges for |x| < 1; when x = —1 we have X ue t which i is a convergent series; whenx — 1 

n=1 
1x diverges for |x| > 1 

=] 22 x? x? x7 х9 (-1)- lx2n-1 d h h 2 : 48 21 1 h 

tan x=x 3 + 5 72% Еа tee and when the series representing 46 (ап (5) а$ ап 


error less Шал 4 - 1075, then the series representing the sum 
48tan ! (1) 5 32 tan! (<5) — 20 tan“! (545) also has an error of magnitude less than 10 5; thus 


"d 2n-1 
18 


2п — 1 





[еггог| = 48 < зе > п> 4 using a calculator = 4 terms 


2 


т (вес х) = fy tantdt= fo (t+ $ ofa BE BET tÈ S+S... 


~ 











—1/2 5 i А 
(а) (1—х?) / жаяр дз Эр 20 E — sin!xex-4* Pp + 5x" ; Using the Ratio Test: 
: бк ырс ты ш ‚ 2-4+6---(2п)(2п +1) 2 (2n + 1)(2n+1) 
nimo | 24.6. бн@а+2)0в 3) ‘13-5. n aT < 1 = Х img ems <1 
=> |x| <1 = the radius of convergence is 1. See Exercise 69. 
d 15:7. 2ү-1/2 БЛР-НЫ хаг лэ, Зе Эха 5x ons INEO NN d 
(b) 5, (cos~* x) = —(1 — x’) => cos x= 5 —sin x 5 (чи +) = Хээ ас ч р 


(а) (12-8)? (1)-1 + (— 1) (1)? (2) + DE DOR. (=3) (5) Ore): 


2 2 | зи _ 3.506 Ї зи _ 50 3х5 _ 5х7 
=1-5+ ях - ям > sinh xa (1-5 +) вх – 112 


(b) sinh"! (1) А 1 — ud + mE = 0.24746908; the error is less than the absolute value of the first unused 





term, 3X. evaluated att— i since the series is alternating = |error| < SQ) „ 53 2.725 х 1079 
=i 3 а4(-1ү. 1 -14 24 уЗ 
а Б а а И) 


base a) 


та ИХ +++... 5 а (5) = 25р = (1+0 ++...) =2х- 453 +6 +... 
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63. Wallis' formula gives the approximation 7 « 4 E to produce the table 





n c» T 
10 3.221088998 
20 3.181104886 
30 3.167880758 
80 3.151425420 
90 3.150331383 
93 3.150049112 
94 3.149959030 
95 3.149870848 
100 3.149456425 





At n — 1929 we obtain the first approximation accurate to 3 decimals: 3.141999845. At n — 30,000 we still do 
not obtain accuracy to 4 decimals: 3.141617732, so the convergence to 7 is very slow. Here is a Maple CAS 


procedure to produce these approximations: 


pie := 
proc(n) 
local i,j; 
а(2) := evalf(8/9); 
for i from 3 tondo a(i) :- evalf(2*(2*1—2)*i/2*1—1)^2*a(1—1)) od; 
[[.4*aG)] $ G 2 n-5 .. n)] 
end 


64. (a) f(x) 2 14- (=) 5 f(x) = У (кхе = (14%) £8) = (14) (Mk 


= (pka x: (p) 2 X (pies! + (p) = (PA) + (т) + (рю 
=m+>) Gia Р? (ПК Моешак: (7) Кх” 5 У; (а ЈЕ Dx 
Thus, (1-+x)-f(x) ^ m > (тк 2c (p) om 3 (7,) e Dx (ко 


-meX [(*)6 02 (et 2X [G0 0 (ОА? 


Note that: (Ek 1) + (“ук - ne SD (ш—(К+ 3 1) + ш(ш-1)-(ш- Еу 





(k+1)! 
— m(m- Э (т) , ш(ш- В ЕЕ k+D, — m(m- ПАН К) + К) = пт 0+ — шп). 
Thus, (1 + x) - f'(x) 2 m Y Leo )(к+1)+( Т )k)x*] = т + У) ІШЕ )x*] = т-ту (ү )х 
k=1 к=1 k=1 





( 


(b) jen acus "f(x) 2- g'(x) 2 —m(1 -- x) "- f(x) 4- (14- x) "f'(x) 
—m(1+x)™ 'f(x) + (1+x)™- 7m = =ш(1 + х) х) + (1+ х) 1. т: = 0. 









|| 
= 
+ 
Ms 
ие 
ев 
> 
t 


(с) g'(x) =0 > g(x) = c > (1 +x) "Ч(х) =с = f(x) = (= = = с(1 +x)". Since f(x) 


= £0) =1+% (") (0 = 1+0=1 1+0)" = 15 с=1= f(x) 2 (14-x)". 


65. 1 3»)? 2 (1 (0x8)? 2 a)? 4 (73) ay? (x 4 C9 CD Сю 


QA 13-5. Qn- Dx? 
22-n! 








D — 5) (1)-7/2 (—х2)3 4 
аА а ырдын э ишы у. qu 
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-1/2 d x 1 S 13-5--Qn — 1x2 E CO 1.3.5-.-(2п— 1)х2®+! 
=> sin!ix-— 0 + ыг 7 t=x+ алан, 
n= n- 


where |x| < 1 









































Lom" iE d 2 | - 1 M NR 
[an t], —5—tan^x f ie Я Е? а= | 2(1=-2+4-5+...) а 
t 
Sts Ay de d _ y; 1 1 1 1 5 _ 1 1 1 1 
о ае Е Ыы ы ш ы то аи р 
eiu 1 1 1 : СТЕ = ен] cif di 
— tn x—-$j-—xrtgs—-ud...X»l[an t = бап х+ї= xd 
: Pond 1 1 Xx d 1 1 1 Shy ee a -11 1 1 
-,lm [gebe cba celo ваа Ване > ез e chus 
x«-1 
a) e" — cos(—7) + i sin (—7r) = —1 + i(0) = — 
(a) 
b) ei7/^ — cos +isin = (5) 1+1 
(b) (2) +їзї (1) = 35 4 - (4) a5 
(c) e -ir/2 — cos (— т) +i sin (— т) =0+i(-1)=-i 
e? — cos 0 +1910 = e^ — ei-9 — cos(—9) -- isin(—0) = cos 6 — isin 0; 
e? +e} = cos Ø +i sin 0 + cos ð — i sin O = 2 cos 8 => cos 0 = +"; 
e? еті = cos 0 + i sin 8 — (cos 0 — isin 0) = 2i sin 0 > sing= “se” 
: . :9у2 "E T 
. и 
3 4 
в —1— 10 S с pe +. — i9 + - e + GY — 
10)2 10)3 10) 10)2 10)3 г 
wao (1+19+ 8 + 8 + 59 Бије ( oe +...) 
=> 2122 67 2 
2 4 6 
—-1-954£5-65-..-cos6; 
У 10)2 :0)3 ig) 10)2 10)9 10у 
cow (15619 095-0807 OL.) (1-10 09—020...) 
a 7 2i 
3 5 7 . 
ОЕ Я... = зщ 
е = сов 6 +1 910 = e™ = eil) — cos(—0) -- isin(—0) — cos 0 — isin 0 
(а) e +e = (cos 0 + i sin 0) + (cos 8 — i sin 0) = 2 cos 0 => соѕ 0 = Z4” = cosh id 
b) e? — e-i? — (cos 8 + i sin 0) — (cos 0 — i sin 0) = 2i sin 0 > isin 0 = “> = sinh i0 
2 
X 1 х2 x? x1 x3 x? х! 
е* ыпх=[1+х+5+51+1]+...)(х—-5{+©—*#-+... 
= 2 Yo 8 dy ИЗА 1 1 17 „5 А Э та ТТБ : 
= (0х + (0) + (2+5) х (-24+2) +H (+5—+д)*% +... =х+х?+1х9%—х°%-+...; 
ех - el = е(1110х — ех (соѕ х +іѕіп х) = ех иза sin x) => e* sin x is the series of the imaginary part 





орех which we calculate next; e! ^)* — 5 а =1+(x+ix)+ ao ЖЕ ск + г dca 
п=0 


— I x ix 4 3; (2x2) 4- 3; Qix? — 2x?) 4- 1; (—4x*) +; (—4х° — is a (саи) +... => the imaginary part 
оре is x + x? + 2х3 – 5х5 – 8 хб... = хх? +13 — fx? — gx +... in agreement with our 


product calculation. The series for e*sin x converges for all values of x. 





i (е®+®)) = а [e**(cos bx + i sin bx)] = ae**(cos bx + i sin bx) + e**(—b sin bx + bi cos bx) 


X 


= ae*(cos bx + i sin bx) + bie*(cos bx + i sin bx) = ae@+ib)x + jhelatibx — (g + ib)e(@tib)x 
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73. (a) ee! = (cos 6, +i ѕіп 01)(соѕ 05 +i sin 02) = (cos 01cos 05 — sin O,sin 05) + i(sin Ó4cos 05 4- зв босов 01) 
— cos(0, + 95) +i sin(O, + 05) = е 1+8) 


(b) e-? — cos(—0) -- isin(—0) = cos 0 — i sin 8 = (cos 0 — i sin 0) (209-1320) = Gin = di 














74. а-Б «ыл C, E iCo — (5-55) e" (cos bx + i sin bx) + C1 + iC? 


a? + b2 
ax 


= па гъ (a cos bx + ia sin bx — ib cos bx + Б sin bx) + Cy + iC, 


a 


һә 


х 


= Tus [(а cos bx + Б sin bx) + (a sin bx — b cos bx)i] + Cy + iC 


a 





[ 


__ €**(a cos bx + b sin bx) ie**(a sin bx — b cos bx) : 5 
Si espe HR Ci + =й E iC; 
e(atbi)x — gaxgibx — e*(cos bx + i sin bx) — e?* cos bx + іе sin bx, so that given 


atbi a—bi „(a+bi . : ®X(a cos bx +b sin b 
fee Üx 4х = сор e(@tbi)x 4 C, + iC, we conclude that је“ cos bx dx = eem Pa + Су 


а . ах (а с: ем Ч 
апа f e?* sin bx dx — £C sin bx 7 b cos b» me > cee ЗУ, 


CHAPTER 10 PRACTICE EXERCISES 


. . NC cp) _ 
1. converges to 1, since | lim а, = nim, (1 Tx ) =з]! 


2. converges to 0, since 0 < а, < m "n lim 0 = 0, 4 lim vh = 0 using the Sandwich Theorem for Sequences 


n 





3. converges to —1, since | lim аһ = , lim. (552) - nim, (4 — 1) = –1 
4. converges to I, since | lim a, = nim, (1+(0.9"] =1+0=1 
5. diverges, since {sin лу ={0,1,0,—1,0,1,...} 


6. converges to 0, since {sin nt} = {0,0,0,... } 


In n? 





























7. converges to 0, since lim a= lim =2 lim =0 
п — оо п — оо п п > оо 1 
2 
8. converges to 0, since lim а, = lim 1224) _ lim | н ) -0 
п — оо п — оо п n oo 1 
1+(1 
9. converges to l, since lim a= lim (з) = lim G) -1 
п — оо п — оо n => оо 1 
In (2n3 4.1 ea ) 
10. converges to 0, since lim ар = lim nOW D . lim 0221 -- їр 121 = lim 2-0 
n oo n oo n n — oo 1 n— oo бп noo n 
2 2 x g —5\п : -5) ү" = 
11. converges toe, since lim a, =. lim (2 5 ) = lim (1 + с») = е by Theorem 5 
п — оо п — оо n п — оо n 
1 . . = . 1 =n __ . 1 __ 1 
12. converges to = , since , lim. an = , lim. (1 + 1) = , lim. п+5 = е by Theorem 5 
К 2 d n 1/n 5 
13. converges to 3, since lim a= lim (>) ^. lim 2. — 3 — 3 by Theorem 5 
п — оо п — оо п п оо п! 1 
. . . 1/n * 1/һ 
14. converges to 1, since lim a= lim (3) A lim. 3 = 1} =1 by Theorem 5 
n — oo п оо Үй n= n” 1 
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16. 


17. 


18. 


19. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 
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[o 


12 
converges to In 2, since lim а, = іт n(2/^—]1)— lim = Ш = Ш 2/41һ2 
n oo п — од n oo (1) n= oo ( ) n= oo 





-1 
p 


= 20.112 = 112 


2 
: n шиг” " Шо InQn+1)\ _ + 2141 | — е0 — 
converges to 1, since , lim a= , lim. VY2n4+1l= nim, exp (ea ) = „шп exp ( 1 ) =е =! 


(n 4- 1)! 
n! 





diverges, since lim a= lim = lim (1+1) = оо 
n — oo n — oo n — oo 


converges to 0, since lim a= Пт шон = 0 by Theorem 5 
n — oo n — oo n: 





















































1 1 1 1 1 1 1 1 1 1 

: 0 0) а 0 Qi el, .[a 81-40 () 

Оп-3)0л-1) 21-3 20-1 п. 3 5 5 7 HA 2n—3 2n-1| 3 20-1 
1 

. к . 1 (4) c au 
=> , lim. ба = lim. 1-4 шиг 
2022-2230 2 Xue -2 2 -2 2 2 2 : 

20. anD ftn > sn +4) + (7+4) + Е) р nim, S 
-—L 2 = 
во -1 күт) = —1 

9 5,78 3 — (3 _3 3.3 3. 3 3 3 
On-DOnc2) ^ 3a-i1 — 3a42 > Эп = Сезе) чаа x2) 
= 3 : — yj 3 3.1.3 
7.2 3n+2 > j lim, 5 = y lim. (5 по a) лд 

—8 23 4252 2 cum» 27 3.22 -2 2 -2 2 
(асату dn—3 ^ dn41 > 9» — ( 9 + 5) + (33 + 5) + ( ip 2) Perca ii (аз + aci) 
23-22 2 : L3 yj 222 DE PEEL, 
= 36h gay =>, lm As. dum ( ot aa) шин 
со oo 
Mug M у 2 , aconvergent geometric series with r = 1 апаа = 1 = the sumis L- = т 
п=0 n=0 1- (1) 
оо оо Ч 
>, (-1» i = » (— 3) (+) a convergent geometric series with r = — 1 and a — 3 = the sum is 
n= n= 
E ec n 
(4) 03 
. . . хал 
diverges, a p-series with p = 5 
оо оо 
БЕ = =—5);) 1, diverges since it is a nonzero multiple of the divergent harmonic series 
n=1 n=1 
. 1 1 . B . . 1 
Since f(x) = 435 => ЕР) =- 555 < 0 = f(x) 1s decreasing = an+ı < an, and a lim ад aim, VES 0, the 


28. 


oo di со 
series ` 2 converges by the Alternating Series Test. Since ` T diverges, the given series converges conditionally. 
n=1 n=1 


converges absolutely by the Direct Comparison Test since әш < 2, for n > 1, which is the nth term of a convergent 


p-series 
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29. 


30. 


31. 


32; 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


Chapter 10 Infinite Sequences and Series 


1 


The given series does not converge absolutely by the Direct Comparison Test since > —L., which is 


In (n 4- 1) п+1> 
. . . Ус? 1 / 22 1 . : 
the nth term of a divergent series. Since f(x) = ир >” РС) =- Фтор < 0 = f(x) is decreasing 
= аьр < аһ, and , lim. а, = п вар = = 0, the given series converges conditionally by the Alternating 
Series Test. 
ЇГ ах= ва | __ах= Н Inx) --01 ees y ect he seri 
: ы? x= lim J, ax ЧА = „ШП. [-@вх) "|, = -im (кє — г») = тз = the series 


converges absolutely by the Integral Test 


ma 


converges absolutely by the Direct Comparison Test since [3 < а = E , the nth term of a convergent p-series 


diverges by the Direct Comparison Test for e" > n => In (e^) > ап = п > пп => Inn" > Indnn) 





=> ninn >Indnn) = Sm > 1 , the nth term of the divergent harmonic series 





1 
, lim. р а | ша lim Sui ч = у = = 1 = converges absolutely by the Limit Comparison Test 


ГИ 








4 2 3x (2—x3 i 2 
Since f(x) — S — f(x- rnm «0 whenx 22 = ay «aj forn 2 2and lim. S — 0, the 


series converges by the Alternating Series Test. The series does not converge absolutely: By the Limit 


3n2 
15 +1 





3n? 














Comparison Test, | lim. ay = nimo i347 = 3. Therefore the convergence is conditional. 
4 5 : п--2 п! 2 n+2 _ 
converges absolutely by the Ratio Test since nim, [a DC go | = „ШП c= 0<1 


does not exist 


| 1 : _ +; (—1)" (n? +1) 
diverges since aim, аһ = lim. ит. 























. . : зан п! | _ It. 
converges absolutely by the Ratio Test since , lim. n - y] = , lim. п =0<1 
converges absolutely by the Root Test since lim ai a= lim -dumE-)xl 
n — oo n oo n noo n 
4-5 1 : : (Ф) : n(n + 1)(n+2) 
converges absolutely by the Limit Comparison Test since 3 lim А lim —a Sl 
ы | “рээ (3) АЯ 
converges absolutely by the Limit Comparison Test since lim ------ lim ———=]1 
n => oo ( T ) n — oo n 
туле. 
| Une | (ауыз к+4 |. п x t 4| 
Ulm, [1 o Vim, [ernst gres] C1 7 So lim, (Ga) <b A <1 
ОО nan oo 1n 2 
=> |x <3 > -5<xX < => —/ < х< — Г ажх = —/ we have = , the alternatin 
-4| «3 3<x+4<3 7 1; at 7 weh CD CD" the alternating 
n=1 n=1 
со oo 
harmonic series, which converges conditionally; at x = —1 we have»; a ESSO I , the divergent harmonic series 
й=1 п=1 


(a) the radius is 3; the interval of convergence is —7 € x « —1 
(b) the interval of absolute convergence is —7 « x « —1 
(c) the series converges conditionally at x — —7 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


Chapter 10 Practice Exercises 637 


tot <1 = lim (х-1” (2-1)! 


„те [быу ape <1= -D lim. 1... — 0 « 1, which holds for all x 


42. , lim. n— oo Оп)Оп+1) 








(a) the radius is oo; the series converges for all x 
(b) the series converges absolutely for all x 
(c) there are no values for which the series converges conditionally 


4 2 үүн 
43. (ви Bc ža <1 > B-l lim, giy <1 > |3x-1|<1 


<1 > im, [aro Ge aam 








рур ОО 6 үүл-! 
=> —1<3х-1<1= 0<3х<2 = elu up ue 
п=1 


n=1 


oo 
= 5, , anonzero constant multiple of a convergent p-series, which is absolutely convergent; at x = 2 ме 


n= 


Б 


n—1/7)n 
have x a гс шэн =F D— which converges absolutely 


n=1 


(a) the radius is i ; the interval of convergence is 0 € x < 2 
(b) the interval of absolute convergence 15 0 < х < 2 


(с) Шеге аге no values for which the series converges conditionally 

















: шы n+2 ‚ (2х+1)#1 _2п+1_ __2% дх+1| ү: n2 .2n41 
44. um |л=|<1 = oe 2841 п `бх+т#| d 7-3 ui o meros 
> EHI = |2х+1<2 > -2<2x+1<2 => -3«2x «1 5 -$«x«liax- — 8 ме вауе 








oo 
В+. 2 (—1)°(а+1) 
2041 ^ ^29 ^ 2 ~2n+1 | 


n= 


which diverges by the nth-Term Test for Divergence since 











со oo 
ntl). 1 . =I n+1 2 n+1 х 5 a 
п (227) = 2 0 ах = 3 we have ) aT 2 ж- 2 am rI > Which diverges by the nth-Term Test 
n= 


n= 


(a) the radius is 1; the interval of convergence is — 3 <х< i 
(b) the interval of absolute convergence is — 3 <х< 5 


(с) Шеге аге по values for which the series converges conditionally 


nl 


Tui x .n* 
(+1 è x’ 








45. lim. <1 > lim, <1 > |x| im |( 14) (21 


nal )| «1 2 P lim, (4) <1 














> ыо - 0 « 1, which holds for all x 
(a) the radius is oo; the series converges for all x 
(b) the series converges absolutely for all x 
(c) there are no values for which the series converges conditionally 


хїн 


<1 = , lim. VETT 





Sun 


46. lim. 
п — 








lim 
n — oo 





күт < 1 = |х| < 1; when x = —1 we have 











> GE, which converges by the Alternating Series Test; when x = 1 we һауе У us , à divergent p-series 


n=1 


(a) the radius is 1; the interval of convergence is —1 < x < 1 


n=1 


(b) the interval of absolute convergence is -1 «x « 1 





(c) the series converges conditionally at x — —1 
: шын : (п + 2)х?+1 3^ жор n+2 ; 
47. , lim. m <= , lim. Ээн Gp at I a (=) <1 = —\/3 <х< \/3; 


























D 
v3 v3 
(a) the radius is УЗ; the interval of convergence is -ү3 X V3 


(b) the interval of absolute convergence is -3 <x< V3 
(c) there are no values for which the series converges conditionally 


the series > — 241 and 5> 221, obtained with x — + 4/3, both diverge 
п=1 n=1 
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48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 





Chapter 10 Infinite Sequences and Series 
. Un . х-1)х2843 п . n+ 
lim, [528 «1 2 lim |® ==. ial <l > (x- D? lim (2Ы)«1- (х—1)9(1)<1 











(= 1)%(—1)28+1 


> (х—1)®<1 5» [x-1| <1 > -1<x-1<15 0<x<2;ax=0we have >> 1 


n=1 


99 3n+1 go nt 
= У) Су" = 5 < p which converges conditionally by the Alternating Series Test and the fact 








n=1 n= 





со . со — 18] 20-1 99 -1у . sa 
that 2. Xx diverges; at x — 2 we have > I ES > & 17 , which also converges conditionally 
n= n= ћ= 


(a) the radius is 1; the interval of convergence is 0 < x < 2 
(b) the interval of absolute convergence is 0 < x < 2 
(с) the series converges conditionally at x = 0 and x = 2 


























2 
: Un41 : csch (n 4- 1)x^ ; (ет) 
nim, E Ses nim, csch (n)x® <1 > xl nimy (==) v1 
y el gn |х| : 25 i | у 
=> |x| , lim, Ser | <1 > F <1 => —e <x < e; the series $ ( + e)” csch n, obtained with x = c e, 
n=1 











both diverge since , lim. ( + е)" с<сһ п = 0 

(a) Ше radius is e; the interval of convergence is —e < x < e 

(b) the interval of absolute convergence is —e < x < e 

(c) there are no values for which the series converges conditionally 











: Шил : хе! coth (n 1) : ]-Xe- не 
, lim. ee <l > nim, nt <l > |х| , lim. Теа o precm <1 = |х| < 1 
оо 
=> —1 <x <1; the series X` ( + 1)” coth n, obtained with x = + 1, both diverge since іт (+ 1)" соћ п #0 
n— oo 











n=1 
(a) the radius is 1; the interval of convergence is —1 < x < 1 
(b) the interval of absolute convergence is -1 «x « 1 
(c) there are no values for which the series converges conditionally 














The given series has the form 1 -x +x? — x’ +... +(x +... = Гүү Where x = 1; ће sum is ird = і 
The given series has the form x — x + X шиш (СЭ M +... =In(1 +x), where x = 2 ; the sum is 

№ (5) == 0.510825624 

The given series has the form x s + хі ... + (- 17 [lm +... = sin x, where x = 7; the sum is sin 7 = 0 
The given series has the form 1 — x + х, —... ¢(-1)" Iz +... — cos x, where x — 3i the sum is cos 3 = 1 
The given series has the form 1 + x + х + х Tuus t х +... = ех, where x = In 2; the sum is еп (2) — 5 

The given series has the form x х +®—... + (—1)° =; +... =tan7!x, where x = в ; the sum is 


tan" (Jz) = § 


Consider гэж as the sum of a convergent geometric series with a = 1 andr = 2x => Dx 


= 1+ (2x) + (2x)? + (2x)? +... = 52 Qx)? 2 92 2x? where 2x| « 1. — |х| < 1 
n=0 n=0 
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65. 


66. 


67. 


68. 


69. 


70. 


71. 

















Chapter 10 Practice Exercises 
1 3 ix Ie 31 
143 CIO ET 14+x8 ~ 1-(-x3) 
= 1+ (—x3) + (—x3)? + (—x3)? +... = 33 (—1)"x3" where |—x3| < 1 => |x3) < 1S |x| <1 


n=0 


1)"x 2n+1 Pr 2n+1y2n+1 


оо 
(Dux : 5а (—1)%(тх) +1 __ (DT EMT 
sin x — > “Оп+ту 27 50 1х = >. Qn4 1! => ^ Qn4D — 
i 


65 сал (sy 











(xa lx 2n+1 И 2х _ = (= 1)222n+1x: 2n+1 
sin x — x “Ола” > 50 3 = >. Qn 4 DI => 3an 4 D! 
22 
cpr% 5/3 cr (905) (— 02х10 
cos X = 2 Oni = 608 (x / ps > "Op = (лу 


3 


s (a 
ТУХ 2n 1)" 6n 
cos X = x: ( Oui = соз( 5) = = 2 Qu)! => EIS 














~ = e(7x/2) — SUE 


о, 

|| 
Ms 
в 


Б 
|| 
© 
Б 
|| 
© 
Б 
|| 
© 
































639 


У 0 5 е O у сре“ 
п=0 п=0 п=0 
f(x) = уЗ + х2 = (3+ х D >» Г(х=х(3+х?) 2 f(x) 2 BAHH 17 
= f"() 2 33 (3-cx2) 7 -3x 8 x3) ^: 5 22, f(- = 1, "2-214128, 
#"(—1)=—$5+ф}= = УЗ =2- КО ЗИ у. 
f(x) = re —(1—x)! 9 f(x) 2(1—x)? => f'(x) 22(1 - xy ? 2 f"(x) 2 6(1 —x) 5 f2) 2 -L f'2) — 1, 
Р) = –2, (2) =6 =>  =-14(x-2)-(x-2)? +(x - 2» — 
f(x) = = (х + T -> Ғ(х) - 22 +1)? = Р(х) = 2(х +1) = (х) = –6(х + 1) <; 3) = 1 ; 
rB) =- 4., O =h "O= F > HEj- e-h- O- A-3 H 
f(x) {в m f'(x) 2 —x? f"(x) 22x 3? => f"(x) 2 —6x 4; Қа)-1,ҒҚа)--2, ҒҚа)- 2, 
Maa уз на (бе ај Бабе ај = ај + 
1/2 1/2 56 x9, x2 х4 xt x10 x 1/2 
Ї exp (=x) ax = f, (1 BU OU Ss) dx = [x - 4+ 7a 103 17 134 и 





еа 1 1 1 1 = 
& $3 — gia + ит — моя + ев — влез © 0.484917143 


1 . 1 9 15 21 27 1 10 16 2 28 
J, xsin(x*) dx = Jo x(- $45 - 54 5 +...) ax= Jf (x! ap +p et...) dx 


5 11 17 23 29 
xs [5 1131 78 1751 772371 1 20917083 0 РИЧИ 





з 1/2 2 10 3 5 т 9 п 1/2 
Хап x = X X 2 х х х х х 
f ots dx = f (1-5 мона ы | 


1 1 1 1 1 1 1 ie 
2-93 * 33 my 7 gs nim copas — qam t oymas — qas 3 дол ^5 04872223583 
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74. 


49. 


76. 


77. 


78. 


79. 


80. 
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164 _| 1/64 3 5 5 1/64 

tan 1 x EN 5, Ke 9х = 1/2. 1445/2 149/2 _ 113/2 

х dx = o 4. (x $015 и + ја f (х 3X 5х ях +...) ах 
И Во 2. 451 а тала дани па 47822 N 
= [3х aX t 55X 105 * ше] = (ұғ 21-87 7Г 55-81 10545: 78...) = 0.0013020379 

3 5 2 4 

: 7(х-5-1- ) (-%%%- ) 
lim 288 = фр [= = іш Ай 

ex — ] 22х2 23х3 22х 23х2 2 
х-0 х-0 (2x+ 31 T3 +...) х-0 ЖЕЗ ЕТ +...) 

oL LË, L8. 8, 86 
li %-е%-% |; (1504 2r 31 2 (1 t5 — $3 ) 20 _ li 2( +i ) 
gg 9—0 000 9-(9-6-%- ) = (&-®-+ ) 
3! 5! Др, ! 5! Се 
2 
с 28+), 
TIR (1-£- ) n 
1 T 
5 ви ав 

Ви, (=== – 5) = lim Sagt = lim еы = lim (4-й+- 




















lim = lim 
һ-0 2 ћ—0 h2 
2 2 4 4 6 6 
li (%-8»%-%-% nee) li 1 _ 1 | на _ Ww, pf n _1 
А к? = mm Mor grr ар ay or == 
4 4 
li 1—cos?z li - (1-2+5-...) li (2-9 + ) 
im ——S24 _—= lim > = im 7 ~~, 
2-0 10-2 4віпі 759 (—: в -8&-...)+(2-Я+8 c) 2-0 (-=-#-=-...) 
lim у 2 
79(3-%-2- 
2 2 2 
lim. ————— — lim У = іт y 
у—0 cos y — cosh y y—0 [1 ,y y, tl raia у-0 — 22 _ 256 _ 
2 ! 4! 6! г... го * 4f T 61 Т 
= lim -----і 
y0 (4-3-..) 


Qx9 , G9 
(5x c A mee 


x3 


m (3-2+%Ё+..++з)=0 


х2 


ЫРУ. m ) 240 
шин (Ж + а +з) = Іш, + а +3 = ш, 


т 32,222 9. m 46:9 
= п Кур =0апйз—5=0 = r=—3ands= 5 


6x 


е Is better than sin x & x. 





The approximation sin x ~ 
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86. 
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lim 2-5-8---(3n — 1)(3n + 2)x2*! 2-4-6---(2n) 


3n 
n oo 2-4-6---(2n)(2n + 2) 2-5-8---(3n — 1)x” 


«1 2 |x|,lim. |2422| «1 > kl <3 

















— the radius of convergence is 2 














: 3-5-7-Qn-D)On-3)x— 1X — 4-9-14--(5n- 1) : 2n+3 5 
nim, 344 GR DOR ^ 333-OseDe «1 79 [x], lim, [43] «1 9 |х|<% 
— the radius of convergence is 5 


У (1 2) = fin(1 +2) +n (1 —2)] = ¥ fln D — Ink In(k — D) — In E 
k=2 k=2 k=2 


= [In 3 — In 2 + 1n 1 — ln 2] + [ln 4 — In 3 + In 2 — In 3] + [In 5 — In 4 + In3 — In 4] 4 [In 6 — In5 + In 4 — 1n 5] 
+... +[n@+1)—lnn+ln@ -— 1)-— lnn] = [lIn 1 — In 2] + [In (n + 1) — 1n n] after cancellation 


2X И 5) = (5) = Y In(1— 5) — , lim. In (221) — In 1 is the sum 
=) 





2n 


Ў = 9 (HG D4 G-DEG-DHG- Dt е (аз-)) 














k=2 k=2 
1 1 ah 1 1 1. 1(/3 1 1 y.  1[3n0n-D-20m-0-2n| | 32-n-2 
тео (раев 26-3 wh) =3| 21 4-1) ЈЕ 4nn-+ 1) 
oo 
: 1(3 1 1 _ 3 
> ыс um 3G 5 ата 
: 1-4-7- --(3n — 2)(3n+1)x +3 (3n)! Qn4 1) 
(a) , lim. (311 3)1 1 1-4-7...(Зп — 2)х2® <1- |x? | , lim. Gn + Пап + 2) 8п + 3) 











= |x3]-0 <1 = the radius of convergence is oo 


оо 
1-4-7---Gn—2) за d 
€) y-ici ue  %- 
= 


oo 
1-4-7--.(3n - 2) y 
dx x 


(0-1) 


п= 


Фу 5% 1.4.7..(31-2) e us 1.4:7--(3n=5) y3n—2 
ead = DS (31-2) ix n3) — 


n= 


=* (1+5 у =xy +0 => a=landb=0 
n=1 


(a) 5 - os = x? + x2(—x) + x2(— x)? + x2(—- x)? +... = х? — хз + хх... zx (—1)?x" which 
converges absolutely for xl «1 
(0) x212 M (-Dx- У (—1)" which diverges 
n=2 


n=2 


oo oo 
Yes, the series)* a,b, converges as we now show. Since )> a, converges it follows thata, —^ 0 — а, < 1 


n=1 n=1 


Гог п > some index N = anbn < bn forn > N > 2 anb, converges by the Direct Comparison Test with > bn 


n=1 n=1 


No, the series X` anban might diverge (as it would if an and bn both equaled n) or it might converge (as it would if 


n=1 


a, and b, both equaled 1), 


со со 
У (хы — Xn) = y lim. 2,0 — Хк) = jim. (Xn41 — X) — шп (хы) — ху = both the series and 


sequence must either converge or diverge. 
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90. 


91. 


92. 











со 
-- 1 Весапве ` an converges 


n=1 


. . . . . EN . 1 
It converges by the Limit Comparison Test since " lim. mK lim. Era 


and so a, — 0. 


У бену фан зал (0640-04604141-08 

+ (++ К а... > } (ay + ay + ag + aye +...) which is a divergent series 
=al 1 1 1 E 1 1 

an = pp forn>2 = a > аз > ал >...,апй с=-+ пд + пз+-... = п + эм? + я Ко 


diverges by the Integral Test. 


on 


= т» (1+4%+#+...) which divergesso hatip 2 


CHAPTER 10 ADDITIONAL AND ADVANCED EXERCISES 


























converges since Gn 3j uy: € Gn ln and x Ge 7 z converges by the Limit Comparison Test: 
1 
: à - 23/2 
lim (==) — lim (23 2) / = 33/2 
n — oo (ua) п — оо п 
(n —2)3/2 
converges by the Integral Test: f (кап! x) à = lim (ant x)" на (Бай 2 
ges bY 5 : JA хы 3 aes 3 192 
2 (732085 | _ 73 
7 024 192] — 192 
. . > 2 . _ 10 = : _ 138 1-е-2 2 б “үү 
diverges by the nth-Term Test since п lim. а, = aim, (—1)" tanh n = , im | (—1) E zem) E п lim. (—1) 
does not exist 
converges by the Direct Comparison Test: n! < n" => 10 (п!) < піп(п) > п o «n 
= Тогу (0!) Сп = loga (nD < + , which is the nth-term of a convergent p-series 
: : демеуі іл» 12 — 12 — 2-3 2 
converges by the Direct Comparison Test: a; = 1 = аа» › 2 = 34 = (бу Doe? ‚аз = (23) (12) 
oo 
3-4) (2:3) (1:2) _ __ 12 12 
= бузар „= |25 5) Ge 5) (aa i) = об > 1+ » атта уат? Гергезети the 
n= 
given series and GIIDGiJGII < 12 , which is the nth-term of a convergent p-series 
1 : i аы — = 
converges by the Ratio Test: , lim. mer , lim. Ga Da x 0«1 
diverges by the nth-Term Test since ifa, — Lasn — oo,thenL — nr = 1#+1-1=0 >= SEIS #0 
Split the given series into 2 E and DE 3m ; the first subseries is a convergent geometric series and the 





n=1 n=1 
second converges by the Root Test: lim ү/ 2% = lim се = 11121 
n => оо 3 п — оо 9 5 





f(x) = cos x witha = 1 -» #(5) = 05, Р (5) = 2203 = —0.5, Е" (т) = УЗ то (2) = 0.5; 
3 


совх = 1 — УЗ (к — 2) – 1 (х— 5) + У (х— 1)54... 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
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f(x) = sin x witha — 20 > f(2m) = 0, Ал) = 1," От) = 0, fm) = —-1, fm) — 0, f9 (2a) — 1, 
£(2n) = 0, £O(2m) = —1; sin x = (x — 2m) — SË р 29 _ ware L, 





еб =1+х+% +1 +... а= 0 


f(x) = In x witha = 1 > f(1) 20,f'(1) 2 1, f"(1) 2 — Lf"(1) 2 2, £f?(1) 2 —6; 
= (х- 1)? (х 13 (x— 1» 
In x 2 (x — 1) р а. 





f(x) = cos x witha = 227 => К22л) = 1, я = 0, 222 = —1, f" (22x) — 0, f9(22m) = 1, 
£°)(22r) = 0, £© (227) = —1; cos x = 1 — 5 (х – 227)? + 4 (х – 2217) – 1 (х- 2218 + 


f(x) — tan ! x witha—1 — f() — £,f(1)— 1, f") ——1,f"()— 1; 


-ly_a (x—1) x- 10? ойн 
tan Ха age а Peg ee 


Yes, the sequence converges: c, = (a? +b")! = cn =b ((2)" +1) = nim, Cn = lnb + lim (+) +) 


noo 


= In b + lim ERÈ — inp + 980 


5 = Inb since 0 < а < b. Thus, , Im. с, = e"? = b. 
Пп->оо (=) ЭРЧ п — 00 


L+ it т тя 1 05 пе + = TAY peer + mm + 
n=1 








Mes 


1031 


n 


gl 
— a 


2. 
= + У ти + ийн Хүйн “1+; +. (г), чо 
(55) 1- (5)? 1- (4 





ік 


y 


© 





20 30 | = 9994237 — 412 
=1+ 999 + 999 5 909 999 333 


п-1 kl d 1 2 а ao ва 
— X mE X X — X 
„= ЕЈ, te > ъ= т + 1 Tee te + f 1 =? за = Ј, 185 


=> lim s,— lim (tan !n—tan!0)— 5 
n — oo п — oo 


X loc (0+1 | _ X 
2х+1 1+2) | -. | хє <1 


—1;if— 4 <x < 0, |x| < |2x + 1| 
| = —x < —2x — 1 => x < —1. Therefore, 


= lim 


n — oo 


lim 


n — oo 


lim 
п oo 


=> |х| < |2х + 








(п + Dx? + рох+ 1)" | 
(п + 2)(2х + Пет nx? m 





Чин 
Un 




















=> —-x<2x4+1 > 3x>-1>x> —1; Их < -i 





the series converges absolutely for x « —1 and x » — i ; 


(a) No, the limit does not appear to depend on the value of the constant a 
(b) Yes, the limit depends on the value of b 
1 Zn sin (f) +cos (д) 
(xg) Cnm) 


In je) 
Ме аяққы C3 


a Sin (5) = cos (B) _ а-ы] lim. s — e! e 0.3678794412; similarly, 
n — oo 


(c) 5= (1– 250) = |05 = 





= 1 п 
оп lim. {a (8) 
n 


ЫН (1 = so)" => е-1/5 
n — oo bn 





99, : 1/n ; l+sin | lim a : 
: п. : 1+sina,\" : l+sina,\ __ n—60 __ ]-sinO 
> a, converges => , lim. a, = 0; , im (БЕН ) = , lim ( ? ) = 2 = => 


= i — the series converges by the nth-Root Test 
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21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 

















Chapter 10 Infinite Sequences and Series 
И Чиг : by! Ing 1 qt coul 
A polynomial has only a finite number of nonzero terms in its Taylor series, but the functions sin x, In x and 


e* have infinitely many nonzero terms in their Taylor expansions. 

















a3x3 x3 

; sin(ax)—sinx—x _ у. (ще +...) - (5-я +...) х _ 4 а—2 a3 1 ab 1 2 
Jim, Cie. uim = lim, a ata n (aTa) te 
vm iS ; EI X 3 
is finite ifa-2=0 > a=2; lim Sn2x-sinx-x — 2 + i = 2 

х--0 * ^ : 

(И 2 
lim совах-5 _ | = lim _ 2-1 Ша [ее – ) = —] 
x0 2x? xus 2x2 42-00) 2х2 4 48 7 





=> b=landa= +2 


Шегі һ2 


(а) Ді ДУ а E => C=2>1and >> J converges 
n=1 





(D d = 21214145 => С=1< 1апд у; } diverges 
n=1 


Un+1 n 


502 


2 | [er] 
+ moe =1+ à + eee) after long division 


() 


n 


uy, . 2nOncl) |  4n?42n =1+ 


Ші (20-19 - 412-41-1 








> C= 5 > 1 ава |(п)| = uu = (сз) <5 = >> u, converges by Raabe's Test 


n2 n=1 


со со oo 
(а) У) а= => ajXaj,aj—ajL — > a? converges by the Direct Comparison Test 
n=1 


n=1 n=1 





м З ewe tate 
(b) converges by the Limit Comparison Test: м lim. "ERG , lim. = 1 since х an converges and 


therefore lim a, — 0 
х — oo 


If 0 <a, <1 then па –а)ј = – па – а) = а + 5 + 8 +... Сар а ај... = рә, 


1-а 





a positive term of a convergent series, by ће Limit Comparison Test and Exercise 27b 


(1-ху!-1- >. x" where |x| <1 > асу — £(1— x)! 2 Y; nx"^! and when x — 1 we have 


n=1 


4=1+2 (1) +3 (1) +4(1) +... +п (1) +... 


(а) Уух == => У (п + 1х = a => J` n(n + 1)х! = аст => У п(п + 1х" = dm 
п=1 п=1 n-l n=1 








oo 1 2 2 
=> 227m ) = (1-5 = cop |х| > 1 
со : 1/3 1/3 
© 5 SP > x= 24, 3 8-3 4x-1=0 5 х-14(1432) + (1-4) 


& 2.769292, using a CAS or calculator 


(а) пр = & (15) HEC txt 4+...) H 14 2x4 307244084... =o mr! 
n=1 


(b) from part (a) we have ЕОНИ Ө = (2) ESSE —6 
п=1 6 
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32; 


33. 


34. 


(а) 


(b) 


(c) 


(a) 
(b) 


(c) 


(a) 
(b) 


(d) 
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4 1 


a 
ü-p? а а 





from part (a) е ћауе У. пр"“!а = 


n=1 








Y => 275 = :8) 


т 
а 
| 


к=1 k=1 

by Exercise 31(a) 

со Өд. сүл со k 5 99 99 к-і = k-1 
Ум = = FD (@@ = (8) [065] = таа Во) = 7 к= AED kG 
к=1 k=1 k=1 k=l k=1 k-l 








ЕСІ ЕСІ ЕСІ k — oo са 


Ў а= mT (Ел) = im (1- hy) = Land B09 = ир = (нат) 


oo 
=> EH , à divergent series so that E(x) does not exist 


Coe^*o (1— e7*ko) 
]—e-ko 
Е =") = В, =е 1 = 0.36787944 апа Во = 5757. a; 0.58195028; 
= = = 0.58197671; В — Вло == 0.00002643 = В= Е < 0.0001 
e = етіп -өтіп 
„= 8797) RS 1(51:) © 4.7541659;R, > ® => 115: > (1) (a4) 
1 
5 


Сео _ Co 
1-е№ ^ ею-1 


а = Сое * + Coe 7H +. + Coe Beto = 








> R= lim R= 
п > © 








> ею <1 = – = <п (5) = > -№(1) = п> 6.93 => п=7 





С С С 
В > Ве = В+ Со = Си = 2% = => o= imn (g) 


с 
0 = aus Ine = 20 hrs 


Give an initial dose that produces a concentration of 2 mg/ml followed every tp = n In (5) & 60.31 hrs 


by a dose that raises the concentration by 1.5 mg/ml 
to = a; In (25) =5 (10) ~ 6 hrs 
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NOTES: 
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CHAPTER 11 PARAMETRIC EQUATIONS AND 
POLAR COORDINATES 


11.1 PARAMETRIZATIONS OF PLANE CURVES 


1. x =3t,y = 9t?, -00 <t<o > y=? 





3. x=2t—S,y=4t-—7,-w<t<o 
=> x+5=2t > 2(x+5)=4t 
=> у=2Хх+5)—7 => y=2x+3 





5. x =cos2t,y=sin2t,0<t<7 
=> cos?2t+sin?2t=1 > x*+y?=1 








4& х=3—-3у=2,0<1{<1 э et 
=> x=3-3(2) > 2х-6-3у 
= у-2-2х,0<х<3 


у=2- (2х/3) 
141 





6. x = cos (T — t), y = sin (m — t) O0<t< r 
=> cos? (r — t) + sin? (m — t) = 1 
> х? + у? =1,у>0 
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7. x=4cost,y=2sint,0<t<27 8 x=4sint,y=Scost,0<t< 27 
16 cos? t Asin?t __ x2 y? mE 16 sin? t 25 cos?t __ x2 у? E 


y 





9. x= sint, y = соѕ 21, -5 Xt 5 10. x = 1 + sint, y = cost— 2,0 <t< 7r 
> y= cos 2t = 1 — 2sin? t > y = 1 — 2x? = sin?t+cos*t=1 > (x—1)?+(y+2) =1 








(х-1) +(y+2) =1 








ісл 
E E 4 =: de 
1l. x 2Q,y « i6 - 20, -oo « t « oo 12. x = y= iol <t] 
> y = (2)' – 200) > y = x? — 2x? >=; >y= 4% 


y 






changes 
direction 


хавь (0.0) 





l4. x - /t-Ly- V/tt»0 


=» уё={ > х= +/у?+„1,у>0 
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15. 


17. 


19. 


21. 


22. 


23: 


24. 


25. 





Section 11.1 Parametrizations of Plane Curves 649 








x = sec? t — ly-tant—-$5«t«;5 16. х = — sect, y = (ап, – 5 <1< 5 

= sec?t— 1 = tan?t > x= y? = sec?t— tan?t=1 => х? – у? = 1 

х = —cosht, y — sinht, Coo « 1 « oo 18. x 22sinht, y 22cosht, -oo «t « oo 

— cosh?t — sinh?t 2 1 — x?— y? —1 => 4cosh?t— 4 sinh? t = 4 => у? – х? = 4 

(a) x = acos t, y = —a sint, 0 <t < 2r 20. (а) x = asint, y = b cos t, 5 <{< элт 

(b) x =acost,y =asint,O<t<27 (b) x=acost,y=bsint,0<t< 27 

(c) x—acost,y — —asint, 0O € t € 4v (с) x = asint, y = b cost, Е <t< эт 

(4) x=acost,y =asint,O<t<47 (4) x=acost,y=bsint,0O<t<47 

Using (—1, —3) we create the parametric equations x = —1 + at and y — —3 4 bt, representing a line which goes 
through (—1, —3) at t = 0. We determine a and b so that the line goes through (4, 1) whent = 1. 

Since 4 = —1 + a > a = 5. Ѕіпсе1 = —3-F b => b = 4. Therefore, one possible parameterization is x = —1 + 5t, 
у =-3+46 0 <ЕЗ< 1. 

Using (—1, 3) we create the parametric equations x — —1 + аапу = 3 + bt, representing a line which goes through 


(—1, 3) at t = 0. We determine a and b so that the line goes through (3, —2) when t = 1. Since 3 = —1 + a > a = 4. 
Since —2 = 3 +b — b — —5. Therefore, one possible parameterization is x = —1 + 4t, y -9-5,0<1<1. 


The lower half of the parabola is given by x = y? + 1 for y < 0. Substituting t for y, we obtain one possible 
parameterization x = ё + 1, y = t,t < 0. 


The vertex of the parabola is at (—1, —1), so the left half of the parabola is given by y = x? + 2x for x < —1. Substituting 
t for x, we obtain one possible parametrization: x = t, y = t? + 2t, t < —1. 


For simplicity, we assume that x and y are linear functions of t and that the point(x, y) starts at (2, 3) for t = 0 and passes 
through (—1, —1) att = 1. Then x = f(t), where f(0) = 2 and f(1) = —1. 
Since slope = & = 422 = —3, x = f(t) = —3t + 2 = 2 — 3t. Also, y = g(t), where g(0) = 3 and g(1) = —1. 














1—0 
Since slope ay n —4. y = g(t) = —4t + 3 = 3 — 4t. 


One possible parameterization is: x = 2 — 3t, y = 3 — 4t, t > 0. 
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26. 


27: 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 
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For simplicity, we assume that x and y are linear functions of t and that the point(x, y) starts at (—1, 2) for t = 0 and 
passes through (0, 0) att — 1. Then x — f(t), where f(0) = —1 and f(1) — 0. 











Since slope — Ах - 0-11 ) = 1,x = f(t) = 1t+(—1) = —1+t. Also, y = g(t), where g(0) = 2 and g(1) = 0. 
Since slope Ау 2 = —2. y = g(t) = -2t + 2 = 2 — 2t. 


One possible parameterization is: x = —1 + t, y = 2 — 2t, t > 0. 
Since we only want the top half of a circle, y > 0, so let x = 2cost, y = 2|sin t|, 0 < t < 4r 


Since we want x to stay between —3 and 3, let x = 3 sint, then y = (3 sin 92 = 9sin? t, thus x = 3 sint, y= Osin? t, 
0 <Е< ох 








х? + у? =а? = 2х + 2у $ 9 =0 = у = —*;lett= у = —}=t > x=~—yt. Substitution yields 
уб +у? = а? у= 2. о 
In terms of 0, parametric equations for the circle are x — a cos 0, y — asin 0,0 « 0 « 2m. Since 0 — 2 ‚ Ше агс 


length parametrizations are: x — a cos 2 „у=ачп 2 , and 0 < 5 < 2т = 0<s < 2zais the interval for s. 


Drop a vertical line from the point (x, y) to the x-axis, then 6 is an angle in a right triangle, and from trigonometry we 
know that tan 0 = > — y — xtan 6. The equation of the line through (0, 2) and (4, 0) is given by y = — 1х + 2. Thus 
xtanð = -ix +2 >x = Ju and y — 34551 where 0 < б< 

Drop a vertical line from the point (x, y) to the x-axis, then @ is an angle in a right triangle, and from trigonometry we 
know that tan 9 — ? — y = xtan0. Since y — ух 597 = > (хал 0)? =x > x = сорд => у = сог 0 where 
0<0< 5. 


The equation of the circle is given by (x — 2)? + y* = 1. Drop a vertical line from the point (x, y) on the circle to the 
x-axis, then ô is an angle in a right triangle. So that we can start at (1, 0) and rotate in a clockwise direction, let 
x = 2 — cos 0, y = sin 0,0 < 0 < 27. 


Drop a vertical line from the point (x, y) to the x-axis, then 8 is an angle in a right triangle, whose height is y and whose 
base is x + 2. By trigonometry we have tan 0 = = = у = (х + 2) tan 0. The equation of the circle is given by 


ху? = 1 => х2 + ((х + 2)ап0)? = 1 = x?sec?0 4- Ax tan?0 + 4tan?0 — 1 — 0. Solving for x we obtain 


—4tan?6 + 4/ (4tan26)? — 4 sec?6 (4tan26 — 1) E _ —4tan?@ 4 42/1 —3tan?0 
2 sec? 2 вес20 


= –2 + 2с0520 + сов ду 42082 0 — 3 and y = (-2 4- 2cos?0 + соѕ ү 4с0520 – 3 + 2) tan 0 
= 2sin 6 cos 6 + sin 6 \/ 4cos? 6 — 3. Since we only need to go from (1, 0) to (0, 1), let 


х = –2 + 20520 + соз ду 42052 0 — 3, у = 2510 сов 6 + sin 0y 4cos? 0 — 3,0 < 0 < tan! (1). 


To obtain the upper limit for 0, note that x = 0 and y = 1, using y = (x + 2) tan 0 => 1 = 2 (ап0 = 0 — tan^! (5). 











284120 -Е соз Ө\/ cos? @ — 3sin26 








Extend the vertical line ШОНО: A to the x-axis and ү C be the pont of intersection. Then OC = AQ = x 


and tan t = 2 = 2 > x= g = 2cott; sint = ду = ОА = 2 ; апд (АВХОА) = (АО) = АВ (2) = х? 
= АВ (55) = (2d = АВ = біш, Мехсу =2—АВ за => у=2— (558) їп{= 


2 — 2sim’t — 2 — 2 cos? t = 2 sin? t. Therefore let x = 2 cot t and y = 2 sin? t, 0 < t < т. 


tan? t 
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Arc PF = Arc AF since each is the distance rolled and 
ArcPF = ZFCP => Arc PF = b(ZFCP); &£^F — 9 
=> Arc AF = af => a0 — b(ZFCP) — ZECP = = 
ZOCG = & — 6; ZOCG = ZOCP + ZPCE 

= ZOCP + © — а). Моу /ОСР = л — ZFCP 
=n — $0. Thus LOCG =r- 0+3- > 37 
-т-20421-а-а-т-3204-0-т-(5 00). 


а " 
9: 





Then x = OG — BG = OG — PE = (a — b) cos 0 — b cos a = (a — b) cos 0 — b cos (r — + 0) 
— (a — b) cos + bcos (252 6). Also y = EG = CG — CE = (a — b) sin 0 — bsina 

= (a— b) sin 0 — b sin ( 620) — (a — b) sin 0 — b sin ($c? 6) . Therefore 

x = (a — b) cos 6 + 5 соз (3=8 0) and y = (a — b) sin 0 — b sin (c2 6) . 


Е then x = (a — Д сов 0--5 сов (=? 0) 


























= За cos 0 + 2 сов 30 = 2 сов 0 + 2 (со 8 cos 26 — sin @ sin 20) 
= # cos 6 + 4 ((cos 0) (со; 0- sin? 0) — (sin 0)(2 sin 0 сов 0)) 
= # cos 6 + 4 cos? 6 — 4 cos 6 sin? 6 — ?* sin? 0 cos 

= # cos 6 + 4 cos? 6 — 38 (cos 8) (1 — соз? 0) - а сов? 0; 








y = (a— 4) sind sin (“712 0) — 3 sino 4 sin 30 — 3? sin 0 — $ (sin 0 cos 20 + cos 6 sin 20) 
4 


E sin 0 — $ ((sin 0) (cos? 0 — sin? 0) + (cos 6)(2 sin 0 cos 0)) 


а sin 0 — 1 sin 0 cos? 0 - $ sin? 8 — 2 cos? 0 sin 0 


Ugo yen 0 4- $ sin? 0 


= 3* sin 0 — 3? (sin 0) (1 — sin? 0) + $ sin? 0 = a sin? 0. 


Draw line AM in the figure and note that ZAMO is a right 
angle since it is an inscribed angle which spans the diameter 
of a circle. Then AN? 2 MN? 4- AM?. Now, OA = a, 
N — tan t, and АМ — sint. Next MN — OP 
=> OP? — AN? — AM? — 2? tan? t — a? sin? t 
= y 8? tan?t — a? sin? t 
= (a sin t)y sec? t — aint c . In triangle BPO, 


x = OP sint = a = a sin? ОР 


у = OP cos t = аѕіп2і => x = a sin? t tan t and y = a sin? t. 0 
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38. Let the x-axis be the line the wheel rolls along with the y-axis through a low point of the trochoid 
(see the accompanying figure). 


y 4 








Let 0 denote the angle through which the wheel turns. Then h — a0 and k — a. Next introduce x'y'-axes 
parallel to the xy-axes and having their origin at the center C of the wheel. Then x’ = b cos a and 
y = b sin a, where a = т — 6. It follows that x’ = b cos (3 — 0) — —bsin 0 and y' — b sin (3 -9) 


= —b cos 0 => x =h +x’ = af — b sin 8 and y = k + y' 2 a— b cos Ü are parametric equations of the trochoid. 


39, 0-4/(х-22-(у-1) -12-(-2-(/-1/ -0-28-(8-1/ -12-0-4-1 


ар) = 4t? -4=0 => t=1. The second derivative is always positive fort 40 > t = 1 gives a local 





minimum for D? (and hence D) which is an absolute minimum since it is the only extremum = the closest 
point on the parabola is (1, 1). 


40. D= (2 cos t — 3)” + (sin t — 0)? = р? = (2 cost — 3)? + sin? t = «9 
= 2 (2 cos t — 2) (—2 sin t) + 2 sin t cos t = (—2 sin t) (3 cos t — 3) =0 > —2 sint = 0or3 cost— 3 =0 


= 1= 0, погі= 1, 57. № 2) — —6 cos? t 4- 3 cos t 4- 6 sin? t so that 209 (0) = —3 = relative 
Ф (р?) у= 


maximum, —ja~ (7 

















ы 4 d2 (D2 $ ЖИ 
—9 = relative maximum, Ф ) (4) = 3 — relative minimum, and 





& (D?) (5) -2 


4243 = relative minimum. Therefore both t = 7 and t = эт give points on the ellipse closest to 


2 
the point (3, 0) > (1, 32) апа (1, — 32) are the desired points. 


41. (a) (b) (c) 


x=4costy=2sint 


0<1<2х х = 4 со5 ђ, у =12 sin t 
2 





Х = 4 005, у = 2 511 














0<1<% 
42. (а) ў (b) y (c) y 
14 
X = sect, y= tant 0. 
x=sect,y=tant —0.5<1<0.5 


x=sect,y=tant 
-0.1 st £0.1 


-1.5 $15 1.5 
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43. 
у 
2 
x=2t+3,y=t -1 
-25152 
х 
44. (а 
(а) у 
x«t-sint 
ys1-cost 
Osts2x 
45. (a 
(a) у 
х = 2 cos t + cos 2t 
y =2sint—sin 2t 
05152л 
x 
46. (a) 


X = 3 Cos t+ cos 3t 
y=3sint-sin 3t 


0<1<2л 
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(b) (c) 


Xxt-sint 
y=1-cost 
05154л 


(5) 
X = -2 cos t + cos(-2t) 
26 Y" -2 біп 1- sin(-2t) 
051<2л 
3r* 
(b) 


y х= -3 cos t + cos(-3t) 
4 = -3 sin t - sin(-3t) 


05152л 


X=t-sint 
y=1-cost 
1515<3л 
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47. (a) 


(b) у (с) 








Hypocycloid 
-10 





48. (a) 4 (b) 





х = 6 созг +5 соз 31, у= 6sint —5 sin t, х = 6 соѕ 27+ 5 соѕ 61, у= 6 sin 2t — 5 sin 6i, 
O<t<2n 05:<л 
(с) 


(4) 





x = 6 cos t -- 5 cos 3t, y = 6 sin 2: — 5 sin 31, 
05:<2л 


x = 6 cos 2t +5 cos 6t, y= 6 sin 4t — 5 sin 6r, 
O<t<x 


11.2 CALCULUS WITH PARAMETRIC CURVES 











ET. БИ Ло 2 so .dx од ду dy _ dy/dt _ 2cost _ 
І. (-% = х= 20с08 1 о = 2sint, т =2cost > бу = ша = За, = cott 
dy = 2; . Е: ae (OY зле 59 
= у 7904 —1; tangent line is y — /2 — —1 (x- v2) ory = -х+2\/2; % = сзс t 
tak 
Фу ау сей 02. 1 Фу 
=> dx? ~ dx/dt ~ —2sint 2 sin?t = dx? > аа У? 
—4 
22 = – 1 > x = sin (27 (— 2)) = sin (— 7) = — X3. y — cos (2x (— 1)) = соз (— ©) = ; ® = 2л соз 2л, 
dy n : ду _ -2лвһ2 ___ ду 
че = —27 $1 276 => = 3299 — —tan2mt — ( 


T 
2 
9| = -tn (2r (-})) = -tn (-3) = v3: 


tangent line is y — i = Уз [х- (- xi) огу = /3x +2; у = —2л ес? 214 => 


Фу __ —2m sec? 2nt 
4х2 ^  2mcos2mt 
1 Фу 232: 
77 сов3 271 => dx? = —8 





Ең 1 
--% 
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yd = A Жуух ла To dx ос dy _ dy/dt | —2sint 

= 4 = х= 480" = 24/2, у = 2 cos 7 = 4/2; at = 4 сов1, 9) = —25Шї = = qud ace 

lcd dy Zal moll. ine is v — --1(х- El : 

——gtant => > К 5 tan 7 = — 5; tangent line is y 42 - (x 2/2) огу= 1х+2\/2; 
—4 

dy’ _ _1 dy — dy/dt — —ise?t — 1 diy | y8 

‘dt — — 9 See t => dx2 ^ dx/dt ^  4cost ^ 8 cost => dd AT 4 











2 m! m VE ® gnp = | dy узет: 
t X = COS >» У V3 cos - 25d —  SMt a = /3sint > & = mm = 3 




















































































































3 3 
dy £ | је _ [_ МЗуУ — fai = dy Фу _ 2 
= &| , — V3; tangent line is y ( 33) = V3 [x ( 1)] ory = V3x; ж=0 = R= —0— = 0 
TUS 
Фу E 
= Фа | „= 0 
3 
1 1 1. dx dy 1 dy dy/dt 1 dy 1 . : i 
(= =+ х= 5, 53 1, = |; tangent line is 
4 15У 55 а ёсоо dx — dud о/ ax | i Д 5 
ЕН z 1. dy’ 1үз/2 Фу _ dyld ..— 14-3/2 Py __ 
у—=1-(х—1)огу=х+1; =—1/ = qu dua — a4! > ala 2 
—4 
= 2 2 22 юг = d 2 Фу 
г=— + = x=sec (—4) —1=1,y =tan(- 4) = —1; % = 2 sec*t tant, 7 sec? t 
ау. sec?t mU. um dy 221 тү 20 172 : : 
= dx ~ 2sec?ttant ~ 2tant — 5 cott = dx ая = j cot (- т) = — 3; tangent line 18 
4 
1 1. dy 1 2 dy _ —4cst — 1 3 
у—(—1)=—(х—1)огу=—5х—4; 7 = —сзс t > = wer = Toot 
diy E 
> | d 
EX 
T т 2 т 1. dx _ dy . 2 dy __ dy/dt 
t 6 х = Sec є УУ tan < Jao a T Setan b ge REEL ee dx — dudt 
set _ dy ar т __ 95. : : 166. 2 EN 5 
= sm = eset > 2 _, = ese £ = 2; tangent line ву – 3 =2(х– 5) ory = 2х — уз; 
7-6 
ау а? dy'ldt —— —csctcot 3 d 
Jd — —csctcott — = fa = Se = cott > 52 z —3\/3 
m 
22 мэн cm = dx _1 12 sj 3 -1/2 dy | ($)G0-72 
t=3 > x= y/3T1- 2,у = ү 3(3) = 3; 1 =-5 (+07 г = 5 (30) = ак = Cheap 
____Зу:Е1 _ dy _ -—3у3+1 _ А. шо та Ды а л тиг dete si 
tC аад 430) 2; tangent line is y — 3 = —2[x — (—2)] or y = —2x — 1; 
3 
day V3t(-3¢+) 17 ]43Vt4+1 i eo] 3 diy _ ба xx) Е 3 
dt = 3 = ах2 = T 
t у Ме х (улт) ТЕП 
Фу 22 1 
т dx? a. 3 
2 дх dy 3 dy dy/dt 48 2 dy a AND oS qe : 
t 1 х=5,у=1; ar 4t, dr At qx a act d NE 1) = 1; tangent line is 
zr 2 . dy а?у dy//dt 2t 1 Фу 701 
а от ag 
СЕТ ы ж=—=1уж шд а 1 ду ВУ _ G = t2 € — —]; tangent line is 
= 45У ш тву т x ~ Ca)” lg ae ee 
4 = 
ГА Ри ду' Фу -1 2 Фу = 
у-(-2)--1(Х-1)огу--х-12 1 353 СУ t а | =! 





2 


dx dy dy/dt 








= 1 =f пт=7—У y= п 152224 : A 

t—5 — x—$-sin$i-—zg-—-X,y—-l-cos$—1—-5-—5;5—1-—cost Y = sint > = 
—€ МА 

aon sint dy = біп (2) = (%) = ; 3 " Du 2% V3 

^ T=cost => dx ер 1—%(%) =F (0) = \/3; tangent line is y 1 = \/3 X з + 55 
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24 тү/3 . dy’ __ (1—cos t)(cos t)—(sint)(sint) ^  —1 dy _ dy/dt _ (i) 
у= Ух 3 +2; а (1—со t)? ~ 1—cost dx? — dx/dt ~ Tost 
_ __- Фу 
77 (1- сов 02 = 4х2 vg c4 
2E 
12. (= > => х = соз 7 = 0,у = 1 sin 7 —2; € — —sint, € — cost = ч = “et = cott 
dy Tof. : : . dy 2 а?у csc? t 3 Фу 
— d Ж — cot 7 — O; tangent line is y — 2; 5- — csc^t 453 Wr 08€ 6 — 42 E 1 
Ж Ex 
1 1 2 . dx sl dye. 1 ду (+1)? d| 0417 о. 
13, 1-2 т=з 3.9 де 2; dt (t+ 1)?’ d ^ q-1y ax (t—1) md c qae = 9; 
eke died ИИ ‚ ду _ 441) Фу _ 46+1) diy _ 4(2+1)? 
tangent line is y = 9x — 1; 47 = «ар азар” а) талар - 108 
0 0 . dx t dy t dy | -e dy -е ^^ I. 
14. 1= 0 = х= 0 +е ,у= 1-е 0; dr 1--6,2 е ах = та => d үл. 0 
: : A 1 1l. dy | -e dy -е Фу гы ЙА о 1 
tangent line is y = 5х +5; и = (rey = ав = (теу | Grey 8 
3 2^ 2 dx 225 2 dx _ dx _ —4t. 
15. х +26 = 9 = 3x у 7 #=0 = Зх у = 74 = = 52, 
t 
3 2 2 dy — dy б _ 1. ду _ dy/dt _ (5) — 13x?) _ 3x2 2 
2у — 3 = 4 = бу 7-6 =0 > = в = yz > thus ds d = (=) = с = “jt =2 
3x: 
=> x +22 =9 => 3+4+8=9 x =l x= l;t=2 2y? — 3(2)? = 4 
: 4 3(1)? 3 
2y? — 16 у? = 8 у = 2; therefore Т- E =-% 
—1/2 = а 1,—1/2 
16. х= 4/5 = \/ = # = 1(5—4/ —ip17)2———1..:y(t—1)2 t =у+(- 10% = ИУ 
МОЕ ео Еа ЕВ) а 
d t 1-25 
> (И 9 = 1. у %®— 4 Y 2 1-2Vt ys Y = E a VERE 1-2уул At 5 - Vit 
dt 2 dt (t— 1) 2u/ - 2 t" dx ёс Еэ 2 /t(t—1) -1 
2(1—3y/0)4/5— vt 
ы Ue E dicte cei МЗ; 1 4 у.3 үл у 2 
ду 2(1 - 200 v4) /5- v4 10,/3 
therefore, 1 == = 
X La 1-4 9 
3/2 _ 42 dx 1/2 dx _ 1/2\ 4х _ dx _ 2-41. == 
lh «pose equos ®-+3х!#® =2+1 = (1+3х!?) ® =2+1 уос Раја 


18. 


xsint+2x=t > & 


~ 51 у (1) (+ Ту У +2 y +2 (4y) ¥=0 > 


ду _ 


dt 


= 


> ( CET dg) Заг 


-ууу-4ууіті 
ду dy/dt 2/yt+1)+2t t+1 : 
dx — dx/d — ( 2041 ) 
1+3х172 





2/y = 


t=0 


, 


=> уу0-1- 2(0),/y =4 = y =4,; therefore чу 


ду _ 
а 





t=0 


| 


( 1--3(0)172 


Фу 
dt 


(эт —2у/Ў) 2 -у/У-4ууі-1 
(Vit1+ +) 2\/у(-+1)+2\/+1°? 


-4/4-4ауу/0-1 
2/4041) +20) /0-+1 


20) +1 


| 


t+1+ 





xin tre Gs) #=0 


; thus 


x - 2x32 20 — х (1+ 2х1) 20 => x=0;t=0 


lss 

















: ах _ : dx _ 1 _ dx _. 1—xcost. 
q sint+xcost+2 $ =1 > (sint+2)G=1—xcost > G= ар? 
: . а а si st— . 
tsint—2t=y => sint+tcost 2 = q; thus g = ао) 20 X sina +2x=7 
sint+2 
dy sin --7 cos T — 2 —4т—8 
= х= 7; therefore E = 4 
2-7 ах бен 1- (5) совт 2+т 


8Ш 7-2 


| 
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19. х= В ty - 28 22x c Ó 9 € — 38 +1, 9 +60 = 24 + 21 # = 2(30 +1) +21— 60 = 2t+2 


ду 2t+2 dy 2(1) +2 1 
dx 324-1 «|і 3(1)?+1 











20. = (х – 0), у= (е = 1 = 1(% – 1) = х-1= 15 Ф х1 S — tet 4 et; 


? dt 
> Z = 105010 5 0 = (х 0) х= 1 9 





(0)e9-- e? 1 








х- UD 1-0-1 2 





t=0 


27. Qn Qn 2т 
21. А= Г y dx = Ї a(1— cost)a(1 —cost)dt = a? |] (1 — cost)'dt — a? f. (1 — 2cost 4- cos?t)dt 
– а [7 1 4 cos2t = [ (3 1 424213 : i: ” 
=a (1 — 2cost + +#5%*t) dt = a o (4 — 2cost + } cos 2t)dt = a st — 2sint + ; sin2t 


—a(3r—040)-023z2 


0 


1 1 
22. A= fo xdy= fi (t—2)(-eat [e= t-e > du = (1 - 2085 dv- (cena => v = e=] 


— t-t) 





1 


( 
= e™t(t — t?) 


1 1 

ии fu = 1- 2 = du = cad dv = emd = v = се) 
0 

1 

- Е (1—2) 

0 











0 


ep EX Е е-е) +е“(1—20 дегі 
— (e-1(0) + e7!(—1) — 2e7!) 20 0(0) -е0(1)-260)-1-36:1-1-2 


0 0 т т т 
23. A- 2, y dx 2 2[, (bsing(-asingdt — 2ab f. sin'tdt — 2ab [7 1-22 dt = ab f° (1 — cos 2t) dt 
= ab|t — }sin2t] "= ab((n — 0) — 0) = rab 


1 
24. (a) x=, y=t0<t<1 sas fi yde= f (#лйс= ] 27й= E | -1-0-1 
1 
) x=8,y=8,0<t<1sasfiyd= fi (eas f sa t= [ie ah -1-0-1 
25: & — —sintand Y — 1 cost — (&) "= V/Csing? + (1 + cos t)? —sin t)? + (1+ cos t)? = м 2 + 2 сов 1 








= Length = f | ls (1+ cost) dt = V2 f у sm at 


=V2 fps smt z dt (since sin t > 0 on [0, т]); [п = 1 — cost = du = sin tdt; t = 0 = о = 0, 


М1 —созї 


Ея a22] > У ча = 2 23 2-4 





2 
26. & = 30 апа 4 = 3: => || (55) + (8) = (30)? + 0? = Yor +98 = VE +1 (since t > on [0, V3} ) 
V 
+ Length = J 3t/e 1d; [uc 8&1 5 $ du=3td;t=0 > u=1,t= y3 >u=4] 


> f 3u ди = [99] # = (8– 1) =7 


2 
27. ® =tand $ = +D > y ($) + (X) = VEI = ltt) = | + Ht I sinceo <t<4 


4 : 4 
= Length = f (t+1) at= [$ +] = (8+4) = 12 
0 
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28. & — (2t - 3) ^ and € 214. t > THO (2)? +(#) = 4/(2t+3)+(14t? = V4 4t+4=|t+2)=t4+2 
21 


sinceeO<t<3 5 Length = f(t +2)dt= [g+2] = 2 


29. 9 — 8t cos t and Ч = 8tsint > (2) = A/ (8t cos 0)? (8t sin 0)? 6412 соѕ2 + 642 sin?t 


= |8t| = 8t since 0 < t < $ > Length = вар 42 E эй 
2 8 0 


: 2 2 
30. & = (=) (sec t tan t + sec? t) — cos t = sec t — cos t and = — sint = 4/(%) + (2) 
E 2%-1- 2 T 
= 4/ (sec t — cos t)? + (—sin t)? = y sec? t = y tan? t = |ќап t| = tan t since 0 < t < 5 
nes 7/3 sint 
=> Length = 1 tan t dt — I ent dt — [— In |cos qz —-ni-cln1-ln2 


31. = — sin t and Ẹ X = cost = [e +(#) = \/( —sin t)? (cos t) 2212 Area = [ 2ny ds 


ae 2n (2 + sin t)(1)dt = 2л [21 — cos 2" = 2л (Ал — 1) – (0 — 1)] = 8л? 








32. ® — t? ang & — 472 ~ ү(/((8 «(&y =Vttri=,/4! > Area = [ 2nx ds 
5 
- | 2m (Ge y 2H at= | 14:(8-02-1- 48-2:4::-0- п=1, 


ын = т /га,-- (4т ,3/214- 28 
ое 
уз | 
Моге: 1 2m (2 p 2) PH dt is an improper integral but i ki, f(t) exists and is equal to 0, where 


f(t) = 27 (23/2) 4/ 1. Thus the discontinuity is removable: define F(t) = f(t) for t > 0 and F(0) = 0 


2: (a: =2т, 


33. 4 — 1 ава ® =1+ \/2 = (8) + (4) = + (+ 2) = е ++ = Area = f 27x ds 
= [Van (t+ v2) /t2 +2/2t+3 dt; №=2+2\/2:+3 > du= (21 +22) d;t— —V/2 > u=1, 
[= v2 + u=9] = f° m/fadu= [2 m9?) 9 = % 27-1) = 2 





2 7/3 т/3 
34. From Exercise 30, | асул + (8) =tant > Area= fary ds = J 27: cos t tan tdt = 27 f sin t dt 


— 2m |- cos qa’ =2л[—%—(—1)) = 





35. * =2and ¥ =1 > 4/(#)?+ (4) = VPP = V5 Area = f 2ny ds =f 2n(t +1) /5 dt 
= 2т\/5[® +], = 3т\/5. Check: slant height is \/5 => Area is 7(1 + 2 )/5 2 30/5. 
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39. 
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% —hand Ë =r = (2*4 (%) = ү +12 = Area = | 2лу 45 = | 2nrt/ b? + r? dt 

1 
= 2rry h? + r? Ї tdt = 2rry h? + r? [ "x mrv/h? + r?. Check: slant height is Wh? +r? = Area is 
moh? + r?. 


Let the density be 6 = 1. Thenx =cost+tsint => ах =tcost, andy = sint—tcost > d —tsint 


2 
=> dm=1-ds= (24 (8) dt = y (t cos t)? + (t sin t)? = |t| dt = t dt since 0 < t < $. The curve's mass is 


m : т/2 т/2 т/2 
= m = tdt = =. so M, = m = sın t — t cos t) t dt = t sin t dt — t^ cos t dt 
м= Ја dt = =. Also M уа MIC dt— J, tsintdt— J, 2 совга 








sin t — t cos t t? sın t — 2 sın t + 2t cos t = 3 — 7 , Where we integrate arts. erefore, 
TE ? sint —2sint 4-2 02 а wh integrated by parts. Theref 
M 0-0) T т/2 т/2 т/2 
=.= (3) = 5 – 2. Next, M, = [X m= f (cost +tsint) tdt= f tcos tdt 4- f, t sin t dt 
= [cos t + t sin t] 6 т, + [-t? cos t + 2 cos t+ 2t sin t]5 e т — 3, again integrating by parts. Hence 
єє. Л 3-3 = 
кеме s ege п ыб 


Let the density be ô = 1. Then x =e! cost > * — e' cost — e' sint, and y — e' sint — 4 =e'sint+e'cost 





2 E 
=> dm = 1 - ds = (2) + (8) й = V (e cos t - e sin t)? + (et sin t + et cos t)? dt = /2e* dt — сега. 
The curve's mass is M = / ат = f, vae dt = \/2e7 — \/2. Also M, = [у dm = ИС ѕіп 0) (Уе) dt 

T Pags e К Т. e m у em LI 2 
=] V2 e* sntdt — 2 [$ @ sint — coso] = V2 (s 1) у= м, - ee) — s(er xm 
Next M, — Үз dm = Ге сов) (Уе) dt = f, Vae cos cac — ДЕ (2 cos t+ sin 1)| -- 2 (2 + У 














eT | 2 
= My -v2 (5 +3) _ _ 20 +2 c c 2€ 42. — ете 
X M NEZ) = 5(ет—1)` Therefore (x y) = (- 5(ет—1) , sath). 
Let the density be 6 = 1. Thenx =cost > 9 = — sint, and y = t + sin t => gy = 1 + соѕї 


= ат = 1-45 = 1/ (4 ) + ( Y ) а = y/(-sin )? + (1 + cos 1)? dt = 2 + 2 cos tdt. The curve's mass 
is M = - f: _ У2|, 1+ cost dt = Al 1/2 сов? (1 ) а= 2 [соз ( 5) | dt 


-2[ cos ( ) dt (since 0 € t € v = 0<: < т) 22 [2 sin (4)] 6 = 4. 2 dm 
- f« оо ) dt = Jy 2t cos (1) ү 2 sin t cos (4) dt 


= 2 [4 cos ($ ) 4- 2t sin (5 De 





+2[— į cos ($t) — cos ($ t)] g = 4т – 16 = у= = 








__ ~ = 2 =S 2 Е sin (3 t) T 2 
Nex M, = 5 т. dt = ff cos t cos ($) dt = 2 |sin($) +2 “хон 
={ =» х= № = 0) . Therefore (x, y) = (4,7 — $). 
Let the density be 6 = 1. Thenx = t? > & — 32, andy = 2E > ©=3t > dm=1-ds 


\/ (32)? + (Bt)? dt = 3 |t| /t? + 1 dt = 3tv/t? + 1 dt since 0 € t € V/3. The curve's mass 


: уз 3/2] V3 сә уз 
3t etide e+] =7. Also M, = [Y dm= f ж (з/т) а 


= [в 14 = 87 — 17.4 (by computer) > y= @ = 174 x 2.49, Next M, = [хат 
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41. 


42. 


43. 


44. 


45. 
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Vi vi 
= f 8 муве ђа=3 ЈУ V2 +1 dt ~ 164849 (by computer) — x — M — 164589 ~ 2.35, 
Therefore, (x,y) ~ (2.35, 2.49). 


2 
(a) 9 = —2 біп 24 апа 5У =2cos2t > 4/ (ED (8) = ,/(—2sin 2t)” + (2cos2t)? = 


т/2 x 
=> — 2dt = [217 = т 


(b) & = r cos тї апа © E — —m sin zt => 4/ (4%) «(ay =4/( (s cos nt)? —m sin at)? 


1/2 


1/2 
т dt = [rt] ә ET 


127 


(а) x = g(y) has the parametrization x = g(y) and y = y forc < y < d > и — g'(y) and 5 = 1; Шеп 


4 
Length — f. (2) « а) = ЈУ ) ay = Ї \/1 y)P dy 
ы 4/3 5 4/3 39 
шо ооо t утау 530+ 5077] 


= 304)" – $0 ^ = 8 


(а) Зуб Оу у IL fit ore? 75/2) 2 у= fit ул фу= lim J, КЕЗІ 


= tim 3 f(y 1)" (2215) ay —. lim B у = lim зе 254 


4/3 


0 


Зо 
Чо 





a—0* 24a а—>0+ а—>0+ 


х--(1--2віпб)совб,у - (1--2віп0)віп0 -> 4 - 20520 — эт 0(1 4- 2sin0), 9 -- 2сов0віп0 --сов0(1--25іһ0) 


3 48 
ду __ 2с0505 0 - со 0(1 + 250) ____ Асо5 0 51 0 + согд ____ 25020 + сов 0 
dx ~ =. 2cos?0—sin@(1+2sin@) 7 2со520- 25іп20 -віп0 2cos20 — sin 





=> 


__ 2sin(2(0)) + cos(0) 0-1 
a 77 2cos(2(0)) — sin(0) 2-0 


(b х- (1 + 2вїп(®))соз(®) =0,у= (1 + 25іп(7))ѕіп(7) = = 3; E 





(a) x = (1 4- 2sin(0))cos(0) = 1, y = (1 4- 2sin(0))sin(0) = 0; чу 





























0--т/ 
4 a 3—1 : (4 m 3:54/3:, 4 2sin(2(4)) + cos(4) 
© х= (1 +2зш(%))со() = Ey (1a - EU 
- X 1 /— 2/3-1 _ 
е =н) 
xXx=t,y=1-cost,0<t< 22 к 1,% sint ау ын sint 3 (48) =cost + $3 = S! = cost. The 


а ONT Р : жей ЦЭЭР dy - à d? 
maximum and minimum slope will occur at points that maximize/minimize 5, in other words, points where 5.5 = 0 


























2 
сов1= 05 1= 2 огі = 27 41 FER eee eee” Whose te 
т/2 37/2 

(a) the maximum slope is = sin(3) = 1, which occurs at x = 3, y = 1 — cos(Ẹ) = 1 

t=a/2 
(a) the minimum slope is 4 = пп (32) = —1, which occurs at x = ¥, y = 1 — сов (32) = 1 

ї=3т/2 
dx __ dy _ dy _ dy/dt _ 2cos2t _ 2(2cos?t-1), 5 = 2(2cost=1) _ 
аг = costand | =2cos2t => F = aga ^ “сог = Е; Шей | = 0 = mer 0-9 
=> 2co?t—1-20 cost e t СЕА ЕО СИЕ л 


у- біп 2 (т) =1 > (22, 1) is the point where the tangent line is horizontal. At the origin: x = 0 andy = 0 
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sin t = 0 t= ОогЕ = m and sin 2t = 0 => с 7, 2 ; thust — 0 and t = 7 give the tangent lines at 


the origin. Tangents at origin: 5 Le 2 => y= 2x and 5 a —2 = у=-2х 








у ct 4у _ dy/dt — 3cos3t | | 3(cos2tcost — sin 2t sin t) 
46. 5t — 2 cos 2t and — 3cos3t — dx X dx/dt ^ 2cos2t — 2 (2 cos? t-1) 
.. 3[(2cos?t—- 1) шин — Q cos (2 cog? t-1-2sinà?t)  (3cost)(4cost—3) , th 
= 2 (2 cos?t— 1) 2 (2 cos? t— 1) = 2(2со82:-1) > Еп 
à ;2 t— 

у => (8905014 001—3) _ (у ., 3cost—OQor4cost—3 —0: 3cost 20 — t— Z, 27 and 
dx 2 (2 cos?t— 1) 2% 2 

2 ГЕ т 5л Tm llr пе ар ы E ueris тү _ V3 
4cos*t—3=0 cost= +% t=2,4,2, 4.) Inthe Ist quadrant: t= 2 => х=зт2 (1) = У 








and у = sin 3 (2) =] > (22, 1) is the point where the graph has a horizontal tangent. At the origin: x = 0 


andy =0 = sin 2t = O and sin 3t=0 > t=0,5,7, ?* andt 20, £, 27, q, 7, 5т = t=Oandt=7 give 


— 3cos0 _ 3 


ду 
2со80 2 x3 y-ix and 





: 20 . dy 
the tangent lines at the origin. Tangents at the origin: = ee 








3 с0$ (37) _ _3 6 23 
“7 208(27) — 2 = = 2х 





47. (a) x 2 a(t—sint), y 2 a(1—cost), 0 «t € 2y — 9 — a(1— cost), Ч = asint > Length 


= f(a = cost)? + ? + (asint) face f ВСЕ te 
= | d Г сои = ау/2/[, "Үзік (4) ) а= 2а |” sin(4) dt — [-4acos(1)] 


= —4acos 7 + 4acos(0) = 8a 





(b) a=1=x=t- sint, y= 1-— cost, 0 < t< 2r => % : — 1 — cost, 59 q = sint = Surface area = 
= | эл — cost) y/(1 — cost)? + (sint)? "EM 1 — 2cost + cos? t + sin? t dt 
= 2r f0 cost) 2 — 2cost dt — 22s [7 (1 — cost" dt 2 /2s f (1 cos (2- Sy dr 
-ava [^ ( 2sin?( y^ acsi sin? ($) dt 


|. $+ du = ја а = 2 = 0 и = 0 =2л => и = ај 








= 16r f sin?u du — 16r f sin?u sinu du = 1611, (1 — cos?u )sinu du — 16r f. sinu du — 16r f, cos'u sinu du 





= [-16rcosu + 152 сова] = (16r — 157) — (—16т + 16") = Өш 


2т 2т 
48. x =t- sint, y = 1 — cost, 0 < t « 2s; Volume — f, п у?ах = | «(1 — cost)?(1 — cos t)dt 


27. 2n 
= т], (1 — 3cost 4- 3cos?t — cos?t)dt = т], (1 — 3cost + 3 (15020) ES cos?tcos t)dt 


2n 2n 
т], ($ — 3cost - $cos2t — (1 — sin*t) cos t)dt = т], (5 — 4cost 4- cos 2t 4 sin?t cos t) dt 


2n 
= "|%- 4sint + зїп 21+ бато | = п(5т 0+0 +0) – 0 = 512 


47-50. Example CAS commands: 
Maple: 
with( plots ); 
with( student ); 


x := t -> t^3/3,; 
y := t -> t^2/2; 
а := 0; 
Ь:= 1; 
М := [2, 4, 8 ]; 


for nin N do 
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tt := [seq( at+i*(b-a)/n, i=0..n )]; 

pts := [seq([x(t),y(O)],t=t0)]; 

L := simplify(add( student[distance](pts[i+1],pts[i]), i=1..n )); # (b) 

T := sprintf("#47(a) (Section 11.2)\\nn=%3d L=%8.5f\n", n, L ); 

P[n] := plot( [[x(t),y(t),t=a..b],pts], title=T ): # (a) 
end do: 
display( [seq(P[n],n=N)], insequence=true ); 
ds := t ->sqrt( simplify(D(x)(t)42 + D(y)(t)*2) ): # (с) 
L := Int( ds(t), t=a..b ): 
L=evalf(L); 


11.3 POLAR COORDINATES 


1. а,е; Б, ©; с, В; df 2. а, Е; Ь, В; с, 0; д, е 


3. (a) 
(b 
(c) 
(d 


wm 


wm 


(b) 
(c) 
(d) 


(b) 
(c) 
(d) 
(е) 
(f) 
(g) 
(h) 


(f) 


(2, 5+ 2пт) апа (-2, 5 + (21+ От) , n an integer 
(2, 2n7) and (—2, (2n + 1)r), n an integer 

(2, = + пл) апа (—2, т + (2n + 1)r) nan integer 
(2, Qn + 1)7) and (—2, 2n7), n an integer 





+ 2пт) апа (-3, эл + 2пт) nan integer y 
d aep пл) апа (3, эл + 2пт) , nan integer 
1 


+ 2пл) апа (-3, 3 + 2пт) ‚ п ап шїерег 





cm т + 2пт) апа (3, x + 2пт) , Nan integer 











(-3.л/4)) (3,-л/4) 
е % 
х =гсо5 0 = 3 cos 0 = 3, y = r sin 0 = 3 sin 0 = 0 Cartesian coordinates are (3, 0) 
х = гс05 0 = —3 соѕ 0 = —3 у = гапед = —3 sin0=0 => Cartesian coordinates are (—3, 0) 


х = г сов 0 = 2 соѕ = = —l, y = r sin 0 = 2 sin = = Уз = Cartesian coordinates are (-, v3) 
x —rcos 0 = 2 со$ л = l, y =r sin 0 = 2 sin л == /3 = Cartesian coordinates are (1. v3) 

x = r cos 0 = —3 cos T = 3, y = r sin 0 = —3 sina = 0 = Cartesian coordinates are (3, 0) 

х = гсоѕ 0 = 2 соѕ 3 = 1, y = r sin 0 = 2 51 3 = уз = Cartesian coordinates are (1. v3) 

x =r cos 0 = —3 cos 2r = —3, y = r sin 0 = —3 sin 2r = 0 = Cartesian coordinates are (—3, 0) 


x = r cos ĝ = —2 cos (— т) =—-l,y=rsiné = —2 sin (— т) = VEI = Cartesian coordinates are (-, V3) 


х = V2 соѕ 4 = 1,у = /2 sin | = 1 > Cartesian coordinates are (1, 1) 

x = l cos 0 = 1, y = 1 sin 0 = 0 = Cartesian coordinates are (1, 0) 

x = 0 соѕ 5 = 0, у = О ѕіп 5 = 0 = Cartesian coordinates are (0,0) 

х= —\/2 cos (4) =-ly= —\/2 sin (т) = —1 = Cartesian coordinates are (—1, —1) 
х = —3 cos эл = ove ‚у= —35п эл = 3 = Cartesian coordinates аге (38. - 3) 
x = 5 cos (tan! 5) = 3,у = 5 sin (гапт! 1) = 4 = Cartesian coordinates are (3, 4) 
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(g) 
(h) 


(а) ( 
(b) 
(с) 
(4) 


(а) 


(b) 
(c) 
(d) 


(a) 


(b) 
(c) 


(d) 


(a) 


(b) 


(с) 
(4) 
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x = —1с0$ 7л = 1, y = —1 sin 7m = 0 = Cartesian coordinates are (1, 0) 
х = 2\/3 соз 27 —\/3, у= 2\/3 ѕіп 27 = 3 = Cartesian coordinates are (-v3, 3) 
(1,1) 2 r2 /P 4 = V2, sinb = y; and cos = NO — 0 — 1 — Polar coordinates are (v2. 3) 
3,0) => r = 4/ (—3)}? + 0 = 3, sin 6 = 0 and cos 8 = —1 = 0 = 7 => Polar coordinates are (3, 7) 


(= 
2 
2 : 3 т 1т 
(v3 3, -1) =т= (v3) + (-1)^ = 2, зтд = — апа соз@ = 43 = 0 = H = Polar coordinates are (2, 1и) 


(3,4) =т= 4/ (3) + 4 =5, sind = + and cos@ = —2 = 0 = п — arctan(3) — Polar coordinates are 
(5, п — arctan (4 )) 


(—2, -2) > r= \/(-2)° + (-2)* 2 24/2, sin = Эд and cos 0 — "Sus — 0 — – 37 = Polar coordinates are 
(2/2. - 5 
(0, 3) > r= V0? + 3? = 3, sind = 1 and cos@ = 0 > 0 = 5 = Polar coordinates are (3, т) 


EE 

ат _ _ уз _ 5л : 5т 
(- V3, Deu (-У3) + 1? = 2, sin = 5 ап4 соз0 = —\- = 0 = © = Polar coordinates are (2, эт) 
( 


5, —12) =® г = 4/5? + (—12} = 13, sing = — 3 and cos @ = 3 = 0 — —arctan(2) — Polar coordinates аге 
(13, —arctan( 2)) 


(3,3) >r = —\/32 +3? = —3\/2, sind = TUE and cos 6 = m = 0 = эт = Polar coordinates аге 
Pare) 

(-1,0) 2 r2 —4/(—1)? 4- = -1, sind = 0 and cos @ = 1 > 6 = 0 = Polar coordinates are (—1, 0) 

(- 1, V3) sr=-4/(-1) + (v3) = = —2, 5100 = HS and cos @ = 1 — 0 — ?* — Polar coordinates are 
(-2, 5) 

(4, —3) = г= 42 + (—3)? = —5, sind = $ and cos — —2 — Ө = т — arctan(?) = Polar coordinates are 


(- 5,T— adt 


(-2,0) 2 г= —4/(—2Y - 0? — —2, sin — 0 and cosó — 1 — 0 — 0 — Polar coordinates are (—2, 0) 
(1,0) =r = -y 1? +0 = —1, sinf = 0 and cos 8 = —1 = 0 = r or 0 = —r => Polar coordinates are (—1, 7) or 


(0, —3) = r = 4/0? + (—3)? = —3, sinf = 1 and cos = 0 > 0 = 7 — Polar coordinates are (—3, $) 


У 
ој 
NS 
= 
| 
| 
Утас, 
“5 

> 
№2224 
N 
+ 
m 
Nie 


) = = —1, 8100 = -i and cos 0 = => = 0 = + огд = = —22 = Polar coordinates 
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11. 12. 
14. 15. 16. 
у У y 
0 = 2n3 
rs-2 
17-22 x 


17. 19. 


9 


r= 


© юа 





20. 21. 22. 
у 





23. 24. 25. 
y 


Л 
-w4s0 14 
-1 $751 
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26. 


27. 


29. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 
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OsOsn2 
15152 








т соз @ = 2 => x — 2, vertical line through (2, 0) 28. rsinü — —1 — y — —1, horizontal line through (0, — 1) 
rsinü — 0 = у = 0, ће x-axis 30. гсоѕ50 = 0 = х = 0, е у-ахіѕ 
г=4с5с0 = г= 242 => rsind=4 = y = 4,a horizontal line through (0, 4) 


—3 
сов 0 


т=—3ес@ > r= 





= rcos0 = -—3 = x= —3, a vertical line through (—3, 0) 
rcos 0 +rsinf = 1 => x+y = l, line with slope m = —1 and intercept b = 1 

rsin 0 = rcos 0 => у = x, line with slope m = 1 and intercept b = 0 

r? =1 = x? +y? = 1, circle with center C — (0,0) and radius 1 


r? —4rsinü — x? +y? = 4у => х? +у? – 4у +4 = 4 = х? + (у 2)? =4, circle with center C = (0, 2) and radius 2 


5 


r= sin 0—2 cos 0 


— rsinÜ —2rcos0 — 5 — y —2x — 5, line with slope m = 2 and intercept b = 5 


г? sin 20 — 2 => 21? ѕіп 0 соѕ0 = 2 = (rsin 0)(r cos 0) = 1 => xy = 1, hyperbola with focal axis y = x 








r = cot 0 csc 0 = ($8) (1) = rsin? 0 = соѕ0 = г? ѕіп20 = гсоѕ0 = у? = х, parabola with vertex (0, 0) 


sin 0 sin 0 


which opens to the right 


2 2 


г = 4 (ар 0 ѕес Ө > г=4 (556) => гсоѕ20 = 4 5іп Ө = r? cos? 0 = 4r sinf > x 


cos? 6 





= 4y, parabola with 


vertex = (0,0) which opens upward 
r — (csc 0) ^*^ — rsin = e"? => y — e*, graph of the natural exponential function 


г5іп Ө = lnr + ln соѕ 0 — In(rcos0) => y = ln x, graph of the natural logarithm function 














г? + 212 соѕ 0 зт 0 = 1 => х? +у? += 2ху = 1 = хе += 2ху фу: = 1 = (х фу: =1 = x+y= + l, two parallel 
straight lines of slope —1 and y-intercepts b — + 1 
cos? 0 = ѕіп2 0 => r° cos? 0 = r° sin? 0 x = y? |х| = |у| + х = y, two perpendicular 





lines through the origin with slopes 1 and —1, respectively. 


г? = —4гс050 -» х2--у!--4х -» P+4xt+y=0 = х2-4х-4--у!-24 - (х +2)? + у? = 4, а сїгс1е эһ 
center C(—2, 0) and radius 2 
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46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


55. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 
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r = —6rsinð => x? +y? = —6y > x + у? +6у=0 = х? + у? + 6бу-4+9=9 = х? + (у+ 3)? —- 9, acircle with 
center C(0, —3) and radius 3 


г-8віп0 -> і?- 8гзш 0 => х? + у? = 8у = х? + у? — 8у = 0 = х? + у? — 8у + 16 = 16 5 x? c (y - 4 — 16a 
circle with center C(0, 4) and radius 4 


2 


г= 3050 = г = 3гсоѕ0 = х? фу: = 3Х = х? y? -3« 20 29 х —3х+ 1 фу: = 3 


2 1 ; : 
= (х - 3) + у? == 2 , acircle with center C (3, 0) and radius 3 


г = 2 совб + 2 зп 0 = г = 2гс0$ 0 + 2гзт0 => х? + у? = 2х +2у = х? – 2х +у? – 2у = 0 
=> (x— D? + (у — 1)? = 2, acircle with center C(1, 1) and radius 1/2 


г = 2 сов 6 – 5 0 = 12 = 2r cos 0 — r sin 0 > х? + у? = 2х – у = х? – 2х +у? Бу = 0 
= (х= 1) + (у + iy = 5, a circle with center C (1, — 1) and radius 18 
r sin (0 + 2) -02:55 r (sin @ соз = + cos 0 sin 7) =2 = УЗ г ап 0 + 1 гсов0 = 2 = У у+1х=2 
=> Уз y +x = 4, line with slope m = — 7. and intercept b = 5 


гвіп (27 — jus = r (sin cos 6 — cos sin #) = 5 = Yi recos + irsin = 5 => Bxplya5 


=> V3x+y = 10, line with slope m = – уз and intercept b = 10 








x=7 => гс0$ 0 =7 54. y=1 => rsnd=1 
х=у = гсовб = гапд = 0= 1 56. x -y 23 — rcosÜ—rsin0 —3 
х? +„у? =4 r=4 r=2orr=-2 


х? — у? =1 = га со 0 — г? 5120 =1 = г? (соѕ 0 – ѕіп2 0) = 1 = г соѕ 20 = 1 


2 


2 4 У =1 = 4x? + 9y? = 36 = 4r! cos? 0 + 91? sin? 0 — 36 
ху = 2 = (тсоѕ 0)(г ѕіп 0) = 2 = r?cos0 sin 0 = 2 => 212 со 0 віп0- 4 -> г? віп20- 4 


2 


у? = 4х > r° sin? 0 = 4r cos => rsin? 0 = 4 cos 0 


х? + ху + у? =1 = х? + у? +xy=1 > r +r? sinb cos =1 = г? (1+1 0 соз 0) = 1 





х? + (у- 2)? =4 = х? фу – 4у +4 = 4 = х? фу? = 4у = г = 475іп 0 = г= 4іп 0 
(х – 5)? +у? = 25 = х? – 10х + 25 +у? = 25 = х? +у? = 10х = г = 10гсоѕ 0 = г = 10 соѕ 6 


(х – 3)? + (у +1)? = 4 => x? 6x9 y! -2y4-1-—4 = x? + y? = 6x — 2y —6 => r° = 6r cos 0 — 2r sin 0 — 6 





(х + 2)? + (у – 5)? = 16 => х? + 4х +4 + у? – 10у + 25 = 16 = x? + y? = —4x + 10y — 13 
= г? = —4r cos 6 + 10r sin 0 — 13 
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67. (0,0) where 6 is any angle 


68. (a) x —a — rcos—a — г= ду => r=asecd 


cos 


(6) у=6 => гапд=ђ => г= => r=bcescé 





біп 0 
11.4 GRAPHING IN POLAR COORDINATES 


1. 1+cos(—0) = 1+cos@=r — symmetric about the 
x-axis; 1 + cos (—0) # —r and 1 + cos (am — 0) 
= ] — cos 0 Æ r => not symmetric about the y-axis; 
therefore not symmetric about the origin 


2. 2—2с08(–0) = 2 — 2 cos 0 =r = symmetric about the 
x-axis; 2 — 2 cos (—0) Æ —r and 2 — 2 cos (m — 0) 
=2+2 с0$ 0 Ær = not symmetric about the y-axis; 
therefore not symmetric about the origin 


3. 1—sin(—0) — 1+ sin 0 Æ r and 1 — sin (m — 0) 
= ] — sin 0 # —r = not symmetric about the x-axis; 
1 — sin (m — 0) = 1 — sin 0 = r => symmetric about 
the y-axis; therefore not symmetric about the origin 





4. 1+ sin(—0) = 1 — sin 0 Æ r and 1 + sin (r — 0) у 


= | t-sin 0 Z —r — not symmetric about the x-axis; келеп 12 





1+ sin (7m — 0) = 1 + sin 0 =r => symmetric about the 
y-axis; therefore not symmetric about the origin 
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668 
5. 2 + 510 (—0) = 2 — sin 0 Æ r and 2 + sin (m — 0) 
= 2 + sin 0 # —r = not symmetric about the x-axis; 
2 + sin (m — 0) = 2 + sin 0 = r = symmetric about the 
y-axis; therefore not symmetric about the origin 
6. 1+2 sin(—0)= 1 -— 2 sin 0 Æ r and 1 + 2 ѕіп (т – 0) 
= 1+2 311 9 = —r = not symmetric about the x-axis; 
1 42sin(7 —0)— 1 4-2sinÜ —r — symmetric about the 
y-axis; therefore not symmetric about the origin 
7. sin (— 2) = — sin (2) — —r — symmetric about the y-axis; 


sin (== 9) = sin (5) ‚ $0 the graph is symmetric about the 


x-axis, and hence the origin. 





4) =r = symmetric about the x-axis; 


9) _ 
8. cos (— 2) = cos ($ 
27-8ү — 0 : : 
cos ( 5 ) = сов (8) , So the graph is symmetric about the 
y-axis, and hence the origin. 








cos(—0) = cos 9 =r? => (r, —0) and (—r, —0) are on the 
graph when (r,0) is on the graph — symmetric about the 
x-axis and the y-axis; therefore symmetric about the origin 
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13. 


14. 
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їп (т — 0) = зїп @ =т? = (1,7 — 9) and (—1, 7 — 0) аге on У 17260 





the graph when (r, 0) is on the graph = symmetric about 
the y-axis and the x-axis; therefore symmetric about the 
origin 


— sin (r — 0) = — sin 0 = r? => (т, т — 0) and (—r, a — 0) 
are on the graph when (r, 0) is on the graph — symmetric 
about the y-axis and the x-axis; therefore symmetric about 

the origin 


— с0$ (—0) = — cos 0 = r? = (r, —0) and (—r, —0) are on 
the graph when (r, 0) is on the graph = symmetric about 
the x-axis and the y-axis; therefore symmetric about the 
origin 








Since ( + r, —0) are on the graph when (r, 0) is on the graph 
(= т)? = 4 соз 2(—@) = т? = 4со$ 20) , the graph is re 4 con 20 


symmetric about the x-axis and the y-axis — the graph is x 





symmetric about the origin 


Since (r, 0) on the graph = (—r, 0) is on the graph 

(( xr)? 2 4sin20 — r? = 4 sin 26) , the graph is 
symmetric about the origin. But 4 sin 2(—0) — —4 sin 20 
Æ r° and 4 sin 2(m — 0) = 4 зїп (2л — 20) — 4 sin (—20) 
= —A4sin 20 Z r? — the graph is not symmetric about 





t7. 4 sin 20 


the x-axis; therefore the graph is not symmetric about 
the y-axis 


Since (r, 0) on the graph — (—r, 0) is on the graph 

((+1)? = —sin20 > r? = — sin 29) , the graph is 
symmetric about the origin. But — sin 2(—0) = —(— sin 20) 
sin 20 Æ r? and — sin 2(m — 0) = — sin (27 — 20) 

= — sin (—20) = —(— sin 20) = sin 20 Æ r? — the graph 
is not symmetric about the x-axis; therefore the graph is 





not symmetric about the y-axis 
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16. Since( +r, —6) are on the graph when (r, 0) is on the 
graph (( + г)? = — соз 2(—0) = 12 = — cos 20), the 
graph is symmetric about the x-axis and the y-axis — the 
graph is symmetric about the origin. А 
04 24 








17.0=% >r=-1 => (—1,5),апдб=—® > г=—1 
=> (-1,-4);r = § = -sin 4; Slope = ун 


= 599100858 = Slope at (—1, 7) is 


— sin 0 cos 0—r sin 0 
— sin P )+— 1) сов 5 2 . xA x 
—sin 5 cos 5-(— Dsn 7 = —1; Slope at (— 1 зе а 15 
шш (— = ше 2 


18. 90=0 = г=-1 = (-1,0), ааа д =т = г= -1 
> (-1,7);r = 4 = с05 0; 

г біп 6--г сов06 __ cos @ sin 6+1 cos 0 

rcosÓÜ—rsinÜ ^ cosÓ cos 0—rsin 0 


— cos @ sin 0+r cos 0 es - cos 0 sin 0+(—1) cos 0 

^. . eos? 0—r sin 0 = Slope at ( 1 ‚0) 15 00520 (= 1) ѕіп 0 

cosTsinz--(—l)cosT  — 1 
cos?7—(—l)sint ` 


Slope = 


= —1; Slope at (—1, т) 15 





19: 05-11 ты > (бет > г=—1 
> (-1,-4);0=% sr=-1 5 (-1,%); 
g=-*% >r=1 = (1,-*%); 


r= Ч = 2 cos 26; 
г біп 0--г сов 06 __ 2 cos 26 sin 6+rcos 0 

















Slope = r'cosÜ—rsinÓ ^. 2cos 20 cos O—1 sin 0 
= Slope at (1, 1) 8 ed QD ere 
2 cos (— 3) sin (— 7 cos (- 7 
Slope at ( 1, 4) 8 m аш Ln ——- = = 1; 
р 2 cos (37) sin (32 (-І) сов 
Slope at ( l, 3 ) > 2 cos 9 pre = E 
31), 


4 
Slope a (1, эт) is 2 cos | 5 sin (- шы | x) 
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20. 


Section 11.4 Graphing in Polar Coordinates 


0=0 > r=1 > (1,0;0=7} > r=-1 > (-1,5); 





0--і->і--і > (-1,-3);:0—m« = г=] 
— (1,7); ' 2 $ — —2 sin 26; 

. rsin0ü-rcosÓÜ |. —2sin20 sin Ó—-r cos 0 ба) 
Slope ^ rcosÜ—rsinÜ ^. —2sin 20 cos 0—r sin 0 


-o -2 біп 0 віп 0--сов 0 : 4 5 5 
= Slope at (1,0) is 55 уто буур, УЭ ШШСП 15 ипйейпей; 


—2 sin 2 (5) sin (5) +(—1) сов (5) 
—2 sin 2 (5) со$ (§)-CD sin (5) 





Slope at ( 1,5) 18 = 0; 





—2 sin 2 (— 5) sin (— £)* C7 Dcos (— 2) 











Slope at ( 1, 2) is -2sin2(- 2) cos (— 5)—(—1)5їп (— 5) = 0; 
Slope at (1, m) is -23822 8276557, which is undefined 
21. (a) (b) 
у y 
Ta 
( 
су А 
[= 3 
2 
3 СЙ 
2 
аж син 2 
2 2 
22. (а) (b) 
23. (a) : (b) 
24. (a) (b) 
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25. 











26. г= 2 зесе = г= 2, > гсоз@б=2 > x=2 у 
05 (272, т/4) 
| г = 2 5ес 0 
х 
E 
(2/2, -т/4) 
27. 28. 


0<ғ<2-2сов0 





29. Note that (r, 9) and (—r, 0 + T) describe the same point in the plane. Тһепг- 1-со80 «> —1- со$ (9 + т) 


— —] — (cos 6 cos 7 — sin 0 sin 7) = —1 + cos 0 = —(1 — cos 0) — —r; therefore (r, 0) is on the graph of 
г = 1— со5 6 © (-r,6+7) is on the graph of r= —1 —cos 6 — the answer is (a). 
y y y 
c CH | | Х 
г<1-с058 г=-1 - с0$ 0 г =] +со$0 
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30. Note that (r, 0) and (—r, 8 + 7) describe the same point in the plane. Thenr — cos 20 > — sin (20 +7))+ т) 


— — sin (20 + эт) = — sin (20) cos (27) — cos (20) sin (22) — — cos 20 — —r; therefore (r, 0) is on the graph of 
r — —sin (20 + т) => the answer is (a). 


y y 
y 
г = соѕ 20 r=-sin (20 +5) "= - со5 5 
31. 32. 


г=1-2 530 





33. (а) (0) 


34. (а) 
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(d) : (е) : 
r=+10Ne 
x 
г = 8/9 
x 
11.5 AREA AND LENGTHS IN POLAR COORDINATES 
L A= f eao = [165] 1 = = 
2. A= | 1(2sin0)? =2/ шов а = 2 "21-29 do = [7 (1 – сов26)ав = [0 — 182017, 
Ч /4 5 ( /4 Ga 7/4 2 Е т/4 ш 
== ој (А -9- 14529 
2n 
3. A [за + 2 совбу ад = [, "1 (16 + 16 сове + 4 созг0) d0 — f [8-8 cos 0 +2 (19527) ад 


2т 
LE (9 + 8 соѕ 0 + соѕ 20) 40 = [90 +8 sin 8 -- 1 sin 20]7" = 187 


2т 2т 2т 
4, A= J, 1 [а(1 + cos a) 40 = |, 1а? (1 + 2 соѕ 0 + соѕ? 0) 40 = 1 а? | (1+ 2 соѕ 6 + 120) 49 


3 та? 


2т b 
=} f (8 + 2 cos 0 4- 1 cos 20) do = 1a? [20 + 2 sin 6 - 1 ѕіп 20]? =$ 


s. A-2 f" Leo?26a6 — f es ag 1 [9 зва] т з 


т/6 т/6 т/6 т/6 
6. А-Г тв 3 (08 30)? 99 = їр 2% со23040 = 1 |" e rese ag — 1f" 29 (1 + cos 60) dé 


7/6 T п 
= 4[9 + 55169] " “тв = 4(6 +0) – 4(-5+0) = р 


т/2 т/2 
7. А=] 1(@4ш26)40= |" 2512040 = [-- сз 201” = 


т/6 


=4 


8. А = (600) [7 (2 sin 3) dg = 12 [sin 39. a9 = 12 [- 924]* 


9. г= 2 с0$ 9 andr = 2 sin 0 => 2cos0 — 2sin0 
=> cos = sin > 0 = 7 > therefore 


т/4 1 т/4 1 
А=2 |" 10502 40 = | 4 іп?0 40 
ni 1- сов 20 7/4 
= 4 (e928) a9 = [7 (2 2 cos 20) d8 
= [20 — sin 26|7/4 = = – 
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10. r = 1 andr = 2 $10 0 = 25100 = 1 = зїп Ө = 1 
=> д= ог = ; therefore 


2 Sal: 02 2 
А=т(1) - 1 [0 sin 6)? — 12] dd 
57/6 . 
-т-Г, (2 sin? 8 — 1) 90 


п "(1 0520 — 1) 40 











т/6 
T 1 sin 207 57/6 
-т-Г, (5 – сов 26) 46 = & - [10 — 3926] 77 
2 5т l asn ST T luaT _ 4т—3\/3 
= т (32 — 58 3) - (5 2803) = 
11. г = 2 апаг = 2(1 – cos 0) > 2 = 2(1 — cos 0) y 


r =2(1 — cos 0) 








= cos?=0 => 0 = + 35 ; therefore 
л/2 
А=2 1 5 [2(1 — соз 0)]? 40 + Тагеа of the circle 
0 
т/2 
- Ї 4 (1 — 2 сов 6 + cos” 6) dé + (7) (2) 


= frac — 2 cos 6 + #94) 40 + 2л 





т/2 
=f (4 - 8 сов0--2--2 соѕ 20) 10 + 27 
= [60 — 8 sin + ѕіп 20]7/? +27 = 5т – 8 


12. r = 2(1 — cos 0) and r = 2(1 + cos 0) => 1 – соѕ 0 y ғ = 2(1 + соз 0) 
= 1 + с050 => cos =0 = 9 = 1 ог 27 ; the graph also 


gives the point of intersection (0, 0); therefore 


ЇЇ 2 f 2 
A=2 : 5 [201 — соз 0)] 40 + 2 „5 20 + сов 0)] 40 





1/2 
= J 4(1 — 2сов0- сов? 0)40 
E г = 2(1 - с0$ 8) 
+. „4(@ + 2.c0s 6 + cos? 0)а0 


п/2 . т . 
= f 4(1—2cos o + 12) ад + |“ 4 (1 + 2 совд + 14528) а 
т/2 т 
=f (6 — 8 cos Ø + 2 cos 20) d0 + f” (6 +8 cos 0 + 2 cos 20) ад 


= [69 — 8 sin Ø + sin 20]? + [60 + 8 sin 0 + sin 20]7 = 6r — 16 


мін 


13. r= V3 and r? = 6с05 20 = 3 = 6 соѕ 20 = соѕ 20 = 
= 0 = & (in the Ist quadrant); we use symmetry of the 


graph to find the area, so 
7/6 2 
А=4 [| |} (6 cos 2) 1 (v3) | dó 
7/6 2 
= 2 [7 cos 26 — 3) dé = 2 [3 sin 20 — 365!" 


=3\/3—т 
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14. r — 3acos 0 and r = a(1 + cos 0) — 3a cos 0 — a(1 + cos 0) y 


= 3с050 = 1 +с050 = соѕ0 = i > 0= 5 0г- 5; 


the graph also gives the point of intersection (0, 0); therefore 
А=2 | л [(3a cos 6)? — a2(1 + cos 6)?] 40 

= p (9a? cos? 0 — a? — 2a? cos 0 — a? cos? 0) dé 

= 12 (8a? cos? 0 — 2a? cos 0 — a?) d0 

= ТҮ [4a?(1 -- cos 20) — 2a? cos 0 — a?] dO 

= [за -- 4а? сов 20 - 2а? сов 0) 40 


= [3a?0 + 2a” sin 20 — 2a? sin 0] D = па? + 2а? (1) - 22? ( 


15. r = 1 andr = —2 cos 0 => 1 = —2 cos 0 => cos = — 


= 0 = л in quadrant II; therefore 


А => [У 1[(-2cos 6)? - 12] ae — [7 


27/3 2 27/3 


= [7 128 + сов 20) – 1] ад = Ј, 1 +2сов 20) 49 


27/3 


(4 cos? 0 — 1) 40 





: п т 3 
= [0 + sin 29] 37/3 = TEAN 


16. r = 6 andr = 3 csc 0 => 6sinf =3 > ѕіп 0 = 1 


51/6 
Е 5r. B 1 (62 2 
= 0=§ or; therefore A = ЈЕ. 2 (67 – 9 сас“ 0) 40 
5т/6 


~ Jas (18 — 5 esc? 6) 40 = [180 + 5 cot 6] 15 


- (157-2 3) - (83 v3) = 127 — 94/3 





17. г = зес 0 апа г = 4 соз 0 = 4 сов 0 = зес0 => соѕ20 Е 


2r 4 
= 0=1, 7,9, 


or эл ; therefore 
Ма 2 2 
А=>ј, 5 (16 со870 - вес” 0) 40 
т/3 
= 1: (8 4- 8 cos 20 — sec? 0) 40 


— [80 -- 4 sin20 — tan 6]? 


- (& &2/3- V3) - (00-0) 2 ¥ + v3 
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18. шэг гч 


=> 0-3, T 5 , or  ; therefore 


A= т-2 ХЭРЭЭ” 


т/2 
= 4r — ү (8 — 8 cos 20 — 9 csc? 0) 40 


— 4v — [80 — 4sin20 + 9 cot ШЕ. 


= ал – (алт —0+0)– (4 –2/3 +3/3) 
= + Уз 


19. (a) r = tan 0 and r = (2) сѕс Ө = tan 0 = (2) csc 0 
2 


=> sin? = (22) соѕ Ө => 1 – соѕ? 0 = (2) cos 0 
=> cos? @ + (2) cos 9-1 = 0 = cos 0 = — — М2 ог 


2 (use the quadratic formula) = 9 = 7 (the solution 





in the first quadrant); therefore the area of R; is 


т/4 т/4 
А = | 14412040 = 1 f (вес20 – 1) 4 = Htan8 — €^ — 1(an$ - 2) = 1 — БАО = (5) сост 


= ¥ and OB = (2) ese $= 1 > AB = 4/1? - ғ) = 52 = the area of Re is Ap = $ (22) (22) =1; 
therefore the area of the region shaded in the text is 2 (5 - +1) = 3 — 7. Note: The area must be found this way 
since no common interval generates the region. For 2 the interval 0 X 0 € 7 generates the arc OB of r — tan 0 


but does not generate the segment AB of the liner — 32 csc 0. Instead the interval generates the half-line from B to 


y 














-Foo on the line r — сөс 0. 
(b) lm _ (200 = œo т the line x = 1 isr = sec 0 in polar coordinates; then Пт (tan 0 — sec 0) 
0-т/2 0 — п/27 
= lim, (254 – 222) =, Ви, (327) = im, (S85) =0 => r= tan Ø approaches 
г = зесбдазе — = => r=sec 0 (or x = 1) isa vertical asymptote of r = tan 0. Similarly, r = — sec 0 (or x = —1) 


is a vertical asymptote of r = tan 0. 


20. It is not because the circle is generated twice from 6 = 0 to 27. The area of the cardioid is 
А-2| 1 (соѕ0 + 1)? 00 = Ї (cos? 0 + 2 cos 0 + 1) dô = ТА (== + 2 сов 6 + 1) а0 


á у 2 | 
- (2 + ance + 2 sin o] | = E . The area of the circle is A = 7 (1) = { = the area requested is actually E eld Gm 


21. 1= 0,0<0< у5 = 3 — 2; therefore Length — f^ / (62? + (20)? аө = [Jor 48° ад 
- [^e V/8: 4 d6 — (since 0 » 0) f 6/8 +446; [и = 0? +4 2 5 ш-040,0-0 -> а-24, 
д=/5 = и=ој – Ј уза = 3 Вы] = 
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2 
23. r=1+cosé => 4 = — sin 6; therefore Length = Ї (1 + cos 0)? + (— sin 0)2 а0 


=2 f" /2+2c086 do =2f" (+29 ag =4 f 1st do = 4 f” cos (8) d0 = 4 [2 sin 8]7 =8 


2 2 
24. r= a sin? 8.0 0<0<л,а>0- * = asin 2 сов 5; therefore Length = ЇЇ V (a sin? 5) + (а зїп £ сов 2) аб 


= Га sint 8 +a? sin? 0 сов? 8 а = | а [sin £| sin? £ + cos? 2 10 = (since 0 < 0 < т) af sin (8 ) 40 


= [—2а cos AM в = 2а 





"aao uU VEU 
0<0<:% ~ 4 = Sant; therefore Length = ТГ” = + (тв) 40 




















25. т= —— 1 т o> Te 
=/; ттт + FRE a= 6 J та Т т Ф 
= (since я > 00п0 < 0 < <=) 6 | ыш -——— — 40 
= 6 ДУ (ваља) уп а =6у2 ЈУ паша = 6У2 ЈУ ари = 3 210 
и 3 f sec? 840- JM sec? u du — (use tables) 6 Їнэн a + ie secu au) 
= 6 (2; + [3 1n [sec u + tan uf] 3°) = 3 [V2 +1 (1+ v2)] 

26. r= De 5 <9<л = < = = d ans ; therefore Length — J, (===) J 228187 


m | (1 — cos 0)? -- sin2 0 
m Er ass ( — cos 0)? ) 49 = 1! 23| — (1—со502 40 
= te т 1 1 — 2 cos 0 4- cos? 0 -- sin? 0 
7... 2-1 | 1-5) V (1 cos 09? аб 


2 7 1 2-2сов0 z E dé _ Г” зе 
=2 (1 — cos 0)? dô = 2/2 2 „тут = vaf, (2 sin? Ps ~ Si [esc И 40 


= =; csc? ) 4 = = (since С5С 5 9 >0 опо <0 < т) 2 Га csc? u du = (use tables) 








T т/2 т 
2([ | Цэр л за -2(4- [5 In |csc u + cot ul] us -2| +1 (У2-1) 


т/4 


- V2 «in (14 V2) 








т/4 2 2 
= 30 а сув 20. = 3 2) —sin 2 20 
27. r— cos? 3 — 4) = —sin 5 cos nee ae: ү( (сов ) +( sin 5 cos 2) 49 
=f" у сове (9) (8) + sin? (5) cost (£ ) do = | 5 (соз? 8 ) y eos? (5 ) + sin? (£ Dao |" cos? (ба 
d Bess 1 2007/4. x 3 
m dé = 5 [0+ 3sin 2] =4+8 


28. г= \/1 + 3129,0 <90<л\/2 = 4 = i(- sin 20)~1/2(2 cos 20) = (cos 20)(1 4- sin 20)-!/?; therefore 


1+2 sin 20 + sin? 20 + cos? 20 
1 2 40 


+ sin 








ту - 
Length = Ї (1 + sin 20) + эрэн 40 = Г 
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29. Letr = f(@). Then x = f(@) cos 0 => & — f'(0) cos 0 — f(0) sind => [295 = [f'(0) cos 0 — f(0) sin 0|? 
— [f'(6)l? cos? 0 — 2f'(8) 0) віп 0 cos 0 + [f(0)]? sin? 0; y = f(0) sind > " — f'(0) sin 0 4- f(0) cos 0 
2 
5, (8) — [f(8) sin 0 4- f(6) cos 0|? = [f^(8)]? sin? 0 4- 2f'(0)f(0) sin 0 cos 0 -- [f(0)]? cos? 0. Therefore 


(5) + (5) = [f’(0)|” (cos? 0 + sin? 0) 4- [(0)?? (cos? 0 + sin? 0) = [f'(O)]? -- [(0)? — r? + (87. 


É 2 ( т 
Thus, L= f“ (5) + (5) ав = |“ ут + (5) ae. 


30. (a) г=а > e Length = | а + 0540 = ЈУ ај 40 = [а0] 2" = 2ra 
(b r—acos0 — & — —asin 6; Length = | v/(a cos 8)? + Casin 0}? 40 = f^ /a? (cos? 8 F sin? 0) d0 
= Га 99 = [аб] о = ла 
(с) г=ачпд = & — a cos 6; Length — | v/(a cos 8)? + (asin 0? dd = f^ /аг (созг0 + іп? 0) 00 


— [lal a6 — [a6]; — va 


Qn 2 
31. (a) m=z), a(1 — cos 0) dó = È [0 — sin 0] 6 = a 
27 
(b) t, 7 zi J, а 49 = l-[a0]?" —a 
п/2 2а 


© „= туду /„а°%@40 = Хаяа 2 - 
С) Iw = ECR Jp? COS = п 1а 900] по т 


32. г= 200), а <0<6 = © = 20100) = P+ (зү? — [2£(0)]? - [2£(0)? — Length = Т | A[f(0)]? --4 (0) 40 


8 
===> 1 [f(0)]2 + [f/(0)]|° 40 which is twice the length of the curve r = f(0) for a < 0 < 8. 
11.6 CONIC SECTIONS 


<= Y = 4p=8 => p= 2; focus is (2, 0), directrix is x — —2 


2. х= -2 => 4ф=4 => p= l; focus is (—1, 0), directrix is x = 1 

3. y=-* = 4p=6 => p=; focus is (0, — 2), directrix is y = 3 
_ x2 C zu ds . 1 . . . EN 1 

4. у= 5 => 4p =2 => p=}; focus is (0, }) , directrix is y = — 7 








п 
tolo 
ж 


5. x == Y =1 = с= \/4+9= \/13 = foci are (+ м 13,0) ; vertices are (+ 2,0); asymptotes are y = 4 








ols 


6. ж с =1 = с= /9— — V5 — foci are (o. + v5) ; vertices are (0, +3) 











7. = + у? =1 = с= ү2-1=1 = сі ае (+ 1,0); vertices are ( + 2,0) 








8 “-3-1-с- ү4-1- \/5 = foci are (0. + v5) ; vertices are (0, + 2) ; asymptotes are y = + 2x 
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2 














9. у?=12х > x=} > 4p=12 > p=3; 10. x? =6y > y= > 4p=6 = p=}; 
focus is (3, 0), directrix is x = —3 focus is (0, 3) , directrix is y = — 3 





2 


11. x? = -8y > y= Š > 4p=8 > p=2; 12. y = -2x > х= 5 5 4р=2 5 р= 5; 


focus is (0, —2), directrix is y = 2 focus is (— 2, 0) , directrix is X = 5 





























13. y = 4x? y 0) 


=] 
> 
"о 
ын 
"о 
ЭГ 


1 
| а шинийг! 4р=% Р= з; 


. 1 . . . = d. 
focus is (0, i) , directrix is y = — 7 





directrix y = = 





15. х = —3y? х=- 4р 





16. x 2 2y? x i5 
2 


,0) , directrix is x = — 





4p 





w 
цэ) 
ule 





|- 


focus is (— EN 0) , directrix is x — 


125 focus is ( 


1 
8 


y 
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17. 16x? + 25y? = 400 > &+¥=1 


=> с= маг —b? = 25-16 =3 





19. 2х2 + у =2 = + =1 


> c= Va -b = 4/1211 





x2 2 
21. 3x? +2% =6 = = + 5 =1 


=> c= Væ -b = /уз—2=1 
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18. 7х? + 16у? = 112 => + =1 


= с= уа? 0 = 4/16 7 = 3 





х2 2 
20. 2х2 + у? =4 = 5 +5 = 1 


ie ncn 





2 


22. 2 10 290 => 5 + 5 =1 
> c= ya -b = /10—9 =1 


ху? 
10 9 
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23. 6х? + 99? = 54 ~ 5 + Е =1 24. 1692 + 25у2 = 4225 > 8 + ў = 1 


= с= уаг —ђа = /9 — = уз = c= Va? —b? = „/169 — 25 = 12 











2 4 
25. Foci: (+ 2,0), Vertices: (+ 2,0) а=2,с=\/2 b =- =4- (v2) =2 > +Ë =1 


2 




















26. Foci: (0, +4), Vertices: (0, +5) а= 5,с = 4 02 =25-16=9 > 5+ x = 1 
27. х*—у?=1 > с=\/а2+Ь?=\/1+1=\/2;__ 28. 9х°—16бу?=144 > 5 — Е =1 
asymptotes агеу = + х => c= ya +b? = y16 +9 = 5; 
asymptotes are y = = ix 
с 
5-16 9 





ч, 











29. у}—х?=8 > -É =] э с=\/а?+Ь? 30. у х2=4 > 0 — 5 =1 = с= уаг + 
= 8+ 8 = 4; asymptotes are y = +x = 4+4=2\/2; asymptotes arey = +x 
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31. 


33. 


35. 


36. 


37. 


38. 


39. 
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8х2 — 292 = 16 > 5 — 2 =1 = с= уа+52 32. у 32-3 = F-P=1 > c= Ve +h? 
= y2 +8 = vy 10; asymptotes are y = + 2x = y3 + 1 = 2; asymptotes are y = + Узх 











8у?-2152-16- Ё-58-1- с-4/2 415 34642 -36у/у-0234- 5-їй-1-с-86-13 








= y2 +8 = y 10; asymptotes are y = + 5 — 4/36 -- 64 — 10; asymptotes are y = + 3 
х2 : 
— - 54 = 1 





^ 96 








Foci: (0, + /2) , Asymptotes: у= +x > с= /2and 8 = 1 =» а=Ь = с? =а?-„Ь? —2а2 = 22-234" 


>a=-1>b=1 5 у?—х°=1 








Foci: (+2,0), Asymptotes: y= + 


DE 


- bo 22 гла 2 а ђ2 — 42 + а — 4а? 
x > с=2а@ =» = һ=-„=—>с=а+Ь =а+т=- 
1 


2 


45 = 2 =3 > а=узђ=1– Е# – у = 























Vertices: ( € 3,0), Asymptotes: y — + $x = а= Запа = 4 = = 1(3) = 4 = ж — Ус =] 
Vertices: (0, +2), Asymptotes: y = Eo — a-2and$—j — b-20)-45 ию] 
(а) у2 = 8х = 4р = 8 р= 2 directrix is x = —2, у 






focus is (2, 0), and vertex is (0, 0); therefore the new rire 
yt z8(x- 
directrix is x — —1, the new focus is (3, —2), and the 


new vertex is (1, —2) 
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40. (а) 


41. (а) 


42. (а) 


43. (а) 


Chapter 11 Parametric Equations and Polar Coordinates 


x? = —4y 4p =4 р=1 directrix is y = 1, (b) 








focus is (0, — 1), and vertex is (0, 0); therefore the new 


directrix is y — 4, the new focus is (—1, 2), and the 











new vertex is (—1,3) К * -Á(y - 3) 


х + У = 1 = center is (0,0), vertices are (—4, 0) (b) 


апа (4,0); с = Ма? — 52 = \/7 = foci are (v7, 0) 
and (-v7 ; 0) ; therefore the new center is (4, 3), the 


242 _ 3)2 
6-4) 0-37 1 


Е\(4 — Ү?, 3) 
C(4, 3) 
LJ 


new vertices are (0, 3) and (8, 3), and the new foci are 


(4 T 1/7, з) (0, 3) 





f 
1(4 + 7,3) 


g + у = 1 = center is (0,0), vertices are (0,5) (b) 
and (0, —5);c = y a — b? = y 16 = 4 => foci are 

(0, 4) and (0, —4) ; therefore the new center is (—3, —2), 

the new vertices are (—3, 3) and (—3, —7), and the new 

foci are (—3, 2) and (—3, —6) 





N 


хо 
16 


апа (4 ү and the asymptotes are 7 = + 1 ог 


у= + 2;с= үа? +2 = \/25 = 5 = fociare 
(—5, 0) and (5, 0) ; therefore the new center is (2, 0), the 
new vertices are (—2, 0) and (6, 0), the new foci 


— x = 1 = center is (0,0), vertices are (—4, 0) (b) 








are (—3, 0) and (7,0), and the new asymptotes are 
= 3(x — 2) 
Vea 
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44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 
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(a) Y — х = 1 = center is (0, 0), vertices аге (0, —2) (b) 


and (0, 2), and the asymptotes are = + vs or 





2 





= + c= Val +b? = V9 =3 => foci are 
(0, 3) and (0, —3) ; therefore the new center is (0, —2), 
the new vertices are (0, —4) and (0, 0), the new foci 
are (0, 1) and (0, —5), and the new asymptotes are 


= 4 2x 
у%2- Е% 











у? = 4х 4р = 4 р= 1 focus is (1, 0), directrix is x = —1, and vertex is (0, 0); therefore the new 





vertex is (—2, —3), the new focus is (—1, —3), and the new directrix is x = —3; the new equation is 
(у +3)? = 4(х +2) 








у? = —12х 4р=12 р= 3 focus is (—3, 0), directrix is x = 3, and vertex is (0, 0); therefore the new 
vertex is (4, 3), the new focus is (1, 3), and the new directrix is x = 7; the new equation is (y — 3? — —12(x — 4) 


x? = 8y 4p=8 p=2 focus is (0, 2), directrix is y = —2, and vertex is (0, 0); therefore the new 








vertex is (1, —7), the new focus is (1, —5), and the new directrix is y = —9; the new equation is 
(x- 1)? =8y +7) 
x? = 6y 4p=6 p 3 focus is (0, 3) , directrix is y = — 3 , and vertex is (0, 0); therefore the new 


vertex is (—3, —2), the new focus is (-3, = 1) , and the new directrix is y = — 2 ; the new equation is 


2 
(x + 3)? = 6(у +2) 











x + Y =1 = center is (0,0), vertices are (0,3) and (0, -3; c — /a2— 5b? = /9—6— /3 — foci are (o. v3) 


and (0. -y 3) ; therefore the new center is (—2, —1), the new vertices are (—2, 2) and (—2, —4), and the new foci 





. . 2 2 
are (-2, —1 = v3) ; the new equation is er + ос = 1 


х +y?=1 = center is (0,0), vertices аге (v2, 0) and (-v2, 0) ;с= Ма? —1?=\/2—1 =1 = fociare 


(—1, 0) and (1, 0); therefore the new center is (3, 4), the new vertices are (3 = 4/2. 4) , and the new foci are (2, 4) 





and (4, 4); the new equation is зал + (у – 4)? = 1 


х + У = 1 — center is (0, 0), vertices are (v3. 0) and (= у, 0) ;c = Ма? — b? = \/3—2 = 1 = осі аге 


(—1, 0) and (1, 0); therefore the new center is (2, 3), the new vertices are (2 = VE 3) , and the new foci are (1,3) 





— 2\2 _ 2)2 
and (3,3); the new equation is e + 9-37. =) 


x + x = 1 — center is (0,0), vertices are (0,5) and (0, 5); c — /a? — b? — y 25 — 16 = 3 > foci are 
(0, 3) and (0, —3); therefore the new center is (—4, —5), the new vertices are (—4, 0) and (—4, —10), and the new 


foci are (—4, —2) and (—4, —8); the new equation is «+ + ot =1 








х - Y = 1 = center is (0,0), vertices are (2,0) and (—2,0);c = /a? +>62 = 4/4 4-5 — 3 = foci are (3,0) and 
(—3,0); the asymptotes are + 5 = 22 у = = as ; therefore the new center is (2, 2), the new vertices are 
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54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


Chapter 11 Parametric Equations and Polar Coordinates 


V5(x—2). 


; the new 





(4, 2) and (0, 2), and the new foci are (5,2) and (—1, 2); the new asymptotes are y — 2 — 4 





N 


e ү _ эү? — 2\2 
equation is «со — S = 1 


В - Y = 1 = center is (0,0), vertices are (4,0) and (—4, 0); c = y a2 + b? = y 16 +9 = 5 — foci are (—5,0) 
and (5,0); the asymptotes are + 4 =% ~ у= + 3х ; therefore the new center is (—5, —1), the new vertices are 


3 
(—1, —1) and (—9, —1), and the new foci are (—10, —1) and (0, —1); the new asymptotes arey + 1 = + ез ; 


(х+5)2 _ (у+1)? _ 1 
16 90- 








the new equation is 


y? —x? =1 = center is (0,0), vertices are (0, 1) ара (0, 1); с = уа? +2 = \/1+1= 72 => foci are 
(0, + V 2) ; the asymptotes are y = + x; therefore the new center is (—1, —1), the new vertices are (—1,0) and 











(—1, —2), and the new foci are (-1, -1- v2) ; the new asymptotes are y+ 1 = + (x + 1); the new equation is 
(у ва –— + = 1 


x — x? = 1 = center is (0,0), vertices are (0, v3) and (0. -V5) ;c = ya +b? = /34+1=2 = foci are (0,2) 

















and (0, —2); the asymptotes are + x = va y= + Уэх: therefore the new center is (1, 3), the new vertices are 
(1, 3+ v3) , and the new foci are (1, 5) and (1, 1); the new asymptotes are y — 3 = + J3(x — 1); the new equation is 


6-3) -(х- 1)? = 1 
Х2--4х--у2-12 -»> x? Ax A y? «124-4 — (х +2)? +y? = 16; this is a circle: center at C(—2, 0), a = 4 


2х? + 2у? – 28х + 12y + 114 = 0 = хе — 14Х + 49 + уг + бу +9 = —57 + 49 +9 = (х — 7)? + (у + 3)? = 1; 
this is a circle: center at C(7, —3),a = 1 


x? 2х + 4у—3=0 = х?+2х+1= —4у+ 3+1 = (x+ 1)? = —4(y — 1); this is a parabola: V(—1, 1), F(—1, 0) 
y? — 4y — 8x — 12 = 0 — y? — ду c4 — 8x - 124-4 — (у- 2)? = 8х +2); 15 is a parabola: V(—2, 2), F(0, 2) 
Х2--5у2--4х-І -> х2--4х--4--5у? -5 -> (х--2)7--5у2 -5 -> 42" | у? = 1; this is an ellipse: the 


center is (—2, 0), the vertices are (-2 == V5, 0) c= маг — b? = у5—1=2 => е Їос1 аге (—4,0) апа (0,0) 


9х? + бу? + 3бу = 0 => 9х? +6(у? + бу+9) = 54 = 9x? -6(y -3)) 254 => ® + 937 — [; this is an ellipse: 
the center is (0, —3), the vertices are (0, 0) and (0, —6);c = /a2—b?— /9—6 = ТЕ => the foci are (0. -3- v3) 





x? + 2y? — 2x — 4y = —1 = x?-2x41+2(y?-2y+1)=2 > (x-1? -2(y- 1? 22 





= on +. (у — 1)? = 1; this is an ellipse: the center is (1, 1), the vertices are (1 + V2, 1) : 


с = Ма? — b? = y2 — 1 = 1 = (ће foci are (2, 1) and (0, 1) 


4х2 + у? + 8х – 2у = -1 = 4(х2 +2х +1) +у? – 2у+1=4 => Ах + 1 +(у – 102 = 4 
= (х + 12 + өл = |; this is an ellipse: the center is (—1, 1), the vertices are (—1,3) and 


(—1,—1); с = \/а? —Ъ? = \/4— 1 = \/3 = the foci are (-114 v3) 
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65. х? — у? — 2х +4у=4 => х? —2х+1- (у? —4у+4) =1 = (х – 1)? – (у – 2)? = 1; this is a hyperbola: 
the center is (1,2), the vertices are (2, 2) and (0,2); c — /a? -b2— /1+1= /2 — the foci are (1 шік V2, 2) : 
the asymptotes are y — 2 = + (х – 1) 








66. х2 – у? - 4x - 65 2 6 => х? +4х +4 – (у -6y 4-9) 21 > (x +2)? -(y + 3)? = 1; this is a hyperbola: 
the center is (-2, —3), the vertices are (C1, 3) and (-3, 3; c = /a2-b? — /14-1— /2 — the foci are 
(2 = V2, -3) ; the asymptotes are y +3 = + (х + 2) 








2 


67. 2x? — y? +6y =3 => 2х? - (y? — 6y +9) = —6 > 9-3 — © = 1; this is a hyperbola: the center is (0, 3), 
the vertices are (0, 3+ ve) ;c = ya? +b? = /64+3=3 = the foci are (0, 6) and (0, 0); the asymptotes are 
= = => у= +\/2х+3 





< 
> 











Я 


68. у? — 4х? + 16х =24 => у? – 4(х? – 4х +4) =8 = x - шоог = 1; this is a hyperbola: the center is (2, 0), 


the vertices are (2, zb v3) ;с = ya? +b? = /84+2= 10 = the foci are (2, Ер v10) ; the asymptotes are 


3 = #58 = у= +2 -2) 

















69. (а) у2 = Кх => х = Y ; the volume of the solid formed by 


у 


Ук 2\2 
revolving R, about the y-axis is V; = f T (%) ау 


Ук ad 
-&j[ yam 


circular cylinder formed by revolving PQ about the 


the volume of the right 


y-axis is Vj = лх?\/Кх = the volume of the solid 
formed by revolving Rə about the y-axis is 
Уз = У – ү} = = . Therefore we can see the 


ratio of Vs to V4 is 4:1. 





х 2 х 
(b) The volume of the solid formed by revolving Rə about the x-axis is V; — f T (Уч) dt = 7k Ї t dt 


wm 


= пре . The volume of the right circular cylinder formed by revolving PS about the x-axis is 


2 
У = т (У кх) х = пкх? = the volume of the solid formed by revolving R; about the x-axis is 


V3 = Vo — Vy = пкх? – kx? = то? . Therefore the ratio of V3 to V is 1:1. 


70. у= Јахах= а (5)+С= >= +Су = Омћепх =0 = o=% +c => C = 0; therefore y = “ is the 


equation of the cable's curve 








71. x? = 4py andy =p х? = 4р? х = +2p. Therefore the line y = p cuts the parabola at points (—2p, p) and 


(2p, p), and these points are ,/[2p — (—2p)]? + (p — p)? = 4p units apart. 


1 . . x— yx? — a?) (x+ vyx? -— a? 
72. lim_ (?x-—?vyx?—a2)=? lim (x—- Vx—-232)] 2 ^ lim A )( - ) 
x> oo Và a a x — oo a x — oo x+ yx? -a2 
= li х-(6-33| -5 fim |_# | =0 
a x> |х-үх2-а2 ах 00 [xr vx?-a? 
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73. Lety = 4/1— x on the interval 0 € x < 2. The area of the inscribed rectangle is given by 


A(x) = 2x (2y — =) = == ху E — ®- (since the length is 2x and the height is 2y) 


> A'R) = 4/1- Ê -2 . Thus A(x) =0 > 4/1- -2 =0 > 4(1-$)-x2=0 > x =2 
EE + y$ É 


=> х= 2 (only the positive square root lies in the interval). Since A(0) = A(2) = 0 we have that A (v2) =4 





is the maximum area when the length is 25/2 and the height is 1/2. 








74. (а) Around the x-axis: 9x? + 4y? = 36 > y 2=9- 3%? > y= + /9- 2x) and we use the positive root 
2 2 
> у-2|/4(/9-38) ах=2 | (9 2 х2) ах = 2л [9х – 3 х8]2 = 247 
(b) Around the y-axis: 9x? + 4y? 2 36 > х? = 4 – iy = ЖЕ /4- $y? and we use the positive root 


5 У=2 1 = (4-1 ay =2 fn (4— $y?) ay = 2 ву – 5 у) = 161 











4 ded 
75. 9х2 - 4? = 36 = у? = x36 > у= + 3 \/x? — 4 on the interval 2 < x < 4 > у= | x (3t -4) dx 


= /, (2—4) ах = g E-a] = g 16) – (8 —8)] = + (22 – 8) = 37 (56 – 24) = 24т 


4 3 


woo 





76. Let P, (—p, y1) be any point on x — —p, and let P(x, y) be a point where a tangent intersects y? = 4px. Now 











у? = 4px 2y у 4р у ; then the slope of a tangent line from P; is 57 4 = 9 = 2 
= у? – уу = 2рх + 2р?. Ѕіпсех = £ Z we have y? — уу: = 2 ($ У + 2p? => у? — уу: = 1у? + 2р2 


= 5? — уу! — 2р? =0 = у= PUES + 16р Vg = y, + \/y? +4p?. Therefore the slopes of the two 





2p 2p 4p? 
tangents from P; are my = ——~S——= and my = —S—=s > MM = >—— = =1 
в } 1 уз + Vy? + Арг 2 y1i— V y? + Арг 172 у? — (ут + 4р?) 


=> the lines are perpendicular 
77. (x-2P+(y-1% =5 => 20х – 2) + 2(у – ) 4 у 0 s> у --Хіу-0 => (х – 2): + (0— 12 = 5 
=> (x—2) 24 => x=4orx=0 = the circle crosses the x-axis at (4,0) and (0,0); x = 0 
> (0—2) + (у- 1) =5 = (у- 1)? =1 = y=2ory =0 > the circle crosses the y-axis at (0,2) and (0, 0). 


At (4, 0): = 42 = 2 = the tangent line is y = 2(x — 4) ory = 2x — 8 
At (0, 0): у = – 02 = = —2 = the tangent line is y = —2x 
At (0, 2): 5 = – 02 = 2 = the tangent line is y — 2 = 2x or y = 2x + 2 


78. x? — y? =1 > x= +41 +y? onthe interval —3 < y < 3 > v2 fs (1*3 ау = 2 | е (ут уз) ау 


3 31:3. 
= > (1+5?) dy =2n у + $], = 247 





79. Let y — 4/16 — 16 x? on the interval —3 € x < 3. Since the plate is symmetric about the y-axis, x = 0. Fora 


4/16 — 16 х2 
vertical strip: (X,Y) = (s e , length 2 4/16 — 1 x?, width = dx = area = dA = 4/16 — 18 х2 ах 
=> mass = dm = ó dA = 64/16 — 18 х2 dx. Moment of the strip about the x-axis: 


су (16-45 16 8 42 E 
y dm — үсе, [16 - 18 2 F х2) dx = ô (8 —6Х ) dx so the moment of the plate about the x-axis is 
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M, Se у ат = f? (8 — $ x?) dx = 6 [8х – 5 Eq. — 326; also the mass of the plate is 


M= f 6/16- $x ax = | 45,/1 – (1х) ах = 45 | 3/1— wi du whereu 5 = 3 du = dx; x = -3 


1 1 
=> u=-—landx=3 = и = 1. Непсе, 46 [ ЗУТ— и? аи = 125], 1 — u? du 


1 
= 126 ! (u 1 — 12 + за v. oem =676 > y= M, = = 28 = 16. Therefore the center of mass is (0, 16) i 


2 


» y 2 - 
80. у= +1 ә -ф анау "оде > (2) =ан = 1+ (8) = ут+ал 








х2--1 х2--1 


Қалы 5 | Y bench w+i))| = [2v5 +m (2+ v5)] 


- v2 v2 
= ,/ 21 = 5= | 2лу 1+ (8) Pafi 2n х? + 2531 бх =] 2т\/ 2х° + 14х; 


81. (а) tan 8 =m, => tan 8 = f'(xo) where f(x) = мэн 
f) — $ 4p) (4p) - JE => (о) = 












































4p Vn 
=> = 2. 
b a tan 8 = 
(b) tan ó — mg — X- m 225 
dcn (2, - 2) 
(c) tana, — eee — —Mo-P X07 
I+tan¢dtanB , 1+ (2 5) (2) 
уб—2рбхо—р) _ 4рхо—2рхо+2р? _ 2р(хо+р) _ 
© уо—р+2) ^^ — yoXotp Ур = an 
11.7 CONICS IN POLAR COORDINATES 
1. 165? + 25у2 = 400 = $+ 4=1 3 с= уа? 02 
= /25-16=3 > е=<= 8, 2( 3,0); 
directrices arex =O42=42= 42 
© (5) 3 
2. 7х? + 16у? = 112 => 8 0 1 5 с уа? 2 
= /16-7=3 > e=£=3;F(+3,0); 
a 4 16 














directrices are x = 0 + ê = 
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3. 2x? +y =2 > 2 + 2 = 1 => с= a? — b? 
= 2-151962 P x1 
directrices are y — 0-5 — z ==Е2 
(55) 
4. 2?+у?=4 ~ +0 1 5 с уа? 2 
= 4/4 — = У2 = е=1= 3%; (0, + /2); 
: 5 а 2 
directrices are y = 0 + Ê = (8) те Аг: 22 
5: 352-2/)-6- 2-Х5-1- с-42-12 : 
А 
= —>д = Ее. ays a ларо, 
= /3-2=1 > e=t=+;F(0, 1); 
directrices are y =O + § = (4 кке 
уз 
х2 2 
6. 9х2 + 10у? = 90 => Ж+% =1 = с= Ма? – 2 












































directrices are x — 0: 2 — (9) =e 3/3 
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12. 
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14. 


15. 
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169x? + 25y? = 4225 > + Mal sca Vae—v Y 
= y 169 — 25 = 12 > e= € = É ; F (0, + 12); 
directrices are y = 0 і- 72) = + 192 
13 
Босі: (0, + 3), е= 0.5 с = Запда = $ ds —6 2=36— 9=27 = ®+%= 1 


Foci: (+8,0),e=0.2 = с=8апда = € = 8, = 40 = b? = 1600 — 64 = 1536 = р + р = 1 











Vertices: (0, + 70), е= 0.1 = а= 70 апіс = ae = 70(0.1) = 7 = b? — 4900 — 49 — 4851 — 257 + 206 = 1 





2 


Уегісеѕ: ( + 10,0), е = 0.24 = а = 10 andc = ae = 10(0.24) = 2.4 = b? = 100 — 5.76 = 94.24 > 55 + xl 





9 ae 9 У 9 е? 5 


Focus: (v5, 0) , Directrix: x = vs => с=ае= М5 апа * ул go <> V3 
— e— X3, Then PF — pp = (x- V3) «e -o? 238 k- 5, > (x- vs) «y -3(x- A) 


=> x —2/5x+5+y? =2 СЕЗЕ 8) 5 4 2х2 + у? =4 =» +Ў =] 














Focus: (4, 0), Directrix: x — 16 = c= ae = 4and £ 18 25 18 5 18 е? 3 е 3 Then 
РЕ = pp = /a—42 +0 —02 = 8 |x— 8] 2 x4? oy? 2 3 (x — 15)? 2 x? 8х + 16 + у2 
= 3 (х? – 32 х + 256) - 4 == +=! 


Focus: (—4, 0), Directrix: x = —16 = c = ae = 4 and 2 = 16 = = 16 5 16 е? 1 е 5. Then 


PF = 5PD => (x + 4)? + (y — 0)? = 5 |x + 16| = (х + 4? + у? = 1 (х + 16)? аатор 
= 1 (х2 + 32х + 256) > ix? + у? =48 > 542 —1 





кююн 





Еоси$: (-v2, 0) , Directrix: x = =2\/2 = с=ае = /2 апа 5 22 % 2/2 a2 2\/2 е? 


= с= „.ТһепРЕ = К РО = \!(х+у2) +у-0 = [х+2у/2 z (x + Уз) + у) 


2 2 


=} (x+2v2) > x 42V2x «2 y! - 1 (9 e aV2x c8) > 1?+у?=2 =» к+Ў =1 
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17, х'—у?=1 > с=\/а?+Ь%=\/1+1=\/2 > е=© 


za ад inte н (Ж 
= У = V2; asymptotes are y = +x; F + /2,0 1 














directrices are x = 0 + ê = S 
e V2 





18. 9х2 — 16у? = 144 > =1 > c= ya +b 


= у16+9=5 = e = £ = >; asymptotes are 
у= 2x; F( +5,0); directrices are x = 0 + 2 
| 16 


2-55. 











19. уг— 2 =8 > Ñ- 1 5 с уа 2 
e /8+8=4 = е= © = £ = y2; asymptotes are 


у= +x;F(0, + 4); directrices are y = 0  ĉ 


























= /4+4=>2/2 = e = £ = 22 — \/2; asymptotes 











are y = +x; F (0, + 2/2) ; directrices are y = 0 + 2 


- += + у2 














21. 8х? — 292 =16 > 5 — КЕ =1 = с= Уа + 52 
= уг+8= 10 => е = © = YP = /5; asymptotes 


агеу = + 2х; Е ( + y 10, 0) ; directrices are x = 0 + 5 























| 
sts 

| 
Б 
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22. 


23. 


24. 


25; 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


Хх? = 1 > c= ya +b? 


—,/341=25 e = $ = Yq; asymptotes are 


2 
у? — 3х2 =3=%- 








y= + 3x; F (0, + 2) ; directrices are y = 0 + 2 

УЗ = 

due + 
(А) 











do] 


89? — 2х2 = 16 > # — =1 > c= y2 +b 
= 2+8 = \10 = е = © = YP = 5; asymptotes 








аге у = + B F (o. ca 10) ; directrices are y 2 0 c 5 














Sen 


x? 2 
64x? —36y? 22304 2 L-X 
= /36+64=10 > e=f£=2=3 
у= + 3x; F(+ 10,0); directrices are x = 0 + § 
18 


1 = с= уа? + 
5 


; asymptotes are 








le [EN 














~ 


5 
3 


<Я 
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Vertices (0, + 1) ande =3 > a=lande=£ =3 с=3а=3 Ба = с –—а2=9—1=8 > у - 5 =1 
Уегіісеѕ (+ 2,0) апае= 2 = а= 2 апе = ° = 2 с = 2а = 4 b? 22-42-16-4-12- 8-1 -1 
Foci ( + 3, 0) and e = 3 c=3ande=£=3 за а = b? с2—а2=9—1=8 = х?—У =1 
Foci (0, + 5) ande = 1.25 > c=Sande=£=125=3 > c=3a > 5 = ѓа > а=4 = Ь?=с?—а? 


2 












































=25-16=9 => É- 9-1 

e=1,x=2 k=2 PHP nog 
ё-1у-2-К-2-1 то о eee 
е-5,у--6 k=6 Кел о 
е=2,х=4 = k=4 > ге = uius 
е Lx 1 k=1 r SS ob 


2 
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1 
34. е= 1,х=-2 > к=2 = г He с ШЕ. 
1 (2) (10) 10 
35. e SY —10 k= 10 r E EET, 
1 (9 6 
36. e зу 6 К 6 т ГЕ) sinô  3+5т0 
4I = 2. _ 
37. r= iza > е=К=1 > х=1 7 ЫА 
а 
ЕТТІ) 
6 3 1 : 
38. I = тсз 7 p3 (D) ox? =>e=5,k=6 > x=6; 
а(1—е2) = Ке = а (2) =3 = За= 
=» а= 4 => еа=2 
Ес 2) __ @) 
39. r= 10 — 5 cos 0 > г= Г-(5) со 771- i emm 22. 
> е=,К=5 » x--S5a(1-e?)-ke 
2 
ее 
40. r— 45.5 — r-,1-à.5 — e-Lk-22x--2 
— 400 _ __(% = 25 
41. ен t= T+ (4) sind > T= 17) snd 
e= $,k=50 — y-50;a(1— e?) — ke 
> а 2)" =25 > 3а=25 5 a- 1€ 
=> еа=® 
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= 12 = 4 з= 22 8 оо 4 БЭ 
42. r= 373m0 0 fg qua P? 6b 4d) res ТІ ma P eS l, 
k=4 => y=4 k=4 > y=-4 
y 






12 
'™ 333sn0 





4 Зүг 20 ТЕ у 
тат у, x 





2-sin 8 
- y--&a( -e)-ke = а [1– (5 =2 





3 8 4 
да=2 > а=з => ea—3 





45. гсо8(0-1)- E /2 = 5222. т) 











1 1 1 
= /2 = 9510080 + > r sin 0 = У2 wit 55У 
ом ео 
46. гсоѕ (0 + 7) = 1 = г (соѕ 0 соѕ 7 — ѕіп Ө ѕіп 57) = 1 у 





= — V2 rcosó — V2 rsinó— 1 = х+у=—\/2 


- у--х-1/2 x«y--N2 


47. г сов (0 — 27) =3 => r (cos 0 соѕ 27 + sin 6 sin 2 т) =3 


> – 1 г с0в 0 + УЗ га 0 = 3 = шэн 


= —х+ УЗу=б = у= № х+2/3 
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48. r cos (0 4- £) =2 = r (cos 0 cos 3 — sin 0 sin 7) =? 
2 


1 үнс, 1 УЗ, — 
-> 2гс080- УӘ“гвіпб-2-» х- ~ у= 


= x— /3y 24 = yo gua 





49. J2x+/2y =6 = V2rcos 6+ V/2rsin0 — 6 — r (32 eos 0 - X? sin 6) =3 = r (cos F cos 0 -- віп 1 віп 0) 


- 3 = гсов(6-1)-3 


50. Узх-у-1 = Узгсов0-гя 0-1 = r (> cos 6 — } sin 8) = = r (cos £ cos 0 — sin £ sin 0) 


=} => гсоѕ (0+1) = 1 


51. у=-5 = rsin = —5 — —rsin0 —5 — rsin(-0) — 5 = rcos (2 — (—6)) =5 = r cos (0 4- £) => 
52. х= —4 = гсо5б = —4 = -гс0$0 =4 = гсо$ (9 – п) = 4 


53. 54. 
6 adius » 3 









га біп Ө 


Radius = 2 


55. : 56. 


Radius = 4 





r=-2 cos 0 


Radius = 1 





57. (х – 6): фу: = 36 = С =(60,а=6 58. x -27? фу =4 > C=(-2,0),a=2 
=> г = 12 cos is the polar equation = r = —4 cos is the polar equation 


y y 






Гж-4 со5 0 


(x- 6 + у“ = 36 
т = 12 сов 0 


(х+2)2 +у 2.4 
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59. х? + (у – 5) = 25 > С=(0,5),а=5 
=> г = 10 sin ô is the polar equation 


y 


r=10sin6 
“+ (у= sy =25 





61. х + 2х + )у:=0 — (х + 12 фу =1 
= С=(—1,0))а=1 > г= —2со$ 015 
the polar equation 


y 


(x13 ey-1 
Г--2 сов0 





63. х? фугфу=0 = х2 + (у+ 1) = 1 
=> С = (0,-– 2), а= + => r= —sin Ü is the 


polar equation 


65. 
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60. х? + (у +7)? = 49 = С = (0, –7), а= 7 
=> r = — 14 51р 0 1 the polar equation 


у 


xê (y « 7)? - 49 


Гж-14 сіп 0 





62. х? — 16х + у? =0 = (х- 8)? + у? = 64 
=> С = (8,0), а=8 = г= 16с0$ 9 1$ Ше 
polar equation 


y 


2 
(x-8) +y "= 64 
Г = 16 соѕ Ө 





64. х°+у°—4у=0 = х2 + (у– 2) = 
= С=(0,2),а= = r= 4 sin 0 is the 
polar equation 


2 
х2.(у-(2/3)) -49 








г = (4/3) ѕіпӨ 
x 


66. 


y 


r=4 sec (0+ 7/6) 
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67. 


69. 





r= 
4+ с0$ 0 


71. 





73. 





r 


exl. 
1+2 5іп Ө 





68. 


х 





г = —2 соѕ 6 


70. 
у 
2 
x 
-2 2 
г = 8/(4 + sin 0) 
72. 
у 
1 
1/2 
-1| и = 1/(1+ соѕ 0) 
74. 





г = 1/(1 + 2 соѕ 0) 
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75. (a) Perihelion = a — ae = a(1 — e), Aphelion = ea + a = a(1 + е) 





























Chapter 11 Practice Exercises 


(b) Planet Perihelion Aphelion 
Mercury 0.3075 AU 0.4667 AU 
Venus 0.7184 AU 0.7282 AU 
Earth 0.9833 AU 1.0167 AU 
Mars 1.3817 AU 1.6663 AU 
Jupiter 4.9512 AU 5.4548 AU 
Saturn 9.0210 AU 10.0570 AU 
Uranus 18.2977 AU | 20.0623 AU 
Neptune 29.8135 AU | 30.3065 AU 














(0.3871) (1 — 0.20562) 
1 4- 0.2056 cos 0 


(0.7233) (1 — 0.00682) 


"o 0.3707 
76. Mercury: r — — 1402056 cos 0 




















Venus: r = 75.0068 cos 8 = Г--0.0088 558 0 
Earth: r = 11-00167) = SS 
Mars: r= SED = 1+ 01984 сов 0 
Jupiter: r= ed шин a TE TOASA соз б 
Saturn: r — ө SW aed 2- ЕШТЕНЕ cos 6 
Uranus: r = о ae 2- EEUU соз б 
Neptune: r = оо = оо cos Ô 


CHAPTER 11 PRACTICE EXERCISES 


1. x=fandy=t+1 => 2x=t > y=2x+1 2. х = Vtand y 2 1— Vt > у=1—х 








2 2 


3. x = 4 tan tand y = 1 sect => Х — i tan?t 4. x 2 —2costand y 2 2sint — x? — 4cos? t and 


and y? — 1 sec?t — 4x? — tan? t and y!-4sin?t => x? y? 24 


4у? = se t — 4х? +1 = 4у? => 4у? – 4х? = 
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5. 


10. 


11. 


12. 


13. 


14. 


15. 


2. 


х = — cos t and y =cos*t > y =(—x)? =x? 6. x =4costandy =9sint > x? — 6 cos? t and 


2 : 2 2 2 
у? = 81 зщ? 1 > 25 + ў = 1 





16x? + 9y? = 144 > £+ =l => a=3andb=4 > x= 3 costandy = 4sint,0 <t < 2r 
x? +y? =4 > x= —2costand y = 2 sint, 0 < t < 6r 


dy _ dy/dt _ $secttant _ tant dy 5 
































=) —1 = = sj чу = п — УЗ. (фл 
ЕО ЕВО РЕ оа ова ere e ro B Lage о 08 
zd pq ccu ону va Фу _ дуй _ со _ 3 diy 
= х = 5 іап 5 = <-апйу=ест=1 = y= x+4; d ddp legi — 2008 = ddr 
3 а 
= 200s (§) = } 
х=1+1 1-3 = % = wit (8) 3( 25 %| =-3(2)=-3;1=2 > х=1+ 5 = 5 апд 
BY t dx а (5 2) 2 dx | 5 , 2-7 
| Ж 
desi = Фу  dydà | (-5 _ 3,8 dy| _ 3 (93 = 
y= lagena ys Зы = WT Cy i — 3-40! Ө 
t 

















3 
(а) x=4?,y=ť-1>t pas y (+) ее ч 


2 





(b) x = cost, y = tant > sect = t > tan’t + 1 se? t> y= 4-1 тее у - Уі-х 





(a) The line through (1, —2) with slope 3 is y = 3x — 5 > x =t, y = 3t—5, -o0 <t < оо 

(b (х— 1): + (у +2): =9—Хх – 1 = Зсовђу +2 = За! > х =1+43cost,y =—2+3sint,0 <t <2n 
(с) у = 4Х: –х >" х=ђу = 42 — 1, –оо < 1 < оо 

(d) 9x? -4y! = 36 => X + У = 1> x= 2cost, y = 3sint, 0 < t < 27 


i 2 
у=х!?— е = ЕЕЕ -12 _ Ix? = (8) =1(1-2+х) > L= АЕ 1 (1-2-х ) ах 
E E Г Vi(üi-2-4x јах= ЈУ \/ 1 (х-1? + x1/2)? ах = |: (х-! + х1) 2 


2 [(4+3-8) - (2+3)] => (2+3) = 


х - х 2 x72/3 х : 5 
КЕЗЕ КОК ШЕНІ 
Ж ала СЕ + 
- [89505 ax — 1 f /9978 4. (x-1/5) dx; [u — 9x25 4+4 > ди = буду х=1 > u= 13, 


x=8 > u=40] > L=} fo ulus ġ [2097] = 1 [4037 — 139] ~ 7.634 








2 
— 5 „6/5 _ 5 „4/5 dy — 1.1/5 _ 1 у-1/5 ау —Л. [25 —2/5 
Ус үс Х 8х > 5х 2 Х Ра ак) = rats 2+x ) 


32 
= Ls f 1 (х2/5 —-2+4+x-%/5) dx > L= fe 1(х2/5--2--х-2/5 Jax =f 1 (x1/5 4- x-1/5)? dx 
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32 _1/5 32 
= ЈУ бесни) ак ре 4 Sa] - Hoi ED) = AGED) 


10 = 285 
= 2 (1260 + 450) = 110 = 255 





dx . f d dx dy V? 
17. á — —5sint-F5sin5tand $ — 5cost — 5 cos 5t > (55) + (8) 





= TE sin t + 5 sin 5t)? 4- (5cos t — 5 cos 5t)? 








= 5y sin? 5t — 2sin tsin 5t 4- sin? t -- cos? t — 2cos tcos St + cos? 5t — 54/2 — 2(sin tsin 5t 4 cos tcos 5 t) 
— 54/2(1 — cos 4t) — SA/4(1) (1 — cos 4t) 2 10 sin? 2t — 10|sin 2t| = 10sin 2t (since 0 € t € 2) 


т/2 
=> Length = 10sin 2t dt = [—Scos 2t 7/2 —5)(—1) — (—5)(1) = 10 
0 


2 
18. = 30 - 12t and X = 3P + 12t > \/(%) +(®#) = Ge - 129? + Ge + 12? = ү/288 +180 
1 1 
= 3/2 16+ 2 = Length = f° 3/2 |) 16+ Pat =3V2f 1 16+ Pat; fu= 16+ 5 du - 2tdt 
17 3/2 3/2 
1а =1061=0 50 = 16;0= 150 = 17]; 32 (^ гаи = 342 [230] = £ (307 - $09?) 








16 


- 33. ((17)9° — 64) = у2(07)"" – 64) ~ 8.617. 


19. & — _3 sin 6 and & = 3cos 0 > \/( (8)? = \/(—3 sin 0)” + (3cos 6)” = \/3(sin? 0 -- cos? 0) — 3 


= Length = ЈЕ а-а” 2. 


3 
20. x=tandy=£-1,-/3<t< Зэ =й = 1 еви У Моб етра 
Уз Уз : V3 ‚ V5 
E пати = /] „ EFF a= f o yer а= (e+) а-1544 4 
= 4\/3 


қ ГЕ 9 
21. х = &andy -2,0 «t€ V/5 5 € —tand ® =2 => $ш1їасе Атеа= }` 2л(20у +44 = |, 2лиуз du 
= 27 [2 03/2] = Ter , where u = t? + 4 du = 2t dt; t = 0 и =4,{ = \/5 u=9 








22. x=? +z andy =4yt, <1<1 =» #=>—— рада = 7 


= Surface Area = | 2m (2-4) (2t — Ad (2,) at = 27 p (2 + x) (w+) dt 


1 1 E Em 
=> | „љ (РГ + 3) Qt m) dt 2s J,, 5 QO c5 it?) dt 2n [t6  $t- gt] us 
- (2-82) 
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23. r cos (0 4- £) = 2\/3 = r (cos 0 cos 7 — $їп 0 sin т) 
= 2\/3 = 1тсов@ — V3 rsinó - 2/3 


2 


= rcos 0 — \/3гїп @ = 4\/3 = х уЗу = 43 
Ve 4 


24. r cos (0 — зт) у? => r (cos 0 cos #7 + sin @ sin зт) 


= У2 = – У2 г сов 0 + У2 тв 0 = Y? = —х+у=1 
y 





25. r= 2 sec 0 > r=, = reossd=2 > x=2 





26. г= —\/2 зес 0 => гсоз 0 = —\/2 = х=-\/2 y 





27. г= — ё сѕс 0 = гѕіп = – 3 = у= – 


міо 
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28. г= 33 сѕс0 = гѕіп0 = 33 = у= 33 у 
WS y= эВ 


29. r= —4 sinf => r? = –4г5і00 = х? +у? + 4у = 0 
=> х? + (у + 2)? =4; circle with center (0, —2) and 
radius 2. 


Ғ- -4 біп 0 et (yt 2 a4 


30. r=3/3sind => 1? = З\/3г їп @ 
2 
33 . 
-> х2--у2-3/3у-0- x! (y - 52) =; 


circle with center (0, уз) and radius aG 





31. г = 2\/2 соз @ > r? 22 /2rcosÓ 
2 
=> xX +y —2V2x=0 > (x- v2) +у? = 2; 


г= 2/2 соѕ ө 


circle with center (v2. 0) and radius /2 


32. г= —6 соѕ 0 => r = —бгсоѕ0 = х? + у? + 6х = 0 
=> (x +3)? + y? = 9; circle with center (—3, 0) and 
radius 3 





2 2 
(х+3) +у =9 
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3oteyesyco o e(t ei a c (0-1) 
апаа = $ ; r? + 5r sin 0 = 0 = г= –5 10 







т= -5 зт 0 


2 (у+ 5 = 25 
x +(+3) 4 


34. 


Х24-у2-2у-0-» х2--(у-1)2- 1 = С = (0,1) апа 
а = 1; 1? – 2г5і0 0 = 0 = г= 2 іп 0 





35. х + у? — 3х =0 = (х- 3) + у? = 
anda — 3;r?—3rcos0 = 0 = г= 3 с0$ 9 


36. х? -y? 4х =0 = (+2) + у =4 = С= (-2,0) 
and a = 2; r? + 4r cos 0 = 0 => r= —4 cos 0 








(x«2) «y 24 
37. 38. 
: у 
Osrs6cosé 
-4сіп05<г50 
(2 | 
-4 
39. d 40. e 41. 1 42. f 
43. k 44. h 45. i 46. ] 
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47. А=2 [711240 = Ј (2 – соб)? 40 = | (4— 4 соз @ + соз? 0) dd = [7 (4 — 4 сове + 12520) ад 


= (3-4 cosa + 5528) dó — [20 — 4sin8 - 8222] = эт 


48. А = [7 1 (позе) ад = [7 (1-559) a6 — 1 [0 — 1 sine6] 7^ — 5 


49. r = 1 --cos20andr— 1 => 1 = 1 + соѕ 20 => 0 = соѕ 20 = 20 = 5 > 0= 1; therefore 
A= af 1 [d + cos 20}? — 1?) a0 =2 f7“ (1 + 2 сов 20 + cos? 20 — 1) d0 


-2 (2 сов 20 + 1 + 2548) ад = 2 [ап 20 + 10 + за] 74 — 2 (1+ 1+0)=2+1 
50. The circle lies interior to the cardioid. Thus, 


='2 jos 120 + sin 0)]? dO — zx (the integral is the area of the cardioid minus the area of the circle) 


BH aa 0)40-т- |" (6 +8 sind ~ 2 cos 20) d9 — 7 = [60 – 8 cos 0 — sin 26] 72, — x 
= [3л —(—3л)]—л=5л 


2n 2n 
51. г= -1+с0$0 = & = —sin 6; Length = f (CIF cos 0) + (—эїп 0)7 40 = f \/2 —2 cos 6 ад 
zi — cos 2: : 27. 
-1 4/ 29 do = | 2 sin § dd = [—4 cos $] = (—4)(=0 — (-4)(1) = 8 


52. г--2віп0--2сов0,0<0<71 > & = 2соз @— 25їп Ө;т2 + ($)? — Q sin 0 4-2 cos 0)? -- 2 cos 0 — 2 sin 0)? 


= 8 (sin?) +cos?@) =8 + L= f” V8 a9 = [2/20] э -тү2 


за сева (р,05051 = ф =з (4) сөз): Win Бог) x DoD sso 


4 
— 64 sin* (3) -> І,- ТШ 4/64 sint (£ (49-18 8 sin? 8-1 в | 28:68) О] дө 


= J" [4-4 cos (%)] a0 = [40 — 6 sin (2)]7/ = 4 (3 ээр 








54. г= ү1 +со520 = # = + (1 + cos 20) 17(—2 sin 20) — Je = (4)? = sin? 20 





+ cos 20 40 1+cos 26 
2 d)? sin?29_ __ (1+ cos 26)? +sin?20 __ 1 +2 cos 20 + cos? 26 + sin? 20 
= г (5 ) = 1 + соѕ 20 + 1+ соѕ 20 — 1 + сов 20 g 1--сов 20 





= зан = | узае = V3 [3 - (-3)] = V27 














55 х2--4у-ус--5 4 р-4-эр-Ц 56. х'=2у > ®=у э 4p=2 > p=}; 


therefore Focus is (0, —1), Directrix is y = 1 therefore Focus is (0, 1) ; Directrix is y = — 


мін 


1 
2 
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57. Y=3x > x= 5 => 4p=3 > ре 2; 58. ух о ке Ф pa = p=): 
3 
therefore Focus is (3, 0) , Directrix is x = — 3 therefore Focus is (— 2, 0) , Directrix is x = 2 
59. 16х? + 7у2 = 112 > $+% =1 | = У =1 = 2=4–2=2 








с = было ое = 





61. 3х? — у? =3 = 2-Х 1 с? =1+3=4 — 62. 5у:—42—20 => У —Е =1 = с =4+5=9 























=> c=2;e=5= 2 = 2; the asymptotes are => с=Зе=;:= 3 ; the asymptotes are y = + dx 
у = = Узх 

63. x? = —12y - x y 4p = 12 p=3 focus is (0, —3), directrix is y = 3, vertex is (0, 0); therefore new 
vertex is (2, 3), new focus is (2, 0), new directrix is y = 6, and the new equation is (x — 2y 2 — 12(y — 3) 

64. у? = 10х Y х 4р = 10 р 5 focus is (3 ,0) , directrix is x = — 3 , vertex is (0, 0); therefore new 
vertex is (— 1 : -1) ‚ hew focus is (2, —1), new directrix is x = —3, and the new equation 15 (у + 1)? = 10 (x + 1) 








65. g + g =1 > a= 5andb=3 = с= ү25 – 9 = 4 = fociare (0, +4), vertices are (0, +5), center is 
(0, 0); therefore the new center is (—3, —5), new foci are (—3, —1) and (—3, —9), new vertices are (—3, —10) and 


. s 2 2 
(—3, 0), and the new equation is e + ter = 
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67. 


68. 


69. 


70. 


71. 


72. 


ЛЭ: 


74. 


T 


76. 
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55 + К = 1 => а= 13 апаЪ = 12 = с= у 169 – 144 =5 = Гостаге ( + 5,0), vertices are ( + 13, 0) , center 
is (0, 0); therefore the new center is (5, 12), new foci are (10, 12) and (0, 12), new vertices are (18, 12) and 


. z — 5/2 2% 2 
(—8, 12), and the new equation is aa + У 1 12) = 1 











Y х =1 > а= 24/2 апа = y2 = с = \/8+2=\/10 = foci are (0, + /10) , vertices are 


8 
(0, + 2/2) , center is (0,0), and the asymptotes are y = + 2x; therefore the new center is (2, 247) , hew foci are 














2, 22 У 10) , hew vertices are (2, 442) and (2,0), the new asymptotes are y = 2x — 4+ 22 and 


2 
у=-2х+4-+ 2/2; the new equation is peor — goa =1 


2 


хон =1 => a=6andb=8 > c=/36+64=10 = foci are (+ 10,0), vertices are ( + 6,0), the center 

















is (0, 0) and the asymptotes are  — + š ory = + 3 x; therefore the new center is (— 10, —3), the new foci are 
(—20, —3) and (0, —3), the new vertices are (—16, —3) and (—4, —3), the new asymptotes are y — і х + a and 


——4x_4, ion is S410" _ O43" _ 
у = —зх — 5 ; the new equation is —; g--1 


х? — 4х — 4у? =0 = х? —4х+4- 4у2 =4 = (х – 2)? – 4у? = 4 = &—2* L y? = 1, a hyperbola; a = 2 and 


b=1>5>c=V14+4= 45, the center is (2, 0), the vertices are (0, 0) and (4, 0); the foci are (2 Æ ТЕЙ) апа 


х-2 
2 











the asymptotes are y = + 


4Х2-у2--4у--8 -> Ах? -у?--4у-4-4 -> А4х?-(у-2)-4 -» ха – 952 = 1, a hyperbola; a = 1 and 
b=2 5 c=V14+4= \/5; the center is (0, 2), the vertices are (1,2) and (—1, 2), the foci are 2 45, 2) апа 








the asymptotes are y — +2х-+2 


y? — 2y + 16x = —49 = у? – 2у +1 = –16х – 48 = (у – 1)? = –16(х + 3), а parabola; the vertex is (—3, 1); 
4р = 16 => p=4 & the focus is (—7, 1) and the directrix is x = 1 


x? — 2x + 8y = —17 > x? — 2x +1 = —8y — 16 > (х — 1 = —8(y + 2), a parabola; the vertex is (1, —2); 
4p=8 => p=2 & the focus is (1, —4) and the directrix is y = 0 


9х? + 16у? + 54х — 64y = —1 = 9(x? 4 6x) + 16(y? — 4y) = —1 > 9(x?4 6x +9) + 16(y? —4y + 4) = 144 
= (х + 3) + 16(у – 2)2 = 144 = (3 4 Y= 2" = 1, an ellipse; the center is (—3, 2); a = 4 and b = 3 
> c= 1/16 -9- V; the foci are (-3 Æ 1/7, 2) ; the vertices are (1,2) and (—7, 2) 


25х? + 9у? – 100х + 54у = 44 = 25 (х? – 4х) +9 (у? + бу) = 44 = 25(x? — 4x +4) + 9(y? + 6y + 9) = 225 
=> elm + ota? = |, an ellipse; the center is (2, —3); a = 5 and b = 3 = c = 25 — 9 — 4; the foci are 
(2, 1) and (2, —7); the vertices are (2, 2) and (2, —8) 


х? + у? — 2х —2у=0 = х? — 2х + 1+ у? — 2у+1=2 = (х— 1)? + (у — 1)? «2, acircle with center (1, 1) and 


radius = /2 


хе фу: + Ах + 2) = 1 = Хе + 4Х +А + у +2у + 1=6 = (x +2)? + (y + 1)? = 6, acircle with center (—2, —1) 
and radius = V6 
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Hot = тыз = e=1 = parabola with vertex at (1,0) 





=== Ede. m 1 2 У 
78, БУ: сод l= Teed P e53 > ellipse; 
1 8 
ja Wi ae эш 
"= 2 сов 0 


1к=4= к= 8; К pce Bone 


ke — 4 
= а= 18 = еа= (1) (19) = 5 ; (ћегеГоге the center is 


(3,7) ; vertices are (8, 7) and (3,0) 











79. r= Ész > e=2 = hyperbola; ke = 6 => 2k = 6 
=> k=3 = vertices are (2, 7) and (6, 7) 





;ke— 4 


> įk=4 > К=12;а(1—е?)=4 > 41-09 | 
1 3) 2 3 ; therefore the 


=4 > а=ђ = са = (5) (5 
m ) and (6, 22) 


center is (3 ; зт) ; vertices are (33 5 


> e= 


Wi 


2012 26-24 
80. r= 370 =” ane 














81. e = 2 andr cos ð = 2 = x= 2 jis directrix = k = 2; the conic is a hyperbola;r — 1L; — r— ES 
> 4 
=p ES 1--2 сов0 
82. е = l andr cos 0 = —4 = x = —4is directrix = К = 4; the conic is a parabola; r = я = г= гө) 
КИ 
тойн 1-сов0 
Ши! ЖЭТ Em : es а ызы 5 if |. . Q(1) 
83. e— Е andr sin 0 = 2 = у = 2 15 йгесігіх = k = 2; the conic is an ellipse; r = imme > [= та (0) зыб 
= 
= T= 5756 
: ae : 2.23 А 6) (1 
84. е = t andr sin 0 = —6 = у = —6is directrix = k = 6; the conic is an ellipse; r = —— г= © G) 
3 l—esin бд 1 — (1) sind 
21116 
= ГЕ зе 
. (а round the x-axis: 9x = = =9—1х > у= + — 2 х? and we use the positive root: 
85 Around th 9х? + 4у? = 36 = у =9-9х = у 9 — ? x? and the posit t 


2 
у-2//,(/5-%х) dx =2 f a (9— 2x2) dx = 2n [9x — 2х%] = 24л 
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(b) Around the y-axis: 9x? + 4y? = 36 => х? = 4 — sy. = х= = \/4 — sy and we use the positive root: 


2 
voa fs (ac iy) even n d) eroe ly - У] = 1ет 
86. 9x? —4y? =36,x=4 = y?= > y-ive-4v- fv 4) as fe? - 9 ax 


4 
-[$-«,-T($-19-G-9] - (8 - 8) = FCN 2 





87. (a) г = E = г+егсо$ 0 =К => \/х? + у? +ех =К => \/х? фу? =К-ех = х? + у? 
= k? — 2kex + e?x? = x? — e?x? + y? + 2kex —k? =0 = (1-е?) х? + у? + Хкех – К 20 
(6) e=0 > x +y -k = 0 = xX +y? =k? = circle; 
О<е<1 > е^<1 > e-—1<0 > В?—4АС=0?°—4(1—е?)(1) =4(e? — 1) <0 = ellipse; 
е=1 = В?—4АС = 02— 4(0)(1) = 0 = parabola; 
е>1 = е?>1 = В? — 4АС = 0? —4(1-е?) (1) = 4е? —-4>0 = hyperbola 


88. Let (r1, 01) be a point on the graph where rı = аб). Let (r2, 05) be on the graph where r; — a0» and 
02 = 0, + 27. Then r and го Пе оп the same ray on consecutive turns of the spiral and the distance between 
the two points is rz — rj — a0» — a0, — a(0» — 01) — 2a, which is constant. 


CHAPTER 11 ADDITIONAL AND ADVANCED EXERCISES 


1. Directrix x — 3 and focus (4, 0) — vertex is (2 ‚0) 


. . 2 
= p=} = the equationisx — 1 = 5 





2. х? – бх – 12у +9 = 0 > х? – бх +9 = 12у = «ЭР, = vertex is (3,0) апар = 3 = focus is (3, 3) and the 


directrix is y = —3 


3. x? 2 4y — vertex is (0,0) and p 2 1 — focus is (0, 1); thus the distance from P(x, y) to the vertex is \/x? + y? 
and the distance from P to the focus is \/x? + (y— 1)? => x? 4- y? - 2 /x? 4 (y — 1)? 
= @+y=4[x2?+(y—1)?] > x? +y? = 4x? + 4y? — 8y +4 => 3x? + 3y? — 8y + 4 = 0, which is a circle 


4. Let the segment a + b intersect the y-axis in point A and 
intersect the x-axis in point B so that PB = b and PA = a 
(see figure). Draw the horizontal line through P and let it 
intersect the y-axis in point C. Let ZPBO — 0 

= ZAPC = 6. Then sin 6 = 2 and cos 0 — * 


2 2 2 ‚9 
=> 5 + 5 = сов 0 + зт 0 = 1. 





5. Vertices are (0, + 2) а= 2;е 








0.5 с= 1 foci are (0, + 1) 





210 
о 
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6. Let the center of the ellipse be (x, 0); directrix x = 2, focus (4,0), ande = 2 => 5 => 
= а-2(2--с). Also c = ae = $a = а= 2 (2+ 2а) => а=з + а => да={ >a 2 
2 
с 


а 
е 
> х-2=(2)($) =1#$ 5 x=% = thecenteris (3,0);x-4=c > 2 — 4 = $ so that œ? = a? — b? 


2 2 . . _ 28\2 2 25 (х— 28)? 5y2 
= (12) – (5) = & ; therefore the equation is ~ + (т) = Тог е + = =1 





7. Let the center of the hyperbola Бе (О, у). 
(a) Directrix y = —1, focus (0, —7) and e =2 => с–—: =6 = Е =с-6 = а= 2с – 12. АІѕос = ае = 2а 
4 


= а= 2(2а) – 12 > a=4 > c=8 y-(-) =2=3=2 > y=1 = the center is (0, 1);c? =a? +b? 





1? 
=> b? = с? — а? = 64 — 16 — 48; therefore the equation is 97- — x =1 


(D e=5 > c—2=6 > 2=c-6 = а= 5с – 30. Also,c = ae = 5a > а = 5(5а) – 30 = 24а = 30 = а= Ż 


e e 4 














5 : 
- с- 2;у-(-1) = © 1 у -3 the center is (0,— #);c? =a? +b? = b?=c?— 2? 
2 32 : 
. 5 25. 75. ае х2 o 016(y-21) _ 22 _ 
= 6 — ie = 3 > therefore the equation is (5) qj er и 25 = 1 


8. The center is (0,0) andc=2 = 4=a?+b? = b? =4-a’. The equation is  — $ = 1 = Э] 


а? 


дэ aoa) =1 = 49(4— а?) - 144а? = а? (4— а?) = 196 — 49a? — 144a? = 4a? — at => at — 197а? + 196 


=0 => (а? - 196) (а? — 1) =0 = а= 140га = 1; а = 14 => = 4 – (14)? < 0 which is impossible; a = 1 


х 


= b? = 4 — 1 = 3; therefore the equation is y? — х -1 





1 


9. bx? -pa?y? — ap? — 2-- ы ; at (x1, y1) the tangent line is y — y; — (- қы) (x — xi) 


=> а?уу,  b?xx, — b?x? c a?y? — a?b? — b?xx; + a’yy; — ab? = 0 


d 2 ё i 2 
10. 62х? — а?у? = а26? = = ых ; at (X1, y1) the tangent line is y — y; — ЕЗ (х= хі) 


=> Ь?хху — а?ууџ = Бх? — а?у? = а? => b?xx, — a’yy; — ab? = 0 
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15. (9x? + 4у? — 36) (4х? + 9у? — 16) <0 $21 у 
= 9x? + 4y? — 36 < O and 4x? + 9y? — 16 > 0 oa eae 
or 9x? + 4y? — 36 > O and 4x? + 9у? – 16 < 0 





16. (9x? + 4y? — 36) (4x? + 9y? — 16) > 0, which is the 
complement of the set in Exercise 15 








. . 2e 
17. (a) x = e” cos tand y = e” sint = x? + у? = e“ cos? t + e“ sin? t = e“, Also ? — сэш = tant 
= t=tan (3) = x? y? — e! 6/9 is the Cartesian equation. Since т? = x? + y? and 


9 = (ап! (У) , the polar equation is r? = e” or r = e” forr > 0 


(b) ds? = r? d8? + dr?; r = e? => dr = 2e” 10 
= ds? = r d9? .-. (2e? a9)? — (e*)? ag? 4- 4e'^ ag? 
27 
= 5e% 402 => ds = V/5e? dd  L — f. V/se* ae 
27 
= [57] = 5 (e47 — 1) 


0 2 





18. r= 2 sin? (5) = dr = 2 sin? (4) cos ($ ) 40 => ds? =r? dé? + dr? = [2 sin? (4 yy аб? + + [2 sin? (5) cos (£) 40)“ 
= 4 sin® (5) 402 + 4 sin* (5 ) соз? (5 ) d8? = [4 sin * (£)] [sin? (5) + cos? (4) d0? — 4 sin? (5) 402 


=> ds = 2 sin? ($) dé. ThenL — |” 2 sin? (5) a= f [1 — cos (2? 2] do = [0 — 2 ѕіп (27)] = Зл 








19. e=2andrcos@=2 = x =2is the directrix = k = 2; the conic is a hyperbola with r — 11755 
- 200) _ 4 
т Ет 1-2с080 1--2со080 
20. е = l andr cos 0 = —4 = x = —4 is the directrix = k = 4; the conic is a parabola with r = DES 
єк (СШ 25 4 
=p 1—cos0 1-сов0 
жы 1 . = p . . . Е: ù . . . . нм Ке 
21. е = 5 апагзт 0 =2 => y — 2is the directrix — k = 2; the conic is an ellipse with r = т-ту 
-20 —_ 2 
ааа 1+ (2) 09 24-30 
22. е= 1 and r sin 0 = —6 = y = —6 is the directrix = k = 6; the conic is an ellipse with r = LESS 
6(1 
= г= (3) = 6 


1– (5) sinô 3-—sin0 
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23. Arc PF = Arc AF since each is the distance rolled; 
ZPCF = “SFE => Arc PF = b(ZPCF); 0 = АТА 
= Arc AF= a0 = af =b(ZPCF) = ZPCF = (2) 0; 
ХОСВ = 5 — 0 and ZOCB — ZPCF — ZPCE 
- ZECF - (5 a) - ()6- (8-2) > $- 
-(Qe-(i-a) 9 i-0-(Qo-i*o 
=> а-т-0-(8)0 = o — s — (8:5) 6. 
Now x = OB + BD = OB + EP = (a + Б) cos 0 -- b cos o — (a + b) cos 6 + b cos (1 — (S5) 6) 
= (a+b) cos 0 + b cos 7 cos ( (=) 0) + b sin 7 sin ( (#4) 8) = (a + b) сов 0 — b cos ( (+4?) Ө) апа 
y = PD = CB – СЕ = (a + b) sin 0 — b sin a = (a + b) sin 0 — b sin ( (=) 0) 
= (a+ b) sin 0 — b sin 7 cos ( (=) 9) + b cos 7 sin ( (2) 9) = (a+b) sin 0 — b sin ( (#4) 0); 


therefore x = (a + b) cos 0 — b cos (6::3) 0) and y — (a 4- b) sin 0 — b sin ((242) 9) 





























24. x =a(t—sint) > & =a(1 —cost)andlet6=1 > dm=dA=ydx=y(%) dt 


27: 
= a(1 — cos t) a(1 — cos t) dt 2 a?(1 — cos t)? dt; then A = 1 a?(1 — cos t)? dt 


2n 


27 27 | 
= а? (1 – 2 совг + сова) де = а? ff (1—2cost+ $ + 4 cos 2t) dt = a? [3 t- 2 sin t+ $4]; 


= Зла?; X =x = a(t — sin t) and Y = у = 5 а(1 — cos t) => м, = Ју ап = ЈУ 64А 


2т 2т 2n 

Ї Бай — cos t)a? (1 — cos t)? dt = 1a? f (1— cos o? dt — € f. (1 — 3 cost + 3 cos? t — cos? t) dt 
27. 2 А 2т 

== | [1 — 3 cos t+ å + 298% — (1 — sin’ t) (cos 0] dt = 5 [$t—3sint + 282% — sin c энн] 


(#) 
М? 


= Sm Therefore y = $ = >47 = ža. Also, My = [ 3 dm- fx 6dA 





2n 2n 
=f a(t — sin t) a? (1 — cos ? dt — a? f (t — 2t cos t 4- t cos? t — sin t + 2 sin t cos t — sin t cos? t) dt 





Р 2т 
=a? © —2cost—2tsint+ +t? + cos 2+ £ sin 2t + cos t + sin? t + egt = Зл?аз. Тһиѕ 
0 
m M, 2 35233 = 5 e 
х= м = 32 = та = (та, 5 а) is the center of mass. 


25. B=y2—-—y => tan = п (42 — V1) — ЕЕ 

the curves will be orthogonal when tan @ is undefined, or 
ел ше у жї сше сг 
tan 01 g(0) | т | 


150) 
=> r° = -f'(0)g((0) 


when tan фо = 





sin? (2) 


26. r= sinf (2) = ч = sin® (2) cos (4) => (ап № = sin? (3) cos (3) = tan (£) 





27. r=2asin30 = = басоѕ 30 = tany = = = 288138 — i tan 36; when 0 — £ , tan wp 1 бап 7 = yŲ 
de 


46 (4) 7 Gacos36 — 
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28. (а) j (b) r0—1 г= 67! 2 = 072 tan y, , 
= Сла = 0 = ө кап ф = —оо 
— oo 
ге = 1 => ф — 3 from the right as the spiral winds in 


around the origin. 








_ М3 с080 _ : 1 EN m __ sind . s Л эй узы 
29. tan jy — JS — — cot 0 is — Jp at @ = Fs tan yy = Shp = 1ап 015 УЗ аг — $ ; since the product of 


these slopes is —1, the tangents are perpendicular 


іп 0 


30. ап = cay = “Saag is Lat = 5 = ф=: 
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NOTES: 
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CHAPTER 12 VECTORS AND THE GEOMETRY OF SPACE 


12.1 THREE-DIMENSIONAL COORDINATE SYSTEMS 
1. The line through the point (2, 3,0) parallel to the z-axis 
2. The line through the point (—1,0,0) parallel to the y-axis 
3. The x-axis 

4. The line through the point (1, 0,0) parallel to the z-axis 
5. The circle x? + y? = 4 in the xy-plane 

6. The circle x? + y? = 4 in the plane z = —2 

7. The circle x? + z? = 4 in the xz-plane 

8. The circle y? + z? = 1 in the yz-plane 

9. The circle y? + z? = 1 in the yz-plane 

10. The circle x? + z? = 9 in the plane y = —4 


11. The circle x? + y? = 16 in the xy-plane 





12. The circle x? + z? = 3 in the xz-plane 
13. The ellipse formed by the intersection of the cylinder x? + y? = 4 and the plane z = y. 
14. The circle formed by the intersection of the sphere x? + y? + z? = 4 and the plane y = x. 
15. The parabola y — x? in the the xy-plane. 
16. The parabola z — y? in the the plane x — 1. 
17. (a) The first quadrant of the xy-plane (b) The fourth quadrant of the xy-plane 
18. (a) The slab bounded by the planes x = 0 and x = 1 
(b) The square column bounded by the planes x 2 0, x 2 1, y 20,y —1 


(c) The unit cube in the first octant having one vertex at the origin 


19. (a) The solid ball of radius 1 centered at the origin 
(b) The exterior of the sphere of radius 1 centered at the origin 


20. (a) The circumference and interior of the circle x? -- y? — 1 in the xy-plane 





(b) The circumference and interior of the circle x? 4- y? — 1 in the plane z = 3 
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21. 


22; 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35; 


37. 


39. 


40. 


41. 


42. 


(с) 


(а) 
(b 


wm 


(a) 
(b 


wm 


(a) 
(b 


Хи 


(а) 
(b 


— 


(a) 


(a) 


(a) 


(a) 


(a) 


(a) 
(с) 


(а) 


Chapter 12 Vectors and the Geometry of Space 


A solid cylindrical column of radius 1 whose axis is the z-axis 


The solid enclosed between the sphere of radius 1 and radius 2 centered at the origin 
The solid upper hemisphere of radius | centered at the origin 


The line y = x in the xy-plane 
The plane y = x consisting of all points of the form (x, x, z) 


The region on or inside the parabola y = x? in the xy-plane and all points above this region. 
The region on or to the left of the parabola x — y? in the xy-plane and all points above it that are 2 units or less away 


from the xy-plane. 


All the points the lie on the plane z — 1 — y. 








All points that lie on the curve z — y? in the plane x — —2. 

x=3 (6) у=-1 (с) z= —2 

х = 3 (b у= –1 (с) 2= 2 

z=1 (b) x=3 (c) у=—1 

х? +у2 = 4,2= 0 (5) у2 +22 = 4,х= 0 (с) х2 +22 4,у = 0 
х2 + (у – 2) = 4,2=0 (5) (у– 2) +22 = 4, х= 0 (с) х? +2? = 4, у= 2 
(х + 3): + (у — 4): = 1,2 =1 (b (у — 4): + (2— 1): = 1,х = –3 


у=3%=—1 (6) х= 1,2 =—1 (с) х= ј у=3 


Их? + у +22 = „/х2 + (у –— 2): + 22 => ха + уз + 22 = ха + (у — 2). + 22 = уг = уг —4у+4 = у=1 





x? +y? +z? = 25, z = 3 => х? + у? = 16 іп ће plane z = 3 

х2--у + (2 1)? = 4 апа х? + у? + (2+ 1)? =4 => х2 + у? + (2-1)? = х2 + у? + (2+1)? => 2=0, х? + у? =3 
0<7<1 36.0<x<2,0<y<2,0<z<2 

2<0 38. z2 /1—xi- y? 

(а) (х-17--(у-1)/ 4(12-1) «1 (b) (x—1)? +(y-1)? +(z-1)? > 1 

1 < х2 + у? +72 < 4 





Рур = (3-1)? + (3-17 + 0-1)? = V9 =3 





|P:P2| = М (2 + 1) + (6-1) + (0-5) = V50 = 5/2 
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43. 


44. 


45. 


46. 


47. 


49. 


51. 


53. 


ЭЭ: 


56. 
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РАБ] = (4 – 1): + (-2-4)? + (7-5)? = 9 =7 





[Р.Р] = \/(2— 3) + (3—4)? + (4-5)? = V3 





[РР = of (2 — 0)? + (-2 - 0)? + (-2-0)? = /8-4=2/3 





[Р.Р] = у(0 – 5): + (0 — 3)? + (0 +2)? = v38 








center (—2, 0, 2), radius 22 48. center (1, — 1, - 3) , radius 5 
center (v2, V2, -/2) , radius М2 50. сещег (0, = 1, 1) , radius 4 
(x — 1)? + (y — 2)? + (z— 3)? = 14 52. х2 + (y +1)? 4 (#- 5)? =4 
(х+ 1)? + (у – a (2 + 28 = 16 54. х? + (у+ 7)? +22 = 49 

x? + у? + 22 + 4х – 42 = 0 = (х? + 4х +4) +у? + (22 – 42 +4) = 4+4 





2 
=> (х+ 2)? + (у – 0)? + (2 2)? = (v8) — the center is at (—2, 0, 2) and the radius is \/8 


x? +y? +z? — 6y + 8z = 0 = х? + (у? — бу+9) + (22 + 82 + 16) =9+16 = (х- 0)* + (у- 3)? 4 (2+4)? = 5? 
— the center is at (0,3, —4) and the radius is 5 


2х? + 2у? + 222 +х+у+2=9 = х +1х+у+іу+22 +12= 2 

2 
= (ерх) (зу) (0а) еа о (к) +0040) +(2+ = (57) 
22 


— the center is at (— 1, = 1) and the radius is 


l 

2? 

3х2--Зу?--3:2--2у-22-09 -»х2--у?-2у-2-22-3-»х2-4(у--2у-1)-(2-22-1)-3-42 
2 

=> (х—0)?-+ (у + D. T (z - 1)? = (5) — the center is at (0, — i i) and the radius is JE 

(a) the distance between (x, y, z) апа (х, 0,0) 1$ \/у? + 22 

(b) the distance between (x, y, z) and (0, y, 0) is ve 24 72 

(c) the distance between (x, y,z) and (0,0, z) is \/x 


(a) the distance between (x, y,z) and (x, y, 0) is z 
(b) the distance between (x, y, z) and (0, y, z) is x 
(c) the distance between (x, y, z) and (x,0,z) is y 





АВ|-1/1-(-02-(-1-2/ 43-12 - 4944 = VT 
IBC] = /(3 — 1)? + (4— (-)? + (5 — 3)? = 42544 = 33 


|САЈ = / (71-3? 4 Q- 4? - (1-3? - 16 +44 16 = 36 = 6 
Thus the perimeter of triangle ABC is У 17 + 33+ 6. 
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РАЈ = (2-3)? + (1-1) + @-2)? = V+ 441 = V6 
IPB| = (4-3)? + (3-1)? + (1-2)? = 14441 = V6 


Thus P is equidistant from A and B. 











/«-х)#+(у— (—1))#+ (—)# = \/(х— х)#+ (у —3)# + (@— 2) => (у + 1): = (у —3) = 2у+1 = —бу+9 
= у=] 





Мк 0) + (у 0) + (2) = (х – х) + (у — у) 4 (2-0! 5 x уг (2 2) = 22 
>x +y — 4+4 =ОЪ = +1 


(a) Since the entire sphere is below the xy-plane, the point on the sphere closest to the xy-plane is the point at the top of 
the sphere, which occurs when x = 0 and y = 3 = 0 + (3 – 3)? + (2+5) = 4 > z= -5+2 => 2 = –3 
= (0,3, —3). 

(b) Both the center (0, 3, —5) and the the point (0, 7, —5) lie in the plane z = —5, so the point on the sphere closest to 
(0, 7, —5) should also be in the same plane. In fact it should lie on the line segment between (0, 3, —5) and (0, 7, —5), 








thus the point occurs when x = 0 andz = —5 = 0? + (y —3)? + (-5+5) =4S y=3425y=5 
= (0,5, —5). 





V - 9? 4 шылы шаа oer 


= \/(х— 2)” (у—2)*+ (®+3)* 

= х2 + у2 + 22 = х2 + у? — 8у+ 16+ 172 =х? — бх + 9+ у +22 =х2 — 4х + у? - 4у+ 72 +62 +17 
Solve: x? + y? + z? = x? + y? — 8y + 16 + z2? > 0 = –8у +16 => у= 2 

Solve: x? +y? +z? = x? — 6x +9 +y? +z > 0= -6x +9>x=} 
Solve: x? + у? + 22 = х? – 4x + y? — 4y + z? + 6z + 17 => 0 = —4x — 4y + 6z + 17 = 0 = —4 (3) — 4(2) + 6z + 17 


2=-$5 (2-1 











12.2 VECTORS 


1. 


(а) (3(8), 3(–2)) = (9, –6) 2. (а) (-2(-2),-2(5)) - (4,-10) 
) 1/92 + (-6? — \/117 = 3/13 (b) 4/42 + (10)? = \/116 = 2/29 
(а) (3+ (-2), —2+5) = (1,3) 4. (а) (3-(-2),-2-5)-(5,-7) 
b) 12+ 32 = 10 (b) 1/52 + (—7)? = \/74 
(а) 20 = (2(3), 2(—2)) = (6, —4) 6. (а) -2а - (-2(3),-2(-2)) - (-6,4) 
Зу = (3(—2), 3(5)) = (—6, 15) 5v = (5(—2), 5(5)) = (—10, 25) 
2u – 3у = (6 – ( —6), –4 – 15) = (12, –19) —2и + 5v = (—6 + (—10), 4 + 25) = (—16, 29) 


) 4/122 + (-19)? = /505 (6) \/(—16)? + 292 = 4/1097 
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@ iu- (30,372) - (2. 8) 8. @) – би = (503), -5(—2)) = (8, 9) 

в (802), #5) = (8,4) 8v - (8C2. 89)) - (35. 8) 

ius iv- (22 (-D.- 4) - (1.1) би + Ву = (8 + (-8). 1 8) - (25.8) 
o yQ qam e) yc3'- 0 - 562 
(2—1,-1-3) 2 (1, -4) 10. (4-9 — 9, = —0) = (-1,1) 


(0—2,0—3) — (—2, -3) 


АВ = (2—1,0— (—1)) = (1, 1), CD = (—2—(—1),2—3) = (—1,—1), АВ + СЮ = (0,0) 





(соз 22, їп 9) = (—4, 3) 14. (cos ( Эт), sin ( 5))-4 25, 5) 


This is the unit vector which makes an angle of 120° + 90° = 210° with the positive x-axis; 


(cos 210°, sin 210°) = (=F, $) 


(cos 135°, sin 135°) = (5 55) 


Р.В» = (2 – 5)i + (9 — 7)j + (-2 — (—1))k = —3i + 2j — k 


PiP; = (—3 — 1)i + (0 — 2)j + (5 — 0)k = —4i — 2j + 5k 


= 


Ab — (-10- (-7)i- (8 - (-8)j + (1 — 1)k = —3i + 16i 


= 


АВ = (—1 — 1)i (4 — 0)j - (5 - 3k = –21 + 4] + 2К 
Su —v = 5(1, 1, -1) — (2,0, 3) = (5,5, —5) — (2,0, 3) = (5 — 2,5 — 0, —5 — 3) = (3,5, —8) = 31+ 5j — 8k 
—2u + 3v = —2(—1, 0, 2) + 3(1, 1, 1) = (2, 0, —4} + (3, 3, 3) = (5, 3, —1) = 5i + 3j — k 

п 


The vector v is horizontal and 1 in. long. The vectors и апа ж аге тс іп. long. w is vertical and u makes a 45° angle with 


the horizontal. All vectors must be drawn to scale. 


(a) (b) 


UtVtw 


(c) (d) 
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24. The angle between the vectors is 120° and vector u is horizontal. They are all 1 in. long. Draw to scale. 


(a) (b) 





u-vew 
w 
(d) 
w У 
u 
u+v+w=0 


25. length = |2i + j — 2k| = \/2? + 1? + (—2)? = 3, the direction is £i -- 2j — 2k = 2i+j—2k =3 (32 i ij- ik) 


26. length = |9i — 2j + 6k| = \/81+4+4 36= 11, the direction is 2 i — 21-59 é k = 9i — 2j + 6К 
=11(ġi- j+ &k) 


27. length = |5k| = y 25 = 5, the direction isk — 5k = 5(k) 


28. length = | ži + 3k| 2 4/3; 38 = 1, the directionis 2i+ $k — 21+ $k =1(2i+ $k) 


29. length = |4-i- j- ек = 3 (5 © = f}, the direction is 1-55) - ВК 
1 1 25 1 ioe . 1 
vus Жэ Fi- zk) 


2 
30. E 3 (4) = 1, the direction is Jz i + + К 


3 
1: 1; 1 


l e . 
=» уең zi 

















31. (a) 2i (b) —V3k () $j^$ik (d) 6i — 2j 4- 3k 
32. (а) -7) (By. 2p. 5 (с) li- ij—-k @ 3;i 4j - ак 


33. |у| = М 12? + 52 = V 169 = 13; = БУ = + (12i — 5k) — the desired vector is 5 (12i — 5k) 
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МЕДИНЕ пен k = the desired vector is -3 (4:1-451-458) 
— — 3i 4- /3j+ /3k 


(a) 31+ 4j — 5k = 5/2 (3,14 5+.) LK) = the direction is 351+ <4, j- 5k 
(b) the midpoint is (1,3, 5 
(a) 3i— 6j + 2k = 7 (2i- 8)-2К) = the direction is 34 — $j -- 2k 
5 
(b) the midpoint is (3, 1 ,6) 
loa 1 


i 5 : Ч 1 
3 = the direction is - 751— 5j — БК 


а) -4-1-К-3(- 


(b) the midpoint is (3,2, 2 


м Ч 
ы 
=. 
sH 
ы 
—. 
e 
ы 


(а) 2 - 2j - 2k - 23 (4i j= к) = the direction is 51-54 - КК 


(b) the midpoint is (1, —1, —1) 


e 
gr 
ot 


AB = (5 – а)і + (1 – 0)) + (3 – оК = 1+4) – 28 = 5-a=1,1-—b=4,and3-—c=-2 > a=4,b= -3, апа 
c=5 => Ais the point (4, —3,5) 


AB = (a+ 2)i+ (b+ 3)j + (c — 6k = —7i+ 33+ 8k > a+2=—-7,b+3=3,andc—6=8 > a=—9,b=0, 
апа с = 14 = Bis the point (—9, 0, 14) 


+] =аа+р +Ъа-] = (а-+ 51+ (а-— 5) = a+b=2anda—b=1 = га=3 = а = апа 
b-a-1-i 


i— 2j = a(2i + 3j) + bG + j) = (2a + b)i + Bat+b)j => 2a +b = 1 and 3a + b = —2 => a= —3 and 
b=1-2a=7 > u = а(21 + 3)) = —6i — 9j and u = bG +j) = 7i + 7j 


25° west of north is 90° + 25° = 115° north of east. 800(соз 115°, sin 115°) 23 (-338.095, 725.046) 


Let u = (x, y) be represent the velocity of the plane alone, v = (70 cos 60°, 70 sin 60°) = (35, 35 v3), and let the 
resultant u + v = (500, 0). Then (x, y) -- (35, 35,/3) — (500, 0) — (х + 35, у + 354/3) = (500, 0) 
— x - 35 — 500 and y -- 35/3 — 0 — x — 465 and y — —35\/3 = и = (465, —35\/3) 





2 
=> jul = 4/465? + (-35у3) = 468.9 mph, апа ќап0 = дз => 0 аш —7.4° = 74° south of east. 


yeu 


= (0, —100). Since F) + ЕЁ» — (0,100)  (— Ру] + ЫЕ, ЕП + ie = (0, 100) 


5, апа 


Е, = (-IFi |cos 30°, 





ШЕР - {Ув НЕ), В = (|F2|cos 45°, 








= – УЗ Е | + УЕ? = Оапа $|F\| + Е = 100. Solving the first equation for |F2] results in: |F2| = Уб |||, 





Substituting this result into the second equation gives us: 5 Е |+ 4, (5 ЇЕ ) = 100 > |Е | = 23 & 73.205 М 





> |F| = avi = 89.658 № = Е; = (—63.397, 36.603) апа Е› = = (63.397, 63.397) 
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46. 


47. 


48. 


49. 


50. 


51. 


92; 


F; = (—35cosa, 35sina), Е› = (IFslcos 60°, Е›|вїп 60°) = (18, SE. and w — (0, —50). Since 
Е +В = (0, 50) = (—35coso 4 4 |F2], 35 sin a + Ув.) = (0, 50) = –35 сова + 3|Е>| = 0 and 
35 та + uS |F2| = 50. Solving the first equation for |F>| results in: |F?| — 70 cos æa. Substituting this result into the 


100 20 


: : : : - 210 qq fyz 
second equation gives us: 35 sina + 35\/3 сова = 50 => уз cosa = = — sina = 3cos°a = Gy — 7sina c sin?a 





= 3(1 – зта) = 





10 — Ysina + sin’a = 196 sin?a — 140 sina — 47 = 0 > sina = 5672 Since a > 0 > 


sina > 0 > sina = at 2 = а © 74.42°, and |F)| = 70 cosa ~ 18.81 N. 





Е; = (—|Fileos 40°, isin 40° ), Е, = (100 соѕ 35°, 100 ѕіп 35°), and w = (0, —w). Since F; + F, = (0, w) 
> (-IFilcos 40* + 100 cos 35°, |F;|sin 40° + 100 sin 35°) = (0, w) + —|Fi|cos 40° + 100cos 35° = 0 and 


1|51П + sin = wW. Solving the first equation for |l; results in: |F1| — 08 355 дш ; . Substituting this 
F; |sin 40° + 100 sin 35° Solving the first equation for |F Its in: |F;| — 99995535 ~ 106.933 М. Sub g th 





result into the second equation gives us: w © 126.093 N. 


F, = (Ез cos o, |F;| sino) = (-75 cos a, 75 sino), F, = (|| cos 3, [Е | sin 3) = (75 соѕ о, 75 sin о), апа 
w = (0, —25). Since F; + F) = (0, 25) > (—75 cosa + 75 cos a, 75 sina + 75 sina) = (0, 25) = 150 та = 25 
= а ~ 9.597. 


(a) The tree is located at the tip of the vector ОР = (5 cos 60°)i + (5 sin 60°)j = 213 5v3j = Р = (5 s£) 


(b) The telephone pole is located at the point Q, which is the tip of the vector ОР + РО 
= (21+ 5у3 | i) + (10 cos 315°)i + (10 sin 315°)j = ($+ шу?) i+ (52 – ши j 
> Q= (5-92, L—— 


Lett — ста апа sack. д; Choose T on OP, so that TQ is 
Sdn to 12 50 m ТЕ ОЕ is similar to AOP,P>. Then 
A = {=> ОТ = = tOP, so that T — (txi, tyi, tzi). 

Also, dum = $ = TO = s OP, = 8(х2, y2, 72). 

Letting Q = (x, y, z), we have that 





2% 
ТО = (x —tx,y —ty1,z—tz1) = $(хо, У2, 72) 
Thus Хх = ху + 5х0, у = у + 5у2, 2 = 171 --522. 


(Note that if Q is the midpoint, then : =landt=s= 5 





Xi T X2 — yity2 
2c 2-52 


so that x = 1 х + 1 Хә = ,2- 52 so that this result agress with the midpoint formula.) 


== 
(a) the midpoint of AB is M (3, 3,0) and CM = (3 — 1)i+ (3 -1)j + O—3)k = 31+ 3j-—3k 
. . x . . . . 
(b) the desired vector is (3) СМ = = (3 i+ 3) = 3k) -14-1-2К 
(c) the vector whose sum is the vector from the origin to C and the result of part (b) will terminate 
at the center of mass = the terminal point of (i+ j + 3k) + (i + j — 2k) = 2i + 2j + k is the point 
(2,2, 1), which is the location of the center of mass 


The midpoint of AB is M (3,0, 3) and (2) CM = 2 [(8 +1)i+ 0- Dj + (Š + 1) k] = 


'? (21- s 28) 


2 
3 
=> 
3 ipu 3 k. The vector from the origin to the point of intersection of the medians is (51 1- ER ik) + ОС 


5 
317 
-(16-314:16) -С442)-1)-11421446. 
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Without loss of generality we identify the vertices of the quadrilateral such that A(O, 0, 0), B(x», 0, 0), 
С(х,, ус, 0) and D(Xa, Ya, Za) => the midpoint of AB is Map (2 ‚0, 0) , the midpoint of BC is 
Mpc (22, % ,0) , the midpoint of CD ів Мер (424), 229 , &) and the midpoint of AD is 
Xp Хе + ха 
Map (# a A) = the midpoint of MapMcp is (== : Yrs : 4) which is the same as the midpoint 





Xp + хе х, 


2: + 7, 
оГ МАрМвс -- (2224.4). 


2% 





Let Vi, Vo, Va, ... , Vy be the vertices of a regular n-sided polygon and v; denote the vector from the center to 


қт) мћеге1= 1,2,3,... ,п, 





Vifori — 1,2, 3, ... , n. IfS — Y; v; and the polygon is rotated through an angle of 
i=l 


then S would remain the same. Since the vector S does not change with these rotations we conclude that S = 0. 


Without loss of generality we can coordinatize the vertices of the triangle such that A(0, 0), B(b, 0) and 


C(Xc, Ye) => ais located at (== , E). bisat (5, 35) andcisat (5 ‚ 0). Тһегеїоге, Аа = Е + ®) 1+ (%)}, 


Bb = (% —b)i+ (%) j,andCe = (2 —x.) i+ (-yc)j > Aa +Bb +Ce =0. 


Let u be any unit vector in the plane. If u is positioned so that its initial point is at the origin and terminal point is at (x, y), 
then u makes an angle 6 with i, measured in the counter-clockwise direction. Since |u| = 1, we have that x = cos 6 and 

у — sin 0. Thus u = cos 0 i 4- sin 0 j. Since u was assumed to be any unit vector in the plane, this holds for every unit 
vector in the plane. 


12.3 THE DOT PRODUCT 


NOTE: In Exercises 1-8 below we calculate proj, u as the vector ( 


6. 


|u| сов 0 


шее) v, so the scalar multiplier of v is the number in 


column 5 divided by the number in column 2. 




















v-u |v] jul cos 0 |u| cos 6 proj, u 
—25 5 5 =j —5 —2i 4- 4j — \/5К 
3 1 13 à 3 3 (3i4- $k) 
25 15 5 i 5 § (10i + 11j — 2k) 
13 15 3 B 5 55 (21+ 10] — ПК) 
2 v34 уз 7573 Од 15 (5) - 38) 
у4-у2 v2 3 Lx E SEU Ал 
iode To 26 4221 юз упт mn BEY а а) 
1 v30 v30 1 - 3-5 5) 
6 6 6 5 1/30 SNVr Vs 
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= +1 - NS -1 (20) + 02) + (01) =. —1 4 = 
0 = сов (ша) = cos ( 22:23 = cos (с) = cos” ! (A) £ 0.75 rad 











0 — cos! (ша) — cos (———mu au) — cos! ( и ) — cos Ө де 0.84 rad 






































ЕСО + Js Js 
3 3 —7)(1 (0)(—2 
е (55) Sugal (v4) (v8) «cx + 2) БЭР (о) 
(v4) +(-72 +0 (v4) + (12 + (22 
= cos! (+) x 1.77 rad 
1 1 1 —\/2] (1 
re (45) NE ах- Е, 2 Уз) и) ee es 
ya» (2) + (-v2)' VOTO FOr ove 
= cos! (55) zx 1.83 rad 


— 


АВ = (3, 1), BC = (-1, 23), and AC = (2, oe = (—3, —1), СВ = (1,3), СА = (-2,2). 


|АВ| = ІВА |= ЛО, = | CB| = VTO, | Ас 


ше 











+ 





Angle at A — cos! | АВ-АС |. сод-1 (эу 





Angle at B = сов“! (8%) — cos! Gace = cos! (2) 2 53.130°, and 


2- -1| СВ-СА = -1| 102-430) | _ cT. o 
Angle at C — cos (А; 3 = cos Се) = cos (+) & 63.435 


> > 
AC = (2,4) and BD = (4, —2). AC - BD = 2(4) + 4(—2) = 0, so the angle measures are all 90°. 


i-v a 
ИМ — М > COS 


axe 2 2 262 
cos? a + соз? 8 + созу = (ж) +(®) + (5) - *g ue - d -1 
5 


(b |v21 — cos @ = Fy = a, cos = 


у 











(а) сова = B= i D. = kv 0, 





1 
с 
2 
Б 
с. 
о 
o 
т 

2 
| 
= 

| 
© 
£g 
= 
о 
et 
= 
о 
с. 
= 
B 
о 
б 
=. 
o 
3 
о 
о 
% 
Б 
о 
о 
о 
> 
< 


u = 10i + 2k is parallel to the pipe in the north direction and v = 10j + k is parallel to the pipe in the east 
direction. The angle between the two pipes is @ = cos”! (шы) — cos! (стала) & 1.55 rad e 88.88". 


The sum of two vectors of equal length is always orthogonal to their difference, as we can see from the equation 


(vy + V2) - (V1 — Vo) = У. - У! + У2 - У1 — У| - У2 — V3 - V9 — ІЛЕ -|м12 -- 0 


СА-СВ =(-v+(-u))-(-v+u) =v-v—v-u+u-v—u-u=|y|” — |u|? = 0 because |u| = |v] since both equal 


the radius of the circle. Therefore, CA and CB are orthogonal. 
Let u and v be the sides of a rhombus = the diagonals are dı = u + v and dọ = —u + v 


> dı -dz = (u + v) - (~u + v) = -u -u +u -v —v-u +v- v= |v|? — |u|? = 0 because |u| = |v|, since a rhombus 
has equal sides. 
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Suppose the diagonals of a rectangle are perpendicular, and let u and v be the sides of a rectangle = the diagonals are 
dı = u + v and dọ = —u + v. Since the diagonals are perpendicular we have d; - 5 = 0 

S (ut+v)-(-u+v) =—u-u+u-v—v-u+v-v=0 © |v]? -— jul? =0 (|v| + lul) (v| -— lul) = 0 

= (|v| + |u|) 2 0 which is not possible, or (|v| — |u|) = O which is equivalent to |v| = |u| = the rectangle is a square. 


Clearly the diagonals of a rectangle are equal in length. What is not as obvious is the statement that equal diagonals 
happen only in a rectangle. We show this is true by letting the adjacent sides of a parallelogram be the vectors 
(vii + Voj) and (u,i + gj). The equal diagonals of the parallelogram are dı = (v1i + Voj) + (i + uj) and 
də = (vii + v5j) — (uii - u»j). Hence |d;| — |d;| — |(vii 4 voj) + (uii + U2j)| = |(vii + voj) — (uri и] | 
=> |(vi + ш) + (у + ш) = |у – ш) + (уо — u3j| 9. /(i + шщ)? + бе + u3? 2 \/ (уу — ш)? + (v — из)? 
= ү + 2у1щ +u? + v? + 2v2u 4c u2 — v? — 2viu + и? + У? — 2у2и2 + и = (viui 9 vous) 
— —2(v1U, + уш) = ущ + уш = 0 = (у + уј) · (11 + U2j) = 0 = the vectors (vıi + v2j) and (ui + u23) 


are perpendicular and the parallelogram must be a rectangle. 








If |u| = |v| and u + vis the indicated diagonal, then (u + v)-u=u-u+v-u=|ul>+v-u=u-v+|y|- 


=u-v+v-v=(u+v)-v => the angle cos! (хөн) between the diagonal and u and the angle 


cos! (gis) between the diagonal and v are equal because the inverse cosine function is one-to-one. 


Therefore, the diagonal bisects the angle between u and v. 
horizontal component: 1200 cos(8°) z: 1188 ft/s; vertical component: 1200 sin(8^) e 167 ft/s 


|w|cos(33° — 15°) = 2.5 Ib, so |w| = 2335.. Then w — 2315 (cos 33^, sin 33^) ғу (2.205, 1.432) 


со8 1897 





(a) Since [cos 0| € 1, we have [u - v| = [u] |v| |cos 0| € [u| |v| (D) = Jul |v]. 
(b) We have equality precisely when |cos 0| = 1 or when one or both of u and v is 0. In the case of nonzero 


vectors, we have equality when 0 — O or 7, i.e., when the vectors are parallel. 


(xi + yj - v — [xi - yj| |v| cos0 € 0 when 5 X 0 € v. This 
means (x, y) has to be a point whose position vector makes 


an angle with v that is a right angle or bigger. 





27. v -u = (au; + buz) - u, = au; - u; + bus - U = a |u;|? + bu - u1) = a(1)? + b(0) = a 


28. Мо, ујпеед пог equal və. For example, i+ j 4 i+ 2j buti- (i+ j) =i-i+i-j=1-+0=1and 


i- (i+ 2j) =i-i+2i-j=14+2-0=1. 


29. projyu = у = (а- азу) . (uv) =u- (uv) - (кз) . (кз) = СЭС - (55) (у-у) 








шү? үү? 
= Sat вео 
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=> . . ==. . . . __ К. = 5 . . 2-2. 33 
30. жанама ы eir ы 


F — projy F = (2i+ j — 3k) — (21 – 19) = 51+ 3) — 3k is the vector orthogonal to v. 


i- 5 j. is the vector parallel to v. 


31. Р(х,у) =Р (х\, EE ха) апа О(х2, у2) = О (хә, m 8 хэ) are any two points P and Q on the line with 52 0 


eod a . e . а . . . а 
= РО = (х — хр + Е (ба — х2)] > PQ -v = [(K2 — x)i+ 2 (Ki — X2)j] - (ai - bj) — a(x? — xi) 2- b (8) Gu — x2) 
= 0 = vis perpendicular to РО for b Z 0. If b — 0, then v = ai is perpendicular to the vertical line ax = c. 


a 


Alternatively, the slope of v is 5 and the slope of the line ax + бу = с is — у, so the slopes are negative reciprocals 


=> the vector v and the line are perpendicular. 


32. The slope of v is 5 and the slope of bx — ay = cis 8, provided that a Z 0. If a = 0, then v — bj is parallel to 


the vertical line bx — c. In either case, the vector v is parallel to the line bx — ay — c. 


33. v = i + 2j is perpendicular to the line x + 2y — c; 
Р(2, 1) оп ће ше = 2 +2 = с = х+2у=4 


34. v = —2i — ј 1 perpendicular to the line —2x — y = c; 
P(—1,2) on the line — (-2)(-1)-2-2c 
=> —2х-у=<0 


35. v = —2i+j is perpendicular to the line —2x 4- y — c; 
P(—2, —7) on the line — (—-2)(-2)-7-2c 
= —2x+y=-3 
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36. v = 2i — 3j is perpendicular to the line 2x — 3y = c; 
P(11,10) on theline — (2X11) — (310) 2c 
=> 2x —3y — —8 


37. v = i — j is parallel to the line — x — y = с; 
P(—2, 1) on the line > —(—2)-l=c => -х-у=1 
orx+y=-l. 





38. v — 2i 4- 3j is parallel to the line 3x — 2y = с; 
P(0, —2) on the line => 0—2(-2) 2c — 3x -2y —4 





39. у = —i — 2j is parallel ю Фе Ппе —2х + у = с; 
PC, 2) onthe line => –2(1) +2 = с > 2х - у= 0 
ог 2х — у = 0. 
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40. у = 3i — 2j is parallel to the line —2x — Зу = с; 
РО, 3) оп ће іпе = (–2)(1) — (33) = с 
=> —2x—3y=-—llor2x+3y=11 





41. P(0,0), QU, 1) and F=5j ^ PQ —i--jand W 2 F- PO — (5) -4- -5N-m—5J 


42. W = |F| (distance) cos 0 — (602,148 N)(605 km)(cos 0) — 364,299,540 N - km — (364,299,540)(1000) N - m 
— 3.6429954 x 10!! J 


43. W = |F| во) cos 9 = (200)(20)(соз 30°) = 2000/3 = 3464.10 М - m = 3464.10 J 
44. W = ЈЕ Е cos 6 = (1000)(5280)(cos 60°) = 2,640,000 ft - Ib 
In Exercises 45-50 we use the fact that n = ai + bj is normal to the line ax + by = с. 


— 28 3 — 9: $ юэ -1 пп 25 -1 6-1 = —1[_1 |] — 1 
45. п = 3i+jandn, = 2i-j => 0 = соѕ (та) = cos (==4,) = cos ( 5) =1 





46. n; 2 — 3i - jand n; — /3i+j — 6 — cos! (таш) — cos! =) =cos!(—})=% 





47. ny = 3i - jand n; 2 i— /3j => 0 = cos"! (таны) = соз! (4532) — cos! (8) =% 





48. n; — i V3j and n; — (1- V3)i+ (14 v3) = 0 = сов“! (ан) 


пиех 1- V3 3+3 ЕЕЕ О ЕЕ Е) = in 
= с05 Шеге Сов (5) = сов (4) =3 








49. nj —3i — 4jandn; =i — j => 0 = сов”! (тана) = cos! (255) - сов”! (48) £z 0.14 rad 


Іш | [no] 





50. n; — 12i - 5j and n; — 2i — 2j — 0 — cos! (ане) — cos! (255) - сов”! (4%) ~~ 1.18 rad 


|n| [n2] 


12.4 THE CROSS PRODUCT 


i j k 
1. иху=|2 —2 —1|=3(#1+4})+ 3k) = length =3 and the direction is }i+ }j+ $k; 
1 0 -1 


ухи = —(иху) = —3(2i+4j+ $k) = length — 3 and the directionis -2i— 1j — 2k 
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1 
пху-| 2 
—1 


ухи = —(u x v) = —5(К) => length = 5 and the direction is —k 


= 5(К) = length = 5 and the direction is К 


— QO = 
oor 





i j k 

иху=| 2 —2 4 |=0 = length = 0 and has no direction 
-1 1 -2 

vxu- —(ux v) 2 0 ^ length = 0 and has no direction 
i j k 

иху=|1 1 —1|=0 = length = 0 and has no direction 
ооо 

ухи = —(иху) =0 = length = 0 and has no direction 
i j К 

иху-12 0 0; =—6(k) = length = 6 and the direction is —k 
0-3 0 


ухи = —(иху) = 6(К) = length = 6 and the direction is k 


ij k 
uxv=(xjx@G@xk=kxi=|0 O 1|=j = length = 1 and the direction is j 
1 0 0 
ухи = —(u X v) = —j = length = 1 and the direction is —j 
i j k 
иху=|-8 -2 —4|=61—12К = length — 64/5 and the direction is Уі 95 К 
2:' 52 1 
ухи = —(u x v) = —(6i — 12k) = length = 6/5 and the direction is — ол i+ a k 
i j К 
иху=|3 —4 1 = —2#—2}+2К => length — 2/3 and the direction is — 7 i — J, j++ 95 К 
]. d--2 


ухи = —(u x v) = —(—2i — 2j + 2k) = length = 2/3 and the direction is a i+ ai — +k 
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ij k i j k 
ll. uxv—-|1 0 -1-1-1-К 12. иху=|2 —1 0|=5К 
0 1 1 1 2 0 





i j k i j k 
13.uxv— ] 1] 0|-—-2k 14. ux v2 0 | 2| —-2j-k 
1 -1 0 1 0 0 





— — i j k = — 
15. @ РО ХРЕ —| 1 1 —3 =8i+4j+4k = Area = } |PQ x PŘ | = 1 \/64 + 16+ 16 =2\/6 
zu 8 3 





b) u= Ra yg iti+k) 


— — 1 j k —› — 
16. (а) POxPR=|1 0 2 =4i+4j-2k = Area = } | PO x PR| = 1 /16+16+4 =3 
2 => 0 





(b) u= d = 1(2i+2j—k) 





— — ijk Lab 1152 — V2 
17. (а) POxPR=|1 1 1 =-i+j > Area= } | PÒ x РК =} 1+1= 2 
110 
287 POxPR ee | А 
(b) u= > PR] AC 1+) = zí J) 
— — l j k — — Ji 
18. а) РОхРЁ =|2 up = 4 =2i+3j+k => Area = 1 | РО х PR| = 1/4+94+1 = УМ 
1 0 -2 





(b) u= ре vu (2i + 3j +k) 
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ај а> аз 
19. Ни = аі + a2j + azk, v = byi + boj + b3k, and w = сіі + сој + сз, Пеп (и х у) - у = |у be bs], 
Cy CQ C3 
b; b» bs Cy со C3 
(уху)-пи=|с с; сајапд(ухи)-у= ја а2 as which all have the same absolute value, since the 
а а аз b; b» bs 


interchanging of two rows in a determinant does not change its absolute value — the volume is 





2 0 0 
\(u x v)-w| = аб |0 2 0|=8 
0 0 2 
1 -1 1| 
20. |(u x v)-w| = abs | 2 1 —2) = 4 (for details about verification, see Exercise 19) 
—1 2 -1 
2 1 0 
21. |(u x v)-w| = абѕ 2 —1 1|-|-7| — 7 (for details about verification, see Exercise 19) 
1 0 2 
1 1-2 
22. |(u x v)-w| = abs|-1 0 —1] = 8 (for details about verification, see Exercise 19) 
2 4 -2 
23. (а) u-v = —6, u -w = —81, v -w = 18 = none are perpendicular 
i j k i j k i j k 
ф)иху- 5 -1 1|#0uxw=| 5 -1 1/=0,vxw=] 0 1 —5|#0 
0 1 —5 -15 3 -4 -15 3 -3 


=> wand ware parallel 


24. (а) о- у= 0, оху = 0, а-г = -Зт, у-у = 0, У-г= 0, у-г= 0 = 01у, 01 ж, У 1 у, уг 
апа у | г 
i j k i j k i j k 
(D uxv=|1 2 -1| #0, 0хж= 1 2 —1|#0,uxr= | 1 2 -1=0 
-1 1 1 10 1 c M 783 
i j k i j k i j K 
уху-1-1 1 1| ZOvxr—- -1 1 1)/40,wxr=] 1 0 1120 
101 5) 02478 22) x E 


— uandr are parallel 
25. |РО x F| = во) |F| sin(60*) = 2 - 30 - ¥2 ft- 1b = 10/3 ft- Ib 
26. |РО 2) = Е [F| sin (135°) = 2 - 30 - X2 ft- Ib — 10/2 ft - Ib 


27. (a) true, |u| = ya? +a? +a? = y/u -u 


(b) not always true, u - u = |u| 2 


i j k i j k 
(c) true, u x 0 = | ш ш щщ! = 01+ 0) + 0к = дапа 0xu=|0 0 0|=01+0)+0К=0 
0 0 0 uj 142 из 
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28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


Chapter 12 Vectors and the Geometry of Space 
i j k 
(d) true, u x (~u)=| u ш ug | =(—u2U3 + U2U3)i — (—u1u3 + u1u3)j + (—~u1u2 + u1u2)k = 0 


—uj —UQ -013 
(e) not always true, i x j = k Æ —k = j x i for example 
(f) true, distributive property of the cross product 


(g 
(h 


— 


true, (ux v)- v—-u-(vx v) =и-0=0 


Хи 


true, the volume of a parallelpiped with u, v, and w along the three edges is the same whether the plane containing п 
and v or the plane containing v and w is used as the base plane, and the dot product is commutative. 


(а) true, u - V = щу + ШУ + изуз = У + VoU2 + V3U3 — V-U 


i j k i j k 
(D true,oux v—|u, u9 u3|—c— v4 V9 уз|=—(ухи) 
Ул? V2 V3 ш U2 U3 
i j k i j k 
(с) true,(Cu) x v2 —uj; —и› —ug|—— u u) ug — —(u x v) 
V1 V2 V3 Vi V2 Уз 
(d) true, (cu) - v = (cu1)vı + (cu2)v2 + (cuz3)v3 = u1 (cv1) + u2(cv2) + U3(CV3) = U- (CV) = c(U1Vı + U2V2 + U3V3) 
— c(u - v) 
i j k i j k i j k 
(е) true,c(ux vy) 2c|u ш u5 — |cu cu cu3|=(cu)xv= |u ш ug |=u x (cv) 
Үр Ус УЗ Vi V2 V3 СУ] CV2 CV3 


(f true, u-u = u? +u? + u? = (va? +u +u) = ы? 


(с) пое, (пи ха) - а= 0-0 = 0 

(h) пое, и ху 1 џапіо ху 1 у > (и ху) - 0 = у: (и ху) = 0 

(а) роји = (ју ®© ux» (©) (xv) xw) (d) Ku x Y) - w| 
(e) (u x v) x (u x w) ® Мы 

(ix j) xj=kxj=-—-i;ix (Gj x j) =i x 0 = 0. The cross product is not associative. 

(a) yes, u x v and w are both vectors (b) no, u is a vector but v - w is a scalar 

(c) yes, u and u x w are both vectors (d) no, u is a vector but v - w is a scalar 


(u x v) x w is perpendicular to u x v, and u x v is perpendicular to both u and v = (ux v) x wis 
parallel to a vector in the plane of u and v which means it lies in the plane determined by u and v. 

The situation is degenerate if u and v are parallel so u x v = 0 and the vectors do not determine a plane. 
Similar reasoning shows that u x (v x w) lies in the plane of v and w provided v and w are nonparallel. 


No, v need not equal w. For example, i + j # —i + j, but i x (i+j) =ixi+ixj=0+k=kand 
ix (-i+j) =ix (-i)+ixj=0+k=KkK. 


Yes. Ifu x v =u x w and u - v = u - w, then u x (v — w) = 0 and u - (v — w) = 0. Suppose now that v Æ w. 
Then u x (v — w) = 0 implies that v — w = ku for some real number k Z 0. This in turn implies that 


u - (v — w) = u - (ku) = k |u] 2 0, which implies that u = 0. Since u Z 0, it cannot be true that v Æ w, so v = w. 


— — — — i j k — — 
B =-i+jandAD=-i-j 9 ABxAD-|-1 1 0 =2k = area = |AB x Ab| - 2 
-1 —1 0 
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36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 
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— — => — i j k — — 
AB = 7i+ 3jand AD = 2i+5j = ABx AD=|7 3 0 = 29k => area = | A x AD] = 29 
250 
i j k 
— — — — — — 
AB = 3i—2jand AD = 5i+j > ABxAD=|3 —2 0|-— 13k area = |AB x AD| = 13 
5 1 0 
i j k 
— — — — — — 
AB = 7i— 4jand AD = 2i+5j > АВхАр = |7 —4 0 = 43k = area =|AB x AD| = 43 
250 
— — — > > — — 
AB — 3i 4 2j + 4k and DC = 3i+ 2j + 4k => AB is parallel to DC; BC = 2i — j and AD = 2i — j — BC is parallel to 
=> ә — i j k — — 
АР. АВ Х ВС =|3 2 4|-4i4 8j - 7k 5 area — |AÀB x BC| = \/129 
2—10 
= = = => = = — 
AC =i+ 4j and DB =i+ 4j => AC is parallel to DB; AD = —i+ 3j + 3k and CB = —i+ 3j + 3k > AD is parallel 
> — — i j k — — 
(о СВ. АСХАВ=| 1 4 0|- 12i - 3j 7k = area = |AC x AD| — /202 
d. 9 
i jk 
— — — — — — 
AB = —2i+ 3jand AC = 3i+j => AB xAC=/-2 3 0 = —1!К = area = į |A x AC| = 4 
3 10 
ij k 
=> — — —› => — 
AB = 41 + Ај апа АС = 31 + 2] => АВ ХАС = |4 4 0 = –4к = ага = 1 |АВ ХАС =2 
3 2 0 
i j k 
— . | — . н — — ШЕ: — 25 
AB = 6i — 5j and AC = 1li—S5j => АВХАС-- 6 -5 0 =25k => area = }|AB x AC| = 3 
и 50 
i j k 
— у . — : А — — iL — 
АВ = 161 — 5] аа АС = 41 +4Ј => АВ х АС = |16 —5 0 = 84k => ага = 1 |АВ x AC] = 42 
4 4 0 
i j k 
— : : -> : — — cer ud 1 | — 3 
АВ = —i+ 2j and AC = 1-—К = AB x AC=/-1 2 0 =-2i—-j+2k = area = } |АВХАС| =} 
-1 0 -1 
i j k 
— ut — | — — 3 ila — 3/2 
AB = –1+ј – Капа АС = 3i+ 3k => AB xAC=/-1 1 —1 =3i—3k > area=}|AB x AC] = 37 
3 0 3 
i j k 
В = 1+2] ад АС =] -2 = АВХАС =|-1 2 0 = 4i -2j-k => area = } | B x AC| = E 
0-1 =2 
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— 


— — — — — 1 
48. AB =i+2j, AC = —3j + 2k and AD = 3i — 4j + 5k => (АВ х АС). а) — 
3 


= — — 
=> volume = (АВ х АС) -АВ| 225 











i j k 
49. IfA = ai + aj and B = bi + bz j, then A xB =]|a а 0|= a 22 | к and the triangle's area is 
b; b» 
b, b. 0 
i |A x B| = + i 5 | . The applicable sign is (+) if the acute angle from A to B runs counterclockwise 
1 be 





in the xy-plane, and (—) if it runs clockwise, because the area must be a nonnegative number. 


50. If A — aji - a? j, B — bii 4- b» j; and C — cji + c»j, then the area of the triangle is i ГАВ х АС| . Now, 


i j k 
— — 
B x AC = Ы = а by — ag 01 = 
Сі- а Cy — ag 0 


= 5 |Ф – ај (с – аз) — (c1 — a1)(b — а2)| = $ |а1 (62 — с2) + аг(с1 — 61) + (6162 — с165)| 


bı — a by — ag 
Cy — ay C2 — ag 








1 | > — 
k 5 L[ABxAC| 








ay a2 1 
Soe 5 bı bə 1|. The applicable sign ensures the area formula gives a nonnegative number. 
Сі C2 1 


12.5 LINES AND PLANES IN SPACE 

1. The direction i + j + k and P3,—-4,-1) > x=3+ty=-4+4+t,z=-l1+t 

2. The direction PÒ = —2i — 2j + 2k and P(1,2,—1) > x = 1 — 2t, y = 2 — 2t, z = —1 + 2t 
3. The direction PÒ = 5i + 5j — 5k and P(—2, 0,3) > x = -2 + 5t, y = 5t, z = 3 – 51 

4. The direction PÒ = —j — k and P(1,2,0) > x= 1,y =2-t,z = —t 

5. The direction 2j + k and P(0,0,0) > x =0,y=2t,z=t 

6. The direction 2i — j + 3k and P(3, —2, 1) > x =3+2t,y=-—2-t,z=1+3t 

7. The direction k and P(1,1,1) > x=1,y=1,z=1+t 

8. The direction 3i+ 7j — 5k and P(2,4,5) > x =2+3t,y=4+7t,z=5-5t 


9. The direction i+ 2j + 2k and P(O,—7,0) > x=t,y = –7 + 262 = 21 


10. The direction is u X v = = —2i + 4j — 2k and P(2, 3, 0) = x = 2 — 2t, y = 3 + 4t, z = —2t 


W = м 
Ao 
Un Ww т 


11. The direction i and P(0,0,0) > x =t,y=0,z=0 
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12. The direction k and P(0,0,0) > x =0,y=0,z=t 


13. The direction PO =i+j+ 3 k and Р(0,0,0) > x=t, 
y=t, z= t, where0<t< 1 


14. The direction PÒ = i and P(0,0,0) > x=t,y=0,z=0, 
where0<t< 1 


15. The direction PÒ = jand P(1,1,0) => x=1,y=1+t, 
7 = 0, where -1 <t< 0 


16. The direction PÒ = kand P(1,1,0) > x=1,y=1,z =t, 
where0<t< 1 





17. The direction PÒ = —2] апа Р(0, 1,1) = x = 0, 
y=1-2t,z=1,whereO<t<1 
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18. The direction PO — 3i — 2j and P(0,2,0) — x — 3t, 


19. The direction РО = —2i + 2j — 2k and P(2, 0, 2) 


y =2—2t,z=0, whereO <t<1 





=> x=2-2t,y = 2t, z = 2 — 2t, where0 <t < 1 ^ 


/ 
(2, 0, 2) 


(0, 2, 0) 


20. The direction PO = —i + 3j + k and P(1,0, —1) 5 


24 


25. 


=> x=1-ty=3t,z=-—1+t,whereO<t<l 





3Х-40)-0-2Ху-2)-0(-10(2-1)-0-» 3х-2у-2--3 


3 — 1) (у + 1) + (002 —3)=0 = Ззх фу +2 =5 


— — = -> і 1 k 
PQ =i-—j+3k,PS = -i-3j+2k => РО ХРЗ = | 1 -1 3,—7i—5j — 4k is normal to the plane 
—1 —3 2 





=> 7(x — 2)+(—S)\y — 0) + (-4)(z – 2) = 0 > 7х—5у—4>=6 
i j 

— -> — -> 

РО =—1+})+2К,Р5$ =—31+2)+3К => РО ХРЗ = |-1 1 
—3 2 

-> (-1.х- 1)--(-3)у-5)--(1)2-7)-0 -> х--3у-2-9 


= —i— 3j +k is normal to the plane 


Wn же 


n = i+ 3j + 4k, P(2,4,5) > (I(x — 2) - (3(y — 4) - (A&(z —5) 20 => х + Зу + 42 = 34 





.n-i-2j«-k,P(1, 2, = (0% - 0+ (—2) +2) + D@—- 1) -0-эх-2у-7-6 


Ет 8452 => | vee => аа = t= Qand s = – 1; Феп z = 4t + 3 = —4s — 1 








y=3t+2=2s+4 3t— 2s =2 3t—2s —2 
=> 4(0) +3 = (—4)(—1) – Lis satisfied = the lines intersect when t = 0 ands = —1 = the point of intersection is 





x = l, y = 2, and z = 3 or P(1, 2,3). A vector normal to the plane determined by these lines is 
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28. 


29. 


30. 


31. 


32. 


33. 


34. 


Section 12.5 Lines and Planes in Space 737 


i j k 
nı xn =|2 3 4 |= —20i + 12j + k, where n; and n» are directions of the lines — the plane 
1 2 -4 


containing the lines is represented by(—20)(x — 1) + (12X(y — 2) + (1)X(z — 3) = 0 = —20x + 12y +z =7. 


x= t =2s+2 t—2s—2 = m = _ EE: 
2 843 к 820) => s=-—landt=0;thenz=t+1=5s+6 => 04+1=5(-1)+6 
is satisfied = the lines do intersect when s = —1 andt = 0 = the point of intersection is x = 0, y = 2 andz = 1 
i j К 
or P(0,2, 1). A vector normal to the plane determined by these lines is n; x n = |1 —1 1| = —6i — 3j+ 3k, 
2 1 5 


where n; and ns are directions of the lines = the plane containing the lines is represented by 
(-6)x —0) 4- (-3(y - 2) --(3)2—1) 2 0 = бх + Зу – 32 = 3. 


The cross product of i 4- j — k and —4i 4- 2j — 2k has the same direction as the normal to the plane 


i j k 
=> n=| 1 1 —1) =6j+ 6k. Selecta point on either line, such as P(—1, 2,1). Since the lines are given 
-4 2 -2 


to intersect, the desired рїапе 18 0((х--1)--6(у-2)--6(2- І)- 0 -> 6у--62- 18 -> у--2-- 3. 


The cross product of i — 3j — k and i 4- j + k has the same direction as the normal to the plane 


i j k 
п=|1 —3 -1|- —2i — 2j + 4k. Select a point on either line, such as P(0,3, —2). Since the lines are 
1 1 1 


given to intersect, the desired plane is (—2)(x — 0) + (—2)(у — 3) + (#(2 +> 2) = 0 => —2x — 2y - 4Az = —14 
=> хфу- 22 = 7. 


ij k 
nı xn =|2 1 —1) = 3i-—3j+ 3k is a vector in the direction of the line of intersection of the planes 
12 1 


= 3(х – 2) + (-3)(у – 1) + 3(2 + 1) = 0 => 3x-3y+3z=0 => x—y+z = Ois the desired plane containing 
Ро(2, 1,—1) 


i Jj k 
A vector normal to the desired plane is РР. хп-|2 0 —2) = —2i— 12j — 2k; choosing P;(1, 2,3) as a point on 
4 -1 2 





the plane > (—2)(x — 1) 4+ (—12)(у — 2) + (—-2)(z — 3) = 0 => —2x — 12y — 2z = —32 => x + 6y + z = 16 is the 
desired plane 














i j k 
$(0,0, 12), P(0,0,0) andv — 4i -2j--2k — PS xv—|0 0 12| = 2414 48j = 2404 29) 
4 5.72 
PS 
a=! = = GATE = WE = \/5- 24 — 2/30 is the distance from S to the line 
= i j k 
S(0, 0,0), P(5, 5, —3) and v = 3i+4j—5k > PS xv=|-5 -5 3 |=13i— 16j-— 5k 
34 -5 


Bbe| өзін үйе лун | 
d= | Iv | = ЕЕ = = US = У9 = 3 is the distance from S to the line 
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PS 
35. SQ, 1,3), PO, 1,3) and v = 2i + 6j => PS xv=0 = а= Es S = 7% = 0 is the distance from S to the line 





(i.e., the point S lies on the line) 


ij k 


















































36. 8(2,1, – 1), Р(0, 1,0) апау = 21 + 2j + 2k => Р$ ху-120 -11-2-6)-4К 
25 27.22 
Р$ о 
а = | Sn = а = уе = \/ E is the distance from S to the line 
23 1 j k 
37. S(3,—1,4), P(4, 3, —5) and v = —i + 2j + 3k > PS xv=]|—1 —4 9| = —30i— 6j — 6k 
-1 2 3 
Р$ 
d= | eu = у= = = gn = XS = ves = men is the distance from S to the line 
2 Ї ік 
38. 5(—1,4, 3), Р(10, —3,0) and v = 41+ 4k => PS xv=/-11 7 3) = 281+ 56j — 28k = 288 + 2] – К) 
4 0 4 
PS Т 
d= | = AMD = 7\/3 is the distance from S to the line 


39. $(2, —3, 4), x + 2y + 2z = 13 and P(13,0,0) is on the plane => PS = — lli — 3j + 4k and n = i + 2j + 2k 


H 2 ОН 9 
= а= (р а = | = [| 





40. 5(0,0, 0), Зх + 2y + 6z = 6 and P(2,0,0) is on the plane => PS = —2i and n = 3i + 2j + 6k 


-6 261-226 
7 d- [85 - ml - I7 в =? 





inl 


41. SQ, 1,1), 4y + 3z = —12 and P(0, —3,0) is on the plane => PS = 4j + Капа п = 4j + 3k 
-4-(8. - | дез — 19 


16+9 5 





in| 


42. S(2,2,3), 2x + y + 2z = 4 and P(2, 0,0) is on the plane => PS = 2] - 3k and n = 2i + j + 2k 





d PS n 246 8 
57 = | 5 = | = 


43. S(O, —1,0), 2x + y + 2z = 4 and P(2, 0,0) is on the plane => PS — —2i - j and n = 2i + j + 2k 


H -1+0 
э 4-1Б8-, = | = 








44. 5(1,0, —1), —4х +у-+ 1 =4 and P(—1,0,0) is on the plane => PS = 21 — Капа п = —4i +j + k 


-8-1-1 9 _ 3y2 
= d=| PS - M vis 2 














i 


45. The point P(1, 0,0) is on the first plane and S(10, 0, 0) is a point on the second plane => PS = 91, апа 


n = i + 2j + 6k is normal to the first plane = the distance from S to the first plane is d = | PS PS - 





in| 


= =| тити! = Уп , which is also the distance between the planes. 
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46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


ЭЭ: 


56. 


57. 


58. 


59. 
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The line is parallel to the plane since v - n — (i +j- 1 к) -(Gi+ 2j + 6k) = 1+2-—3=0. Also the point 
S(1, 0,0) when t = —1 lies on the line, and the P P(10, 0,0) lies on the plane = PS = —9i. The distance from 
S to the plane is d = ЕЕ PS - 





=| mam n which is also the distance from the line to the plane. 


inl 





nı = i+ jand n = 2i +j— 2k > 0 = сов”! (тана) = сов“ (э) = cos” (4) =a 





n, = 5i+j—kandn, =i-2j+3k > 8 = cos! (aif) — eos- 1 с = 2) = cos! (0) = 3 


Іші |һг| 


N 
3 

3 
ы 








nı = 2i + 2j + 2k and n —2i—2j— k => 0—cos! (aum) = cos™! ini) = cos” (58) ~ 1.76 rad 





пу =і+ј + Капап = К = 0 = cos“! (ташы) — cos! (x) ~ 0.96 rad 





nı = 2i + 2j — k and n =i + 2j+k = 0 = соз”! (a) — cos! (454) — cos! (525) = 0.82 rad 








n; — 4j - 3k and n; — 31+ 2} + 6К = 0 = сов“! (таш) — cos! (25) = cos! (26) = 0.73 rad 








2х –у+32=6 => 21 – 0 – (30 +3Аа+0=6 = —2+5=6 = (=-1 x=3,y=—2andz=} 








= ($,- 8 1) is the point 
6х + Зу – 47 = —12 => 6(2) + 3(3 + 20) — 4(-2 — 2t) = -12 > 14t4+29=-125t=-4H ra 2 y= 3-4, 
апа 7 = –2 + + = ( ,— 20,27) is the point 





ху-+и=2 = (1429 + (1+59 + (39 =2 = 1%+2=2 t=0 x=l,y=landz=0 
=> (1,1,0) 15 ће point 





2х – 32=7 = 2(-1 +30 — 3659 =7 = -9%-2=7 > t=-1 > х= -1- 3, у= –-2 аах = —5 
= (—4, —2, —5) 1$ ће point 


ij k 
n, =i+j+kandn =i+j > nı xng =]|1 1 1) =-i+j, the direction of the desired line; (1, 1, —1) 
1 1 0 
is on both planes = the desired line is x = 1 — t, y = 1+ ==] 
i j k 
п = 3i — 6j — 2k and n = 2i +j — 2k > n; xm =|3 -6 —2| = 14i + 2j + 15k, the direction of the 
2 1 -2 


desired line; (1,0,0) is on both planes = the desired line is x = 1 + 14t, y = 2t, z = 15t 


i j k 
nı =i — 2j + 4k and n =i +j— 2k => nı xn = |1 -2 4 |= 6j+ 3k, the direction of the 
1 1 -2 


desired line; (4,3, 1) is on both planes = the desired line is x = 4, y = 3 + 6t, z = 1 + 3t 
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62. 


63. 


64. 


65. 


66. 


67. 


68. 
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i j k 
п1 = 51 — 2j and ns = 4j — 5k = а хр = |5 —2 0 |= 10i + 25) + 20k, the direction of the 
0 4 —5 


desired line; (1, —3, 1) is on both planes = the desired line is x = 1 + 10t, y = —3 + 25t, z = 1 + 201 


4t—2s— 2 2t— s— 1 
= —3$ = —3 = s=landt=1 => onLl,z=1andonL2,z=1 = LI and L?2 intersect at (5, 3, 1). 
L2 & L3: The direction of L2 is i (4i 4- 2j + 4k) = i (2i + j + 2k) which is the same as the direction 
1 (2i + j + 2k) of L3; hence L2 and L3 are parallel. 


LI&L2: x=34+2t=14+4sandy=—-14+4t=142s > 25 2 


=> 3t=3 


LI&L3: х=3+2 =3+2гапау = —1+ 4 =2+г = 25 ( PRICEN 


4t— r—3 4t—r=3 
= t=landr=1 => onLl,z=2 while on L3,z=0 = LI and L2 do not intersect. The direction of L1 
is == (2i + 4j — k) while the direction of L3 is i (2i + j + 2k) and neither is a multiple of the other; hence 


L1 and L3 are skew. 


L1 &L2: x=1+2t=2-— sandy = -1 -t= 3s > - = –5=3 = s=—2andt=? = оп, 
7. = 2 while on L2, z = 1 — 3 == = L1 and L2 do not intersect. The direction of L1 is Ju 21-5 + 3k) 


while the direction of L2 is zu (—i+ 3j +k) and neither is a multiple of the other; hence, L1 and L2 are 


skew. 

-8-021--3 

35+ г=1 
z—2andonL3,z —2 — L2 and L3 intersect at (1, 3, 2). 

L1 & L3: L1 and L3 have the same direction ns (2i — j + 3k); hence L1 and L3 are parallel. 


L2&L3: x =2-—s=5+2randy=3s=1-r=> | => 5s=5 > s= l andr = —2 => onl2, 


x=242t,y=—-4-t2=74+3tx=-2-ty=-2+4tz=1-2t 


l«-4-2y-D4+1@-5)=0 => x-4-2y4+24+2z-5=0 = x-2y+z=7; 


—V2(x-3)-2V2(y 4-2) - /2(2-0) 20 9 —V2x- 2V2y — 22 = 74/2 


x=0 > t--Ly--Lz--$2(0-1-3)3;y202t--Lx--Lz--3 > (-1,0,-3);2=0 


=> t=0,x=1ly=—-1 => (1,-1,0) 

















The line contains (0,0,3) апа (Уз 41, 3) because the projection of the line onto the xy-plane contains the origin 
and intersects the positive x-axis at a 30° angle. The direction of the line is уз +j+0k = the line in question 


isx = /3t,y =t,z =3. 


With substitution of the line into the plane we have 2(1 — 2t) + (2+ 5t) — (—3t) = 8 => 2-—4t+2+4+5t+3t=8 
=> 4t+4=8 => t=1 = the point (—1, 7, —3) is contained in both the line and plane, so they are not parallel. 


The planes are parallel when either vector A;i + B,j + C)k or Agi + Boj + Cok is a multiple of the other or 
when (Aii + Byj + Cik) x (Agi + Boj + Cok) = 0. The planes are perpendicular when their normals are 
perpendicular, or(Aji + B,j + Ck) - (Agi + Boj + Cok) = 0. 
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There are many possible answers. One is found as follows: eliminate t to get t = x — 1 = 2 — y = бус 


2-3 
2 








> х-1=2- уапа2 —у= => x+y =3 and 2y + z = 7 are two such planes. 

Since the plane passes through the origin, its general equation is of the form Ax + By + Cz = 0. Since it meets 

the plane M at a right angle, their normal vectors are perpendicular = 2A + 3B +C=0. One choice satisfying 

this equation is A = 1, B = —1 and C= 1 > x—y+z=0. Any plane Ax + By + Cz = 0 with 2A + 3B +C=0 
will pass through the origin and be perpendicular to M. 


The points (a, 0,0), (0, b, 0) and (0,0, c) are the x, y, and z intercepts of the plane. Since a, b, and c are all 
nonzero, the plane must intersect all three coordinate axes and cannot pass through the origin. Thus, 
oe | + = = 1 describes all planes except those through the origin or parallel to a coordinate axis. 





Yes. If vı and və are nonzero vectors parallel to the lines, then v4 x v» Æ 0 is perpendicular to the lines. 


(a) EP — cEP, => —xoi + yj + zk = c [(x) — xo)i t+ yij + 21k] => –хо = сба – Хо), у = су! апа 7 = cz), 
where c is a positive real number 
(Б) Ах, =0 = с=1 = у= у ах = 21; 4 Х1 = Х = хо = 0,у=0,2= 0; „Ш, c=, lim. в 
-1 


= ш =ү =1 =» с > Isothaty > y, andz — z 


The plane which contains the triangular plane is x + y + z = 2. The line containing the endpoints of the line 


22,2 


segment is x = 1 — t, y = 2t, z = 2t. The plane and the line intersect at (3, i 2) . The visible section of the line 


segment is G + бї + бї = | unit in length. The length of the line segment is \/ 12 + 27+ 2? =3 > 2 of 


the line segment is hidden from view. 


12.6 CYLINDERS AND QUADRIC SURFACES 


1. 


10. 


13. 


d, ellipsoid 2. i, hyperboloid 3. a, cylinder 
g, cone 5. 1, hyperbolic paraboloid 6. e, paraboloid 
b, cylinder 8. j, hyperboloid 9. К, hyperbolic paraboloid 
f, paraboloid 11. h, cone 12. c, ellipsoid 
х? +у2 = 4 15. x? + 47? = 16 
х -у-4 | 
2 





Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley. 


742 Chapter 12 Vectors and the Geometry of Space 


16. 4х2 + у? = 36 17. 9х2 + у? +22 =9 





19. 4х2 + 9у2 + 422 = 36 20. 9x? + 4у2 + 3622 = 36 


AX! 4 9y? e 42 - 36 z 
2 









КЕН 
С 
Sar tty 
SoD 








18. 4x? + 4y? + 2? = 16 


z 
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29. 22—х?—у? =1 30. — 5 — 28 =1 





34. 4х? + 4у? = 2? 





37. х? Ьу? – 22 = 4 38. х? +22 = у 39. х2 +22 = 1 


х2 +22 =4 5, 
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40. 16y? + 92? = 4x? 41. z=—(x?+y’) 42.у2-х2-22-1 
z=- +y’ 
y 
44, x+y? =z 
x+y =z 





45. (а) Hx! -- P --Z — 1andz— c, tien x? -- Y — 95 = 2-5 =1 = A=abr 


y? 
я Ч 
=: (2) (=) 27 (9 — c2) 
mn 3 3 





= 9 


3 
(b) From part (a), each slice has the area 2n 2) , where —3 < z < 3. Thus V = 2 Ї л (9 — z?) dz 


wm 


3 3 
= (9-2) da = $ [02-8] = 907—9) = 8т 


= ч), 





© -0-4-1- ee 3 pem =1 = А =7 (82) (Ez) 


с с 
> У=2 | *® (62 - 22) да = 2 fez — 5 | = gb (263) = 4, Note that if r = a = b = c, 
0 





о с? с? 3 


then V = аас , which is the volume of a sphere. 


46. The ellipsoid has the form x + у + 2 = ]. To determine c? we note that the point (0, r, h) lies on the surface 
of the barrel. Thus, 5 + к =1 = с? = DE . We calculate the volume by the disk method: 


h : , 4 р 4 7 
у = Југа Хор + =] => у = (1-5) в 5529) в – (Как) 2 
ћ ћ 
> V=r f [R (Кан) 2] ва = п =} (КЁ) и] = 20 [Већ — 1 (Ке — тој] = 2л (258 + 3) 
23 —h 
= 1 тЕ?һ-+ 2 nr?h, the volume of the barrel. If r — R, then V — 2x R?h which is the volume of a cylinder of 
radius R and height 2h. If r — 0 and h — R, then V — 3 nR? which is the volume of a sphere. 





2 
с 


+ С = 1. The area of this ellipse is 7 (а,/2) (ь,//2) = cm (see Exercise 45a). Hence 


47. We calculate the volume by the slicing method, taking slices parallel to the xy-plane. For fixed z, x + 5 E 


x2 
тай 
с 


h 218 
the volume is given by V = | тара dz — Ез - on Now the area of the elliptic base when z = his 
0 





gives the ellipse 


с 
2c 


A = Tbh as determined previously. Thus, V = m = 1 (=) h = 1 (base)(altitude), as claimed. 


c c 
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48. (a) For each fixed value of z, the hyperboloid х + 5 — 2 = | results in a cross-sectional ellipse 


x2 


y? 
b2 (2 t 2) 


с с 


| = 1. The area of the cross-sectional ellipse (see Exercise 45a) is 





A(z) = 7 (s Мс? + 2) (2 ус + 2) = 78? (с? +27). Тве volume of the solid by the method of slices is 
Г 1 Tab (n2 2 таЬ [2 1.3] В Tab (n2 143 Tabh 2 2 
V= Jj A@dz= J, Ze + 22) dz = "Р [с ®+37°],= "(с h + $h?) = 2 (3c? +h’) 
(b) Ao = A(0) = mab and A, = A(h) = Z? (c? +h?) , from part (a) => V = Z (3c? + h?) 


= (2+1+8) = а (24958) = [лаб + 10 (22 +h?)] = $ CA A) 








с 


(с) An = А (8) = (o + È) = 18 (402 + 15) o Bo 4A, A) 


с2 


= 2 [mab + 20 (4c? +h?) + 22 (c? + h?)] = SP (c? + 4c? +h? + c? +h?) = SH (6c? + 2h’) 


= 785 (3c? + h?) = V from part (a) 


3c? 


c2 


50.2-1-у? 


25 
2 с» о 
SABES 
227976006 
MEIER 
ЖЕР ЕО 
» 


S 
SSES S 
ХЭХЭ) 
ОКО 
к 


S 
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(b) 




























(d) 
Q 
му 
NN “уу 
NN PIT] 7 
Хх РИД КИТАЙ 
ИЯ LAA ELT TTT 
12 Жж 6 ОУ у 
Se SRO TT 
8 RRR ILLL 2 SRT 7777 
6 о 3 SSR TT В 
3 ~ pj 2 : ~ 5 22 20 E 
E 0 
42 4 
ae ЛАВ 


53-58. Example CAS commands: 
Maple: 
with( plots ); 
eq := х^2/9 + у^2/36 = 1 - 2^2/25; 
implicitplot3d( eq, x=-3..3, y=-6..6, z=-5..5, scaling=constrained, 
shading=zhue, axes=boxed, title="#89 (Section 11.6)" ); 


Mathematica: (functions and domains may vary): 
In the following chapter, you will consider contours or level curves for surfaces in three dimensions. For the purposes of 
plotting the functions of two variables expressed implicitly in this section, we will call upon the function ContourPlot3D. 
To insert the stated function, write all terms on the same side of the equal sign and the default contour equating that 
expression to zero will be plotted. 
This built-in function requires the loading of a special graphics package. 
<<Graphics ContourPlot3D° 
Clear[x, y, z] 
ContourPlot3D[x?/9 - у2/16 — 7/2 — 1, {x, —9, 9}, {y, —12, 12}, {z, —5, 5}, 
Axes — True, AxesLabel — {x, y, z}, Boxed — False, 
PlotLabel — "Elliptic Hyperboloid of Two Sheets"] 
Your identification of the plot may or may not be able to be done without considering the graph. 


CHAPTER 12 PRACTICE EXERCISES 


1. (а) 3(-3,4) - 4(2, -5) 2 (-9 — 8, 12 - 20) — (—17, 32) 


(b) 17 + 322 = 4/1313 
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2. (а) m 3-2,4-5) F 1, -1) 3. (а) (-2(-3),-2(4)) - (6, –8) 


yes = /2 (b) \/62 + (—8)° = 10 


4. (a) (5(2), 5(—5)) — (10, —25) 


) 4/102 + (—25)? = \/725 = 5\/29 


5. $ radians below the negative x-axis: (- 223 -i) [assuming counterclockwise]. 


s ($) 


i-j)= 8 i 2 1 3% , 4: _ . : 
7. (zac) = (Ум у) 3 e) $j) = 3i - 4j 


3 
5 


мін 








9. length = |V + \/2}| = /2+2 = 2, / 21+ 2] = 2 (1+ 51) = the direction is 7 i-- 7: j 


10. length = |-i -j| = YT+1 = V2, -i-j= V2(- Si 4j 


= the direction is — 551 = 1 


11. t= § > v = (-2sin 7)ї + (2 cos 4) j = —2i; length = |-2i| — +0 = 2; —2i = 2(—i) = the direction is —i 


12. t-In2 — v — (e"? cos(In 2) — e? sin(In 2)) i - (e? sin(In 2) - e? cos(In 2)) j 
— (2 cos(In 2) — 2 sin(In 2)) i 4- (2 sin(In 2) + 2 cos(In 2)) j = 2[(cos(In 2) — sin(In 2)) i + (sin(In 2) + cos(In 2)) j] 





length = |2[ (cos(In 2) — sin(In 2)) i+ (sin(In 2) + cos(In 2)) j]| = 2 / (cos(In 2) — sin(In 2)? 4 (cos(In 2) + sin(In 2))? 
— 2 A/2cos? (In 2) + 2sin?(In 2) — 2/2; 


2[ (cos(In 2) — sin(In 2)) i+ (sin(In 2) + cos(In 2)) j] = 24/2( (cos(In 2) — sin(In 2 pam 2) + cos(In 2) 











(cos(In 2) — sin(In 2)) i+ (sin(In 2) 4- cos(In 2)) ; 


— direction — 72 Ta 








13. length = |2i — 3j + 6k| = y4 +9 +36 = 7, 2i — 3j + 6k = 7 (ži — 4j + К) => the direction is 4i — 3 j + É k 


14. length = |i + 2j- k| = y1 +4 + = V6 i+2j-k=vV6(%i+-%j--%K) = the direction is 


2. 



































Ls 1 
Vee) ugs 
у о. Ad-jt4k | 5.4i-jt4k — 8 ; "P 8 
15. 2 2 J42 + (712 4-42 2 ГЕН Jat зі + 75 К 
зү; 4 31; 4 
16 Б-У бү. (5)i+ (3) k 2254 нк — 3 4k 
M Ме yzg 0 
ij k 
17. | 2 J/141= V2, |u| = 44144 =3,v-u=3,u-v=3,vxu=]1 1 0 | =-214+2j-k, 
2 1 -2 





ux v= —( xu) = 2i — 2j +k, |v x u| = /44441 = 3,0 = cos (a) = cos“ (45) = 


\ч| соз Ө = 45, projy u= ()у=3@+р 
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18. || 2 МР+12 +22 = 6, u| 2 /(712 4 (-1? 2 V2, v-u — (D(-D 4- (00) - QC-D) 2 —3, 














i j k 
u-v=-3,vxu=|]1 1 2 ,=-i-j+k,uxv=-(vxw =i+j-k, 
—1 0 —1 
lv x ul = VCI} + CIP + I = //3,0- сов"! (кш) — cos! (755) - сов”! (==) 
= соз”! (— У°) = 5®, || совӨё = y2. (=£) = У6 | proj, u = а) у= 2 G45 + 2k) =-} 045+) 


19. projyu = (g4) v= $ Ci +j- k) where v-u = 8and v.v — 6 


20. projyu = (ve - 16-2) where vu — —1 and vv 3 


i j k z 
21, иИху-11 0 О|=К 
1 1 0 
ix @+p=k 
i j k 
22. 0ху= |1 —1 0|=2К 
1 1 0 





23. Let v = vit voj + v3k and w = wii + woj + w3k. Then |v — 2w|? = |(vii + voj 4- v3k) — 2(wii 4- woj - wak)|? 
4 $ 2 
= (уз — 2w1)i + (v2 — 2wo)j + (v3 — 2ws)k|? — (/(vi — 2wi)? - (va — 2wa? + (vg — 2w3)?) 
= (v2 + v2 + v2) — 4(viw, + vows + V3W3) + 4 (W2 + w2 + w2) = |v]? — 4v - w - 4 |w|? 


= |v|” — 4 |v| |w| cos 6 +4 |w|” = 4 — 4(2)(3) (cos 2) +36 = 40 — 24 (1) = 40 – 12 = 28 = |v—2w| = 28 
- 24/7 





i j k 
24. u and vare parallel whenu x v=0 = | 2 


4 —5|=0 = (да – 40% + (20 — 2a)j 4- Ok —0 
—4 -8 a 
= 4а- 40 = Оапа 20 — 2а=0 = а= 10 
ij k 
25. (а) агға-- |а ху|-аһ|1 1 -1|-|24-3|-Қ|-1/4--9--1-/14 
211 
1 1 -l 
(b) volume=(uxv)-w=]2 1. 1 |=1(3+2)—1(6—(—1))—1(—4+1)=1 
-1 -2 3 
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26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 
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ijk 
(a) area = |u x v| =abs|1 1 0|-і|К-і 
010 
1 1 0 
(b) volume = (ux v)-w=/0 1 0/-((1-0)- Ц(0-0)--0-1 
1 1 1 


The desired vector is n x v or v x n since n x v is perpendicular to both n and v and, therefore, also parallel to 
the plane. 


If a — 0 and b Z 0, then the line by = c and i are parallel. If a Æ 0 and b = 0, then the line ax = сапа ј аге 
parallel. If a and b are both Z 0, then ax + by = c contains the points (©, 0) апа (0, с) — the vector 
ab (© = j) — c(bi — aj) and the line are parallel. Therefore, the vector bi — aj is parallel to the line 


ax + by = c in every case. 


The line L passes through the point P(0, 0, — 1) parallel to v = —i +j + k. With PS = 2i + 2j + k and 














i j k 
Р$ ху=|2 2 1 = (2 — 1)i — (2 + 1)j + (2 + 2)k = i — 3j + 4k, we find the distance 
—1 1 1 
= ЇР ЭЭ | posts Ve VB 
М М1+1+1 уЗ 275 


The line L passes through the point P(2, 2,0) parallel tov =i+j+k. With PS =—21+ 2j + k and 














i j k 
Ру 2 1 = (2 — 1)i — (—2 — 1)j + (—2 — 2)k = i + 3j — 4k, we find the distance 
1 1 1 
агь [Р$ху| _ ттт | 06 утв 
Ivi У1+1+1 ТЕ 352 


Parametric equations for the line are x = 1 — 3t, y = 2,2 = 3+71. 


The line is parallel to РО = 01 + ј — k and contains the point P(1,2,0) = parametric equations аге 
x=l1ly=2+t,z=-tfor0O<t<l. 


The point P(4, 0, 0) lies on the plane x — y — 4, and PS = (6 — 4i + 0j + (—6 + 0)k = 2i — 6k with n = i — j 


[1-5 2+0+0 2 2. 
- | 32020 = 3, = Vi 


Д У1+1+0 V2 











The point P(O, 0, 2) lies on the plane 2x + 3y + z = 2, and PS = 3 —0)i+ (0 — 0)j + 0 + 2)k — 3i 4- 8k with 


НАРТ : p 6-048 | 14 _ 
п=2+3}+К = = = |ы | ЈЕ = Уа. 











Р(3, —2, 1) andn = 2i+jt+k > QYx 3) - (D(y - (20 - (D(z- D 20 2 2x+y4+z2=5 


РС—1,6,0) апап = +— 2] + ЗК => (1)(х — (-1) 4 (-2(y -6-- (32-0) 20 => x- 2y + 3z = –13 
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— — — — 
37. Pd, —1, 2), Q@2, 1,3) and R(-1,2,-1) > PQ =i+2j+k, PR = —2i+ 3j — 3k and PQ x PR 
i j k 
=| 1 2 1 |=-—9i1+j+ 7k is normal to the plane => (—9)(х – 1) + (0 + 0) += (22—2)=0 
—2 3 -3 
=> -9x+ty+7z=4 
— — => — 
38. P(1,0,0), Q(0,1,0) and R(0,0, 1) = PQ = -i+j, PR = —i+k and PQ x PR 
i j k 
=|-1 1 01| =1+] + К 1$ погта! ю Фе ріапе => (1)(х – 1) - («D(y 0) - (0(2—0) 20 
—1 0 1 
=> х+у+>5=1 
39. (0,—1,—3).sincet 2 — 1, y = — 4 andz = — 3 when x = 0; (—1, 0, —3), since t = —1,x = —1 andz = —3 


when y = 0; (1, —1,0), since t= 0, x = 1 and y = —1 whenz=0 


40. x = 2t, y = —t, z = —t represents a line containing the origin and perpendicular to the plane 2x — y — z = 4; this 
line intersects the plane 3x — 5y + 2z = 6 when t is the solution of 3(2t) — 5(—t) + 2(-t) = 6 


= {= 2 = (5, - 2, — 2) is the point of intersection 


Al. ny =iandny =i+j+/2k = the desired angle is cos! (тш) = cos! (4) = 





42. nj =i+ jandn) =j+k = the desired angle is сов”! (тш) = cos"! (4) = 3 


ij К 
43. Thedirection ofthelineisn; x no =|1 2 1} =5i—j-— 3k. Since the point (—5, 3,0) is on 
1 -1 2 


both planes, the desired line is x = —5 + St, y = 3 — t, z = —3t. 


i j k 
44. The direction of the intersection is nı x no =|1 2 —2) = —6i — 9j — 12k = —3(2i+ 3j + 4k) and is the 
5 —2 -l 


same as the direction of the given line. 


45. (a) The corresponding normals are n; = 3i + 6K and np = 2i + 2j — k and since n; - n; 
= (3)(2) + (0)(2) + (6)(—1) = 6 + 0 — 6 = O, we have that the planes are orthogonal 


ij k 
(b) The line of intersection is parallel ton; x n2 —|3 0 6 | = —12i+ 15j+ 6k. Now to find a point in 
2 2 -1 
| > 3x+6z= 1l 3x + 6z = 1 E _ _ 19 
the intersection, solve | ox +2y —2=3 ( 12x + 12у — 62 = 18 = 15x+ l2y=19 > x=Oandy= 5 
= (0, D, 1) is a point on the line we seek. Therefore, the line is x = —12t, y = 5 + 15t and z = : + 6t. 
i j k 
46. A vector in the direction of the plane's normal isn =u xv=]/2 3 1) =7i—3j—5k and Р(1,2, 3) оп 
1 -1 2 


the plane => 7(х – 1) — 3(y — 2) — 5(z — 3) = 0 => 7x — 3y — 5z = —14. 
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47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


97: 
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Yes; v - n = (2i — 4j + k) - (2i +j + 0k)=2-2—4-1+1-0=0 = the vector is orthogonal to the plane's normal 
= v is parallel to the plane 


n- РР, > 0 represents the half-space of points lying on one side of the plane in the direction which the normal n points 





i k 
. > 2. : | . : : AP-n 
A normal to the plane isn = AB x AC =|2 0 -—1|—-i-2j-2k — the distance is d — | ёл 
2. —1 0 
2 daei i] = |=1=8+0) =3 
М1+4+4 m 3 DS 








P(O, 0, 0) lies on the plane 2x + 3y + 5z = 0, and PS = 2i + 2j + 3k with n = 2i + 3j + 5k => 

















— |nPS =| 4+6+15 | _ 25 
[nl V/A-- 9 4-25 \/38 
i j k 
n = 2i — j — k is normal to the plane => пху= |2 -—1 -1| = 01 — 3] + ЗК = —3j + 3k is orthogonal 
Ti- 4M 1 


to v and parallel to the plane 


The vector B x C is normal to the plane of B and C — A x (B x C) is orthogonal to A and parallel to the plane of B 
and C: 
j k i j k 
ВхС= 1 2 І |= -—51+3ј – КаадА х (ВхС) = | 2 -1 1 )=-2i-3j+k 
11 -2 =5 3 = 


=> |Ax (Bx ©| = у4+9+1= у 1апи = Sa (—2i — 3j + k) is the desired unit vector. 


i j k 
A vector parallel to the line of intersection is v = nı x no = |1 2 1|-5і-1-3К 
1 -1 2 


= |у = 4/25 +1+9 = ү 35 = 2 (=) = Js Gi -i — 3k) is the desired vector. 


The line containing (0, 0, 0) normal to the plane is represented by x = 2t, y — —t, and z — —t. This line 
intersects the plane 3x — Sy + 2z = 6 when 3(2t) — 5(-t) + 29 =6 = t= 2 — the point is (3, - 2, — 2) : 
The line is represented by x = 3 + 2t, y = 2 — t, and z = 1 + 2t. It meets the plane 2x — y + 2z = —2 when 

2(3 +20 — (2 - Y +21 + 2t) = -2 = t=- $ = the pointis (1, 26, — 7) . 





9 9›9› 9 
ij k 
The direction of the intersection is v = nı x n = |2 1 —1|=3i—5j+k = 0 = соз”! (кї) 
1 1 2 


= cos! (5) А 59.5° 


The intersection occurs when (3 + 2t) + 3(2t) -t = —4 = t= —1 > the point is (1, —2, —1). The required line 


ij k 
must be perpendicular to both the given line and to the normal, and hence is parallelto}2 2 1 
13-1 


= —5i+ 3j +4k = the line is represented by x = 1 — 56 у = —2 + 3t, and z = —1 + 4t. 
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58. 


59. 


60. 


61. 


62. 


63. 


64. 


If P(a, b, c) is a point on the line of intersection, then P lies in both planes = a — 2b +с +3 — 0 and 
2a—b—c+1=0 = (a—2b+c+3)4+kQa—b—c+1)=0 forallk. 


E => 1 ] k 
The vector AB x CD =|3 -2 4 | = 2 (2i+7j+ 2k) is normal to the plane and A(—2, 0, —3) lies on the 
26 26 
26 o _ 26 
5 5 


plane > 2(х + 2) + 7(у — 0) + 2(2 — (-3)) =0 = 2х + 7у + 22 + 10 = 0 15 an equation of the plane. 


Yes; the line's direction vector is 2i + 3j — 5k which is parallel to the line and also parallel to the normal 
—4i — 6j + 10k to the plane = the line is orthogonal to the plane. 


— — i j k 
The vector PQ x PR =| 2 —1 3ļ|= —i-— 11j-— 3k is normal to the plane. 
-3 0 I 
(a) No, the plane is not orthogonal to PÒ x PR. 
(b) No, these equations represent a line, not a plane. 


(c) No, the plane (x + 2) + 11(y — 1) — 3z = 0 has normal i + 11j — 3k which is not parallel to PÒ x PR. 
(d) No, this vector equation is equivalent to the equations 3y + 3z = 3, 3x — 2z = —6, and 3x + 2y = —4 


>x=- 4 = 2 t, y =t, z = 1 —t, which represents a line, not a plane. 





(e) Yes, this is a plane containing the point R(—2, 1, 0) with normal РО x РЕ. 


(a) The line through A and B is x = 1 + t, y = —t, z = —1 + St; the line through C and D must be parallel and 
1811: x= 1+t,y =2-—t,z= 3+ 5t. The line through B and C is x = 1, y = 2 + 2s, z = 3 + 4s; the line 
through A and D must be parallel and is Lo: x = 2, y = —1 + 2s, z = 4 + 4s. The lines L; and Ls intersect 
at D(2, 1,8) where t= 1 ands = 1. 


— 2j+4k)-G-j+5k) _ _3 
ое 
BA-BC ~ _ 18р .9g5 CAT naria emis а 
(с) Е ВС = + ВС = $ (j - 2k) where BA — i — j + 5k and BC = 2j + 4k 


(d) area = |(2j + 4k) x (i — j + 5k)| = |14i+ 4j — 2k| — 6/6 

(e) From part (d), n — 14i 4- 4j — 2k is normal to the plane > 14(x — 1)+ 4(y — 0) - 2(z + 1) = 0 
=> 7х--2У-2- 8. 

(f) From part (d), n — 14i -- 4j — 2k — the area of the projection on the yz-plane is [n - i| — 14; the area of the 





projection on the xy-plane is |n - j| — 4; and the area of the projection on the xy-plane is |n - k| — 2. 





=> 22 — i j k 
B = -2i+j+k, CD =i+4j —k, and AC = 21+ј = п= |-2 1 1 | =—Si—j-—9k = the distance is 
1 4-1 
4-1|014-94-Я-1-90| . nu 
А: М25+1+81 7 107 
B = —2i + 4j — k, CD = i — j + 2k, and AC = –31 +3) = п= |-2 4 —-1|)=7i+3j—2k = the distance 
1 -1 2 
is d |31+30-01-3)-2ҝ)| _ 12. 
ш У49+9+4 ^ Ve 
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66. х? + (у – 1)? +22 = 1 67. 4х? + Дуг +22 = 4 


2 Ax? e Ay! e à 24 
2 





x y 
68. 36x? + 9у? + 42? = 36 69. 7 = – (х? + у?) 70. у = – (х? + 22) 
2 z=- +y?) 
ТРУ y 
x y X 





74. 4y? +2? - Ax? «4 





27727 
5%% / 
SD 
x? 
555% 
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CHAPTER 12 ADDITIONAL AND ADVANCED EXERCISES 


1. Information from ship A indicates the submarine is now on the іпе 11: х = 4 + 26 у = 3t,z = — i t; information from 
ship B indicates the submarine is now on the line Lz: x = 185, y = 5 — 65,7 = —s. The current position of the sub is 
(6, 3,— 1) and occurs when the lines intersect att = 1 ands = =. The straight line path of the submarine contains both 


points P (2, == 1) апа О (6, 3,- 1): the line representing P path is L: x = 2 + 4t, y = —1 + 4t, z = — 3. The 


submarine traveled the distance between P and Q in 4 minutes — a speed of ы = Уз = /2 thousand ft/min. In 20 
minutes the submarine will move 20/2 thousand ft from Q along the line L 

=> 204/2 = J/Q -- 4t - 6 + (-1 + 4t — 3)? + 02 = 800 — 16(t— 1? + 16(6 — 1)2 = 32(t — 1}? 9 (t7 1? — 89 
=25 => t—6 — the submarine will be located at (26, 23,— 1) in 20 minutes. 





2. Hg stops its flight when 6 + 110t = 446 — t — 4 hours. After 6 hours, Hj is at P(246, 57,9) while H» is at (446, 13, 0). 
The distance between P and Q is у (246 — 446)? + (57 — 13)? + (9 — 0)? = 204.98 miles. At 150 mph, it would take 
about 1.37 hours for H; to reach Ho. 





— — 
3. Torque = | PQ 2) => 15 ft-lb = | PQ| |F| sin 2 3ft-|F| 2 |Е| = 2016 


4. Leta =i+j-+k be the vector from O to A and = і + 3j + 2k be the vector from О to B. The vector v orthogonal to a 
and b = v is parallel to b x a (since the rotation is clockwise). Now b x a = i+ j — 2k; projab = (22)a = 2i + 2j + 2k 


= (2, 2, 2) is the center of the circular path (1, 3, 2) takes = radius = 1/12 + (—1)* + 0? = \/2 = arc length per 


second covered by the point is 5 3/2 units/sec = |v| (velocity is constant). A unit vector in the direction of v is 

















тха 
р расо 79 = b 223 jui ds T уз 
= Jolt Sei — дк у= МЕН) = 32 (+ у вк) = “i+ Si УЗк 
5. (a) By the Law of Cosines we have cos a = ХН - 3 and cos 2 = a = 2 => sina = 5 апа ѕір 8 = = 


= К = (-IFi 





ШУ - (в | ЧЕ), В = (IF; 


w — (0, —100). Since F; + F> = (0, 100) + (—3]F:| + $[Fal, $ 








)= БІЗ! ДЕ: ) ала 


|+ #16) = (0, 100) = МР + НЕ] =0 





and 2|F;| + 2|F2| = 100. Solving the first equation for |F»| results in: |F?| = 2|F;|. Substituting this result into the 
second equation gives us: $|F;| + 5 |Е | = 100 > |Е | = 80 Б. = |] = 60 lb. > F; = (—48, 64) and 


F, = (48, 36) ,anda = tan! (3) апа 8 = tan! (3) 
52 + 132 — 122 
2(5)(13) 








122 + 132 — 52 
2(12)(13) 


= E > sina = É and sin 8 — 5 


= 3 and cos 8 = = 


(b) By the Law of Cosines we have cos a = 
та) = (– БР |, IF il), Fo = ([Feleos 3, = (1218, 5183), апа 
w = (0, —200). ЅіпсеЕ, + № = (0, 200) = (1811 + 2 Е, ЈЕ ) | + 5184) = (0, 200) 


= – ЈЕ + Б |] = 0 апа 5 ЈЕ, | + 2 |Е| = 200. Solving the first equation for |F| results in: |F2| = 4|F\|. 
Substituting this result into the second equation gives us: 13|F,| + 25 |Е | = 200 = [F;| — 49° ~ 184.615 Ib. 


=> [Fa] = MSP = 76.923 1Ь. => Fy = (70, 2800) == (71.006, 170.414) and Fz = ( 12%, s00) 
= (71.006, 29.586). 





> Е, = (-IFi 


6. (а) Т; = (-ITilcos а, ШЕШ) T= (11 сов 8, ты 8), and w = (0, —w). Since T; 4- T; — (0, w) > 


(—IT; cos a + |T2|cos 8, |T; |sin a 4- туш 8) — (0, w) = —|Т||соз а + |T2|cos 3 = 0 and 


cosa 
cos 3 





|T,|sin a + |T2|sin G = w. Solving the first equation for |T>| results in: |T2| = Т, |. Substituting this result into 
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the second equation gives us: |T; [sin o + соза за Т, [= м > |Т| = ая = с апа 
оаа 
(b) i (Ti) — (а) = cmn ; &([Ti]) 2 0 = —w cos 6 cos (a + 6) = 0 = cos (a + 8) = 0 
Рава а = $ — в: (ти) = (О) = о 
LTN) = wcos f > 0 — local minimum when a = 5 — 3 
а=й—8 
© 5017) = 5 (255) = wespe tA, (ту = 0 > —weosacos (a + 8) = 0 => сов(а + 8) = 0 
эо+б=әб=ў—о; (Ти) = ("деч о) = “Se 0, 
LT) = у сова > 0 = local minimum when 3 = 5 — a 
8=2-а 





(a) If P(x, y, Z) is a point in the plane determined by the three points Pj (x1, y1, Z1), Po(X2, ye, Z2) and 
> дэ — 2752 — — — 
P3(Xa, ya, Z3), then the vectors PP, PP» and PP; all lie in the plane. Thus PP; - (PP2 x PP3) = 0 
Ху = Хх уу-у 21-7 
=> |Хх-х ya—y Za—2Z|-—0Oby the determinant formula for the triple scalar product in Section 12.4. 
X3 —X ya —-y 73-12 


(b) Subtract row 1 from rows 2, 3, and 4 and evaluate the resulting determinant (which has the same value 


хи 


as the given determinant) by cofactor expansion about column 4. This expansion is exactly the 
determinant in part (a) so we have all points P(x, у, z) in the plane determined by P(x, y1, Z1). 


Po(X2, yo, 22), апа Рз(хз, уз, 23). 


Let Ly: x = as + by, у = aos + bo, z = ags + bs and La: x = cıt + di, y — cot 42, 2 — est - da. If L4 || Lo, 
а сі bi ЕС dy ke, Сі bi mi dy 
then for some k, a; — kci,1— 1,2, 3and the determinant a9. c9 5 – ф | = kc с 5 – 0 | = 0, 
43 C3 bs = d3 Ксз Сз bs — 43 
since the first column is a multiple of the second column. The lines L; and Ls intersect if and only if the 
а1$ — cıt + (bı — dı) = 0 
system 4 a2S — C2t + (bə — d2) = O has a nontrivial solution < the determinant of the coefficients is zero. 
a3s — c3t + (b3 — d3) = 0 





(a) Place the tetrahedron so that A is at (0, 0, 0), the point P is on the y-axis, and AABC lies in the xy-plane. Since 
ДАВС is an equilateral triangle, all the angles in the triangle are 60° and since AP bisects BC = AABP 


is a 30°- 60°- 90° trinagle. Thus the coordinates of P are (0. V3, 0) , the coordinates of B are (1, V3, о), апа Ше 


coordinates of C are (-1, V3, 0). Let the coordinates of D be given by (a, b, c). Since all of the faces are equilateral 














: ; 9 » oy. АВАВ | atby/3 | 
trinagles — all the angles in each of the triangles are 60? — cos(ZDAB) — cos(60°) = MbuB ^ 80 —3 
=> a + by/3 — 2 and cos(/DAC) — cos(60^) = ADAC = = РВ = 1 = –а + by/3 = 2. Add the two equations 


to obtain: 25/3 -4-0- ур Substituting this value for b in the first equation gives us: a + ( 3) УЗ = = 


= а = 0). Since |AD| = Ма? + Ь? + с? =2 = 0? + (4) +2 =4>c= =. Thus the coordinates of D are 


2. 272 АР-АР _ _2 imei o 
(o. 7 A). cos 0 = cos(ZDAP) = КЫШ 22 = 0 = соз (+) => 57.74°. 





(b 


wm 


Since AABC lies in the xy-plane — the normal to the face given by AABC is n, — k. The face given by ABCD is an 
. БЕ уй 1;_ 2/2 — ___• 154 2y2 EC ... 
adjacent face. The vectors DB = i + 73-28 Капа РС = — + 73-28 k both lie in the plane containing 
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10. 


11. 


12. 


13. 


14. 


15. 
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i j k 
ABCD. The normal to this plane is given by m = УЗ уз | = JAI VK . The angle 0 between two 
1 2/2 
эк тар 
пп w/a " 1 о 
adjacent faces is given by cos — cos(ZDAP) — щи] = = (vv) = 0 = сов“ 11) » А 70.53°. 





Extend ср to CG so that ср - DG. Then CG = tCF = CB + BG and tCF = 3 CE + CA, since ACBG is a 
parallelogram. If tCÈ —3 CE — СА = 0, then t — 3 — 1 = 0 => t= 4, since F, E, and A are collinear. 
Therefore, CG =4CF = CD =2CF = Fis the midpoint of CD. 


If Q(x, y) is a point on the line ax + by = c, then РО = — (x — Xı)i + (y — yı )j , and n = ai + bj is normal to the 


[x — aty УЮЙ- азы. _ јак— o y) 
Va? +b? Va +b2 

















line. The distance is |proi, РО = = 


— laxrtbyi-cl c; = 
= ~ Jaime > Since c = ax + by. 


(a) Let Q(x, y, z) be any point on Ax + By + Cz — D = 0. Let ОР, — (x — xi)Ji - (y — y1)j + (2 — 71), апа 




















|». Ai Bj4 Ck > | БООВ 5 $ E . Е: 7 Ai + Bj + Ck 
Lee The distance is |proj, ОР; | = | Xi + (y — y1)j + (2 — 21)Ю) (24%) | 
— Аж + Ву + Cz — (Ax + Ву + С2)] _ Ах! + Ву + Сау – р| 
МА? + В? + С? М/А? + В? + С? 
(b) Since both tangent planes are parallel, one-half of the distance between them is equal to the radius of the 


sphere, i.e., r = 1 Ju = ТЕ (see also Exercise 12a). Clearly, the points (1, 2,3) and (—1, —2, —3) 


are on the line containing the sphere's center. Hence, the line containing the center is x — 1 4- 2t, 
y =2+4t,z =3+ 6t. The distance from the plane x + y + z — 3 = 0 to the center is уз 


(1 +29+ 2 +49+ 8 +69–31 _ 
2 = \/3 from part (a) — t — 0 — the center is at (1, 2, 3). Therefore 


an equation of the sphere is (x — 1? -- (y - 2? -- (z — 3? — 3. 








— 


(a) If Q4, y1,zi) is on the plane Ax 4 By 4- Cz 2 D,, then the distance d between the planes is 





























d= As Ej m шы , since Ax; + By, + Cz, = Dj, by Exercise 12(a). 
—_ |2-6 6 
(0) a 7и 
(c) a = а — D-—80r-4 — the desired plane is 
2х -у+ 2х =8 
(4) Choose the point (2,0, 1) on the plane. Then ne =5 > D=3+ 54/6 => Ше desired planes are 


x— 2y +z=3+5vy6andx — 2y +z = 3 — 5/6. 


Let n = AB х BC and D(x, y, z) be any point in the plane determined by A, B and C. Then the point D lies in 
this plane if and only if AD -n = 0 <= AD - (AB x BC) = 0. 


i j k 
n =i + 2j + 6k is normal to the plane x + 2y+6z=6;vxn=]1 1 1) =4i—5j+k is parallel to the 
1 2 6 
i j k 
plane and perpendicular to the plane of v andn => У = пх(ухп =|1 2 6/=32i+23j— 13kisa 
4 —5 1 
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vector parallel to the plane x + 2y + 6z = 6 in the direction of the projection vector projp v. Therefore, 








Sot EE. Lame T -fx — {_32++23—13 E vocc dus. 3231523. «13 
projp v — proj, v — (v- 8) BL (=) м = (Э) м = ти = дм іН ај nk 
16. proj, W = —proj, v and w — proj, w = У — ргој, У => w = (w — proj, w) + proj, w = (v — proj, V) + proj, w 


-v-2prj, v 2 v- 2 (25) 2 


17. (а) u x v = 2i x 2j = 4k > (u x v) x w = 0; (u - w)v — (v - w)u = Ov — Ou = 0; v x w = 4i > u x (v x w) = 0; 


(u - w)v — (u - v)w = 0v — 0w = 0 











i j k i j k 
(0) пху=|1 -1 1 |=i+4j+3k > uxvxw=|1 4 3 |=-—l0i-—2j+6k; 
2 1 -2 —1 2 -1 
(u - w)v — (v - w)u — —4(2i + j — 2k) — 2(i — j + k) = — 10i — 2j + 6k; 
i j k i j k 
vxw—|2 1 —2|=3i+4j+5k > ux(yvxw)=|l1 -1 1|—-—9i-2j4 7k; 
—1 2 -1 3 4 5 
(u- w)v — (u- v)w — —4Qi 4 j — 2k) — (-D(-i- 2j - k) = —9i — 2j + 7k 
i j k i j k 
(с) аху-|2 1 O0|-i-2j-4k > uxvxw=ļ|l -2 —4|=-4—6)+2К; 
2 —1 1 1 0 2 
(u - w)v — (v - w)u — 2Qi — j + K) — 42i + j) = —4i — 6j + 2k; 
i j k i j k 
уху=|2 -1 1|=-~—2i-3j+k > их(ухм)=|2 1 0|-і-21-АҚ; 
10 2 —2 -3 1 
(u - w)v — (u - v)w = 2(2i — j + k) — 3(i + 2k) = i — 2j — 4k 
i j k i j K 
(Фиху=|1 1 —2|=-—i+3j+k > (uxv)xw-—|-1 3 1 |—-10i- 10k; 
—1 0 -1 2 4 —2 
(u - w)v — (v - w)u — 10(—i — k) — Oi 4 j — 2k) — —10i — 10k; 
ij k i j k 
ухм=|-1 0 —-1)=4i-4j-—4k > ux(vxw=/1 1 —2ļ| = —12i — 4j — 8k; 
2 4 -2 4 —4 —4 


(u - w)v — (u- v)w = 10(—i — k) — 1Qi + 4j — 2k) = —12i — 4j — 8k 








18. (а) u x (v x У) РУХ (мхи) ух (и х у) = (0 - у)у – (0 - У)у + (v -u)w — (v - w)u + (w - v)u — (w -u)v = 0 
(b) [u - (v x D]i - [u - (v x Dj + [(u - (v x k)]k = [(u x v) - ili + [(u x v) - jlj + [(u x v) - k]k = u x v 
(c) (ux )-(wx r) 2 u- [v x (Ww x r] = u - [(v - Dw — (v - wr] = (u - w)(v - r) — (u - r)(v - w) = ФЕ Жы 
19. The formula is always true;u x [ux (ux v)]]-w—u x [(u- v)u — (u- u)v]-w 
= [(u - v)u x u — (u - uju x v] - w = — jufux v- w— — ju)u- v x w 
20. If u = (cos B)i + (sin B)j and v = (cos A)i + (sin A)j, where A > B, then u x v = [|u| |v] sin (A — B)] k 
i j k 
—|cosB sinB 0 | = (соѕ В ѕіп А — sin B cos A)k => sin(A — B) — cos B sin A — sin B cos A, since 
cosA sinA 0 


|u| = 1 and |v| = 1. 
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22. 


23. 
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25: 
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If u = ai + bj and v = ci + dj , then u - v = |u| |v| cos 0 = ac+bd= Va? +b? Vc? + d? cos 0 
=> (ас + Ба)? = (а? + Б?) (с? + d°) cos? 0 => (ac + bd)? < (a? + b?) (c? + d°), since cos? 0 < 1. 


If u = ai + bj + ck, then u - u = a? + b? + c? > Oandu - u = O iff a = b = с = 0. 
lu+v|? =(u+v)-(u+v) =u-u+2u-v+v-v < ul? +2 [ul |v] + |v]? = (ul + |v)? > |u +v] < ful + |v] 


Let a denote the angle between w and u, and 6 the angle between w and v. Let a — |u| and b 2 |v|. Then 


о-у + Ба 


u _ (av+bu)u — (av-u+bu-u) _ (av-u+bu-u) _ (ау-и + Ба2) _ ууа 
n Z [w] 


M 7 мы wu м Ма Салаалсан 








сова = ai = 


Since the angle between u and v is always < 5 and cos a = cos (3, we have that a = 8 = w bisects the angle between 


uand v. 


(luly + [у|ч)- бу|и — July) = july - [vla + [vlu - |v|u - [u|v - [u|v — |Уји - |ију 


= јуји - [u|v ^ |v^u -u — [u[v - v — [vlu щу = |v? lu]? — Ju? vl? = 0 


Copyright O 2010 Pearson Education Inc. Publishing as Addison-Wesley. 


CHAPTER 13 VECTOR-VALUED FUNCTIONS 
AND MOTION IN SPACE 


13.1 CURVES IN SPACE AND THEIR TANGENTS 





1. х=(+ 1 апау=е -1 = у=(- 1)? -1=х? — 2х;у=% =1+24 += =) у=1 + 2] апаа = 2} 
att— 1 





1 


1 B _1_ 1 1.-ү-ч фт ids — Фу — _ 
апа у : X гүү ГУ у=, БУ = уту! zaj > а= = – 





DIKS si + 31 





ai en 


= у = 441 — 4} ада = —16ї— 16j att = —} 


3. x= e' andy = ĝ e” = у= 2х; у= = ей е2] = a=eli+ & е2) = у = 31 + 4ј апаа = 31 + ја = ш 3 


4. x —cos2tandy 23sin2t —9 х + 1у2 = 1; у= = (2 5іп 20) + (6 соѕ 20) = а= $ 
= (—4 cos 2t)i + (—12 sin 2j => v = 6j and a = —4i at t = 0 


5. v= а = (cos t)i — (sin t)j anda = ү = —(sin t)i — (cos t)j 
= гі т, у (=) = Ži- р 
а (1) =- Xi- Yj; fort=4,v(2) = —j and 





6. v= € = (—2sin £) i + (2 cos 3) j anda — € 
= (—cos §)i+(—sin$)j = fort =7, v(m) = —2i and 
) 


= —j; fort у (37) = —\/2% — 2] ава 





7. у = 4 = (1 — сов 01 + (sin )j and a — 3 
= (sin t)i + (cos t)j = fort = 7, v(7) — 2i and a(7) — — 
fort = 25, v (32) —i-janda (2) --і 





8. у = + =i+2tjanda= % =2j = fort =-—1, 
v(—1) =i — 2j and a(—1) = 2j; for t = 0, v(0) = i and 
а(0) = 2j; fort = 1, v1) = i+ 2j and a(1) = 2j 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 


Chapter 13 Vector-Valued Functions and Motion in Space 


r —(t- Dio (0—1)j +2tk > v= © =i+2tj+2k > а= Чт = 2j; Speed: WWD] = / (2(1))? + 2? = 3; 


Direction: 1 байшин ииийн 11-21-21К --у0)-3(11421--28) 


г-(14414:514:5К > v= Fait Sjrek + a= GF = Jj + 2k; Speed: Уу) 


24 (20) 22 о enun ed ori 
1 + (20) + (17)? = 2; Direction: o a = git wit 7k => у(1) 
– 9 (1: 1:11 
2. 
r = (2 cos t)i + (3 sin j + 4tk => у= “ = (– 2 sin t)i 4- (3 cos 0j -- 4k — а--(- 2 cos t)i — (3 sin 0j; 
Speed: Iv (3)| = V (-2 sin z)’ + (3 cos 7 ij +4? = 2\/5; Direction: 








у(2) 
Iv (3) 
-( zs sini)ji- (535 cos § 5)14-55:К- Rit К = (5) =2 5 (- 351+ Lk) 





@r 


r = (sec t)i + (tan tj + $ tk => у= а г = (sec t tan thi + (sec? t)j + $k = а= 





= (sec t tan? t + sec? t) i + (2 sec? t tan t) j; Speed: |v (Z)| = Ү бес z tan ар + (вес? dels + Gy E 


E т т c? T k : : 
Direction: -- = ее ай сые gi -11-21-4К = 1203) 2211 ТЕЗ 2 к) 





г = (200+ 1) + 0) £k > у= = (-21)1+29 tk = a= or (еріндік; 


_ (тч) i+2(Dj+ (Dk 


Speed: |v(1)| = TEE + (202 + 12 = Уб; Direction: xD - 
= і ај К > v= V6 (Jie I 2; k) 


r = (e™) i + 2 cos 3j + (2 sin 3k => v = £ = (—e™t) i — (6 sin 3Ņj + (6 cos 3t)k = а= & 


= (e) i — (18 cos 30j — (18 sin 30k ; Speed: |v(0)| — V (-е0) -- [-6 sin 3(0)? 4- [6 cos 30)? — 4/37; 











Direction: v(0) (—e°) i—6 sin 3(0)j + 6 cos 3(0)k 


5 FO = C У37 = dM Uk мо = /37 (- 151+ к) 











v = 3i+ \/3j + 2tk anda = 2k = v(0) = 31+ \/Зуапа а(0) =2к = |v(0)| = з” + (уз) + 02 = \/12 and 


|а(0)| = у22 = 2: у00) · а(0) = 0 — cosó 20 => 0 =7 


v= i+ (2 – 321) j and a = -32j = v0) = i+ 2 janda() = —32j > || = Фү. 


c 


= 1 and |a(0)| — (32)? = 32; v(0) - a(0) = (22) (—32) = —16\/2 > сөб- |6? =—У? — 0-3 











-1/2 





= 1 : __ |-22+2| • 2 . 
v= (e4)it+ (R)i tt? +1) калда = EIE [a] i+ [ян] k = v(0)= jand 


a(0) = 2i +k = |у(0)] = 1 апа [а(0)| = \/22 + 12 = \/5; (0) - а(0) =0 = csd=0 > 0=5 


у=2(1+01/21—3(1-01/2} + 1 Капаа = 1 (1401/21 11-012} = vO) = 21— 2 Ј + }kand 
аб) = 31435 > IO] = У (8) + (2) + (5) = тапа пој = Ун = soam - i-i 
-0- с080-0- 0-2 
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r(t) = (sin thi+ (t? —cost)j+ek => w(t) = (cos t)i 4- Qt -- sint)j 4- e'k;t; — 0 — v(to) = i + k and 
r(to) 2 P, —(0,—1,1) > x =04+t=t y = —1, andz = 1+ tare parametric equations of the tangent line 


r(t) 2 2i4- (2t — 1) j - Ck > w(t) = 2ti+ 2j+3°k;t) =2 > v(2)=4i+2j+ 12k and 

r(to) = Po = (4,3,8) => x = 4 + 4t, y = 3 + 2t, and z = 8 + 12t are parametric equations of the tangent line 

r(t) = (ln t)i + i -F(tInt)k > v(t) = 11+ mod (Int 4- D)k;t; — 1 > v(1) =i+ ij +k and 

r(to) = Po = (0,0, 0) x=04+t=ty=0+ it it and z = 0 + t = t are parametric equations of the tangent line 








r(t) = (cos thi + (sin t)j + (sin 20k = v(t) = (— sin t)hi+ (cos t)j + (2 cos 20k; tp = 5 > У) = —i— 2k and 


r(to) = Po = (0,1,0) > x = 0 -t = —t, y = 1, and z = 0 — 2t = —2t are parametric equations of the tangent line 


(а) v(t) = —(sin t)i + (cos j = a(t) = —(cos t)i — (sin 0j; 

(0) = |v()| = v/C^sin t)? + (cos t)? = 1 = constant speed; 

(1) v-a = (sin t)(cos t) — (cos t)(sin t) = 0 = yes, orthogonal; 
(iii) counterclockwise movement; 

(iv) yes, r(0) =i+ 0j 

v(t) = —(2 sin 2t)i + (2 cos 2t)j = a(t) = —(4 cos 201 — (4 зш 20}; 
(0) |м(0| - 4 sin? 2t + 4 cos? 2t = 2 = constant speed; 


(1) v-a=8 sin 2tcos 2t — 8 cos 2t sin 2t = 0 = yes, orthogonal; 


(b 


wm 


(iii) counterclockwise movement; 
(iv) yes, r(0) =i+ Oj 
(c) v(t) = —sin (t— Z) i+ cos (t — т)) => a(t)= — cos (t — =) i — sin (t— т) ј; 


(0)  |v(0| 2 4/sin? (t — т) + cos? (t — т) = 1 = constant speed; 





(1) v-a-sin (t т) cos (t т) cos (t т) sin (t т) = 0 = yes, orthogonal; 
(iii) counterclockwise movement; 

(iv) no, r(O) = Oi — j instead of i + Oj 

v(t) = —(sin t)i — (cos t)j => a(t) = —(cos t)i+ (sin tj; 


(i)  |w(0| 2 / (—sin t)? + (— cos 02 =1 = constant speed; 


(1) v-a = (sin t)(cos t) — (cos t)(sin t) =0 = yes, orthogonal; 


(d 


wm 


(iii) clockwise movement; 
(iv) yes, r(0) =i— 0j 
(e) v(t) = —(2t sin i+ (2t cos j => a(t) = —(2 sin t + 2t cos t)i + (2 cost — 2t sin t)j; 


б) |v()| = 1/[ —(2t sin t) ]? + (2t cos t)? = \/4t2(sin? t + cos? t) = 2 = 221 > 0 


= variable speed; 
(1) v-a=4(tsin?t+t? sintcos t) +4 (tcos?t—t? cost sin t) = 4t 4 0 in general > not orthogonal in general; 
(iii) counterclockwise movement; 
(іу) yes, r(0) =i+ Oj 











Let p = 2i + 2j + k denote the position vector of the point (2, 2, 1) and let, u = Ер Ї 51 and v — л i+ A j+ T k. 


Then r(t) = p + (cos t)u + (sin t)v. Note that (2,2, 1) is a point on the plane and n = i+ j — 2k is normal to 
the plane. Moreover, u and v are orthogonal unit vectors with u-n = v -n = 0 => u and v are parallel to the 
plane. Therefore, r(t) identifies a point that lies in the plane for each t. Also, for each t, (cos t)u + (sin t)v 


is a unit vector. Starting at the point (2 T NL 2 — T 1) the vector r(t) traces out a circle of radius 1 and 


center (2,2, 1) in the plane x + y — 2z — 2. 
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25. The velocity vector is tangent to the graph of y? — 2x at the point (2, 2), has length 5, and a positive i 

















component. Now, y? = 2х = 2y у ===> 4 = 55 = 1 => the tangent vector lies in the direction of the 
X X (2,2) s 
vector i + 1) = the velocity vector is v = —2 (i + 1j) =Š (i + 1j) = 24/51 + V/5j 
uem, 
26. (a) 
r (t) 2 (t-sint)i (1—cost) j 
2 
1 
-1 
(b) v — (1 — cos £i 4 (sin 0)ј and a = (sin t)i + (cos 0): МЕ = (1 — cos t)? + sin? t = 2 — 2 cos t => Іі is at a max 
when cost = —1 => { = т, Зп, 57, etc., and at these values of t, |v? — 4 = max |v| = \/4 = 2; |у| is at a min 


when cost = | — t — 0, 27, 4m, etc., and at these values of t, |v" — 0 — min |v] = 0; |a|? = sin? t + cos?t = 1 


for every t => max |a| = min |a| = \/1 = 1 


27. $(r-r) 2 r- € € -r —2r- 9 —2-0—0 — r-risaconstant — |r| = yr -r is constant 


28. (а) $(u-vx w) — 8 -(vx w) cu- £(vx w) 2 -(v x w)-cu- (S x w-v x *) 


— du, . dv : dw 
= и - УХУ И  ХУ-ЧИ-УХ 


d dr ,, d?r — dr dr ,, dr dr | dr dr, dr|  ,..[dr. dr : с вэ 
(b) а Ir (х) == (4x dt) +r ($ xS) +r (4 x at) =r (Ж х #8) , since A (A x B) =0 


and A - (B x B) = 0 for any vectors A and B 





29. (а) и = КО! + 5(0] + КОК = са = сК0 + с8(0} + сВ(0К = 2(си) -с 2 1--с В j+c%k 
=c(#i+#j+2k)=c# 


(b) fu =f + fej +O > 5 (та) = [3 Ко + у 4] 1+ [ако + 8] i+ [Frm +e 4] k 





= КОГ + gj c hok] -/ |i 4] + ФК] = Ги +) 8 


30. Let u — fi(t)i 4- £2(t)j + БОК апа у = 21 (01 + о2(] + оз(уК. Тћеп 
и-у = [6 (0 + 21(0 + [60 + 2200 + [800 + (К 
= (и + у) = [0+ 51 (01 + [60 + 501 + [80 + ОК 
= [fMi + 60] + ВОК] + [51 Oi + Oj + 23 К] = 98 + 35; 
и-у= [6 (0 — 010011 + 1500) – #201 + [fs(t) — gs(0]k 
=> Ч (и-у) = [0 — gO] + [60 — 5201 + ВО - ЗК 


= [Oi + 6 (97+ ВОК] — [10+ #20) + g3(0k] — т —@ 


31. Suppose r is continuous at t = tp. Then lim r(t) = r(to) > m [f(t)i 4- g(t)j 4- h(Ok] 
— lo — lp 
= f(to)i + g(to)j + h(t)k = lm f(t) — f(to), pum g(t) — g(to), and lm h(t) = h(to) < f, g, and h are 
— to — = to 


continuous at t = to. 
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i j k ы j | 
32. lim [ri xr] — lim AO pO BO =| AiO BA, PO m, BO 
aO eO gO] |m sO lim g lim 830) 


= lim rı(t)x lim rə(t)=A x B 
t— to t— to 


33. r'(tg) exists = РОМ + g'(to)j + h’(to)k exists = f’(to), g/(to), h’(tg) all exist = f, g, and h are continuous at 
t= to => r(t) is continuous at t = to 

34. u= C= ai+ bj 4- ck with a, b, c real constants > du = diy Ф р-н £ k = 0i+ 0j + 0k = 0 

35-38. Example CAS commands: 


Maple: 
> with( plots ); 
r:-t-» [sin(t)-t*cos(t),cos(t)--t*sin(t),t^2 ]; 


(0 := 3*Pi/2; 
lo := 0; 
hi := 6*Pi; 


P1 := spacecurve( r(t), t=lo..hi, axes=boxed, thickness=3 ): 

display( P1, title="#35(a) (Section 13.1)" ); 

Dr := unapply( diff(r(t),t), t ); % (5) 

Dr(t0); # (с) 

ql := expand( r(t0) + Dr(t0)*(t-t0) ); 

Т := unapply( ql, t ); 

P2 := spacecurve( T(t), t=lo..hi, axes=boxed, thickness=3, color=black ): 
display( [P1,P2], title="#35(d) (Section 13.1)" ); 


39-40. Example CAS commands: 
Maple: 

a :='a'; b := 'b'; 
r := (a,b,t) -> [cos(a*t),sin(a*t),b*t]; 
Dr := unapply( diff(r(a,b,t),t), (a,b,t) ); 
(0 := 3*Pi/2; 
ql := expand( r(a,b,t0) + Dr(a,b,t0)*(t-t0) ); 
Т := unapply( ql, (a,b,t) ); 


10:50: 
hi := 4*Pi; 
Р:= NULL: 


for a in [ 1, 2, 4, 6 ] do 

Р1 := spacecurve( r(a,1,t), t=lo..hi, thickness=3 ): 

P2 := spacecurve( T(a,1,t), t=lo..hi, thickness=3, color=black ): 

P :=P, display( [P1,P2], axes=boxed, title=sprintf("#39 (Section 13.1)\n a=%a",a) ); 
end do: 
display( [P], insequence=true ); 


35-40. Example CAS commands: 
Mathematica: (assigned functions, parameters, and intervals will vary) 
The x-y-z components for the curve are entered as a list of functions of t. The unit vectors i, j, k are not inserted. 
If a graph is too small, highlight it and drag out a corner or side to make it larger. 
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Only the components of r[t] and values for tO, tmin, and tmax require alteration for each problem. 
Clear[r, v, t, X, y, Z] 
r[t ]-( Sin[t] — t Cos[t], Cos[t] -- t Sin[t], ^2) 
t02 37/2; tmin=0; tmax= 67; 
ParametricPlot3D[Evaluate[r[t]], {t, tmin, tmax}, AxesLabel — {x, y, z}]; 
v[t_]= r'[t] 
tanline[t_]= v[tO] t -- r[tO] 
ParametricPlot3D[Evaluate[{r[t], tanline[t]}], {t, tmin, tmax}, AxesLabel — {x, y, z}]; 
For 39 and 40, the curve can be defined as a function of t, a, and b. Leave a space between a and t and b and t. 
Clear[r, v, t, X, y, z, a, b] 
r[t_,a_,b_]:={Cos[a t], Sin[a t], b tj 
t02 37/2; циш= 0; tmax- 47; 
v[t ,a ,b. ]- D[r[t, a, b], t] 
tanline[t ,a ,b ]-v[tO, a, b] t 4- r[tO, a, b] 


pal=ParametricPlot3D[Evaluate[{r[t, 1, 1], tanline[t, 1, 1]}], {t,tmin, tmax}, AxesLabel — {x, y, z}]; 
pa2=ParametricPlot3D[Evaluate[{r[t, 2, 1], tanline[t, 2, 1]}], {t,tmin, tmax}, AxesLabel — {x, y, z}]; 
pa4=ParametricPlot3D[Evaluate[{r[t, 4, 1], tanline[t, 4, 1]}], {t,tmin, tmax}, AxesLabel — {x, y, z}]; 
pa6=ParametricPlot3D[Evaluate[{r[t, 6, 1], tanline[t, 6, 1]}], {t,tmin, tmax}, AxesLabel — {x, y, z}]; 


Show[GraphicsRow|[{ pal, pa2, pa4, pa6}]] 


13.2 INTEGRALS OF VECTOR FUNCTIONS; PROJECTILE MOTION 


1 1 В 1 
1. fi (eit ++ DK dt = |z| ie mat [$+] x= 11+ 7] ЗК 


> 


[ [6 – бо + 34 + (5) К] @ = в se] [288] 11+ [4k = -3i + (4V2 — 2) j + 2k 


т/4 


пай + [ t+ sin 74 


т/а + ап "к = Ес 





о 


т/4 
Г (Gin t)i + (1 + cos t)j + (sec? t) k] dt = [— cos t]™ 2) j+ 2k 


> 


т/3 т/3 
Jh [(sec t tan t)i + (tan t)j + (2 sin t cos t) k] dt = Ї [(sec t tan t)i + (tan t)j + (sin 2t)k] dt 


= [sec 7 i+ 4 [7 In (cos t)] 7? j + [- 1 сов 2] "к к= 1+ (1а 2)) + 3 


ta 


5. fa +k) dt= —[ntüjic-[-I1n(5 —- 0]] ij [1 Int] $k = (In 4)i + (in 4)j + (In 2)k 


1 
6; S G i+ Yk) dt = C sin! doi - | 3tanti] k— mi 52 к 








1 
7. НО чек) &= [2 ее] 1—03 + iok = Slit Sit k 


3 


8. f” (teti + ej + Intk) dt — [te! — e] i — [e] j - [Int — t]? k 
— 3(In3 — 1)i - (3 — ei - (In3(In(In3) — 1) + 1)k 


т/2 т/2 
9. [7 (cos )i — (sin 20 + (віп20) Е dt— f" [(cos 9i — (sin 20j -- (1 – 1сов2) К] @ = 
— [sin 17^ i + 1cos t] 7^ j — Isin2t "Pk jj tk 
4 0 4 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. % 


Section 13.2 Integrals of Vector Functions; Projectile Motion 765 


т/4 


| [Т t)i + (tan2t)j — (tsin t) k] dt = 1! [(вес t)i + — 1)j — (tsin t) k] dt 


AIA 


= [In(sec t + tant)] f° i+ [tan t — t]97j + [tcost — sin t] 3“ = (1 + У2)1+ (1-2) САЛЫСА! 


r= [ойу а= 61-2) ЕК С; (0) = 01-0) — Ok +. C Hi + 243k > C=i+2j+3k 


= г (-5+1)1+ (-8+2)3+ (-5+3)к 


г = | [1801 + (180t — 16t?) j] dt = 90071 + (902 — 16 8) ј + С; (0) = 9000)21 + [9000)? — 18 (0)3] )+ С 
1007 = С= 100} = г = 9021 + (902 — 1513 + 100) Ј 








r= [18 (4 D?) i ej 4 (H4) k] at 2 (t- 92i ет ј + (6 + ОК + С; 
И sies C=-i+j+k 
=> r= (t+)? -1it(d—-e)j+0+m(t+ Dik 


r= f(b +4) i+ y+ 2Pk] a= (4 +2@)1+®1+@К+С; г(0) = [4 +240 | 1+ 94+ 2% К+С 








i+j > C=i+j >r (20 +ај1+ (5 +1)ј + Ек 


ж. J (32k) dt = —32tk + Ci; € (0) = 8i + 8j = —32(0k-- C; — 8i4- 8j > Cı = 8i + 8j 
dr 


— & = Bi + 8j — 32tk; r = f (8i + 8j — 32tk) dt = 8ti + 8tj — 16t?k + C2; r(0) = 100k 
=> 8(0)i + 8(0)j — 16(0?k -- C; — 100k = C, = 100k => г = 88 + 89 + (100 — 16t?) k 








x f-ä+j+k)dt=-(ti ++ tk) +C; Ж (0)=0 = (01-0) +00) +С 0 = С 0 
> беј идг= Ј- (ву ада = – (51+ 5] + 5 к) + Со; ко) = 10i + 10j + 10k 
> - (£i £j £k) & C; — 10i + 10j + 10k => Cs — 10i 4- 10j + 10k 


+ r=(-$410)i+(-$+10)j+(-$+10)k 


ү =а=31—)+К = vit) = 3ti—tj+tk+ C;; the particle travels in the direction of the vector 

(4 — Di 4 (1 — 2)j + (4 – 3)К = 31 – ј 4- k (since it travels in a straight line), and at time t — 0 it has speed 
2 = WO = 3-6 -jr)-C => #=уф® = (3+ )i- (te 5) (t A2) 

5 r0- ($8 а (++ (12+ 2 €x r0) - 2j 3k - C; 

= r0 - ($8 бинт (9+ 2 1-2)4+ (12+ 2+3) к 

= (22+ 2-0) 0i - i19 2j 39 











т =а=321+]+К = vit) = 2ti+ tj + tk + Cı; the particle travels in the direction of the vector 

(3 — Di 4 (0 — (—1)j + (3 — 2)k = 2i + j + k (since it travels in a straight line), and at time t = 0 it has speed 2 
= 2 : 1: 2 dr 2 

+ V0) = qe Otj+W=O + F=vy= (2+ 4)i+(t+H%)i+ (t+ к 
= 4 4; 1 204; ; E 23 

> r= (2215 (ЕТІН " + 3,1) k + Cy; 10) =i-j+2k=C 


= г = (C+ S.t+ lit Ge+ 3-154 (12+ 2+2) к= (30+ 31) Qit+i+W+G-j+20 
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19. x = (vo cos a)t => (21 km)(%™) = (840 m/s)(cos 60°)t => t = mas = 50 seconds 





20. В = 2 sin 2o and maximum R occurs when a = 45° => 24.5 km = (5588) (sin 90°) 


= vo = V/(9.8)04,500) m2/s? — 490 m/s 


21. (a) t= Zeina — 2390090043) 2,75 2 seconds; R = \ зіп 2а = G099/ (sin 90°) ~ 25,510.2 m 
(b х= 2 cos o)t — 5000 m = (500 m/s)(cos 45°)t > t= GOO mine 255) £z 14.14 s; thus, 


y = (vosina)t — 1g? — y e (500 m/s)(sin 45*)(14.14 s) — 1 (9.8 n/s?) (14.14 s? e 4020 m 





J (vosina __ — (600 missin 5°) дч 
22. y = yo + (vo sin a)t — } gt? > y = 32 ft + (32 ft/sec)(sin 30°)t — 2 (32 fUsec?) à — y = 32+ 16t— 16; 
the ball hits the ground when y = 0 = 0 = 32 + 16t — 16? > t=—lort=2 > t=2sec since t > 0; thus, 
х = (vo cos a)t = x = (32 ft/sec) (cos 30°)t = 32 (2 ) (2) = 55.4 ft 





23. (а) В = S sin2a — 10m — (жа) (sin 90°) = v2 = 98 m?s? = vo =% 9.9 m/s; 


(b) бт ға 99 теу (sin 2o) -> віп 2а ғ 0.59999 = 2а = 36.87° ог 143.12° = а = 18.4° ог 71.6° 





24. vo =5 x 10° m/s and x = 40 cm — 0.4 m; thus x — (vo cos o)t => 0.4m = (5 x 10° m/s) (cos 09)t 
=> t— 0.08 x 10 9 s — 8 x 107? s; also, y — yo + (vo sin at — § gt? 
= у = (5 x 109 m/s) (sin 0°) (8 х 10-8 s) — 1 (9.8 m/s?) (8 x 1073 s)? = —3.136 x 107^ m or 
—3.136 x 107? cm. Therefore, it drops 3.136 x 107? cm 





25. R=“ sin2a > 16,000 m = Q9?" sin 20 => sin2a — 0.98 — 2a z 78.5° ог2а = 101.5° = а = 39.3° 
ог 507° 
26. (а) К = D sin 2a = 8 sin 2a = 4 Є sin а) or 4 times the original range. 


(b) Now, let the initial range be R = Ч sin 2a. Then we want the factor p so that pv; will double the range 


= шо sin 2a = 2 Є sin 2a) > p=2 > p= М2 2 or about 141%. The same percentage will approximately 


double the height: (yon a = 2{vosin a) = р? =2 = р= 1/2. 


27. The projectile reaches its maximum height when its vertical component of velocity is zero > 9 = vosina — gt = 0 





2 : T 
>= ү э ушы = (бшзшо)( гр) —1в(=ше) = беге — Gosia — Gene. To find the flight ime 
2vosin a 


we find the time when the projectile lands: (vosin a)t — 1р2 =0 = t(vosina = 181) = 0 = Е= ог: = 


t = 0 is the time when the projectile is fired, so t = mE is the time when the projectile strikes the ground. The range is 
шин 4 2 . 2^ 
the value of the horizontal component when t = = = К = х = (удсов а) ( ава! B raw sin acos а) = “біп 2а. 


The range is largest when sin2a = 1 > a = 45°. 


28. When marble А is located R units downrange, we have x — (vo cos o)t — R —(vocoso)t > t= та . At 


2 
that time the height of marble A is y — yo + (Vo sin a)t — z 500 = (vo sin o) (555) - 1 g (= R :) 


> y=Rtana- 5 lg (225 Ex) The height of marble B at the same time t = —È— seconds is 


Vg cos a 
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30. 


31. 
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h =R tan a — 1 gt? =R tana — 1 5 (a) . Since the heights are the same, the marbles collide regardless 


2 52 
Vo COS а 


of the initial velocity vo. 


& = [ (gj) dt = —gtj + Cy and “ (0) = (vo cos a)i + (vo sin a)j + —g(0)j + Ci = (Vo cos a)i + (vo sin o)j 

= Су = (уо соѕ о)і + (уо ѕіп о)ј = а = (Vp cos a)i + (Vo sina — gt)j;r= ШО cos a)i + (Vo sin a — gt)j] dt 
= (vot cos a)i + (vot sin a — 4 gt?) j + C2 and r(0) = xoi + yoj = [vo(0) cos ali + [vo(0) sin a — £ g(0)°] j + C2 
= хо! + Уд] = Cə = Xoi + Yoj = r = (Xo + Vot cos а)і + (yo + vot sin a — 5 gt?) j = X = Xo + vot cos a and 
y = yo + vot sin a — 3 gt” 

vi sino cos o 


: i іа» 1 2. 
The maximum height is y = ow and this occurs for x = 2 sin 2a = 


5 . These equations describe 


parametrically the points on a curve in the xy-plane associated with the maximum heights on the parabolic trajectories in 











А cin? 2 4 сіһ2 — sin? у 

terms of the parameter (launch angle) a. Eliminating the parameter a, we have x? = “““" = NE 20 SU 
4 sin? 4 sin 2 2 2 4 4 
= vise Майа = 3 0y _ (оуу? + ea - (33) o S tap - (GE) y+ gb] = 7 


1 y2\2 v4 
=> х +4(y- #) — gg, Where x 2 0. 


(a) Atthe time t when the projectile hits the line OR we 
have (ап 8 = Y ; X — [vo cos (a — 8)]t and 
у = [vo sin (a — 8)]t — 5 gt < 0 since R is 
below level ground. Therefore let 
У = 588 — [vo sin (a — В) и > 0 


i gt? (vo sin (a — B))t| њи [5 gt — vo sin (a — 8)] 
[vo cos (o. — 8)]t = Vo cos (a — В) 





so that tan 8 — | 





=> vo cos(a — 0) tan В = i gt— vo зш (а — 8) 


2vo sin (a — 8) + 2vo cos (a — B) tan 8 


= [= , which is the time 





в 
when the projectile hits the downhill slope. Therefore, 
х = [уо cos (a — 8)] Е ——— шп И = e [cos? (a — (8) tan B 4- sin (a — 8) cos(a — 8)]. If x is 


maximized, then OR is maximized: Як = 24 [— чт 2(а — 8) tan 8 + cos (а — 8)] = 0 
=> —sin 2(a — @) tan 3+ cos 2(a — 8) — 0 — tan 8 — cot2(a — 8) => 2(а – 8) = 90° – 8 
=> a -— B — (90° – 8) = а = 5 (909 + 8) — 1 of ZAOR. 
At the time t when the projectile hits OR we have 
(ап 8 = Y ; x = [vo cos (a + 8)]t and 
y = [vo sin (a + 8)]t — + g? 

[vo sin (a -- 8) — 1 gt] 


Vo sin (a - 8) t - 1g? > 
[vo cos (o 4- B)]t a" vo cos (a + 8) 


= уо соѕ (о + 8) tan 8 = vo sin (a + 8) — 5 gt 

2vo sin (a + 3) — 2vo cos (a + В) (ап 2 
в 

when the projectile hits the uphill slope. Therefore, 


x = [vo cos (a + 8)] Е тонга созден ВВ = 24 [sin (a + 8) cos (œ + 3) — cos? (a + B) tan 8]. If x is 


(b 


— 


= tan 6 = | 








= [= , which is the time 





maximized, then OR is maximized: $ = zi [с05 2(а + 8) + sin 2(a + 8) tan 8] — 0 


=> cos 2(a+ 8) + sin 2(a + B) tan 8 = 0 > cot 2(a + 8) + tan 8 = 0 = сог 2(а + 8) = — tan 2 
= tan (—8) = 2a + 8) — 90? — (-8) = 90° +6 = а= 1 (90° — B) = 3 of ZAOR. Therefore vo would bisect 
ZAOR for maximum range uphill. 
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32. vo = 116 ft/sec, a = 45°, and x = (vo cos a)t 
=> 369 = (116 cos 45°)t — t z 4.50 sec; 


33. 


34. 


35. 


36. 


37. 


also y = (Vo sin a)t 


— y — (116 sin 45?)(4.50) — 5 (32)(4.50)? 
^ 45.11 Е. It will take the ball 4.50 sec to travel 


369 ft. At that time 


Chapter 13 Vector-Valued Functions and Motion in Space 


142 
= 5 61 


the ball will be 45.11 ft in 





the air and will hit the green past the pin. 


(a) (Assuming that 


"y " 


is zero at the point of impact:) 


r(t) = (x(t))i + (y(t))j; where x(t) = (35 cos 27°)t and y(t) = 4 + (35 sin 27°)t — 160. 


(b) == c а)? 


Ymax 


+4 = (ізін ву 27)" +4 = 7.945 feet, which is reached at t = ‘osm = 2? ~ 0.497 seconds. 


(c) For the i solve y — 4 -- (35 sin 27?)t — 16 — 0 for t, using the quadratic formula 
35 sin 27° + 4/ (—35 sin 27°)? +256 


(d 


хи 





x(0.254) = (35 
or about 37.453 
(e) Yes. It changes 


3 £z 1.201 sec. Then the range is about x(1.201) = (35 cos 27?) (1.201) z 37.453 feet. 


For the time, solve y = 4 + (35 sin 27°)t — 16t? = 7 for t, using the quadratic formula 
35 sin 27° + 4/ (—35 sin 27°)? — 192 


32 ғз 0.254 апа 0.740 seconds. At those times the ball is about 

cos 27°) (0.254) = 7.921 feet and x(0.740) = (35 cos 27°) (0.740) = 23.077 feet the impact point, 
— 7.921 == 29.532 feet and 37.453 — 23.077 = 14.376 feet from the landing spot. 

things because the ball won't clear the net (yg 22 7.945). 


х = хо + (Vvo cos o)t — 0 4- (vo cos 40?)t z 0.766 vot and y = yo + (Vo sin o)t — 1 gt? = 6.5 + (vo sin 40°)t — 168 
= 6.5 + 0.643 vot — 16t?; now the shot went 73.833 ft > 73.833 = 0.766 vot > t & 20383 sec; the shot lands when y — 0 





2 
— 0 — 6.5 + (0.643)(96.383) — 16 ЕЗ => 0 © 68.474 — 488 = vo œ q/ SE ~ 46.6 ft/sec, the shot's initial 


speed 


68.474 


Flight time — 1 sec and the measure of the angle of elevation is about 64° (using a protractor) so that t = Зулаа 


2У0 Біл 64° 


= 1 = = 


Vo © 17.80 ft/sec. Then ymax = C798" - 4.00 ft and R= “ sin 2a > R = “78 sin 128° 


x 7.80 ft > di engine traveled about 7.80 ft in 1 sec — the engine velocity was about 7.80 ft/sec 


(a) r(t) = (x(t))i 4- (y(t))j; where x(t) = (145 cos 23° — 14)t and y(t) = 2.5 + (145 ѕіп 23°): – 162. 


(b) Ymax = бела а)? 


+2.5 = цэнгэг 25)" 42.5 = 52.655 feet, which is reached at t = хапа = 159029 ру 1.771 seconds. 


(с) Бог ће Тэн solve y = 2.5 + (145 sin 23°)t — 16t? = 0 for t, using the quadratic тыйа 


145 sin 23° + 


(145 sin 23°)? + 160 


— —Àà3——————— & 3.585 sec. Then the range at t © 3.585 is about x = (145 cos 23° — 14)(3.585) 


2 428.311 feet. 


(d 


wm 


145 sin 23° + 


For the time, solve y = 2.5 + (145 sin 23°)t — 16t? = 20 for t, using the quadratic formula 


(145 sin 239)? — 1120 


— лэ 0.342 and 3.199 seconds. At those times the ball is about 


x(0.342) = (145 cos 23° — 14)(0.342) = 40.860 feet from home plate and x(3.199) = (145 cos 23° — 14)(3.199) 


~ 382.195 feet 
(e) Yes. According 


dr Т+К® = —иј = 


= —ge f e j dt — 


dr 
dt 





= (vocos a)i 
t=0 


dr __ —kt 
> а = (voe cos 


from home plate. 
to part (d), the ball is still 20 feet above the ground when it is 382 feet from home plate. 


P(t) =k and Q(t) = —gj > fP(t) dt = kt > v(t) = ef PO = ем > = f(t) 

—ge Kt] “j + С, ] =-& + Ce-*, where C — —gC;; apply the initial aa 

+ (хоѕіп а)ј = —£j + С = С = (vocos a)i + (Ё + уоѕіп a)j 

ој + (-Е + е“ (2 + vosina))j,r = Г (voe™'cos a)i + (-Е-+е-М(Е + уоз а) Іш 
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= ee а)і+ Є: = e + vosin o)Jj + C); apply the initial condition: 
— (-Xcos o)i - (- & — 22)j +O. > Co = (3coso)i - (& 4- 0 0) } 
= he (2 (1 —e)cos a)i+ (2 (1 —e“™)sina + ġ (1 — kt — e™))j 


38. (a) r(t) = (x(t))i+ (y(t))j; where x(t) = (333) (1 — e~°!74)(cos 20°) and 
у() = 3 + (152) (1 – e-9?9(sin 20?) -- (325) (1 — 0.12t — e 9121) 
(b) Solve graphically using a calculator or CAS: At t & 1.484 seconds the ball reaches a maximum height of about 40.435 
feet. 


(c) Use a graphing calculator or CAS to find that y — 0 when the ball has traveled for ~ 3.126 seconds. The range is 
about x(3.126) — (152) (1 — e79126-120)) (cos 20?) a; 372.311 feet. 


(d) Use a graphing calculator or CAS to find that y — 30 for t & 0.689 and 2.305 seconds, at which times the ball is about 
x(0.689) z 94.454 feet and x(2.305) ғ> 287.621 feet from home plate. 


(e) Yes, the batter has hit a home run since a graph of the trajectory shows that the ball is more than 14 feet above the 
ground when it passes over the fence. 


39. () f. "kr(0 dt — JE * IKÉ(OI -- kg(0j -- kh(Ok] dt — f " кој ан + f. "ТЕ ДД 1 " [kh(0] dt k 

=к (Гоа + | оду NAT =k frat 

у Јо ота = / (бї + в} + OK] + [LOI + 99 + bok) dt 
= f’ (AORO + Газо 4 80091) + 10) + ho] W) dt 
= f [fi(t) + fo(t)| ви + ЈУ [gi(t) + е(0)] а) i]. [hi (t) + h»(t)] dtk 
- ЕГІ + f° tat ati] + J a) ai + feo) ati | + ДЕСІ dtk + J not ata 
= Г © dt + ESO dt 

(c) Let C = cii + caj ок. Тв | С тоа = ЈУ [око + cogo + cgh(t)] dt 
= с f Odt+o f gates fno a C- f^ ro di 
f €x xo ac - ЈУ [со – свакој + [ско) – спој] + [e180 — eof] k dt 
= Е ile h(t) dt сз Js коа i+ із ЈЕ f(t dt — c, [malis lo few dt — с; ШІ k 


-cx [xoa 









































40. (a) Let u and r be continuous on [a, b]. Then um u(t)r(t) — um [u(t)f(t)i 4- u(t)g(t)j -- u(t)h(t)k] 
— to — lo 


= u(to)f(to)i + u(to)g(to)j 4- оК = PEU = ur is continuous for every to in [a, b]. 
(b) Let u and r be differentiable. Then £ q (ur) = 5 [ико -F u(tg(t)j 4- u(t)h(Ok] 


= (2 £0) + uy 4.) i+ (4 g) + u@ ®)у+ (2 4-ш0 0) к 


= [fi + gj + hOK] & + uct) (4144 ј+% tk) = =r% +u% 





41. (а) If R(t) and R(t) have identical derivatives on I, then em = ай ў i+ би) 2) + oh k= E i+ im zj + che k 


=F > P-P P-P FF >is Ось " - o коры + 


=> fii + gJ +h (Ok = [6 (9 + с) ЈЕ -+ [2200 + сојј + [бо(0 + сајк = Ri(t) = Ro(t) + C, where 
C= cii + сәј + сзК. 
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(b) Let R(t) be an antiderivative of r(t) on I. Then R'(t) — r(t). If U(t) is an antiderivative of r(t) on I, then 
U'(t) 2 r(t. Thus U'(t) 2 R'(t onI — U(t) — R(t + С. 


42. $ ] т(т)йт = + T [f(r)i -- g(r)j + h(7)k] dr = 8 Ї f(r) dri+ 4 Т g(r) drj+ 4 f (т) атк 
= fMi + g(0j 4- h(t)k — r(t). Since 4 f (т) dr = r(t), we have that Т о) dr is an antiderivative of 
r. If R is any antiderivative of r, then R(t) = f T) dr + C by Exercise 41(b). Then R(a) = Ї : r(r) dr 4- C 


=0+С = С=ва) = [re ac - Rt - € - Rt - RG) = [`т(т) ат = а) — R@). 


43. (a) r(t) = (x(t))i+ (y(t))j; where x(t) = (zh) и e7008t) (152 cos 20° — 17.6) and 
y(t) = 3 + (E4) (1 — e798) (sin 20°) + (g) (1 — 0.08t — e7008) 

Solve graphically using a calculator or CAS: At t ~ 1.527 seconds the ball reaches a maximum height of about 41.893 

feet. 

(c) Use a graphing calculator or CAS to find that y — 0 when the ball has traveled for z 3.181 seconds. The range is 

about x(3.181) = (225) (1 — e79086.187) (152 cos 20° — 17.6) z 351.734 feet. 

Use a graphing calculator or CAS to find that y = 35 for t 0.877 and 2.190 seconds, at which times the ball is about 

х(0.877) == 106.028 feet and x(2.190) e: 251.530 feet from home plate. 

(e) No; the range is less than 380 feet. To find the wind needed for a home run, first use the method of part (d) to find that 
y — 20 at t © 0.376 and 2.716 seconds. Then define x(w) — (sts) (1 — е 0982710) (152 cos 20° + w), and solve 


x(w) = 380 to find w © 12.846 ft/sec. 





(b 


— 


(d 


wm 


2 : ino 1 
44. ушах = (Уо o ay 2, 3 Ymar = = юм в)? and y = (vo sina)t — 1 la > edt a ы; (vo sin o)t — 1 төр 
=> 3(vo sin a)? = (8gvo sin o)t — 4g?? — 4g?t? — (8gvo sin o)t 4- 3(vo sin a)? = 0 = 2gt — 3vo sin a = 0 ог 
2gt— vo sina = 0 > t= m ort = хопа . Since the time it takes to reach Ymax iS tmax = хозпа , 


then the time it takes the projectile to reach 3 Of Ymax is the shorter time t = ‘owe or half the time it takes 


to reach the maximum height. 


13.3 ARC LENGTH IN SPACE 


1. r=(2cost)i+ (2 sint)j + /5tk => v = (—2 sin t)i + (2 cos 0ј + \/5k 








es Mo C2 si? e cog? (V5) = V4sin?t +4 cost +5 =3;T= үу 


= (— 3 sint)i+ (4 cos t) j + Z3 k and Length — Js |v] dt = Їза- [300 = Зт 


2. r = (6 sin 2t)i + (6 cos 2t)j + 5tk => v = (12 соѕ 20) + (— 12 sin 2t)j + 5k 
= |v| 2 \/(12 соз 2)? + (—12 ш 2)? + 5? = 1/144 cos? 2t + 144 sin? 2t + 25 = 13; T= М 


у 





= (É cos 2t) i — (É sin 2t) j + 5 k and Length — Js |v| dt = Ї 13 а = [1300 = 13т 


3. г=й+??к > v=i+tk > | -14/12-(00)-41-60Т-1- wit Vk 


8 
and Length — 1 1-14:- Ё a+ 02/2] : = 52 








4. r=Q+pi-(t+Dj+tk > v=i-j+k = [hl =/f? + CIP SP = /3;Т T= = yi- wit zk 
3 3 
and Length = ЈЕ уза = [Уз ша 3/3 
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10. 


11. 


12. 


13. 


14. 


Section 13.3 Arc Length in Space 771 


r — (cos?t) j - (sin? t)k — v = (—3 cos? t sin t) j + (3 sin? tcost)k = |v] 








= ү(-3 cos? t sin t)” + (3 sin? t cos t)” = /(9 cos? t sin? t) (cos? t + sin? t) = 3 |cos t sin t| ; 


— y _ —3cos?tsint 3 sin? t cos t : : 5 T 
T= У| Рр ј+ 3 |cos t sin t| k = (—cos Hj + (sin Ok, if0 <t< 3 > and 





т/2 т/2 т 
Length = ЇГ 3 |cos t sin t| dt = | 3 cos t sin t dt = Т, 3 sin 2t dt = [- 3 cos 2t] 6 A =$ 


r — 6801 — 20j — 30k — у= 1881 — 62) -92к = |у = 4/ (182)? 4- (62)? 4- (C92)? — V/441t* — 218 ; 


т р = 1861-66) — 26, 81-2) – 2 капа епот = || 2124 = 2. 


г = (608 01 + (Е 5 0} + 22 ВРК => v= (cos t — t sin t)i + (sin t + t cos t)j + n 


=> i= yteost—tsing? + (int + reos 0? + (V1) = = М1+8 +21 = УК 12 =|t+ 1| =t+ 1,ift > 0; 


2 


T= f= (ts) i+ (setts) f+ (927) k and Length = f 0+ D dt = и * E 











г = (t sin t + cos t)i + (t cos t — sin t)j => v = (sin t + t cos t — sin t)i + (cos t — t sin t — cos t)j 
= (t cos ti — (t sin t)j => |v| = y(t cos t)? + (— (ап 02 = Ve = |t| =tif V2 <t <2; Т = 


[у 
| 412 
= (1) i — (E!) j = (os pi — (sin Oj and Length —. [^ta - [5]. - 1 


Let P(to) denote the point. Then v = (5 cos t)i — (5 sin t)j + 12k and 267 = 12 25 cos? t + 25 sin? t + 144 dt 


= [зз а = 13% = to = 27, and the point is P(27) — (5 sin 27,5 cos 27, 247) = (0,5, 247) 


Let P(tp) denote the point. Then v = (12 cos t)i + (12 sin t)j + 5k and 
-13r = f V144 cost 144 sin? t+ 25 dt = "13 dt = 13t) => tp = —m, and the point is 
Р(—л) = (12 їп (—л), —12 соз (—л), —5л) = (0,12, —5л) 


r = (4 cos t)i + (4 sin j + 3tk => v = (—4 sin t)i + (4 cos 0j + ЗК = |у| = \/(—4 зш 0? + (4 соз 02 + 32 
= V35 =5 => s= f 5dr=5t = Length =s (4) = 5 


r = (cos t + t sin t)i + (sin t — t cos t)j => v = (—sin t + sin t + t cos t)i + (cos t — cos t + t sin t)j 


t 2 
— (tcost)i -- (tsint)j — |v| = y(t cos t)? + (t cos t)? = = М? =t, since Z <t <r = s(t) = Јтат==5 


278 


Әң. 


=> Length = $(п) — $ (3) = 


г = (е! соѕ 0)і + (е! ѕіп0)ј -ек = у = (е! соѕ 1 —– е! ѕіп t) i + (е! sin t + et cos t) j + etk 
=> м = үе cos t— e' sin t)? + (et sint + e' cost)? +(e)? = = V3e = V3e = 0 = Ј узе dr 
= = —ш4 | 3y3 
3e 4/3 = Length — s(0) — s(-1n4) 2 0— (ve - v3) = 38 





r — (1--20i - (130j --(6—60k > v=2i+3j—6k = јуј = VZ +3 +62 =7 > s(t) = [та =7t 
= Length = s(0) — s(—1) = 0-(-7) =7 
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15. г= (Уз) 1+ (У) +а-вк = у= У + ү/2)-2К - М = (v3) + (v2) +2» = Vrae 


1 1 
=2/1+® = Length = [2 геа = [2 (5 2. 1+8) - V2 «in (14 V2) 
0 


Note that the radius of the cylinder is 1 = the 


16. Let the helix make one complete turn from t = 0 to t = 27. = 
| 
circumference of the base is 27. When t — 27, the point P is ү 


r=costl+ sin tj+tk 


(cos 2m, sin 27, 277) = (1,0,27) = the cylinder is 27 units C pP Cz 


high. Cut the cylinder along PQ and flatten. The resulting = 
rectangle has a width equal to the circumference of the Ea 
| 4 


cylinder = 27 and a height equal to 27, the height of the 


Со ------ ЗУ 
cylinder. Therefore, the rectangle is a square and the portion 7% 2227 
of the helix from t = 0 to t = 27 is its diagonal. 1897 
х“ 


17. (a) r = (cos t)i + (sin Ņj + (1 — cos t)k, 0 < t < 2m > x = cos t, y = sin t, z = 1 — cost > x? +y? 
= cos? t + sin? t = 1, a right circular cylinder with the z-axis as the axis and radius = 1. Therefore 


P(cos t, sin t, 1 — cos t) lies on the cylinder x? + y? = 1; t = 0 = P(1,0,0) is on the curve; t = 2 = 00,1,1) 


is on the curve; t = 7 = R(—1,0,2) is on the curve. Then PO = —1+] + Капа PR — —2i + 2k 


i j k 
=> PÒ x PR = —1 1 1| =2i+ 2k isa vector normal to the plane of P, Q, and R. Then the 
—2 0 2 


plane containing P, О, апа К has an equation 2x + 2z = 2(1) + 2(0) or x +z = 1. Any point on the curve 
will satisfy this equation since x + z = cost + (1 — cos 0) = 1. Therefore, any point on the curve lies on the 
intersection of the cylinder x? + y? = 1 and the plane x + z= 1 = the curve is an ellipse. 

(b) v = (— sin t)i + (cos Hj + (sink => |v| = ysin? t + cos? t + sin? t = y1 + sin?t > T = У 


| 
= (— sin t)i+ (cos t)j + (sin ОК = T(0) =j,T() = —i+k ‚ Т(т) = -j, T (3#) = i-k 








vl-sin?t у у, 
(с) а = (— cos t)i — (sin t)j + (cos К; п = i + k is 
2 
normal to the plane x + z = 1 => n - a = — cos t + cos t 


=0 = ais orthogonal ton = a is parallel to the 
plane; a(0) = —i +k, a (34) = -j,a (7) = i-k, 
а (5) =} 





Qn 
(d) |v| = y 1 + sin? t (See part (b) > L = Í 1 + sin? t dt 
(e) L ~ 7.64 (by Mathematica) 





18. (а) r = (cos 4t)i + (sin 4t)j + 4tk = v = (—4 sin 4t)i + (4 cos 4j + 4k = |у| = J(-4 sin 4t)? + (4 cos 4t)? + 4? 


= 32 = 4/2 > Length = [4/2 = 4 24, ца, 
(b) r= (cos $)i+ (sin$)j+ik > у = (—$sin$)i+ ($cost)j+ $k 

> м= УСС јап 5): + (1 055): + (7 = Vicio = та = ЈУ У а = [У] 7 оту 
(с) r — (cos )i — (sint)j - tk — v — (-sinti — (cost)j — k — |У| = \/(- 9102 + (- соз 92 + (-1)2 = /14+1 


= \/2 = Length = | „а = ШІ 5 = 2т\/2 
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19. ZPQB = ZQOB = t and PQ = arc (AQ) = t since 


20. 


21. 


22. 


Section 13.4 Curvature and Normal Vectors of aCurve 773 


PQ = length of the unwound string = length of arc (AQ); 
thus x = OB + BC = OB + DP = cos t + t sin t, and 
y = PC = QB - QD = sint — t cos t 





r = (cos t + tsin t)i с ш | + (cos t — (t(—sin t) + cos t))j 


= (tcos t)i + (tsin t)j > |v| = 4/ (tcos t)? + (ст 02 = УБ = || = (> 0–>7Т = We ee ed 


= cos ti+ sin tj 


t t t 
у = £(xo + tur )i+ S(yo + tuz)j + $ (Zo + tuz)k = uii + wj + usk = u, sos(t) = ма = f lular = f 1dr =t 


r(t) = ti + Ој + ВК > v(t) = i +2tj + 32k > Wd] = / (0? 4- 207 + (32)? 2 14 42 + 9t*. (0,0,0) > t=0 
2 2 

and (2, 4,8) t - 2. ThusL — f v(t] dt = f /1+ 42 + 9¢ dt. Using Simpson's rule with n = 10 and 

Ax = 4 = 0.2 > L x $ (мој) + 4}v(0.2)| + 2]v(0.4)| + 4|v(0.6)| + 2}v(0.8)| + 4]v(1)| + 2]v(1.2)| + 4]v(1.4)| 


4 2|v(1.6)| - 4|v(1.8)| - |v(2 у) = “(1 + 4(1.0837) + 2(1.3676) + 4(1.8991) + 2(2.6919) + 4(3.7417) 





+ 2(5.0421) + 4(6.5890) + 2(8.3800) + 4(10.4134) + 12.6886) = = 92 (143.5594) ~ 9.5706 


13.4 CURVATURE AND NORMAL VECTORS OF A CURVE 





r=ti+In(costj => v=i+ ( aint) j= =i-(tantj > |v| = y1? + (— tan t)? = y sec? t = |sec t| = sec t, since 


-5<1<5 = Т = М =(4 1 )1— (2) j = (cos Di — (sin dj; 4 Gr = (— sin ti — (cos Dj 


sect sect 


= |1 = \/(— ѕір 0)2 + (– соѕ 02 = 1 = N= GP = (– зт 01 – (cos j; к= | fehl = cost. 
dt 





г = ln (sec Ņi + tj > v= (stent) i+ j= (tan t)i +j => |v| = y (tan t)? + 1? = y sec? t = |sec t| = sec t, 


since -5 <t< 5 > Т= = (т (= 1 ) j = Gin Hi + (cos 0); 9 Sr = (cos thi — (sin tj 


v| sect sect 





























2 55 (T) : nM 1 јат 
= | T| = (cos t) +(—sint)? = 1 = N = tay = (os ti — (sin Yj; s = q ' |El = за | = cost. 
r= (2t+3)i+ (5-—0)j > у=21—2 = |v| 2 /22?-(-20? 22/1 8 Т= “NF i em 
5 il i t j; = —t i = | = 
vi+e Miter” (fie) Winey (vie) 7 (ies) 
_ m ael du) csl ua i gro] E | а qe i 
“Үүр — ee E ra Vise “м. - 2 ae түр © 2(1+@)?? 





r = (cos t + t sin t)i + (sin t — t cos t)j => v = (t cos ым. sin t)j > |v| = y (t cos t)? + (t sin t)? = Ve = |t| = t, since 





t>0>T= м = = 000 01091 0] = (cos t)i + (sin t)j ; 3t “г C^ sin gi 4 (cos 0j => = | т = = ,/(— sin t)? + (cos t)? 
41) . . . 
=1= № = $ = (sinpi + (cos dj; s = h F =4.]=ż 
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(а) 


(b) 


л- 
С 
— 


(а 


~ 


(b 


хи 


(с) 


(а) 


(b 


Хи 


(с) 


(а) 


(b 


wm 
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K(x) = рду: |00. (ој = м) = \/1+ РР =Т=Н 
= (+) шог j Thus (х) = 200, рр 0) 


(1 +[Р69] у" ШЕТ 























(ү 2 2 2 2 
атбу | _ ст ООР) | | f(x) _ ер (+ COP) о юу 
= | = 3/2 + EE AM = = 
at | (10418007) (1808) 7 (18008). lro 
= 1 ЕО Л) 
Thus k(x) zx ар)? [1+ (0р ПА (гейі (x) | Р 
y = lIn (cos x) => 5 = (+) (sin x) = — tanx > ту = — зес?х > к= т = см. 
E сн = cos X, Since — 5 <x < $ 
Note that f"(x) = 0 at an inflection point. 
г= КО + ај = у] > у= + = |у| = УЗ +у =Т= = pit рі 








(P? + yx — ху)? 

















ат IXa); y дауу), НЕГ ГЕТЕ ЇЕ m" 

















== Р - 93/2 p Р 
dt (6-9) (x +92)" а Ge y?) (42+ у?) (2-9) 
ш УХ-ХУ|, |6 _ 1 __|ух—хуј _ |ху–УХ | 
“ора” =} Vere EFI T ауу 
r(t) = tit- In(sintj,O<t<a7 = х = (апау = 10 (510 => х = 1,X = 0; ý = соғ = cott, y 2 —csc?t 
201 csc? t — O | est _—_ 
> k= —— = ER = Sint 


(1 + cot? t))” 


- : : ad ; sh 1 

r(t) = tan7! (sinh t)i + In (cosh t)j = x = tan7! (sinh t) and y = In(cosht) > Xx — 15x — c 

[sech? t -- sech t tanh? t| 
(sech? t + tanh? t) 


sinh t 
cosh t 





= sech t, X = — sech t tanh t; ý = = tanh t, ý = sech? t > k = — |sech t| 2 secht 


r(t) = fi + gj > v = f'(t)i 4- g'(t)j is tangent to the curve at the point (f(t), g(t)); 
п-у = [- g (£i 4 f'(0j] - [f'(Oi - g(0j] ^ —g'(Of'(t) -- f'(g'(t) 2 0; -n- v 2 —(n- v) — 0; thus, n and —n are 
both normal to the curve at the point 


r(t) = ti -- e?j => у=1+ 2е?4 => п = —2е?4 + j points toward the concave side of the curve; N = © and 


= in| 





= 4t —2e? i 1 : 
|n| = y 4e +1 > N= -zit ав! 
т() -ү4-021-1 > у= Te i+j > n=-i- sd points toward the concave side of the curve; 


М = gy and [n| — 1+ јава = 3-5 => М--4(У4-8144) 


4 








r(t) = ti + 4 ĉj > v = i + Cj 2 n — Ci — j points toward the concave side of the curve when t < 0 and 


—n — —ti 4 j points toward the concave side when t > 0 > N = т (t?i — j) for t < 0 and 





2 2 
N= ti 4j) fort» 0 


ат _ __-28 4640 


4 Llc р 2-4 2t 
lkt 1 Jia! t Vises dt are T a (+t) zj > Е l= Маји 




















— 24. (а) — ЧЭ -28 0, i) = = 
= түш; М= | = ощ ат + аты ші “ална! t Z 0. N does not exist at t — 0, where the 


curve has a point of inflection; 2 ap т | Si 


undefined. Since x = t and y = i Ву = i X^, the curve is the cubic power curve which is concave down for 


ее T= |g Ч = 0att=0>N= l dT i, 


K ds 


х = t « О апа concave up for x — t > 0. 





r = (3 sin t)i -- (3 cos t)j + 4tk > v = (3 cos t)i + (—3 sin t)j + 4k > |v| = У 8 сов 02 + (– 3 sin t)? + 42 = 1/25 
=5>Т= = (3 cost) i - (2 sint) j - 2k — “Т = (—2 sint)i— (2 cost) j 
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a 
H 


( 
| 


г) 
| 


А ы ы 1322.18 
= (— sin t)i— (cos tj; kK = 3:3 = 3 


е 


= | - V (- 1 sing + (—2 cost)’ =} > N= 





al 
ч 


е 


10. г = (cos t + зщ 01 + (511 ( — # со5 0] + ЗК = v = (tcos ti + (tsin 0)) = |v| = y(t cos t)? + (t sin t)? = үе 


-11-1їїї»0-» qeu = (cos ti — (sin 0j, t» 0 => 9 — (— sin t)i + (cos t)j 
dt 


>» || = \/(—зїп)7 + (соз =1 = М- i -c sinfi--(costj;ik 2 1.1—1 
di 





11. r = (e' cos t)i + (et sin t)j+2k => v — (e'cost—e' sint)i+(e'sint+e'cost)j > 
|v] = үе cos t — e' sin t)? + (et sint + et cos t)? = y 2e% — e/2; 
T= У == (simi) i+ (ee); ат Тәй (==) i+ (=) j 
= : T| = = 1 cost) 4 Cs =|3 N= чт) 22 (=ч=н) + (амдан! 5. 
а E Ew no ule qc Ue NEL dab 


o 
21-7 


























12. г = (6 sin 2t)i + (6 cos 2t)j + 5tk — v — (12cos2t)i — (12 sin 20j -- 5k — |v| — /Q2 cos 2t)? -- (—12 sin 2t)? 4- 5? 


169 = 13 = Т = М - (12 сов201- (12 sin 2t) j+ 4k = Ч = (- = sin 2t) i — (# cos 2t) j 
dT 
= | = (- 2 sin 20)* + (= 24 cos 2t)” =4 = N= ti = 








(— sin 2t)i — (cos 2t)j; 


= 


е 


1 ,уат|_ 1 24_ 24 
ly] ^ d dt 13713 2169: 


13. r= (5)1+(5)ј, > 0 > у=ї+ї > | = М8 +0 = 12 +1, зіпсеі> 0 = Т = 


2 2 
d Тр j> > |€ ат — i v yb = 
ні т dt (2+ 1)3/2 UU 3/2 (+1)? (2 +1)72 


(т. m зе ІНЕ 1 1 


ЇЕ Vert vere Е 


= un P+1 e 


= 














a 


1-2 _ 1 = 
(2-1) 2+1 N 











al 


14. r= (cos? t)i + (sin t)j,0<t< 4 => v= (—3 cos? tsin t)i + (3 sin? t cos t) j 


=> јуј = ү(-3 cos? t sin t)” + (3 sin? t cos t)? = V/9 cos! t sin? t + 9 sint t cos? t = 3 cos t sin t, since 0 < t < 2 











dT 
=> ш = ЧТ = (sin t)i + (cos tj = E = Vsin?t+cos?t=1 > N= ү 
dt 
dT) 1 2 1 
= (sin pi + (cos 0}; A М 15 ^. 8costsint ^ ^— 3costsint 


15. r=ti+ (acosh!)j,a>0 > v=i+ (sinh!)j => М = 1 + sinh? (4) = ,/cosh? (t) = cosh t 


> Т=Х = (sech !)i+ (tanh !)j = & = (— + sech t tanh £) i+ (+ sech? +) j 








=> |S1| = \/4 sech? (+) tanh? (1) + $ secht (t) = } sech (!) + N= —- = (—tanh £) i+ (sech 2) j; 
1 





16. r = (cosh t)i — (sinh t)j + tk => v = (sinh Ņi — (cosh j +k => |v| = \/sinh?t + (— cosh t)? + 1 = У2 cosh t 


= T= % = (5, tanht)i- 4, 4+ (4; secht) k = аг (3 sech? t) i— (5 sech t tanh t) k 


ы 








ат 
= a V5 1 sech! t 4- 1 sech? t tanh? t = уЗ secht > N = ІН = (sech t)i — (tanh t)k ; 
dt 
| dT) _ EE! 2 
Iv 419 = Vo Ec secht = 5 1 sech? t 
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17. y = ах 


18. 


19. 


20. 


21. 


22. 


: 2a —3/2 
2 > у’=2ах — y" — 2a; from Exercise 5(a), к(х) = прет = a зв = [2а| (1 + 4а2х?) / 


= кб(х) = – 8 |2а| (1 + 4а?х?) °?? (8a?x) ; thus, &'(xX) = 0 — x — 0. Now, &'(x) » 0 for x « 0 and &'(x) « 0 for 
х > 0 so that K(x) has an absolute maximum at x = 0 which is the vertex of the parabola. Since x = 0 is the 
only critical point for &(x), the curvature has no minimum value. 


г = (a cos t)i + (b sin tj > v = (—a sin t)i + (b cos tj => a = (—a cos t)i — (b sin j > v xa 
i j k 
—|-asint bcost 0|=абК = уха| = |ab| = ab, since a > b > 0; x(t) = с 
—acost —bsint 0 
3/2, KÀ = 3 (аһ) (а? sin? t + b? cos? jc (2a? sin t cos t — 2b? sin t cos t) 
= — 3 (ab) (a? — b?) (sin 2t) (a? sin? t + b? cos? t) "^; thus, &'(t) — 0 — sin2t — 0 — t — 0, s identifying 


points on the major axis, ort — 5, E identifying points on the minor axis. Furthermore, к (9 < 0 Тог 


O<t< fandform<t< Эл, K'(t) 7 0 for 5 <t< mand т « t « 2m. Therefore, the points associated 


with t — 2 and t — 7 on the major axis give absolute maximum curvature and the points associated with t = 7 


2 





= ab (a? sin? t + b? cos? t) 








and t = = on the minor axis give absolute minimum curvature. 
к = - — 0 .d& 0 — 2 +b? =0 = а= +b => a=bsincea,b > 0. Now, “ > Oif 
гэ zig da 7 (a2 + b2)? : 4к -- = , 2 У. > da 


a<b and %® si Oifa>b => «is ata maximum for a = b and &(b) — шір - ж is the maximum value оѓ к. 


(a) From Example 5, the curvature of the helix r(t) = (a cos t)i + (a sin t)j + btk, a, b > Ois k = Sam ; also 
ју] = ya? + b?. For the helix r(t) = (3 cos t)i + (3 sin t)j + tk,O<t<47,a=3andb=1 > к= > => = 3 


~ 32412 ~ 10 
4т Ат 
and |v] = V10 > K= f 3, /10dt= EI = 121 





























170 
(b у=х? = ИУ А —со<{<оо > шел = ares = |у = у1+42; 

oe а-а [16884 _ 
т тарі келү! dt area. px а= № (+40) — тұла” Thus 

А и 2 2 afe 
к е та лаар: То Ке f - Quy (viae) ac ЈУ sat 

0 b 
212 | x 

= dlm J, тір dt + pim : түе Чї = , Jim, [tan 2t]; + „їшї [tan~! 2]? 


= „шп (—їап 12а) + lim. (tan !12bD 22 -£ —« 


























г= й + (sintj > v=i+(costj > |v] = 4/1? + (соѕ 02 = У 1 + cot — |у (2) | = 1 + сов? (2) =Т= М 
2 14081) dT _ _ sintcost —sint 4 dT|.  [sint| . |dT = [sin 3| += л)— 1.1— 
МЛ + сова. => dt —— (1 + соз) 2! і+ (г. соза) > | dt | ~ 1+ cos?t? dt == 1 + с052 (2) — mn l. Thus к(5) VET 1 == 1 
2 
= р= 1 = l and the сепіегіѕ (7,0) = (х— 2) +уг=1 
2 : 1); _ (2 4 12. +1 v. 203: — 2-15. 
г = (2001 (1+0) 5 у= ()1- (1-0) ә Ме угт (1- 2) = бре Те у gui- gui 
av _ =2(2-1), атр 402 1)2+162 dT| | e 2 2 2 
а 77 (0-1) 1 mp = Е ин (241) то TT Thus « = М ale C 241° @+1 (2+ 1) = к(1) = 22 


i > p= іш = 2. The circle of curvature is tangent to the curve at P(O, —2) = circle has same tangent as the curve 
=> v(1) = 2iis tangent to the circle = the center lies on the y-axis. Ift 4 1 (t > 0), then (t — 1)? > 0 
>?-2+1>0 > P+1>2> ČH »2sincet» 0 > (+1>2 > — (t+!) < -2 > y< -—2 on both 


sides of (0, —2) — the curve is concave down = center of circle of curvature is (0, —4) — x? + (y +4} =4 
is an equation of the circle of curvature 
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23. у= х? 5 f'(x) 2 2x and f"(x) — 2 
[2] 2 


res (1+ 0х)2)8/2 (1. 4292 


4 


24. у=х = f'(x) 2 x! and f(x) 2 3x? 
[3x?| 3x2 
= к 


(1 + Gy) (1+ x6)??? 


25. y=sinx => f'(x) — cos x and f"(x) 2 —sinx 
|= sin x| |sin x| 
(1 + cos? x)? (1+ соѕ2 х) 2 


26. у= ех = Ё! (х) = ех апа Ғ' (х) = ех 
је“ ех 


/2 ~~ 


= к= (п+ (295) 


27-34. Example CAS commands: 
Maple: 
with( plots ); 
r:-t-» [3*cos(t),5*sin(t)]; 


lo := 0; 
hi := 2*Pi; 
tO := Pi/4; 


РІ := plot( [r(t)[], t=lo..hi] ): 


display( P1, scaling=constrained, title="#27(a) (Section 13.4)" ); 








-1.-0.5 0 0.5 1 1.5 2 


CURVATURE := (x,y,t) ->simplify(abs(diff(x,t)*diff(y,t,t)-diff(y,t)*diff(x,t,t))/(diff(x,t)’2+diff(y,t)42)(3/2)); 


kappa := eval(CURVATURE(1(t)[],t),t=t0); 


UnitNormal :z (x,y,t) -»expand( [-diff(y,t),diff(x,t)]|/sqrt(diff(x,t)^2--diff(y,t)^2) ); 


М := eval( UnitNormal(r(t)[],t), t=t0 ); 
C := expand( r(t0) + N/kappa ); 


OscCircle := (x-C[1])42+(y-C[2])*2 = 1/kappa’2; 


evalf( OscCircle ); 
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P2 := implicitplot( (x-C[1])42+(y-C[2])*2 = l/kappa^2, x--7..4, yz-4..6, color-blue ): 
display( [P1,P2], scaling=constrained, title="#27(e) (Section 13.4)" ); 

Mathematica: (assigned functions and parameters may vary) 

In Mathematica, the dot product can be applied either with a period "." or with the word, "Dot". 


Similarly, the cross product can be applied either with a very small "x" (in the palette next to the arrow) or with the word, 


"Cross". However, the Cross command assumes the vectors are in three dimensions 


For the purposes of applying the cross product command, we will define the position vector r as a three dimensional vector 


with zero for its z-component. For graphing, we will use only the first two components. 
Clear[r, t, x, y] 
r[t ]-(3 Cos[t], 5 Sin[t] ) 
t02 7 /4; tmin- 0; tmax- 27; 
r2[t_]= {r[t]([1]], 190211) 
pp-ParametricPlot[r2[t], (t, tmin, tmax]]; 
mag[v_]=Saqrt[v.v] 
vel[t ]- r'[t] 
speed[t ]2mag|vel[t]] 
acc[t_]= vel'[t] 
curv[t_]= mag[Cross[vel[t],acc[t]]]/speed[t]*//Simplify 
unittan[t ]- vel[t]/speed[t]//Simplify 
unitnorm[t ]- unittan' [t] / mag[unittan'[t]] 
ctr= r[t0] + (1 / curv[t0]) unitnorm[t0] //Simplify 
{a,b}= {ctr[[1]], ctr[[2]]} 
To plot the osculating circle, load a graphics package and then plot it, and show it together with the original curve. 
««Graphics ImplicitPlot 
pce=ImplicitPlot[(x — a)2 + (y — b)2 == I/curv[t0]? , (x, —8, 8), (y, —8, 81] 
radius=Graphics[Line[{ {a, b}, r2[t0]}]] 
Show[pp, pc, radius, AspectRatio — 1] 


13.5 TANGENTIAL AND NORMAL COMPONENTS OF ACCELERATION 


1. г = (асоѕ 0)і + (а ѕір 0)ј + ЫК = v — (—asin t)i - (acost)j - bk => |v| = /(—asint)? + (acos t)? + b? 
= уа? +? = аг = 4 |v| = 0; а = (—а с0$ 9Ё -- (Casint)j => |а| = 1/(-асов 02--(-а віп 02 - Ма? = |а| 


= а= а-а = уа — 0? = јај = ја] > a = (OT + [a| N = a| N 


2. r- (14- 30i - (t-2)j -3tk 2 v —3i4j -3k = |у = 4/32 + 12 + (-3) 19 = а= 4 |У 702-0 
= ах = la —a2—0 — а = (0)T - (0N — 0 








3. r- (t Di -2tj c Pk > у=ї+2)+2К = [у| = /Л? +2? + (007 = /5 448 = a = 1 (5 + 402) (80 


—-4t(54 40) ^ > a(l) Sq = fia = 2k ә а()=2К |a(D| 22 — ay = la — a2 = //22 – (5) 


_ [2 _ 25 — 4 2/5 
=Vo= 3 = а) = 31+ № 








4. г = (tcos t)i + (tsin 0)) + 2К = v= (cost -— t sin t)i + (sin t +tcos t)j + 2tk 
= |у| = \/(сов ©— їзїп t)? + (sin t+ tcos 0? + (207 = M5241 > a= 4 (541) 7 (100 
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= m => ar(0) = 0; a = (—2 sin t — t cos t)i + (2 cos t — t sin t)j + 2k > a(0) = 2j+2k = |a(0)| 


= VZ F2 =2V/2 > a = 4\/laļ? — a2 = ((аУ2) -ө-2у2 => a(0) = (0)T +2\/2N = 2,\/2N 


r—ti-(t.-18)j--(r-18)k => у=24+ (1+0) c (1- €) k = М = 2 J QUO? - (12-2) + (1 – 0)? 
= 2 (F22 +1) = V2 (1 +Ê) > а = 2 /у2 > a(0) = 0;a = 2i + 2j — 2tk — а(0) = 21 = |а(0)| =2 
2 V 2? — 0? 2 2 — a(0) — (0)T + 2N = 2N 








г = (e' cos t)i 4- (e sint) j - V/2e'k > v= (e' cost — e' sint) i + (e sin t + e' cos t) j + \/2е'К 
= јуј = ye cos t — e' sin t)? + (et sin t + et cos t)? + (Ме). у 4е2 — 2e! ат = 2e' ат(0) = 2; 
а = (еї соѕ і — еї ѕіп і — е! sint — e cos t) + (еї ѕіп 1 + et cos t + e' cos t — e' sin t) j + \/2e'k 


= (—2е sin t)i+ (2e' cos t)j + V/2e'k — a(0) = 2] + 2k = |a(0)| = 4/22 + (v2) = 4/6 
= ay = y/lal?’ - a2 = (ve) – 22 = /2 = a(0) 2 2T -- /2N 











r = (cos bi + (sint) - k — Уу = (— ѕір 0)і + (соѕ 9] = |v| 2 /(—sint? - (cost? 21 — T— М 
= (— ѕір 0)і + (соѕ 0) = т() = У V2 j; dt a = (~ cos ti — (sin j => E = \/(— cos t? 4- (— sin t)? 








i j k 
=1 > N= 00 = (— соз 01 — (віп 0] = М (5) = – Zi- 2j; B-TxN- —sint cost 0|-К 
“ —cost —sint 0 


=> В (т) — k, the normal to the osculating plane; r (7) = Liya №; -k > P= (22, У2,-1) lies on the 
osculating plane — 0 (x = 32) +0 (v B 32) +(z—(—1))=0 = z= -l is the osculating plane; T is normal 
to the normal plane = ( Xi) (x Xi) + (22) (v xi) -0(z2—(-1)202 UY Wy = 

= —Xx + y = Ois the normal plane; N is normal to the rectifying plane 

> (- >) (х— У) +(– >) (у— ~) ф0а–(–)=0 => –Ух-— Уу=-1 = хфу= у2 ве 


rectifying plane 








г = (cos t)i + (sin t)j + tk > v=(—sinti+ (costj+k — |v| = y sin? t + cos? t + = /2 = Т= М 
= (— 4, sint)i+ (4; cost) j+ +k = g — (— 4, cost)it+ (— 4; sint) j => E 








= \/1 с09? 6+ 1 т? = v5 > N= 5 = (— cos t)i — (sin t)j ; thus T(0) — ai + ~ Капа МО) = 
i j k 
B(O) =| 0 i T -- ai + 22 k, the normal to the osculating plane; r(0) = + — P(1,0,0) lies on 
—1 0 


the osculating plane = O(x — 1) — m (y—0)+ 5 (2—0) = 0 = y —z = Ois the osculating plane; T is normal 
to the normal plane => 0(х – 1) + T (y—0)+ s (2—0)20 => y+z = Dis the normal plane; М is normal to 
the rectifying plane > —1(x— 1)+0(y —0)+0(z—0)=0 = x = Lis the rectifying plane. 
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9. By Exercise 9 in Section 13.4, T = (2 cos t) i+ (-2 sin t) j+ $k and N = (— sin t)i — (cos t)j so that B = T x N 


5 
i j k 
= 2 cost —$isint і = (4 cost) i — (4 sin t) j — 4 k . Also v = (3 cos t)i + (—3 sin t)j + 4k 
—sint —cost 0 


i j k 
=> a = (—3 sin t)i + (—3 cos t)j => да = (—3 cos t)i + (3 sin )ј апа уха = | 3 соѕї -—3sint 4 
—3sint —3cost 0 

— (12 cos t)i — (12 sin 9j — 9k = |v x al’ = (12 cost)? + (—12 sin t)? 4- (—9)? = 225. Thus 
3cost —3sint 4 
—3 sint —3sint 0 
—3cost 3sint 0 








. 4(-9sinàt-9cos?t)  —36 _ 4 


d s 225 и 225 = 225 5 


10. By Exercise 10 in Section 13.4, T = (cos t)i + (sin t)j and N = (— sin t)i+ (cos t)j; thus B= T x N 


; j k 
=| cost sint 0 | = (cos?t+ sin? t)k = k. Also v = (t cos t)i 4- (t sin t)j 
—sint cost 0 


= (—t cos t — sin t — sin t)i + (—t sin t + cos t + cos t)j 
i j k 
tcost tsint 0 
(—t sint + cost) (tcost+sint) 0 
= [(t cos t)(t cos t + sin t) — (t sin t)(—t sin t + cos t)]k = К = |v x a? — (2) — t^. Thus 


3 : . š 5 4 
— a — (t(—sin t) + cos t)i + (t cos t + sin t)j > $ 


= (—t cos t — 2 sin t)i + (2 cos t — t sin t)j. Thus v x a = 








tcost tsint 0 
cos t — tsin t sint+tcost 0 
—2sint—tcost 2cost—tsint 0 0 
== 4 mE ü — 0 


11. By Exercise 11 in Section 13.4, T = (zin ie (зен) and N = 59) i+ ( ама) 3: Тїш 





i j k 
B=TxN= EC a 0 £x гэ 2: (ee) k 
—cost—sint —sin t+ cost 0 
2 


- (=) + (++=®] k = k. Also, v = (e' cost — e' sin t)i+ (e' sin t + e' cos t) j 


=> a= [e'(—sin t — cos t) + e'(cos t — sin t) ]i + [e'(cos t — sin t) + e'(sin t + cos t) ] j=(—2et sin t) i - (2e! cos t) j 








i j k 
= @ = —2e'(cos t + sin t) i+ 2e'(—sin t + cos t)j. Thus v x a = | e'(cos t — sin t) e'(sint+cost) 0) = 2e7k 
—2e' sint 2e! cost 0 
e'(cos t — sin t) e'(sint--cost) 0 
—2e' sint 26! cos t 0 
> lv x ар = (2е2)? руза —2е{(соѕ 1+ ѕіп 1) нш 9 0| | 0 





12. By Exercise 12 in Section 13.4, T = (43 cos 2t) i— (43 sin 2t) j + 3 k and N = (— sin 2t)i — (cos 2t)j so 
i j k 
B=TxN= (5 cos 2t) (-5 sin 2t) 5 = (5 cos 2t) i — (5 sin 2t) j — É k. Also, 
(— sin 2t) (—cos2t) 0 
v = (12 cos 2t)i — (12 sin 2t)j + 5k => a = (—24 sin 2t)i — (24 cos 2t)j and да = (—48 cos 2t)i + (48 sin 2t)j 
i j k 
уха = | 12 соѕ 20 —12sin2t 5| = (120 cos 2t)i — (120 sin 2t)j — 288k => |v x ар 
—24 sin 2t —24cos2t 0 


= (120 соз 2t)? + (—120 sin 2t)? + (—288)? = 120?(cos?2t + sin?2t) + 2882 = 97344. Thus 
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12cos2t  —12sin2t 5 
—24sin2t —24cos2t 0 
—48cos2t  48sin2t 0 54(-24-48) __ 10 


шит 97344 = 97344  — 169 


13. By Exercise 13 in Section 13.4, T = ЕЕ еттті and N = sure 8013 so that B = T x N 

















i j k 2 
: i б t t 0 

=| Jayi Vedi = —k. Also, v 2 Ci c tj >a = 2ti+j=> 4 = 2150 а |21 1 01 =0= т=0 
= T 0 2 0 0 











14. By Exercise 14 in Section 13.4, T = (— cos t)i + (sin t)j and N = (sin t)i - (cos t)j so that B = T x N 
i j k 
-|-сові sint 0) =~—k. Also, v = (—3 cos?t sin t)i + (3 sin? t cos t) j 
sint cost 0 


=> a= 4(—3 cos*t sin t)i+ £(3 sin? t cos t) j = @ = $(4(—3 cos’t sin t)) i+ £(4(3 sin’ t cos t)) j 


—3 cos? t sint 3 sin? t cos t 0 
=| 4£(-3cos’t sin t) 4(3sin?tcost) 0|=0= т=0 
$($(—3cos?tsint)  $($(3sin?tcost)) 0 


15. By Exercise 15 in Section 13.4, T — ~ = (sech 1) і+ (тапһ jj and N — (— tanh i) i+ (sech 4 41 so that B — T x N 


| 
i j k 


= | ѕесһ (2)  tanh(i) 0O[|= k. Also, v =i+ (sinh +) j > a = (Ł cosh +) j  $ — 2 sinh (1) j so that 
—tanh(i) sech(i) 0 
1 sinh (+) 0 
0 t cosh (£) 0|=0=т=0 
O0 isinh(i) 0 
16. By Exercise 16 in Section 13.4, T — (5 tanh t) i zi + (> sech ) k and N = (sech t)i — (tanh t)k so that 
i j k 
B-TxN-|-tanht -L i secht| — (5 tanh t) i 42214 (5 sech t) k. Also, v = (sinh i — (cosh 0j + k 
= = и vB МЛ “(A Tug T AVE TREO у 
sech t 0 — tanh t 
i j k 


а = (cosh t)i — (sinh t)j > да = (sinh t)i — (cosh t)j and v x a = |sinht —cosht 1 
cosht -—sinht 0 


= (sinh t)i + (cosh t)j + (cosh?t — sinh?t)k = (sinh t)i + (cosh tj +k => |v x al’ = sinh? t + cosh? t + 1. Thus 


sinht —cosht 1 
cosht —sinht 0 
sinht —cosht Oj | —1 2 
sinh?t+cosh?t+1 ~~ sinh2t+cosh?t+1 ~  2cosh?t’ 











17. Yes. If the car is moving along a curved path, then « Æ 0 and ay = « |v) 40 > a=a;T+ayNZ0. 


18. |v| constant => а = i |у = 0 = a= ayN is orthogonal to T = the acceleration is normal to the path 
19. alv >alT => ж=0 = £|v| 20 — |v|is constant 


20. a(t) = arT + aN, where ar = i |v] = 4 (10) =Oanda =k МЕ = 100K => a=0T+ 100KN. Now, from 


f^ 
|Р (ху = 2 = 2 als о, 


. . .. ЖЕЗ Ес 2 сэв 
Exercise 5(a) Section 12.4, we find for y = f(x) = x* that K = Пете DO (ғы? ; 
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r(t) = ti + t?j is the position vector of the moving mass > v =i+2tj > М = /14 40 
> T= an (i + 2tj). At (0,0): T(0) = i, N(0) = j and «(0 = 2 = Е = та = 11(100к)№ = 200тј; 
А (2,2): т(У2) = } (+224) = н+ 5, м(У2) = - i+ }j ads (V2) = > F= ma 


= m(100K)N = (3% m) (-22:4 3) - e р, 20 mj 


21. Вуа = атТ + anN we have v x a = pi m T+ к(5) | = (843) (T x T) «(&)^(T x N) 





= = к (5): B. It follows that |v x a| = « 








УВ = к = 1 


22. а =0 = к Iv? = 0 = «k =Q (since the particle is moving, we cannot have zero speed) = the curvature is zero 
so the particle is moving along a straight line 








23. 











= t and ay = t so that ay k |v]? к we 5 i.t 0 pedet 


24. г = (Хо + Abi + (yo + BOJ + (Zo + СОК => у= А+ В] + СК = а=0 = уха=0 = к = 0. Ѕіпсе ће сигуе 
is a plane curve, T = 0. 


25. Ifa plane curve is sufficiently differentiable the torsion is zero as the following argument shows: 
г = КЕ + 2(0] = у = РО + 2 (0 => а-Т(01--27(0) = da — f" (tji + g” Oj 


f(0 g( O0 
f"t 20 0 
f"'(t) g"(t) 0 
|уха|? 








=» = = 0 


26. у = —(asint)i+ (асоѕ 0)ј + bk anda = —(acost)i — (asint)j 























—asint acost b 
—acost —asint 0 
5 : asint —acost 0 Ъ (а2соѕ21 4+ a?sin?t) a?b (cos?t -- sin?t) b , a2 — b2 
To find the torsion: T = бүлээ =i ERE == шыу ELE Ve A (b) = Gaby? 
a2 — h2 . 
т'Ф)=0 = aap =0 = а? —Ь? =0 = b= ta=> b-asincea,b » 0. Alsob ca = 7’ >Oandb>a 
/ = = a 2001 
= т < 0) 50 т. occurs whenb=a — Tmax = аа? = 2а 


27. r(t) 2 f(Oi - g(0j -- h(Ok — v — f'(Di - g(0j -- h'(Ok; v-k 20 = (0) = 0 = kY =C 
=> r(t) = f(ti + g(t)j + Ck and r(a) = f(a)i + g(a)j + Ck =0 = f(a) = 0, g(a) =OandC =0 = h(t) =0. 


28. From Exercise 26, v = —(a sin t)i + (a cos t)j +bk = |У = Ма? +5? = Т= М 















































== ш. Lud a Батаа — (5) 
= Wace (a sin ți + (a cos t)j + bk]; = Fae | (a cos t)i — (asin t)j] => N= НН 
ї j k 
: Нил asi a cost b 
= —(cos t)i — (sin t)j; B = T x N = TERE Tae (me 
— cost —sint 0 
—. bsint ;  bcost + a ав _ ав _ b 
BGI BEL It Ak B= TLE [boost эшш] э М у 
=» т=— М (8.М)- ( 2 =) ( 214) = 25g , Which is consistent with the result in Exercise 26. 


Copyright O 2010 Pearson Education Inc. Publishing as Addison-Wesley. 


Section 13.5 Tangential and Normal Components of Acceleration 783 


29-32. Example CAS commands: 
Maple: 
with( LinearAlgebra ); 
r :- « t*cos(t) | t*sin(t) | t»; 
tO := sqrt(3); 
rr := eval(r, t=t0 ); 
у := map( diff, r, t ); 
vv := eval( v, t=t0 ); 
а := map( diff, v, t ); 
аа := eval(a, t=t0 ); 
$ := simplify(Norm( v, 2 )) assuming t::real; 
ss := eval(s, t=t0 ); 
T := v/s; 
TT := vv/ss ; 
ql := map( diff, simplify(T), t ): 
NN := simplify(eval( q1/Norm(q1,2), t=t0 )); 
BB := CrossProduct( TT, NN ); 
kappa := Norm(CrossProduct(vv,aa),2)/ss43; 
tau := simplify( Determinant(< vv, aa, eval(map(diff,a,t),t=t0) >)/Norm(CrossProduct(vv,aa),2)43 ); 
a t :— eval( diff( s, t ), 410), 
a n :— evalf[4]( kappa*ss^2 ); 
Mathematica: (assigned functions and value for tO will vary) 
Clear[t, v, a, t] 
mag[vector ]:-Sqrt[vector.vector] 
Print["The position vector is ", r[t ]|-(t Cos[t], t Sin[t], t] 
Print["The velocity vector is ", v[t ]- r'[t]] 
Print["The acceleration vector is ", a[t_]= v'[t]] 
Print["The speed is ", speed[t_]= mag[v[t]]//Simplify] 
Print["The unit tangent vector is ", utan[t_]= v[t]/speed[t] //Simplify] 
Print["The curvature is ", curv[t_]= mag[Cross[v[t],a[t]]] / speed[t]? //Simplify] 
Print["The torsion is ", torsion[t_]= Det[{v[t], a[t], a'[t]}] / mag|[Cross[v[t];a[t]] P //Simplify] 
Print["The unit normal vector is ", unorm[t ]- utan'[t] / mag[utan'[t]] //Simplify] 
Print["The unit binormal vector is ", ubinorm[t_]= Cross[utan[t],unorm[t]] //Simplify] 
Print["The tangential component of the acceleration is ", at[t ]-a[t].utan[t] //Simplify] 
Print["The normal component of the acceleration is ", an[t ]-a[t].unorm[t] //Simplify] 
You can evaluate any of these functions at a specified value of t. 
t0= Sqrt[3] 
(utan[t0], unorm[tO], ubinorm[t0]) 
N[{utan[t0], unorm[t0], ubinorm[t0] }] 
(curv[t0], torsion[tO]) 
N[(curv[t0], torsion[tO]) ] 
(at[t0], an[tO]) 
N[(at[tO], an[tO] ) ] 
To verify that the tangential and normal components of the acceleration agree with the formulas in the book: 
at[t]== speed'[t] //Simplify 
an[t]==curv [t] speed[t]? //Simplify 
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13.6 VELOCITY AND ACCELERATION IN POLAR COORDINATES 


1. %-3-0->0-д0,г-а(1-сов0)->і- авіп0% - Завіп0 -> Ғ = Засов0% - дасов 0 
v = (3asin @)u, + (a(1 — cos @))(3)ug = (Заз 9), - За(1 — соз 9) м 
= (9acos 4 — a(1 — cos 0839) u, + (a(1 — cos 6) - 0 4- 2(3asin 0)(3))uo 
= (9acos 6 — 9a + 9acos 0)u, + (18asin #)ug = 9a(2 cos 0 — 1)u, + (18a sin 0)ug 


2. өн —2t—0— 0 —2,r—asin20 — i — acos26- 2% = 44а с0$20 = ï = 4ta (—sin 20 . 2%) + 4a cos 20 
= —16ї2а sin 20 + 4a cos 20 
v = (4tacos 20)u, + (asin 20)(2t)ug = (4tacos 20)u, + (2ta sin 20) ug 


a= ( —16Ра зт20 + 4асоз20) — (азт20) (20| u, + [(asin20)(2) + 2(4ta cos 26) (2t)] ug 


= |-168а зїп 20 + 4acos 26 — 4t?a sin 20) u, + [2a sin 20 + 162a cos 26] Ug 





= |-202а sin 20 + 4acos 20) и; + [2asin 20 + 16t?acos 26] ug = 4a(cos 20 — St?sin 20)u, + 2a(sin 20 -- 8? cos 20)us 








3. #=>2>=0 => 0 = 0,г = её => = е*°.а% = 2ае*®# => т — 2ае%9.а% = 4a? eè? 
= (2ae**)u, 5 2. (2ае? . 4 (2689), 
а- (426%) - (2) |ш + [(е*°) ) + 2(2ае*®) (2) пу = (ааг еаб ас"! u, + [0+ Sae"! a 


= 4e79(a? bx. 2 ?)us 


4. 6=1-et>6@=e'>6=-et,r=a(1+sint) > i=acost >i = —asint 
у = (acost)u, + (a(1 + sint))(e~')uy = (acost)u, + ae'(1 + sint)ug 
rs [( asin) - (a(1 + sint))(e~*) Ча + [ад + sint))(—e~) + 2(acost)(e~) uy 
= ЕЕ ae (1 + sint)|u, + [-ae (1 + sint) + 2ae7'cos t| up 





= —a(sint + e~“(1 + sint))u, + ae'(—(1 + sint) + 2cos t)ug 
= —a(sint + e-7(1 + sint))u, + ae-'(2cost — 1 — sint)uy 








5. 0=2t>0=2506=0,r=2cos4t >t = —8sin4t — ï = —32 cos 4t 
v — (—8sin4t)u, + (2cos 4t)(2)ug = —8(sin 4t)u, + 4(cos 4t)ug 


a= ((-32 cos 4t) — (2 cos 4t)(2)°) + ((2cos 4t) - 0 + 2(—8 sin 4t)(2))ug 
= (—32 cos 4t — 8 cos 4t)u, + (0 — 32sin 4t)ug = —40(cos 4t)u, — 32(sin 4t)ug 








6. e= wi 1 = уд = сме!) => м = eii ; 
Circle: e 2-0 — vo — M 
0 
Ellipse: 0 <е<1 = УМ <v < ZUM 
0 To 
Parabola: e = 1 = vo = 20м 
. 2GM 
Hyperbola: e > 1 = vo > Е 
7. т- 9м > ү? = 9м => у= 9м which is constant since G, M, and r (the radius of orbit) are constant 
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8. AA=1 [t+ At x r(0| 2 44 = 1/440 x кој = 1 |А коко y кој 
r(t+ At) — r(t) 1 —. ] | (+ At) — r(t) dA _ : 1 |[r(t-- At) - r(t) 
= Te Ars x r(t) + At r(t) x кој =S СС х кој = at =. Alm, 2| —AÀt о x r(t) 











1 
2 
1 
2 


E x rO| = $ ох E| = 4 |r x i| 











; $ : 2 
9 T= = JIZ > T- (4) (1—е?)= (s) ! 2 (Si Е 1) | (from Equation 5) 














To Và 
(атай |. QV +2 Tovg — ( 4т2а% 2GMrov? — 13 v4 = (4л244) (2GM - rov?) 
(và GM? GM 12 v2 GM? roG?M? 
= 24у [ 26М – оуб oN 2.4) [1 2 : 2 200 4л243 Т2 _ 4л? 
= (4л?а*) ( (СМ С? - (4л2а2) (=) (ЕУ (from Equation 10) > T° = “4 >? ZM 


10. г = 365.256 days — 365.256 days x 2410ш% x GOMES x GOONS — 31,558,118.4 seconds ~ 3.16 х 107, 





О = 6.6726 x 10-1! E, and the mass of the sun M = 1.99 x 10% kg. Ẹ = $2 —› а2 — T?OM 


= аз = (3.16 х 107)2 (867261077) (1995109) „з 3863335 х 103 = а = {/3.35863335 х 1038 
~ 149757138111 m ~ 149.757 billion km 


CHAPTER 13 PRACTICE EXERCISES 


1. r(t) = 4 cos ti + (2 sint) j => x=4cost 
andy = /2sint > + =1; 
v = (—4 sin t)i + (v2 cos t) jand 
а = (-4cos Qi — ( V2 sint) j; r©) = 41,50) = У, 
a(0) = —4i; r (5) = 2V2 +j, v (4) 2 22i  j, 
a (3) = -2/2 — j; |v] = v16 sin?t + 2 cos?t 


_ 4 - 14 sin t cos t : п. 22 2 2-2 = 20 — a _ 4 _ 9. 
ar = |У тено сатр) аі! 0: ат = 0, ак vial 0 = 4, а = 0Т + 43 = 43, к = MP 2 =2: 











с йы ыл с” уз ге] = — 49 _ 42 2 7 442 _ аң _ 4\2 
att= 7: ат= үү а 9 а М В. 


= 7 2 
V3 tant) j > x= y3 sec tand y = y3 tant > x — ¥ = sec? t= tan?t = 1; 


V3 sec t tan t) i+ (v3 sec? t) j 


2. r(t)= (V3 sect i+ 


> x-y=3;v= 


aN X 


and 


a= (V3 see t tan? + V3 sec? t) 1 – (2 3 sec? tan t) j; 


г(0) = 4/31, «(0) — V/3j, a(0) — V/3i; 
[у| = \/3 sec?t tan? t - 3 sect t 


6 se? t tan? t - 18 sect tant . 
2/3 sec2t tan2t+3sectt ? 





ат = $ |v| — 











att — 0: ar = 0, ax = yla? -0 = 3, 
а = ОТ + уЗМ= УЗМк = = 2 = E 


M 


Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley. 


786 Chapter 13 Vector-Valued Functions and Motion in Space 











Е БОР 2/912 
3 т је зе 140) 714168) = у = [Hate У] + [a+] 
= тїр. We want to maximize |v| : ам = йр апа SM =0 > des) =0 = 1= 0. Богі < 0, mw > 0; for 
t » 0, ae? « 0 = |v] na Occurs when t = 0 => ју] = 1 


m 


4. r — (e cost)i - (e sint)j — v — (et cos t — e' sin t)i + (e' sin t + et cos t) j 
= a = (e' cos t — e' sin t — e* sin t — e' cos t)i + (et sin t + e! cost-- e! cost — e' sin t)j 


= (—2e* sin t)i + (2et cos t)j. Let 0 be the angle between г апд а. Тћеп 0 = сов“! (48) 

















|| ај 
— cos -28 эш сов пел nere 5 | = соз”! t3 — cos! 0 = £ forallt 
үе cos t) + (еї ѕіп t) y C28 sin t)^ 4- (2e! cos t) 
i j k 
5. у= 31+ 4] апд а = 51 + 15ј => уха=|3 4 0|=25К > |уха|-25;|у| - 1/32--42-5 
5 15 0 
__ |уха| _ 25 _ 1 
sts 8 35 
Ж X X —3/2 K X X -3/2 X X —5/2 X 
6. nae (14629799 E ce (165)? ce [30:6 en) 
= е* (1 + ex) 3? e 3e?* (1 pe T e* (1 ж е2) (1 [1 4 e») — 3e "e m e* (1 Lex) 5/2 (1 - 2625), . 
ік 02 (1-2?) 202 e*—122x--I22 x--lil2--InJ2 > у= E therefore & is at a 
maximum at the point (- In V2, 5) 
у 
7. r=xi+yj > v= xj} У јапау-і=у = à — y. Since the particle moves around the unit circle 
х2 „у? = 1,2х ® à Loy S 0 > ФЕЯ => $--:9- —x. Since & = y and & = —x, we have 
v=yi-xj > Са —j and the motion is clockwise. 


8. 9У-х% -> 9 у = 3x? 4х = у Ея 1 x? d . Ifr=xi+ " , where x and y are differentiable functions of t, 


then v = ait Yj. Hencev-i=4 > & =4andy-j= 9 =1x? & = 1(3)%(4) = 12 at (3,3). Also, 
a= x i+ ФУ јап nd 5 = (2 х) (2)? + (x?) Ë 42. Непсеа-і--2 - x = —2 and 
а-}= % = 2 (3)(47 + 1 (3) (2) = 26 ак фе рой (х, у) = (3,3). 
9. Æ orthogonal tor => 0 — &- r=5¢.- r+i 5г- x} å(r-r) > r-r = K, a constant. If r = xi+ yj, where 
x and y are differentiable functions of t, then r - r = x? + y? => x? + y? = K, which is the equation of a circle 


centered at the origin. 


10. (a) (0) у= (п – тсоз тї)ї + (т sin 7t)j 
ией тешилсе ОП) — a- (v? sin t)i 4- (7? cos zt) j; 
т 2 2, а(2) = т?) 2 , 
Tap] қ v3) = 277i v(0) — 0 апа а(0) = 12]; 





v(1) = 2ri and a(1) = — тој; 
v(2) = 0 and a(2) = ny ; 
У(3) - 2ni and a(3) = — 


а(3) = —зт”} 


а()--т2і 
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13. 


14. 


15. 


16. 


17. 
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(c) Forward speed at the topmost point is |v(1)| = |v(3)| = 27 ft/sec; since the circle makes i revolution per 


second, the center moves 7 ft parallel to the x-axis each second — the forward speed of C is 7 ft/sec. 


y = yo + (vo sin a)t — į gt? = y — 6.5 + (44 ft/sec)(sin 45°)(3 sec) — 3 (32 ft/sec?) (3 sec)? = 6.5 + 66\/2 — 144 
& —44.16 ft => the shot put is on the ground. Now, y =0 = 6.5 + 22/21 — 162 =0 = tz 2.13 sec (the 
positive root) => x z (44 ft/sec)(cos 45?)(2.13 sec) = 66.27 ft or about 66 ft, 3 in. from the stopboard 


= (vo sin о)” a)? [(80 ft/sec)(sin 45°)? 
Ymax = Yo + 2g —Tftt "Ges 2578 


2 Е 1 

X = (Vo cos a)t and y = (vo sin a)t — 5 gt => ап ф = 5 = асы = после а= 

2v sin o — 2vo cos a tan à 
5 

2vo sin o — 2vo cos a tan à 
5 


=> vo cos a tan d = vo sina — 1 gt > t= , which is the time when the golf ball 
hits the upward slope. At this time x = (vo cos о) ( 


2 > 2 2 а 
үй іп о/ сова - үй соѕ? а (ап ф 
Now OR = др -» ОВ-(2) ( өэзасвас маны! 
ED 2v2 cos a sina _ cosa tan ġ 
z g сов Ф сов Ф 


хо 2% сова sin a cos ó — cos a sin ó 
tes g cos? ó 


К Е соз 2) [sin (a — $)]. The distance OR is maximized 


) = (2) (Và sin o; cos o; — v? cos? a tan $). 








g cos? 


when x is maximized: 


dx = (22) (os 2a + sin 2a tan $) = 0 





= (cos 2a + sin 2a tan à) = 0 => cot 2a + tan d = 0 => cot 2a = tan (—¢) > 2a = 5 tọ > a = 


wis. 


+ 


AIS 


(a) x — vo(cos 40?)t and y = 6.5 + vo(sin 40°)t — i g? = = 6.5 + vo(sin 40°)t — 16t?; x = 262 $ z ft and y = O ft 








= 262 5 = vo(cos 40°)t or vo = 224167 and 0 = 6.5 + [2248] (sin 40°% — 162 = e — 14.1684 


— t£ 3.764 sec. Therefore, 262.4167 ez: vo(cos 40?)(3.764 sec) — уд = саа => vo & 91 ft/sec 


(Б) ушш = уо + 80999 с 6.5 + (906409 ш бо, 





r — (2cos t) + (2 sin )j + 2К = v — (—2sin £i + (2 cos )j +> ИК — |v| = V/C2 sin t)? 4- (2 cos t)? 4- (20? 


т/4 т/4 ЕТО : 
=2\/1+@ > Length = |7 2 геба= уто и | + ут+ 9] = + +ш(1+ 1+5) 
0 





г = (3 cos t)i+ (3 sin t)j + 28k => у = (—3 sin t)i - (3 cos 0j + 3t!/*#k = |v| = усэ sin t)? + (3 cos t)? + (3t!/2)? 


= /94+H%=3/14+t = Length = [3 1+tdt= ра + p72] 5 = 14 


г= & (1+ 0)3/21 + 4 (1 — 082) 10 = у=2 (1+0 — 2(1- 01/2) +1К 





= м= уа +00] [2 а 0р s > Т=2(1+01/1- 8 (1-02) + 1К 
= Т0) = 21-2) +1; 1 = 1140-1141 (1-0-52} = 9600) = 11+21) = |9 (0)| = 32 
i j k 
c ea Sti ass 22 Б 2 1 
= NO) = Zit Fi: BO =TO x NO) i 7 : E adt 37: К 
№ у 


a—-i(0-40 /7icpi0-90 2j — а(0) = 31+ $} апа У(0) = 1—3] +3К = v(0) x a(0) 
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oe Z јухај _ (3) _ уз 
. . 3 
-|3 -3 3|=-5i+5j+5k > [уха] = = мети = о => 
1 1 
з 3 0 
2- oe 32 1 
9 3 3 
40001 -3/2: |. 1 -3/24 ға c Ada pedis dee 56-09 | S od 
ам Ре АО ЈУ Оре шиг 


18. r = (e! sin 2t)i+ (e' cos 2t)j+2e'k => у= (е зп 24+ 2е' соз 24) 1+ (е' соз 241 — 2е' ѕіп 20) ј + 2e'k 
= |v| = v/(e' sin 2t 4- 2e! cos 20)" 4- (et cos 2t — 2e! sin 20)? 4- (2e)? = 3e > T=} 
— (1 sin 2t + 3 cos 2t) i + (4 cos 2t — 2 ѕіп 2t) j + 3k = То) = 214-11-3К: 
Т = (2 cos 2t — $ sin 2t) i - (— $ sin2t — $ cos 2t) j = ч (0) = Ži- íj => E O)| = 2 4/5 
j 
l 





с. 
мі 


і k 


31-33) ine $ 2 





= _ 2746 B _ | 2 а аа pec eu 55 ADS 
5 v5 
а = (4e! cos 2t — 3e' sin 2t) i -- (—3e' cos 2t — 4e' sin 2t) j + 2e'k = a(0) — 4i — 3j + 2k апа у(0) = 21 + j + 2k 
i j k 
= ү(0) ха(0) = |2 1 2|=81+4ј – 10к = lv x al = V/64 4- 16 4- 100 — 64/5 and |v(0)| — 3 
4 —3 2 
= O= буз = 255, 


= (Де! соѕ х — 8e! sin 2t — 3e' sin 2t — 6e! cos 2t) i+ (—3e' cos 2t + 6e! sin 2t — 4e! sin 2t — 8e' cos 2t) ј -- 2e'k 
= 2 cos 2t — Ile! sin 2t)i+ (—11 e! cos 2t + 2e! sin 2t)j + 2e'k => a(0) = —2i — 11j + 2k 

















2 1 2 
4 32 
Е Ба веле + я 
От 
ua lg сора e 22 4t и а Ё 82124 zl pgp M a 
19. ГЕЧ 5е"] > v=ite*j > |у|=/1+е Н а T(In2) = 7-1 tmd 
ат _ __-ре" А ге os ат =32 4 21-4. 
t= panit gaa] > а 22) — туз! + пул! > М2) = - и у 
i j k 
1 4 
В (12) = Тат 2) х ма 2 =| 75 75 09| =к;а=2е*} => а(п2) = 8} ава уп 2) =1+4} 
4 1 
cum ym 


=> v(ln 2) x a(ln 2) = = 8k => |v x al = 8and|v(In2)| = V17 => к(п 2) = 17575: = 463] 


о н м 
oho 
оо 


oo > 


1 
0 
0 


ccc 


1 жы 
уха 7 


с 








= адп 2) = 16ј => r(n2)— 


20. г = (3 cosh 2t)i + (3 sinh 2t)j + 6tk = v = (6 sinh 2t)i + (6 cosh 2t)j + 6k 
= М = 36 sinh? 2t + 36 cosh? 2t + 36 = 6/2 cosh 2t > T= = (+ tanh 2t) 1+ 351+ (5 sech 2t) k 























— Tün2 — 151+ 55+ 25; К; = (; sech? 21) i — (2 sech 2t tanh 2t) k = 8T (In 2) 


2 2 
- (35) (A) (Fe) (A) k= aint зак = ог] = (а) + CB) =F 
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i j k 
: 15 1 8 : : 
=> М2) = i- ВК; Вт 2) = Т@п 2) х М2) =| пд /7 п/215 apt) aes 
5 0 —b 
17 ын 
а = (12 cosh 201--(12 820) -» айп2)--12(12)14-12(2))-421-4-2 ј апд 


i j k 
үйл 2) = 6(5)1+6(И)}+6к=®1+51])+6К = vin2)xadn2=|/9% 4 6 
7 2 0 

= —135i+ 153j —72k = |v x al = 1534/2 and |v(In 2)| = 51 /2 = k(In2) — V2 








226 
85 90 
à = (24 sinh 2t)i + (24 cosh 2t)j = a(In 2) = 451+ 513 = т(10 2) = GT = = 


21. г = (2 + 3: + 32) 1 + (4: + 4122) Ј — (6 сов ОК => у = (3 + 691 + (4 + 80) + (6 ѕіп k 
=> |v] = УВ + 602 + (4 + 892 + (6 з 02 = 4/25 + 100: + 1000 + 36 sin? t 

= %М = 1 (25 + 100: + 1008 + 36 sin? t) (100 + 2004 + 72 зіп гсоѕ 0) = а (0) = “М (0) = 

а = 61 8 + (6 соз0К = |а| = \/6? + 8? + (6 cos t? = „У 100 + 36 cost = |а(0)| = va 


=> ay = V lal — a2 = 136 — 10 — V36 = 6 = a(0) = 10T + 6N 











22. г= @+й+(+2@))+(1+)К > у=ї+(1+40)+2К = |у| = Л (1+ 405 - QD? 
= у2 + 8 +208 > HM = (2 + 84208) "(8 + 400. => ar= H (0) = 2V2; a = 4j + 2k 


> ja = VZ FZ = V20 > a = а-а = үл (2v2) = М2 = 203 = а(0) = 24/27 + 24/3М 


23. г = (sin ti + (v2 cos t) j+ (sin k — v= (cos t)i — (v2 sin ) j + (cos Ok 











= |у|= ІШЕ v2 sint) + (cos t)? = /2 => т=р= (2 cost) i- Gin Dj + (2 cost) k; 
2 
ат = (— 4 sint) i- (cos Dj — (4; sint) к = E ЕТТЕРІ + cos 0? + (— c sint) =1 
i j k 
dT 1 + 1 
> N= ti) = (— 4, sin) i— (os oj — (4; sint) ks B=TxN=] 50% —sint ујео 
dt 1 1 1 
— ug sint — cost — y smt 
i j k 


=! =з к;а = (—шїї— (\/2совї)}—(їпїК > vxa= cos t —/2sint cos t 
—sint — 2 cos t —sint 


= /2ї-\2К = уха = У4=2 > к= 04 га „а (— eos oi -- (/2 sint) j — (cos Dk 














cost 4/5, sint cost 


23 We ne (cos t) (v3) = (v2 sin t) (0) + (cos t) (-v2) 


— cost V2sint —cost| — -0 
ухар z 4 - 














> T= 


24. г = (5 с0$ 0] + (3 sin k => v = (—5 sin 9] - (3 соз ОК = a = (—5 cos t)j — (3 sin t)k 
=> v-a = 25 sint cos t -— 9 sin t cos t = 16 sin t cos t; v-a =0 => 16 sintcost=0 => sint = 0 or cost = 0 
=> 1= 0, 5 огт 
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25. г= 21+ (4 іп 1) + (3 1) к= 0 =г- (0 )) = 2010) + (4 іп 1) (10) 5 0=2- 4501 іп = 151 = 1 
— t— $ (for the first time) 
26. (0) = 1+ 0) К = у= 1+ 20) + 30К = |v| 2 V1 48 c 96 = [v(D| 2 у14 
та) = vale 7 11+ UT k, which is normal to the normal plane 
= Уд 1) + Fa У 1) - Ju (z — 1) 2 0 or x + 2y + 3z = 6 is an equation of the normal plane. Next we 
calculate N(1) which is normal to the rectifying plane. Now, a = 2j + 6tk => a(1) = 2j+ 6k — v(1) x a(1) 
ij k 
= 112 31-61-63 +2к = |м) ха()| = ү76 = (1) = có i-i мој = Ë : 
0 2 6 (Уч) - 
= (148 +98)” (8+ 368) _ = 2, 0а= 5 T-- &(5)^ N > 2j+6k 
— 22 (i-2jk3k 1 9 
- 3 (Eus )- 5 s (va) NS N= 4 (-Hi-$j43 k) 2 -4«-0-56G-0D-5G-0 
= Oor 11x + 8y — 9z = 10 is an equation of the rectifying plane. Finally, B(1) — T(1) x N(1) 
i j k 
= (225) (=) ()|1 2 3ј=а–— 340) — 3&-D-3G( - 0) +0 10) —0or3x - y £z 
—11 -8 9 


= | is an equation of the osculating plane. 


27. r = eti + (sin Ņj + In (1 — k => v — eli 4 (cos tj — (144 )k = v(0)—i-cj-k;r(0)—i = (1,0,0) is on the line 


=> x= l +t,y = t, and z = —t are parametric equations of the line 


28. r= (М2 сот) і+ (М2 ук = у= (- V2 sint) i- (V2cost) j = v() 


) i+ (v2 COS 1) j+k =—i+j-+k isa vector tangent to the helix when t = Ẹ = the tangent line 
T 
4 


) ; also r (£) = (V2 cos 1) і+ (v2 sin JE Tk the point (1, 1, т) is on the line 


= x=1-—ty=1+t,andz= 7 + tare parametric equations of the line 


29. x? = (v? cos? a) t? and (y + 120)" = (vå sin? a)? => хе + (у + 1502)? = у? 











.. - ХХ--уу 292 9-22-49 1.2 (xXx yy»? 
30. $ 4 Уз + 72 + у: = Jery У — $ =Х а 
_ бољу) се +у) – (ехо +2кхуу фу2у2) _ Ху ьухд-эххуу | Ху-уху 
= x+y? == x+y? = x% +y 
i test : , 1 „933/2 
lg... dy-yx Х? +? Gr y?) 1 
X —$ 5 5 а= 
= Ty MENT V/x2 4 y2 – 82 Ixy —yx| кР 
31. 5 = а0 0-2 ф--2--% $ 1 к ІҢ t since a » 0 
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E DO OT 6380 
32. (1) АЗОТ ~ АТОР = 50 = 01 = go = gils y 


=> yo = 880 — yg 25971 km; 


80 2 
(2) VA= Jon Qnx4/1+ (%) dy 
= 2 [| бзвог – уг (ев =) әу 
= 2т |. 6380 ду = 21 [6380y] $17 
= 16,395,469 km? ~ 1.639 x 107 km?; 


16,395,469 km? 
4n(6380km? ^V 3.21% 





= Y(6380)? — y? 


(3) percentage visible ~ 


CHAPTER 13 ADDITIONAL AND ADVANCED EXERCISES 


l. (a) iibi ee = ж =[(— a sin 0)i + (а cos 0)j 4- bk] 9? Ta v| 2 4/282 = |4 


zc 2 2 40 2gz 2gb0 _ _4трЬ_ 
= уа +0 а сүүлээ 240 Vere — Gloom = ђе T? zi 


) G= Veer > 2 аа => 2073 = у 2 {+С =0 э б=0 э С=0 


























2 2,2 
= 2092 = зі = = => 2= „г. 
(c) v(t) 2 € — [(—a sin 0)i 4- (a cos 0)j 4- bk] % = [(—a sin 0)i 4- (a cos 0)j + bk] (=> аз) , from part (b) 
__ | (~asin @)i + (a cos 6)j + bk gbt 2 gbt : 
ы э NETS Vas) e utem 


er = [(—a cos 0)i — (a sin 6)j] (S P se + [(—a sin 0)1 + (а cos 0)j + bk] 4% 
В (22 + Rr [(—a cos 8)i — (a sin 0)]] + [(—a sin 6)i -- (a cos 0)j -- bk] c d s) 


г: [= sin nem oj + =] Е - z) +а (255) [(— cos 0)i — (sin 6)j] 




















= MES T+a (825 т E N (there is no component in the direction of B). 


2. (a) r(0) — (a0 cos 0)i 4- (a0 sin 0)j + БОК = = [(a cos 0 — af sin 0)i + (a sin 6 + a0 cos 0)j 4- bk] 9? m 
1/2 2559 
М = /2e2 = |$¢| = (a? + 26? +b?) (9) 5 9 = ер 


(b) 8-1 |v| dt = Г (а 2.3292, p?) V? dé 40 dt = fi (a2 + 226? + v2)? 40 = ЈУ (аг + au? +b?) du 


=f а о ааа |" c? + u? du, where c = уз» 
8 
> s=al} Ptg Inlat yetu] = g (O/e+e +c? In |o+ Ve? + P| —c? inc) 











— A+er dr _ (1 + е)го(е ѕіп 0), аг (1 + е)го(е ѕіп 0) __ : нэ 
3, r— ЕЙ I 40 ~~ d Fe cos ee > dd F =0 = I F e cos 0? =0 > а + e)ro(e sin 0) -0 
=> sind=0 = д=0огт. Note that # 5 > O0 when sin 0 7 0 and $ 4 « 0 when sin 0 « 0. Since sin 0 « 0 оп 
-т « 0 «O0 andsin 0 » 0onO « 0 « m, ris a minimum when 0 — D: d r(0) — An = то 
4. (а) #00) = х – 1— 5 зшх =0 = #0) = –1 апа 2) = 2 – 1 – 2 sin 2 > 5 since |sin 2| < 1; since f is continuous 


on [0, 2], the Intermediate Value Theorem implies there is a root between 0 and 2 
(b) Root ~ 1.4987011335179 
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5. (a) v —Xi-- yjandv — ru, -- rQu; — (i) [(cos ЧЕ + (sin 0j] + (сб) [(— sin 0)i (соз 0)] = v-i = хапа 
v-i—icos0—rÜsinÓ — x —icosÓ —rÜsin0; v-j — y andv-j — i sin 0 + rÅ cos 8 
=> у=Езш 0 + гй соз 9 
(Б) и, = (с0$ ВЕ - (зш 0)] = у-и, = Хсов 6 + узш 0 
= (it cos 0 — rÜ sin 0) (cos 0) + (t sin 6 +10 cos 9) (sin 0) by part (a), 


— v-u,—i;therefore, t — Xcos 0 + ysin 0; 


ug = —(sin #)i+ (cos —)j => v- ue — —xsin 0 4- ycos 0 
= (i cos 0 — rÓ sin 0) (— sin 0) + (t sin 0 + rå cos 0) (cos 0) by part (a) — v-ug — rÓ ; 
therefore, rÅ = — Xsin 0 -- y cos 0 


6. r=f0) 5 $-r0$ — PSOR Hro Geiva Gute Ff us 
— (cos 0 € — rsin 9 2) i-- (sin € --rcos $9) j 2 |v] = e +r 22 ёо (еу «f M (£); 
lv x al = у-у], where x = reos andy = rsin 0. Тһеп 4% к = (— тт 0) + (cos 0) € 
=> dx = (—2 sin 0) а а — (r cos 8) (9%)? — (r sin 0) € де P. да dr ; у — — (r cos 9) % + (sin 0) £ Е 
= ку = (2 cos 0) £ ar — (r sin 0) 12-38 + (г сов 0) 9 E 6 4 (sin 0) 4 an, Then |v x al 
= (after much algebra) г? (4 Ер +т 8 pu gr 3:96 (r^ = = (@) (г ff" zy) 





dt 
|уха| _ f? #7 + 2(Е7)2 
ІМ (еу? 4 gp 


4 





к= 


7. (à Letr—-2-tandó —3t — € — —1and $ —3 = Ф = £8 — 0, The halfway point is (1,3) > t= 1; 


v=¢%u +r% u = у) = -щ + Зи; а = s -r (2 ІСІ ug — a(1)— —9u, – би; 


(b 


Хи 


It takes the beetle 2 min to crawl to the origin — the rod has revolved 6 radians 

= = tto roy = ЈУ /(2– 9): + (– 17 а0 = ЈУ -4-84140 
= ү/з1=12#+ ад = E //@ -6P +1 d0 = 3 659 © /@—62 + T+} mo- 6+ VOF] 
= V37 — } In (V37 — 6) ~ 6.5 in. 


8. (а) x=rcos = dx = cos 0 dr — r sin 0 d9; y = r sin 0 => ду = зп 0 dr + r cos 0 d0; thus 
dx? = cos? @ dr? — 2r sin 0 соѕ Ө аг 10 + г? ѕіп? 0 10? апа 
dy? = sin? 0 dr? + 2r sin Ó cos 0 йг 10 + г? соѕ2 0 102 = ds? = dx? + dy? + dz? = dr? + r? d0? + dz? 
(c) r=e? => dr = е 10 (b) 


—L- f" Va? x? P y a2 
“рее а 
= У узе! ав = [узе] | 
= 8/3 - 3-753 


8 
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i j k 
(а) шхо =) собд sin@ O|=k = aright-handed frame of unit vectors 
– чп 0 cos0 0 


(b) аи. — (— sin 0)i 4- (cos 0)j — шапа due — (— cos 0)i — (sin 0)j — —u, 
(c) From Eq. (7), v = iu, + rĝug +żk > a = v — (Yu - fü) + (i ди» + гбив + rÅ ùg) -27К 
= (t — r0’) u, + (rö + 20) uy + žk 


dL _ (dr 


10. L(t) = r(t) x mv(t) > L = (E x mv) + (r xm ) = Ч = (у х ту) + (r x ma) = r х та; Е = та = = 


=ma > & =x ma=rx (--Sr) =-S@xn=0 = L = constant vector 
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NOTES: 
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CHAPTER 14 PARTIAL DERIVATIVES 


14.1 FUNCTIONS OF SEVERAL VARIABLES 


1. (a) £(0,0) =0 (b) f(-1,1) 20 (c) f(2,3) — 58 
(d) f(—3, —2) 2 33 





2. 9) 42,5) - ) f(-3.5) ^ 5 © т, 1) = 5 
(d) f(-5, 7) = –1 

3. (a) 63,—1,2) == (Ы) #(1,2,—1) = 5 (с) #(0,—1,0) =3 
(d) £(2, 2, 100) =0 

4. (a) £(0,0,0) =7 (b) 52, –3,6) =0 (c) f(—1, 2,3) = /35 

4 5 6\_ /21 

Фу) = 

5. Domain: all points (x, y) on or above the line 6. Domain: all points (x, y) outside the circle 
у=х+2 х2 + у? =4 

7. Domain: all points (x, y) not liying on the graph 8. Domain: all points (x, y) not liying on the graph 


of y=xory=x° of x? + y? = 25 





Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley. 


796 Chapter 14 Partial Derivatives 


9. Domain: all points (x, y) satisfying 10. Domain: all points (x, y) satisfying 
x —1l<y<x?+1 (х—1)(у+1) >0 
Y x-1 
3 
2 





11. Domain: all points (x, y) satisfying 12. Domain: all points (x, y) inside the circle 
(x — 2)(х + 2)(у – 3)(у +3) 20 x? + y? = 4 such that x? + y? 43 
х--2 y =з 


13. 


15. 





17. (a) Domain: all points in the xy-plane 
(b) Range: all real numbers 
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18. 


19. 


20. 


21. 


22. 


23. 


(с) 
(а 
(е) 
(f) 


wm 


(a) 
(b 


хи 


(а 


(е) 
(f) 


wm 


(a) 
(b) 


(d 
(е) 
(f) 


wm 


(a) 
(b 
(c) 


wm 


(d 
(е) 
(f) 


wm 


(a) 
(b 
(c) 


wm 


(d 
(e) 
(f) 


wm 


(a) 
(b 
(c) 


хи 


(а 
(е) 
(f) 


wm 


(a) 
(b) 
(c) 
(d 


wm 


Section 14.1 Functions of Several Variables 


level curves are straight lines y — x = c parallel to the line y = x 
no boundary points 

both open and closed 

unbounded 


Domain: set of all (x,y) so thaty -x >0 > y>x 

Range: 7 > 0 

level curves are straight lines of the form y — x = c where c > 0 
boundary is \/y -x =0 = y =x, a straight line 

closed 

unbounded 


Domain: all points in the xy-plane 

Range: 7 > 0 

level curves: for f(x, y) = 0, the origin; for f(x, y) = c > 0, ellipses with center (0,0) and major and minor 
axes along the x- and y-axes, respectively 

no boundary points 

both open and closed 

unbounded 


Domain: all points in the xy-plane 
Range: all real numbers 





level curves: for f(x, y) = 0, the union of the lines y = + x; for f(x, y) = c 4 0, hyperbolas centered at 
(0,0) with foci on the x-axis if c > 0 and on the y-axis if c < 0 

no boundary points 

both open and closed 

unbounded 


Domain: all points in the xy-plane 

Range: all real numbers 

level curves are hyperbolas with the x- and y-axes as asymptotes when f(x, y) Z 0, and the x- and y-axes 
when f(x, y) = 0 

no boundary points 

both open and closed 

unbounded 


Domain: all (x, y) Z (0, y) 
Range: all real numbers 


? minus the 


level curves: for f(x,y) = 0, the x-axis minus the origin; for f(x, y) = c Æ 0, the parabolas y = c x 
origin 

boundary is the line x = 0 

open 

unbounded 


Domain: all (x, y) satisfying x? + y? < 16 

Range: z > 1 

level curves are circles centered at the origin with radii r < 4 
boundary is the circle x? + y? = 16 
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24. 


25. 


26. 


27. 


28. 


29. 


30. 


(e) 
(f) 


(a) 
(b 
(c) 
(d 


хи 


хий 


(f) 


(a) 
(b 
(c) 
(d 
(е) 
(f) 


wm 


wm 


(a) 
(b 
(c) 
(d 
(е) 
(f) 


wm 


хи 


(а) 
(b) 
(c) 
(d 
(е) 
(f) 


wm 


(a) 
(b) 
(с) 
(а 
(е) 
(f) 


wm 


(a) 
(b 
(c) 
(d 
(е) 
(f) 


wm 


wm 


(a) 
(b) 
(с) 
(а 


wm 


Chapter 14 Partial Derivatives 


open 
bounded 


Domain: all (x, y) satisfying x? + y? < 9 

Range: 0 <2 < 3 

level curves are circles centered at the origin with radii r < 3 
boundary is the circle x? + y? = 9 

closed 

bounded 


Domain: (x,y) 4 (0,0) 

Range: all real numbers 

level curves are circles with center (0,0) and radii r > 0 
boundary is the single point (0, 0) 

open 

unbounded 


Domain: all points in the xy-plane 

Range: O «z € 1 

level curves are the origin itself and the circles with center (0,0) and radii r > 0 
no boundary points 

both open and closed 

unbounded 


Domain: all (x, y) satisfying -1 Ey —x € 1 

Range: —5 «2$ 5 

level curves are straight lines of the form y — x = c where -1 < с < 1 
boundary is the two straight lines y = 1+ x and y = —1 + x 

closed 

unbounded 


Domain: all (x, y), x #0 

Range: - 5 «z« 5 

level curves are the straight lines of the form y = c x, c any real number and x 4 0 
boundary is the line x = 0 

open 

unbounded 


Domain: all points (x, y) outside the circle x? + y? = 1 
Range: all reals 

Circles centered ar the origin with radii r > 1 
Boundary: the cricle x? + y? = 1 

open 

unbounded 


Domain: all points (x, y) inside the circle x? + y? = 9 
Range: z « In9 
Circles centered ar the origin with radii r « 9 
Boundary: the cricle x? 4- y? — 9 
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(e) open 

(f) bounded 
31. f 32. е 33. а 
34. с 35. а 36. b 
37. (a) : (5) 











38. (а) (b) 


© 


Ш 
C Le х 
Nau 


У ! W" m "m ay 
ың ам қ 





39. (а) | (5) 


т=ж у 





40. (а) 
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41. (а) 
42. (а) > (b) у 
| 1-0 
ГА. 
522 
43. (а) 
44. (а) . 


2-6-2х-3у 


пи им 


we 
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45. (b) | 
A 
- z--l 
z=0 
1 
7 1-1 x 
C Еэ 
46. (а) (b) 
А-1 
|x 
47. (a) | (b) | 
у 








48. (а) (b) 





-у2 -> х2--у2- 10 


49. f(x,y) = 16 х? — у? ава (2\2, v2) S916 = (av2) = (V2) =6 > 6=16—x? 


50. f(x,y) = Vx? — 1l and (1,0) > z= /1?-120 9 х? –- 1= 05 х= 1огх = –1 
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51. f(x,y) = /x+y? — 3 and (3, -1) > z= \/3++(—1)”—3=1=х+у?—3=1=х+у?=4 








52. f(x,y) = 2X and (-1,1) > z= (RC) = 3 > 3= 268 = y=-4x-3 


53. 54. 


^^. 


Лоу =х њу + 2 =1 





56. 


f(xyz) 2221 


oz 
<>4> 
сре 365) 
Soto 
rd oe 
ре 
прва фу 









Жоу, =х+ё=1 


57. 


2 


fexdisryci 


59. 






foy, 222-3 -y 21 
orz-x^«y?41 
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61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 
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f(x,y,z) = ,/x—y —Inzat (3,-1,1) > w= ,/x—y-—I1nz; at (3,-1,1) > w — J/3- (-1) - In122 


=> x-y-lInz-2 


f(x,y,z) = In (x? +y + z?) at (—1,2,1) > w=In(x?+y+27);at(—1,2,1) > w=In(1+2+1)=1n4 
> ш4 = а(х? Бу +22) => х+у+?72 =4 





5 —\ 2 
g(x,y, Z) = (x2 +y? +2? at (1, -1, v2) = у = Ух + у? + #7; аё (1, —1, \/2) > w=4/12+(-1} + (v2) 
=2 > 2= VX +y +2 >x +y +z = 











-y+ -y+z. ME ILC NEN 1 x-y+ 
8(х,У,2) = 5575 at (1,0, —2) > w = 559-53 at (1,0,-2) > W=5 Bo а 


()--0-(-2) 


=>2Х –у+ 5 = 0 


n=0 


f(x,y) = Уу (5) = г-0) - ты for 








+) < 1 = Domain: all points (x, y) satisfying |x| < |y|; 
at (1, 2) = since |5| <lsz=7,=2 


=» 525 =2 5 у = 2х 





gx,y,z) — M ary = e(*+y)/2 = Domain: all points (x, y, z) satisfying z 4 0; at (In 4, In 9, 2) 
n=0 ` 


sw e(in4 +n 9)/2 22 е(п36)/2 =e!" -6 > 6= e&+y)/z = ХҮҮ — In 6 


f(x,y) = 3—2 = ват“ ју – ѕіп-!х => Domain: all points 3 
(x, y) satisfying —1 < x < 1l and —1 < y < l; 

at (0, 1) = sin !1 — sin !0— 7 = sin !y — sin х 
= $. Since —§ X sin !y € 7 апі - 5 € sin !x € £, in 
order for sin Гу — sin !x to equal 2, 0 € sin !y < Z and 
—5 €sin^!x € O; that is 0 € y € 1 and —1 € x € 0. Thus 


y- sin(3 4 біп” іх) =V1-x2,x <0 





g(x,y, z) = fis T Ј, = гап“ ју — tan ! x t sin! (4) — Domain: all points (x, y, z) satisfying —2 € z X 2; 


at (0. 1, v3) = tan™!1 — tan™!0 + sin™! (8) — 7 — tan ly — tan !x sin (2) = Z2. Since —2 « sin! (£) < §, 


5 tn ly-tan !x € 131 = 7 = 2 а (1 — tan ly 4- (ап !х), г < (ап“ ју — tan !x € Br 


69-72. Example CAS commands: 


Maple: 
with( plots ); 
f := (x,y) -> x*sin(y/2) + y*sin(2*x); 
xdomain := x=0..5*Pi; 
ydomain := y=0..5*Pi; 
x0, yO := 3*Pi,3*Pi; 
plot3d( f(x,y), xdomain, ydomain, axes=boxed, style=patch, shading=zhue, title="#69(a) (Section 14.1)" ); 
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plot3d( f(x,y), xdomain, ydomain, grid=[50,50], axes=boxed, shading=zhue, style=patchcontour, orientation=[-90,0], 
title="#69(b) (Section 14.1)" ); # (b) 

L := evalf( f(x0,y0) ); # (с) 

plot3d( f(x,y), xdomain, ydomain, grid=[50,50], axes=boxed, shading=zhue, style=patchcontour, contours=[L], 
orientation=[-90,0], title="#45(c) (Section 13.1)" ); 


73-76. Example CAS commands: 
Maple: 
eq := 4*ш(х^2+у^2+7^2)=1; 
implicitplot3d( eq, x=-2..2, y=-2..2, z=-2..2, grid=[30,30,30], axes=boxed, title="#73 (Section 14.1)" ); 


77-80. Example CAS commands: 
Maple: 
x = (u,v) -> u*cos(v); 
y := (u,v) ->u*sin(v); 
z := (u,v) -> u; 
plot3d( [x(u,v),y(u,v),z(u,v)], u=0..2, v=0..2*Pi, axes=boxed, style=patchcontour, contours=[($0..4)/2], shading=zhue, 
title="#77 (Section 14.1)" ); 


69-60. Example CAS commands: 
Mathematica: (assigned functions and bounds will vary) 
For 69 - 72, the command ContourPlot draws 2-dimensional contours that are z-level curves of surfaces z = f(x,y). 
Clear[x, y, f] 
f[x_, y_]:= x Sin[y/2] + y Sin[2x] 
xmin= 0; xmax= 57; ymin= 0; ymax= 5z; {x0, yO}={37, 37}; 
cp= ContourPlot[f[x,y], {x, xmin, xmax}, {y, ymin, ymax}, ContourShading — False]; 
cp0= ContourPlot[[f[x,y], {x, xmin, xmax}, {y, ymin, ymax}, Contours — {f[x0,y0]}, ContourShading — False, 
PlotStyle —^ (RGBColor[1,0,0]]]; 
Show[cp, cp0] 
For 73 - 76, the command ContourPlot3D will be used. Write the function f[x, y, z] so that when it is equated to zero, it 
represents the level surface given. 
For 73, the problem associated with Log[0] can be avoided by rewriting the function as x2 + y2 +z2 - el/4 
Clear[x, y, z, f] 
f[x_, y_, z_J:= x? + y? + 2? — Exp[1/4] 
ContourPlot3D[f[x, y, z], {x, —5, 5}, {y, —5, 5}, {z, —5, 5}, PlotPoints — {7, 7}]; 
For 77 - 80, the command ParametricPlot3D will be used. To get the z-level curves here, we solve x and y in terms of z 
and either u or v (v here), create a table of level curves, then plot that table. 
Clear[x, у, 7, и, У] 
ParametricPlot3D[{u Cos[v], u Sin[v], u}, {u, 0, 2}, {v, 0, 2p}]; 
zlevel= Table[{z Cos[v], z sin[v]}, {z, 0, 2, .1}]; 
ParametricPlot[Evaluate[zlevel],{v, 0, 27}]; 


14.2 LIMITS AND CONTINUITY IN HIGHER DIMENSIONS 


: 3х2-у2-5  3(08-02--5 5 
1. у оо) 9792 = 21012001 
sO es 
2. UR 0 


у wa S 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
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{ Ши. О у2 — 1 = \/32 +42 — 1 = 4/24 = 24/6 
x,y) > (3,4 


и (1+8) -B GI - Q7 


am sec x tan y — (sec 0) (tan £) =(1)d) = 1 


x,y) > (0,7 





2 3 2 3 
lim cos (25235) — cos (i4 ) =cos0=1 
х,у — (0,0) х+у+1 0+0+1 


lim есу- ед- 12 = еп (3) Ld 
х,у) = (0,112) 2 


lim ђ In |] + x?y?| = In |1 + (1)?(1)?| = In2 








x,y) > (1, 
li e sinx — li y) (sinx =e. li snxY -1.1—1 
"он ӨС ЕН”) 


3/ = 3/ (+) 8 = (3) = 4i 
(x T гт 3) СО$ XY = COS (+ )т соз ( т) 

















lim x sin y = 1-sin(Z) = 1/2 zd 
(x, yo (1, л/6) х2--1 124-1 2 4 

; сову +1 __ (сов0)+1 _ 141 
уут (ы) Уюк Oman] ST? 

lim 229—7 = то | *-Y'— lim (-у-0-1-0 
эь 1) SaR (х,у) = (1,1) 577 (х,у) -> (1,1) 

x#y 

lim 27 = lim &*tye-Y — lim xty)=(1+)=2 
а а ЕНА 

х= у 

ое. ое с ОВ Е. Jim 2) = (1-2 
(у) = (1)  *! ӘЛЕН uen (х,у) = (1, je, oes 

xzl xzl 

: у+4 и ; у+4 2 : pre rq. s dm 

ay) Eb,- тонат y D,a) EDOD T y) Db, -a) HED 30-0 732 
y Æ —4, x £ x? у#—4,х #х? х ух? 

lim == yt2yx- 2. / y 23 li (Их уу) (ух+уу+2) _ = li 2 
(x, у 0) Мо 63/7000 Ух Vs о aa 

хту хжу 


= (уо+ уо +2) =2 


Note: (x, y) must approach (0, 0) through the first quadrant only with x Z y. 


(ИЕ НОЈ На Ју „ (МУ +2) 
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: МЭх-у-2 B ; МЭ?х-у-—2 = 5 1 
19. уу оо) AIE T ay ооу Су У) су) о УУ 
2x-y #4 2x-y #4 
1 1 


= 1 
~ \/@Q—-0+2 242° 4 


5 х— УЕ |. : Мх— Му+1 = : 1 
20. у) аз) T у) аз) АУУ УУТ) (у) 4,3) VE 
х-ужі х-ужі 




















: sin(x? +y?) _ 1: sin(t?) 1. 2rcos(r?) 1: 2 _ 
21. E рибу > = ш 2 = im, asc em im, cos(r* ) = 1 
22. lim 1-280) — jim 1-208" lim sim o 
(xy) (0,0) 9 «w—0 " w—0 
3 3 Оз; 2 
23. lim Š= jim ЁУК-) ры x? — xy 4 y? -(8- 1)(—1) + —1)°) =з 
(ху):5(1-1) ЖУ (ұу) 50-1) xy n capt EE АНУ 
. Х- 23 . Х- EN . 1 кесі 1 == 1 
24. lim a = lim TCR em lim — Qro —3 


(х,у) (2,2) *—Y (xy) (2,2) EHDE- (x,y) > (2,2) GFX Y?) 


: 1 T 1 == 1 1. 12-4-3 19 
25. lim (1-141)-14141-2483-4 





P 5 (1,3,4) 
i 2ху+у> _ 20-1) +(-I(-1) -241 41 
26. ва 24) х? +22 = 2+ (12 7 441 7 


21: по. (sin? x + cos? y + sec? z) = (ѕіп? 3 + соѕ 3) + ѕес20 = 1+ 1? = 2 


Р — (3,3,0) 
28. lim tan“! (xyz) = tan“! (—}-%-2) — tan! (- 7) 
Ре (12) 


29. шп те7? сов 2х -- З3е-?@ соз 2л = (3)(1)(1) = 3 


P > (7,0,3) 
30. ро In \/x2 + y? + 22 = In \/2? + (—3)? + 6 = In V/49 = In7 
31. (a) All (x, y) (b) All (x, y) except (0, 0) 
32. (a) All (x, y) so that x Z y (b) АП (х,у) 
33. (a) All (x,y) except where x = 0 ory =0 (b) АП (х,у) 


34. (a) Al (x,y) so that x? — 3x + 2 # 0 > (x — 2)(x—- 1) #0 >x #2andx £1 
(b) All (x,y) so that y Z x? 


35. (а) All (x,y,z) (b) All (x, y,z) except the interior of the cylinder x? + y? = 1 
36. (a) All (x, y, z) so that xyz » 0 (b) All (x,y,z) 
37. (a) All (x,y,z) withz 40 (b) All (x,y,z) with x? + 27 41 
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38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 
































Section 14.2 Limits and Continuity in Higher Dimensions 807 
(a) All (x,y,z) except (x, 0,0) (b) All (x, y,z) except (0, y, 0) or (x, 0,0) 
(a) All (x,y,z) such that z > x? +y? + 1 (b) All (x,y,z) such that z # \/x? + y? 
(а) All (x,y,z) such that x? + y? + z? < 4 
(b) All (x,y,z) such that x? + y? + z? > 9 except when x? + y? + z? = 25 
lim — ——- lim, - -> = lim, ———-— lim, ——— — lim <= =–= >, 
(х,у) = (0,0) Very xy У xy Sot МЕ хәб} wv2x хәр v2 2 
along y = x 
x>0 
lim = = lim - > = Што —-=— = lim tit 
(у) 00,0) УЗЫ СУ x-0- V2) x50 Vi у 
along y = x 
x <0 
x4 Y x! 57 46. > х 2 è xt EE 
(ху) оо) Ул ERE yoo) HF im EG т ыша = 2 
along y — 0 along y = x? 
( eu (0, o) ats == lim, n - = im, eS = 1-6 => different limits for different values of k 
х,у X х 
along y = kx? 
lim = lim S = lim № = lim £; ifk > 0, the limit is 1; but if k < 0, the limit is —1 
(х,у) = (0,0) xy xo kx*&9| х—0 [4] ұс Қ 
along y = kx 
k+0 
T sis 5 ку АЙ, хуту, = тук >> different limits for different values of k, k  —1 
along y = kx 
kz-1 
li == y — lim EE = lim IE = => — different limits for different values of k, k 4 1 
(х,у) = (0,0) 577 x20 *-* х— 0 
along y = kx 
k # 
ety ү +k? _ 1+k : 
lim = lim. *{ = +* => different limits for different values of k, k 4 0 
(њу) > (о.о) : Зил эг к 
along y = kx? 
k 
ху __ к к 5 а 4 
(x Ку (0, o) жуйт Jim, xig “= тт > different limits for different values of k 
along y = kx? 
: xy*-1 _ 4: y : : ху у. у = 2 2 
ue yero BE тШ We Se, о И р yer c dm esky ales 
along x = 1 along y = x 
: Xytl | х+1 — | =1 – _1. ху +1 : 3+1 — | х2-х-1 
my ins цу У im, x lim, xu нү im 1-1) 3-9 im, 2-4 lim, ЕТЕТ) 
along y = —1 along y = —x? 
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51. 


52; 


23: 


54. 


ЭЭ: 


56. 


57. 


58. 


59. 


Chapter 14 Partial Derivatives 








1 Шу>х4 
f(x,y)=41 ify<0 
О otherwise 
(a) ( Dm i у) = | since any path through (0, 1) that is close to (0, 1) satisfies y > x* 
х,у) AV, 
(b) lim f(x, y) = 0 since any path through (2, 3) that is close to (2, 3) does not satisfiy either y > x* ory < 0 
(х,у) (2:2) y ур 5 y y y 
х,у) 6 
lm (х,у) = 1 and li (х, у) = 0 = li f(x, y) d t exist 
ЦЭ vem Ld e шы) бз ш елы 
along x = 0 along y ^ x? 
ауу x ifx>0 
UT ifx <0 
(a) jy) m 26 у) = 3? = 9 since any path through (3, —2) that is close to (3, —2) satisfies x > 0 
ху)- Ж»; 
(b) ка lim НЕ pf y) = (—2)° = —8 since any path through (—2, 1) that is close to (—2, 1) satisfies x < 0 
х,у) 7 (4, 
(c) | En (0, gus y) = 0 since the limit is 0 along any path through (0, 0) with x < 0 and the limit is also zero along 
х,у 
any path through (0, 0) with x > 0 
First consider the vertical line x = 0 > an 0) ae = ee a = lim, 0 = 0. Now consider any nonvertical 
X,Y) (о, у=> 
along x = 0 
th h (0, 0). Th ti f line th h (0, 0) is of the f = = lim f(x, y) = lim IE. 
rough (0, 0). The equation of any line through (0, 0) is of the form y = mx cond im iu (x, y) хэрэ m o) ET 
along y — mx along y — mx 
= 2x!(mx) _ y 2mx? _ y; 2m _ | 2m : 2х2у __ 
к= АН ЕЙ um. xxm? 7 мин 262+?) — Xn, Gtm = 0. Thus aa tact wy = 
any line though (0, 0) 
If f is continuous at (Xo, yo), then i57 B f(x, y) must equal f(xo, yo) — 3. If f is not continuous at 
X,Y) — (Xo; Yo 


(Xo, Yo), the limit could have any value different from 3, and need not even exist. 








im (1— SÉ) — 1and, Jim 1=1 > lim | 9*9 — I, by the Sandwich Theorem 

(x, y) ^ (0,0) (х,у) = (0,0) (х,у) > (0,0) 9 
2 |x xy 2xy — ep 
Ifxy 0, — lim ds) — lim а = (2 5) = 2 апа 
(х,у) = (0,0) 7 (x,y) — (0,0) Т (х, y (0. 0) 
x x2y2 
asro ны жер жу Әй. ул Ыс w ы lei) 

(x,y) > (0,0) №! (x,y) = (0,0) «200 M" (у-(0007% 
= lim (2+%)=2and lim ЭРЭ lim 22% УУ __ 2 Бу the Sandwich Theorem 

(x,y) + (0,0) „уьу э = (њу) = (60) № 


The limit is 0 since [зїп (1 )| <1= -1< sin (1 ) <1 > -y < y sin (4 ) < y for y > 0, and -y > ysin (4 ) > y for 
y <0. Thus as (x,y) — (0,0), both —y and y approach 0 — y sin Ө — 0, by the Sandwich Theorem. 


The limit is 0 since |cos (1). <1 > -1& cos (1 ) ed = -к<хсов(1) < x for x > 0, and -x 2 x cos (1) >х 


for x < 0. Thusas (x, y) — (0,0), both —x and x approach 0. — x cos (2) — 0, by the Sandwich Theorem. 





(a) f(x, y)| у=тх = = = DU 7 = sin 20. The value of f(x, y) = sin 26 varies with 6, which is the line's 


angle of inclination. 
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62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


72. 
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(b) Since f(x, y)| = sin 20 and since —1 « sin 20 « 1 for every 0, lim f(x, y) varies from —1 to 1 


цэ = Е (х,у) = (0,0) 


along y = mx 


xy (x? — y?)| = [xy] [х2 – у? < (ху + у= ух уу? [х2 + у < ух? cy? vx + y? |x? + у 


= (уз) а |в а < G а уг = (ау) < СЮ (ауз) 

















=> lim 


ganas) (xy =) = = 0 by the Sandwich Theorem, since lim + (x? + y) = 0; thus, define f(0,0) = 0 
х, y =» Ф 


(х,у) = (0,0) 











3.7.5. 3 3 1 280. ens 0 «n2 
lim = ху zm сай e (reos Ды ы 20) = lim r (cos? 0 — cos 6 sin? 0) -0 
(х,у) = (0,0) х“ +у г> 0 r^ cos^ 0 -- r^ sin г> 0 
a 3 уз . с8а: 53 5 530 — sin? 
lim cos ($25) = lim cos ЕЕ = lim cos | го sim 0) = с050 = 1 
(х,у) -» (0,0) X y г 0 I^ COS r sin ro 0 
2 : Quin : 5 А T 5 р $ : 
lim = = lim 58 = lim (sin? @) = sin? 0; the limit does not exist since sin? 0 is between 
+ 
(х,у) = D 0, 0) * TY тә0 г r0 
0 and 1 depending on 0 
1 2x 2r cos 0 2cos0 _ 2 cos 9. 
(уу 00) Mx qu um, 22809 = lim, о = Яд’ > the limit does not exist for cos 6 = 0 








lim tan" E = lim tan"! Б + шин! — lim tan"! Б (leos 6| + Isin 6l) ; 
(х,у) — (0,0) r0 r0 
ifr — O*,then lim tan^! | eto = lim tan”! [ee] — 5;ifr — 07, then 
г 0+ ; r—0* : 


lim_ tan! | = lim. tan! (S) = 1 — the limit is $ 
т—› I —- 


=f 


lim p Y= lim r2 cos? 6 — r? sin? 6 
(х,у) = 7 (0,0) а eae 1 


—] and 1 depending on 0. 2 the limit does not exist 


= lim, (cos? 0 — sin? 8) — lim, (cos 20) which ranges between 
f I 


: 3х2 – х2у2 +3у2\ |. 3r? cos? 0 — r^ cos? 0 sin? 6 + 3r? біп? 0 
lim In СЕ = lim In Sass ppp ape лала ит: 
(x, y) LT (0, 0) D 


= lim, In (3 — i? cos? 0 sin? 0) 2 In 3 — define f(0, 0) = In 3 
r=» 


lim 395 — fim, Gres" sin”) _ lim 31 cos 6 sin?2@ = 0 => define 0,0) = 0 
(x,y) + (0,0) PHF? 15% у r=0 


Letó — 0.1. Then /x? - y? «6 => x? cy? «0.129 х? +у? < 0.01 = |х? + у? — 0] < 0.01 
= |f(x,y) — £0,0)| < 0.01 =e. 





Let ô = 0.05. Then |x| < 6 and |y| <6 = [f(x, y) — £(0,0)| 2 |53345 — 0| 2 | 4| € ly] « 0.05 = e. 


Letó — 0.005. Then |x| < бапа |у| « 6 — |f(x,y) — £(0,0)| = |544 — 0| & || < [x+y] < |x| +ly| 
< 0.005 + 0.005 = 0.01 = є. 











Let 6 = 0.01. Since 1 < сох <1 = 152 +с05х <3 5 15 0 5 1- хээ < || <|х-уі 
< |х| + |у}. Then |x| < 6 and ly| <6 -> |Қх, у) — £(0,0)| = | — ој – |i] « hx + | < 0.01 +001 


= 0.02 = є. 
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73. Let ê = 0.04. Since y? < х? +y? > -2- <1 = E. z < |х| = Vx? < Vx? +y? < ô= | х,у) —f(0,0)| 
-0| < 0.04 = e. 





Sm 


74. Let 6 2 0.01. If£|y| X L theny? x |y = Му? < үх? + у2, ѕо |х| = Мх? < \/х2 + у? = x +y? < 24/х2 + у2. Since 


x xx y S ata L landy? <x +y? S 523, < 1. Теп 5 а сну 26 


< 2(0.01) = 0.002 = €. 














v 


= [f(x, y) - (0,0) = |5 











75. Let 6 = /0.015. Then /x? - y? -z2 «6 2 |f(x,y,z) — £(0,0,0)| = |x? + y? +2? —0| = |х? + у? + 22| 


= (Ve e+e) <(/0015) -0015-с 


76. Let ó — 0.2. Then 
= 0.008 = є. 


z) — (0,0, 0)| = |xyz — 0| = [xyz] = |х| |у| || < (0.29 





77. Let 6 = 0.005. Then |x| < 6, |y| < 6, and |z| <6 => |f(x,y,z) — f(0,0, 0| = | 55517 — — 0 


х2 +у2 +22 +1 





= Des < |x+y+z| < |x| + ly] + |z| < 0.005 + 0.005 + 0.005 — 0.015 — e. 
78. Let 6 = tan! (0.1). Then |x| < 6, ly| < 6, and |z| < 6 = |f(x,y,z) — f(0,0,0)| = |tan? x + tan? y + tan? z| 
< |tan? x| + |tan? y| 4- tan? z| = tan? x + tan? y + tan? z < tan? ô + tan? ô + tan? ô = 0.01 + 0.01 + 0.01 = 0.03 = є. 


79. lim f(x,y,z) = lim (x +y — Z) = Xo + yo — Zo = f(X0, Yo, Zo) = fis continuous at 
(x,y,z) = (Xo; yo: Zo) (х, у, 2) = (Xo; yo: Zo) 


every (Xo, yo; Zo) 


80. lim f(x,y,z) = lim (x? +y? + z?) = Хо + уф + 20 — f(Xo,yo,Zo) — fis continuous at 
(x,y,z) = (хо, уо, 70) (х,у, 2) = (Xo; yo; Zo) 


every point (Xo, yo, Zo) 


14.3 PARTIAL DERIVATIVES 

















of Of =. Of . 
1. дс = 4х‚, и = —3 2. эх T 2X- Y, у = —Х+2у 
дї дї 2 of of 
3. дх = 2х(У- 2), ду = х —1 4. 5 =5у- 14х +3, 5, -5Хх-2у-6 
5. Æ = 2у(ху – 1), x = 2x(xy — 1) 6. 3 = 6(2х – Зу)?, 5 = —9(2x — 3y)? 
7 of _ x Of _ y 8 дї _ 2x? Ot — 1 
` дх  \02+у?* ду Very "Ox 84 (2)? OY 34+ 
Е 1 д Ес 1 Of .— 1 д = 1 
9. Эх = — ину a ETN = — aye ду сург эу А У) = (суур 
10. 2 = +O- L ye a o PAO) _ 2xy 
197 оч y e GPP 
11. & — — оу-1Х)-(«еу/) - -у-1 — УФУ _ 2-1 
ж” (ку- 17 — бу-1?› S = (кху—17 — (бу—17 
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12 of. = т (+) = у = y of, == 1 (ЕН ышы шк 
ко A АЕ. ЖА М uL EI 
13. ar = е(*+Уу+1). 2 (х+у+ 1) = el x+y+1) ді — gy. A(xty+ 1) = e(xtyt!) 
Of ax qu —х L Of _ ,-x 
14. 5. = —e * sin(x t y) Fe * cos(x + y), ду =@ cos (x + y) 
of _ 1 a И ЗӘРЕ ый a 2 
15. дх x+y "a EY) x+y’ ðy x+y р әу © НУ) = 
16. ot -еу. 2- (xy) - In y — ye? In y, x = 6%. 2, (ху) -Шу+еЎ - 5 = хех һу + ез 
17. 20 = 2 sin (x — 3y)- Z sin(x — 3y) 2 2 sin(x — 3y) cos (x — 3y) - & (x — 3y) = 2 sin (x — 3y) cos (x — 3y), 
A = 2 sin(x — 3y)- = sin (x — 3y) = 2 sin (x — 3y) cos (x — 3y) - 2. (x — 3y) = —6 sin (x — 3y) cos (x — 3y) 
18. 2 = 2 cos (3x — y?) - 2 cos (3x — y?) = —2 cos (3x — y”) sin (3x — y?) - 2 (3x — y?) 
— —6 cos (3x — y?) sin(3x — y?), 
» = 2 cos (3x — y”) - 2; со s (3x — y?) 2 —2 cos (3x — y?) sin(3x — y?) - 9. (3х-у?) 
= 4y cos (3x — y?) sin (3x — y?) 
19. oe = уху", = = ху Јах 20. f(x,y) = Пү => HL = АШУ апа а = 25 
5r E 
21. & — —g60. 8E — 26) 
22. Књу) = 3; (Xy Cac 7 m сн аш ын 
Е 1 д 2 х 
ду “7 ахуй ду (1 — ХУ) = (хур 
23. fx = y°, fy = 2xy, f, = —4z 24. fk =y +z, fy =x +z, f, =y +x 
= on. ылу Ж ес 28:12 
25. fk = 1, fy тен ae 
26. ћ, = –х (ха + у2 +22) 7“, ћ = –у(ха фуг +22) P e; a cz + у? + 22) 7 
21.1 — mei и = eee 
= 1 на 7 E y 
28. f, — [x - yz| /(x 4- yz?-1 fy 0 qxeyzl vx y2?-1? f= [x  yz| / (x - yz? - 1 
a 1 = 2 E 3 
29. Б © х+2у+327°? fy “ x+2y4+3z? f, 77 х--2у--32 
30. fk =yz- + (ху = YO = E f = 2 (ху) +ул- 0 (ху) = 20 (ху) + 22. 2. (ху) = 2 п (ху) +2, 
Ё, = у р (ху) + уд - 2; In xy) = y ln (xy) 
31. & = —2xe СН), фу = _2уе-б?+у+) f, = —2ze УР) 
32. f, — —yze "7, f, — —xze "7, f, — —xye "* 
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33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


fx = sech? (x + 2y + 3z), fy = 2 sech? (x + 2y + 3z), f, = 3 sech? (x + 2у + 32) 
fx = y cosh (xy — z°) , fy = x cosh (xy — z?) , fz = —2z cosh (xy — z”) 


£ = —2r sin (27t — o), 2* = sin (27t — a) 


Og _ у 2е(2ч/у) 2 = (=) = 2veQu/v). дв = 2уе\?ч/у) oh ү2е(20/%) . 2 (=) = 2уе(24/у) 25 Әпе(24/у) 


ди — v 


oh 














др = Sin ¢ cos 0, 58. = р сов ф сов 0, oh = —psin ¢ sin 0 
дв — 1 —cos 6, 2% = r sin 0, & = —1 
or — > 00 ‚= 

22 - óv? _ Vv? — 2Убу _ Убу Er убу? 
Wp = V, Wy =P + зв, Ме = р, Му = бу = и, М = - эр 
дА дА _ а дА _ш дА _к дА _ _ km, h 
дс ІП, Фр 2, Ok 47 дш 419 да — g T3 


Of — дї 9% _ 9% _ 9% _ 0% _ 
zlty g 1+%х, 8-- 0 0 = 1 

















дх? > ӛу2 7 > дудх _— дхду 
дї _ əf — 2 Ofo ыг мд — Of _ А : 
ax T Y COS XY, 5, — X COS ху, ан = —у? зїп ху, бу = —X sin xy, oe = дхду — COS Xy — Xy sin xy 
де да 24 i 925 "e Og 2 024 
= 2ху + y cos x, dy — X —siny t sin x, 5% = 2y — y sin x, уз = —С0$ У, эудх = 9х5 = = 2х + cos xX 
ðh |. еу, ди хе” + 1 Oh . 0 Oh . хе” ah = 07h => еу 
Ox ~~? dy . » дх2 709 ду? T » дудх  дхду — 


дї 1 дї 1 д?г —1 д?г —1 д?г д?г 


223 211-1 
Ox ~ x+y’ Oy — x+y’ Ox? ~ (х+у)?? ду? © (х+у)?? OyOx ~ Oxdy ~ (x+y)? 


&- [35] £0 - C9 [ag] Боо 
| гар) 800548) | ту ву ер (| тээ 
Os _ _ yx) 2xy д% _ _—хОу _ 2ху Os _ 0% — (х?+у?)(—1)+уОу) _ у?—х? 
Ox? © (x24 y2)? © (х2+у2)9, ду? (x2 + y2)? (24y)? дубх  дкду = аня 7 (х2 +уз)? 





ox — 2xtan(xy) -- x?sec?(xy) - y — 2xtan(xy) 4- x?y sec? (xy), Di — x? sec? (xy) - x ^ x? sec? (xy), 
дау = 2tan(xy) + 2x sec?(xy) - y + 2xy sec?(xy) + x’y муе ы tan(xy) - y) 
= 2tan(xy) + 4xy sec?(xy) + 2x?y? sec? (xy) tan(xy), 2 = — x? (2sec(xy)sec(xy) tan(xy) - x) ^ 2x^sec?(xy) tan(xy) 


ди д2уу 


Эудх = 595 = 3x? ѕес2 (ху) + х?(25ес(ху)ѕес(ху) (ап(ху) · у) = 3х2 ѕес2(ху) + х?у ѕес2 (ху) іап(ху) 








& гс уе” Ix = 2хуе >, бу = (1)е* 5+ уе* —У.(—1) = е® —5(1-— у), 
oy aye “> TEE Unas) nay? 0 28), $$ — (9*7 (Су ууч” ул) 


- 2w x? — х- 
= ех "yes 255. хо - 2а. = (е гө xa — У) = 2хе У 20! =ӱ) 














ou = sin(x”y) + x cos(x*y) - 2xy = sin(x*y) + 2х2усоѕ(х2у), дж = хсоѕ(х2у) - x? = x?cos(x?y), 
we = соѕ(х2у) · 2ху + 4ху соѕ(х2у) — 2х2у ѕіп(х?2у) · 2ху = бху соѕ(х2у) – 4х?у2 ѕіп(х2у), 
5% = = —x? sin(x’y) - x” = —x° sin(x’y), oe = = zx = Зх2соѕ(х2у) – х?зіп(х2у) · 2ху = 3x?cos(x?y) — 2x*y sin(x?y) 
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51. 


52. 


53. 


54. 


55: 


56. 


ST 


58. 


59. 


60. 


61. 
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Ow _ (х? + у) —(х—у)(2х) _ —х?+2ху+у Ow _ (х? + у)(—1) - (x-y) _ —x?-x 

9х — (x2 +y) (0 QHeyy y (x2 +y)? С +y”? 

ow _ (х2 + у) (-2х +2у)— (—х? +2xy+ y)2(x? +у) (2х) | 2(х3 — Зх?у —3 xy + у?) 

й [ety] Е (к? + у) 1 

Bw — (x2 +y) 0- (=x? — x)2(x?+y)-1 — 2+2 0 | Pw _ (x2 +y) (2x + 1) — (=x? + 2xy + у) 2 (х2 + у). 1 

ду? m уй (x2 xy? ? дудх дхду mm 

22 2х34-3х2-2ху-у 

720 Qeyy 

ду _ 2 Ow _ 3 Ow _ —6 and 2 —6 

Ox ^ 2x+3y’ ду  2х+3у? дудх — (2х+3у) › шээг — (Ох+зу)? 

ду _ = сте exo 1 Ом _ 1 1 

ж-е шуы! Жазаны, R= HH tad SRF +h 

ди = y? + 2хуз + 3x?y4, X = 2xy 4 3x?y? + 4х%уЗ, AX = = 2у + бху? + 12х?у°, and Xx = 2y + 6xy” 4- 12x2y? 
ou = sin y + y cos x + y, ди =xcosy+sinx +x, = = cos y + cos x + 1, апа xx =cosy+cosx+ 1 
(a) x first (b) y first (c) x first (d) x first (e) y first (f) y first 


(a) y first three times 


: Қ1--Һ,2)-Қ1,2 
f,(1,2) = lim Sa 


= lim 
һ— 0 


(b) y first three times 


(c) y first twice (d) x first twice 


1-ü-c-h«2-60-hy]-Q-6) — li —h—6(1+2h+h?) +6 
h ya h 
һ— 0 


— fin 2138-62-02 р — 13 — mE 
B к һ un. t 12—60) 


; f(1,2-- h) - f(1,2 
fy(1,2) = lim, Moe 


а а 


= lim 
һ—0 


{1-1+(2+h)-—3(2+h)] — (2—6) (2 — 6 — 2һ) — (2—6) 
h h 


= lim 
һ— 0 


f,(—2, 1) = lim Қ-2-Һ1)-Қ-21) шү 22 +h) — 3 ~ (2 +h) – (73 +2) 
һ-0 h h 























һ— 0 
= lim, SA = fim 1-і, 
ћ—0 ћ— 
f,(—2,1) = lim mE zs dn [4—4-3(1 +h) - 2(1 - b?] - (2342) 
NEN h—0 h h—0 h 
— lim о. 1422 — lim (1+2h)=1 
һ— 0 > һ—0 
f,(—2,3) = lim Қ-2-Һ3)-Қ-2,3)- үш, У2-24949-1-/-449-1 
е һ—0 8 һ—0 
Е eee (Paes) тал b tcd 
ы һ а h 2h+4 +2 ipis V2h+44+2 2? 
f,(—2,3) = lim Қ-2,3%Һ-Қ-2,5)- үш —4433+h)—1-/-449-1 
7 | һ—0 һ һ->0 һ 
ЭГ: vV3hr4-2 _ (o 2 /3h XH) ЕРТ 3 203 
cu cs Jim, ccn) ul mie d 
за(ћ3+0) 
— Jim Қ(0--Һ,0)-Қ0,0) . “120019 qq аш 02 
5(0,0) - ый, ==: ый, и pn uec 
за(0 +) 
— Дип. 000+) – 0,0) _ 2 — jin sinht _ + sinht ) _ = 
И mg ae UE e (в [3 cep 


(a) In the plane x = 2 => f(x,y) =3 > f,(2,-1) =3 m—3 
(b) Inthe plane y = —1 > f(x,y) =2 > £,(2,-1) =2 >m=2 
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62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


72. 


(a) In the plane x = —1 = f,(x, y) = 3y” > f,(—1, 1) 
1 


= 3(1)° =3>3>m=3 
(b) Inthe plane y = 1 > f(x,y) = 2x => f,(-1, 1) = 2(-1 


)=-2== = –2 


i f(X0, Yor 20 +h) — Кхо, у0, 20). 
Ғ.(хо,Уо,20) = lim озю”) ооу), 
ћ— 0 


f,(1,2,3) = lim, = im 2(3-- hy - 2(9) 


1(1,2,3 - h) — (1,2,3) 
h ин h 


= lim PAR = lim (12--2Һ) = 12 


— qn Кхо, уо + В, 20) — Кхо, Уо› 20). 
Б (хо, уо, 20) = tim, h , 


у f(—1,h,3)—f(—1,0,3) — a; 2h2?+9h)-0 
fy(—1,0,3) = lim ИА — lim H = lim (2h+9)=9 


у + (322 22) х +23 – 2у 22 = 0 = (3х22 – 2у)  — -y z? > at (1, 1, 1) we have (3 — 2) # = —1 — 1 or & = -2 








дх 
(2) + х- (5) % —2х% =0= (2+ -— 2х) 8% = -х = at (1, –1, —3) we have (—3 — 1 — 2) ® = -lor = 1 
a? = b? +c? — 2bc cos A => 2a — (2bc sin A) ЗА = дА = bean a 3 also 0 = 2b — 2c cos A + (2be sin A) 34 
= 2c cos A — 2b — (2bc sin A) 22 = дА = cosa b 
аз = = == 0 = (sinA) 3$ —acosA — 0 — # = 2284; also 
(=) 8g = 0(— сѕс В сої В) = 2$ — —bcsc B cot B sin A 


Differentiating each equation implicitly gives 1 = vx In u + (t ) ux and 0 = ux Inv + (i ) Ух ОГ 


1 У 
(ши) +(*)u=1 = | шу 
(2) vx + (In v) u, = 0 BE u 





E Inv 


* ^ |nu š | (ши)(шу)—1 








u 
у Шу 


Differentiating each equation implicitly gives 1 = (2x)xy — (2y)yu and 0 = (2x)xy — yy or 

















1 -2у 
(2х)хь - (2y)¥u = 1 Sk [ E | e sm | — and 
(2х)ха - Yu = 0 ч 12х -2у| | -2х-4ху | 2х-4ху 
2х —1 
2х 1 
— |2х_0| _ —2х 23 2х hu = Os — ox 
Yu Sea Seay ag пару Pets = xX +y > Эш = 2Х x 2y 9 





= 1 1 eux, VM 2y _ 1+2у 
ҒЫ 2x (545) +2y (45) ^ 1-2y T 1-2у 1-2у 


-10 ify>0 Е f(x,0+h)—f(x,0) _ 1: f(x, h) —0 
f(x,y) = i 2220 = fx(x, y) = 0 for all points (x, y); at y = 0, fy(x,0) = шер = lim 
2 . 
= = lim fes b) = 0 because Jim fes b) = т = 0 and Jim, fon) = lim% =0= f(xy) = b - x 
Гу (х,у) = Бу(х, у) = 0 for all points (x, y) 
Atx = 0, fx(0,y) = lim (023) - 10.) = lim (2-9 = lim Ңьу) У) which does not exist because dim fey) Y) 
һ—0 һ—0 һ—0 
1 . 
уу Шх>0 
= Jim — 0 and Jim л” = Jim X5 = Jim = +œ > К (х, у) = | 2x : 
22 Ж =? 2x  ifx«0 


i > 
f(x,y) = ( | ЭР 2 : => fy(x, y) = 0 for all points (х, у); 5; (х,у) = 0 for all points (x, y), while f,y(x, y) = 0 for all 


points (x, y) such that x 4 0. 
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83. 


84. 


85. 
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of of of О ot t of ә. 5. 
дх 2х, ду 2y, Oz 4 Ox? 2, ду? 2, 072 4 Ox? T ду? Т д2 — 2+2+(—4=0 
Of . əf of _ «2 2 2) Of __ OFF 2: Of __ Of o, Of , OX 
x = —OXZ, бу = 6у2,% -67-3(х%--у”), 55 = —62, 952 = 67, 522 = 127 > Sat ду? + 52 
= —67 — 62 + 122 = 0 

9 - Э6-Ус 9 - _ де 9% — _ yey Of 4e» Sto, Ot 

8x ^ —2e ? sin 2x, бу = 2e~ cos 2x, 5.5 — —4e ^? cos 2x, ay? = 4e? cos 2x => 55+ бу? 

= —4e7” cos 2x + 4e7 cos 2x = 0 

Of _ х af _ У Әң y-2 Ө? _ х-у ЕЕ. у? —х? Xy Len 

дх x2+y2? dy  x2+y2? Ox — (х2 + у2)? › ду? T (х2 + у2)? Әх? ду? (х2 уз) (х2 + у2)? = 





дї дї af o£ Of f = 
5х = 3,3 =2, 52 =0, дд =0 > Sa + бр = 0+0=0 











Ot Шу у дв ју |. -x 0% _ (+5) 0-у2х _ —ху OM __(y? +x") 0-(x)-2y _ 2xy 

Bec abs o цэгэн 07 шон (у? + х2)? (у? + х2)*‚ ду? (у? + х2)" (у? + х2)" 
ot ot —2xy 2ху_ _ 

n Ox? E ду? (у? + х2)” (у2 + х2)2 0 


BE = (02 + y? +22) "0x = (00 ну? 202) 780, 8 = — 1 (х? + у? + 2) (2у) 


> dy — 
-3/2 gf . 


= -у(х®+у?+) *, # = —} (х2 + у? +2) (22) 2 - G8 фу + 25) 75; 











2 —3/2 -5/2 22 —3/2 —5/2 
81 = — (х? + у? + 27) / + 3х2 (x? + y? + z?) / 1 5 = — (x? + y? + 7°?) / + Зу? (x? + у? + z?) / 5 
2 —3/2 —5/2 2. 2. 2. 
22 = — (x? ын у? + 22) / ын 322 (x^ + у? ep 22) / => + 54 + 4 


= [- (х2 + у? + z^ 4 3x2 (x2 4 y2 + на + - (х2 + у? + z^ + Зуг (х2 + уз + 22) 7572 


-3/2 








4 - (x? + y? + 22) + 322 (х2 + у? + 2) | = -3 (x? +y? + z2) + (3x2 + 3y? + 3z?) (x2 + y? + zy -0 


е, 2. 2 
Of — Зе3х+4У со 51, 9f = 4e3*+4Y cos 5z, E = —5e?*t4 sin 5z; 2f = 9еЗх+4у соб 57, 8% = 16e?%t® cos 5z, 
дх ду Oz Ox’ ду 
2. 2. 2. 2. 
22 = —25e**+47 cos 5z => 5 + a + 2 -- 9е3Х44У сов 52-- 16е25%7 соз 52.- 25е25447 cos 5z = 0 
д 9 2002 : Ow. “ИРС Ow 2 1 00:02 
S = cos (X + ct), F = c cos(x + ct); Fe = —sin(x + ct), Fr = —c* sin(x + ct) > GF =c°[—sin(x + ct)] =c* FF 


дм = _2 sin (2x + 2ct), 2* — —2c sin Qx + 2ct); F¥ = —4 cos (2x + 2ct), F¥ = —4c? cos (2x + 2ct) 


де 
= ow = c?[-4 cos 2x + 2ct)] = c? ow 
ou = cos(x + ct) — 2 sin(2x + 2ct), би = c cos (x + ct) — 2c sin (2x + 2ct); 
ow = —sin(x + ct) — 4 cos (2x + 2ct), ow = —c? sin (x + ct) — 4c? cos (2x + 2ct) 
> ow = c?[—sin(x + ct) — 4 cos (2x + 2ct)] = c? ow 


Ow _ _1 Ow с. ду -l Ow _ с? 


= Fw — с2 —1 = 2 &w 
дх x+ect’? д x+et’? Ox? ~ (x+)? ð ~ (x+ct? де — (х+с02 | — дх2 


би = 2 sec? (2x — 2ct), = — —2c sec? (2x — 2ct); A — 8 sec? (2x — 2ct) tan (2x — 2ct), 
ae = 8c? sec” (2x — 2ct) tan(2x — 2ct) > ux Sy — c?[8 sec? (2x — 2ct) tan (2x — 2ct)] 2 c? ae 
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86. ou = — 15 sin (3x + Зеб) + ех“, ou = —15c sin (3x + Зеб) + сех; ow = —45 cos (3x + 3ct) + e**, 


ow = —45c? cos (3x + Зсі) + Pett > ow = c? [745 cos (3x - 3ct) + е] = с? ow 





Ow _ Of Ou _ Of Ow _ 97 — 22-2 Of. Ow _ Of Ou. Of. ew _ at). 
87. 08-44 0:- E (ac) => б = (ас) (29) (ас) = are Ow? ax ди Эх ди а (а 3 а 


— 22 9% Ow _ „22 09 _ „2 („2 04) _ .2 aw 
=a 5ш фе бам 6 (a Шү-с Өх? 


88. If the first partial derivatives are continuous throughout an open region R, then by Theorem 3 in this section of the text, 
f(x, y) = Кхо, уо) + Ё(хо, Yo) AX 4- fj(xo, yo) Ay + €, Ax + ez Ay, where е1, е› — 0 as Ax, Ay — 0. Then as 


(x, y) — (xo, yo); Ax —› O and Ay 0 = B lim ) f(x, y) — f(xo, yo) = f is continuous at every point (Xo, yo) in R. 
х,у) = (Xo; Yo 


89. Yes, since f, fyy, fry, and f,, are all continuous on R, use the same reasoning as in Exercise 76 with 


Ё, (х,у) = Ё (хо, уо) + Б (хо, уо) Ах + ђу(хо, уо) Лу + 61 Ах + Ду апа 
fy(x, y) = fy (Xo, yo) + Рух (хо, уо) Ах + Ру (хо, уо) Ау +1 Ах + Ау. Тһеп іт f(x, y) — f(Xo, yo) 


xy) — (xo: Yo 








and lim у(х, у) = С, У). 
(х,у) = (хо, уо) 


90. To find a and £ so that u, = Uxx > щ = — 8 ѕіп(о х)ет?' апа и, = асоч(а хје“ 8 => пху = –о2 ви (а хје 55 then 
U, — uy — —f'sin(ox)e-?' ^ —o? sin(ax)e^?' , thus u, — uy, only # 8 = o? 
91. £,(0,0) — lim 95:9) ко) 0 qim = 0; (0,0) — Jim/.959 5. gi m 7 ino 1g, 
тог һ—0 К Bap P ер ee һ-0 һ hag P вер" 
. о (ку?)у? 22243 ky* 2 qn к _ k ‚ 42. : 
іле f(x,y) = im, Qn UT nm куйту = ИН gai ge. different limits for different 
along x — ky? 
values of k = ( a 0) f(x, y) does not exist — f(x, y) is not continuous at (0,0) = by Theorem 4, f(x, y) is not 
х,у we ? 


differentiable at (0, 0). 


92. f,(0,0) — lim 5959.9 — ji ОЕ — tim t=! = 0; £,(0,0) = lim -100 — Fi ОЕ — jim t=! — 9; 


һ-0 h—0 ћ—0 ћ—0 һ—0 в—>0 
lim f(x, y) 2 lim 0 = 0 but lim f(x,y) = lim 1=1 = lim f(x, y) does not exist 
(х,у) — (0,0) у— 0 (њу) — (0,0) у-0 (х,у) -> (0,0) 
along y ^ x? along y = 1.5x? 


— f(x, y) is not continuous at (0,0) — by Theorem 4, f (x, y) is not differentiable at (0, 0). 


14.4 THE CHAIN RULE 





1. (a) ow — 2x, йк = 2у, % = sin t, ЧУ = cost > dw = —2x sin t + 2y cos t = —2 cos t sin t + 2 sin t cos t 
= 0; w = x? + y? = cos? t + sin? t = 1 > iw — 0 
d 
(5) 207) -0 
2. (а) дз = 2x, © = 2y, & = —sint+cost, 2 = — sin t — cost = de 


= (2x)(— sin t + cos t) + (2y)(— sin t — cos t) 
= 2(cos t + sin 0)(соѕ t — sin t) — 2(cos t — sin t)(sin t + cos t) = (2 cos? t — 2 sin? t) — (2 cos” t — 2 sin? t) 
= 0; зу = х2 + у2 = (cos t + sin t)? + (cos t — sin t)? = 2 cos? t + 2 si? t = 2 > dw =0 

(5) 2 (0) =0 
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(а) 


(b) 


(a) 


(b) 


(a) 


(b) 


(a) 


(b) 


(a) 


(b) 


(a) 


(b) 
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Ow |. 1 Ow _1 Ow _ -С+У dx _ : ду . : Ч. 
квт ат ЖЩ 2 costsint, 7 —2sintcost, tt — —5 


- 


- 








. . 2 сіп2 2 
= 46. = – 2 соѕ іп + 2 біпісов(-- 52 - ЦЕМ — pw — x Y — oes 


Ts ӨЕ © 


+ sin 
Q 
ан (3) = 1 


ду _ 2х ду _ 2у ðw 22 dx _ 1 dy _ 47 _ 94—1/2 
Ox x2+y24+22? Oy — хаљу2г+222 да х2+у?+22° й sin t, dt = COS t dt =2t 











= dw | | -2xsint 4 2y cos t де 40-102 2 соѕ Сіп 0+2 sin t cos t+ 4 (40/2) (-1/2 
dt — x? +y? +z? x? +y? +z х2 +у2 +22 cos? t 4- sin? t 4- 16t 

216 2 ү ырс к ох а 2 2,2 _ йу _ 16 

= грла, У = а(х Бу + 2) = In (cos t + sin“ t + 16t) = In (1 + 16) = = 


dt 1+16 
dw — 16 
ч Ө) = % 











ду _ х дм —^ax Ow 1 dx | 2t dy | 1 4: at dw |. 4yte* 205. 06 
бх = 2Уё, бу 26 а. оф а Pra 9 77 ас 22:58:17 2 
. . (40) (tan-! t) (2 4- 1) 2 (2 4-1) e! 


ix] TN — & =4ЧИїап 11+ у = 2уе" — и 2 = (2 tan™t t) (P +1) — t 


= ® = (52) (8 +1) + (2лап 1 t) Q0 – 1 = 4t tan! t 4-1 


W (1) = (4)(1) (4) +1=7+1 











DN Esc. 0% — _ ду 4х dy .1 d -І dw __ хоовху | бе 
ax = ZY COs Xy, gy = —X COS Xy, ©, =т=т, е 4: у сов ху w oce 


— —(In O[cos (t In 0] — 10000 + е! = — (1а t)[cos (t In t)] — cos (t In t) + eb !; w = z — sin xy 
= e! — sin (tln t) > dw — e'-! — [cos (t In t)] [In t+t (5) — e! — (1 4- In €) cos (t In t) 


4“(1)-1-(1--0Х1)-0 





д® _ д> дх , Oz Oy _ X созу 4e* : - 46“ шу 4e* sin v 
ðu Ox du 1 ду ді | (4e* In y) (ss) T ( 7 ) Gin v) cuo een 


. . 4(u cos v) In (u sin v) + 4(u cos v)(sin v) 
m u u sin v 





= (4 cos v) ln (u sin v) + 4 cos v; 








ucos v 


да = 06 Ox 22 ду — (4e* In y) (232) 4- (&) (u cos v) — — (Ae* In y) (tan v) + Аи созу 


= [—4(u cos v) In (u sin v)](tan у) + 49% 603%) — (. Ay sin y) In (u sin v) + 4907; 


z = 4е* ш у = 4(u cos v) ln (u sin v) => да — (4 cos v) In(u sin v) + 4(u cos v) (22) 
— (4 cos v) In (u sin v) + 4 cos v; also = = (—4u sin v) In(u sin v) + 4(u cos v) (=) 


u sin v 





4u cos? v 
sin v 


At (2,2): 2% =4cos 7 In(2 sin 5) - 4cos 2 2 2/21n /24- 2/2 — V2 n2 4- 2); 
2: — (—4)(2) sin 2 In (2sin 2) 4. 90673 — -4/2In /2 4+ 4/2 = -2V2 n2 4/2 


Z- l cos v + 
ЭГ (3) 
Gra 


;) 
5 (—usin v) 4- 
= —sin? v — co? v = —1;z= tan! Ө = tan! (cot v) => 82 = Оапа &€ — (115) (- esc? v) 


= (—4u sin v) In (u sin v) + 


a 
@ 


__ ycosv x sinv __ (usin v)(cos v)—(ucos v)(sinv) __ 0: 
У = ro 0 


sin Хау ху - 112 

















х2--у2 х2 + у? = u2 








| бобу yu sin v xucosv __ —(usin v)(usin v) — (u cos v)(ucos v) 


х 2 1 
(9 28 
ди 1 += сову 


22 -1 — | 
sin? v + cos? v 


А: (1.3, 2): 9 = 0апа 2 = –1 
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9. (a) 
(b) 
10. (a) 
(b) 
11. (a) 
(b) 
12. (a) 
(b) 


Chapter 14 Partial Derivatives 





ди = би ae бу | Ow дг = (у + 20) + (х + 200) + (у + 00) = х фу + 22 + чу + х) 





= (u + v) + (и — у) + 2uv + v(2u) = 2u + 4uv; 3% = & nde ду + ou x 
= (у + 27)(1) + (х + 7)(—1) + (у + х)(и) = у — x + (y + х)и = —2v + (2u)u = —2v + 217; 


Ww = xy + yz + xz = (u? — v?) + (u?v — uv?) + (u?v + uv?) = u? — v? + 2u?°v > 2 = 2u + 4uv and 


ди = —2v + 2и2 
At (dst): 8 =2(4) +4() заа - 20) 2) --1 


ду _ 2х У с: у 2у у ERA шз 2z у 
Өт = (zz) (e sin u + ue” cos u) + (= (e" cos u — ue” sin u) + тэрд (е) 


( 2ue" sinu 
u2e?v sin? u -- 2e?" cos? u + u2e2" 


2ue" cosu v MT 
es sin? u + u2e?* cos? u 4- те») (е COS MS Ue ыш u) 


) (e" sin u + ue” cos u) 





L ( 2ue ) ( еу) 2. 
u2e?" sin? u + u2e? cos? u + u2e2" п? 


ду _ 2х Ус; 2у у 22 у 

бу = (===) (ue" sin u) (e (че“ соз и) + тур? (ue") 
2ue" sinu Vl 

x (асыш а) (ue sin u) 

Ё (ожо 85:88 oe) 

u2e2V sin? u + u2e2" cos? u + u2e2" 











(ue" cos u) 
F (near rae) (ue) 22; w — In (ue? sin? u + ue” cos? u + ue”) = Ш (21227) 


У) 
= 102+ 21а0+2у = 5% = 2 апі &* = 2 






























































ди 

.0w 2 _ 9) = 
А1(–2,0): 58 = = = —1 апд 5“ = 2 
да ди др | ди да | ди дг _ 1 i BP олоро q-rrr-ptp-g .. p. 
Ox Op Ox да Ox Or Ox” q-r (4-1) (q-r? . (а — т)? , 
ди _ ди др | ди да „| ди дт _ 1 і-р | р-фч __ q-r—-r+p+p-—q _ 2p—2r 
Oy др ду! дад dy © Or Oy а-г (4-1? a ШЕ (9 — т)? (ч — г)? 
__ (2x+2y +2z)—(2x+2y—2z) _ >__. ди _ Ou Op + 9 + Ou Or 
=< Qz — 2y ^ (z-y?? dz Әр д2 94 29 Or Oz 
т. йы „б кыр p-q | q-rtr-p-ptq  2q—-2p _ -4у __ y 

а-г (9-12?  (q-r? (а – г)? (а – г? (22 – 2у)г @—у)?? 
р-4 2у у du ди (-у-у-) __. да - (2-уХ0)-у(1) 
ая dx = 0, 5у Gaye = сур ndg (2 у 
zur 
(-у» 
Л . ðu _ 1 -2 

At (v5.3.1): & =0, % = Lyc Land S = (== = –2 

г a moms а г с zin Ч è 
дп = т=з 5 (cos x) + (re® їп Їр) (0) + (де#® віп” ір) (0) - e = See er —-y'if-z2«x«i 

г : v Ir 1 2 (1) 1,2 
м = = Ё-р (0) + (ге 8ш p) (2) + (де sin~! p) (0) = E == _ = xzy7!; 

г бар % 1 
ди = 2 5 (0) + (теч ап“! р) (22 1п у) + (ge* sin! p) (— 5) — (2zre* зїп Їр) (1п у) — атыш р 

1 ?1 i en АТ (с 2 : = 
= (2z) (4) (y*x In y) — (ау) Ух = ху‘ Іп у; и = е?" sin"! (sinx) = xy’ if-2<x<% 5 ди = У, 
ді - — xzy^-!, and ди = = = ху’ Шу from direct calculations 


Ав (7, 1,1): № = (1)7У# — |/2, ® — (т) (— 1) (1}С1/®-1_ _ туй, а = (т) (1) У ји (1) = – тугиа 
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dz — Oz du | Oz dv | Ox dw 


dt ~ Ou dt Ov dt Ow dt 
2 
82. 82. 
ди ow 
ч м 
du 
а a 


ду __ ду дх Ow Oy Ow Oz 
ду дх Ov 3h + 





Ow Ow Or 4 ow Os + ow дї 


dy дг Әу 1 9 ду ' дї ду 








Ow Ow Ox + Ow Oy 


ду Ox ðv ду ду 
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18, 2% — dw du, dw dv ди _ ди Ou | дм ду 
" Ox — Ou Ox Ov Ox ду _ ди ду ду ду 
м 
ow. ow. 
ди av 
и v 
дш. дү. 
әу әу 
y 
Oz _ Oz Ox , Oz Oy Oz _ Oz Ox , Oz Oy 
19. Qt ^ әх at + y & Di ako Тау 2 
ду dy du Ow _ dw ди Ow _ dw Qu 
20. Or du Or 21. Os аи д5 Ot Ф д 
у w w 
dw dw 
dy. du du 
du 
и и 
ди ди 
: 95 21 
or 5 1 
r 
Ow _ Ow Ox Ow Oy Ow Oz Ow Ov 
22. Op дх Әр By др Т дә Өр Ow Op 
Ow _ Ow dx ôw dy | дм ах с: ду _ Ow _ Ow dx Ow dy _ Ow dy с: dx |. 
23 ðr Ox di + ду dr ôx q Since gr =O ðs Ox ds T 8y ds ~ Oy qs Since G = 0 
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24. 2и = 8% | oy 25. Let F(x, y) 2 x5 — 2y? + xy = 0 => F(x,y) = 3x? +y 
w and Fy(x, y) = —4y +x > @ = p= — ақ 
n i eget 
2 у 
ax ду. 
95 д5 
8 
26. Let F(x, y) = xy + y? —-3x-3=0 > F,(x,y) =y —3andF,(x,y) =x+2y > &--B--lim 


> ®(—1,1)=2 
ду __ 


27. Let Fx, y) 2 x! - xy - y? - 7 2 0 > F(x,y) = 2x +y and F(x,y) =x +2y > 9 = – Б = – 2+7 


Fy x + 2y 
d 4 
= «4,2) =-5 





28. Ге Е(х, у) = хеУ + ѕіп ху + у -1n2 — 0 > F(x,y) = e” + y cos xy and F,(x, y) = xe¥ + x ѕіп ху + 1 


dy _ El eð +y cos xy dy Е 
та ЕУ xe¥+xsinxy+1 > a (0, ln 2) = —(2+ In 2) 








29. Let F(x, хээ Нек > R(x, Шолан ои 


Oz __ Fe. — -у 0 y 2 Т m Fy - —x+z4+3y? _ x—z—3y? 
xd Ox” E 322+y  32-y х (1, Ibis 1 , 2 = EC 32-у 2 3?+у 


7, У 3 
> #0,1,)=-3 














30. Let F(x, y,z) = 1+ pu 1-120 2 Ex у, 2) = — 2 Fy(X,y,2) = – 5, Е,(х, у, 2) = 
Oz Бе = (- NN 22 д». 2.3.6) = —9: д» _ Fy _ (-3) 22 22 Oz 2.3.6) = 
> a = Е, Ca) 6 2 => 550, , ) = „ду E ЕТІ у =>” g , ) = – 


31. Let F(x, y, Z) 2 sin(x + у) + $10 (у + 2) + $10 (х +2) = 0 -> Е,(х, у, 2) = cos (x + у) + соѕ (х + 2), 
Бу (х, у, 2) = соѕ (х + у) + соѕ (у + 2), Е,(х, у, 2) = соѕ (у + 2) + соѕ (х + 2) => дг =- E 


____ €os(x t y) - cos (x t Z) д2 =. дд __ Fy X cos (x +y) + cos (y + z) 
= cos (y + Z) + cos (x + z) ES Ox (т,т,т) юЖ 1; ду - F cos (y + Z) + cos (x + z) Е ду 





























32. Let F(x, y, Z) 2 xe! + уе +2 10х23 102 = 0 = F(x, y, Z) 2 e + 2, Fy(x, y,z) = xeY + e”, F,(x, y, Z) = ye 








ei 7. 7. хеу--е” 7. 
> =-Б=— Ct > 1,2,3) = ЕВ = %(1,1n2,n3)=— 755 
Ow _ Ow Ox | Ow oy ди да — si 
33. %-5 дг Т ду Өг Т де 92 = 2(х +у + 2)(1) + 2(х y + 7)[— їп (т + 5)] + 2(х + y + 2)[соѕ (г + s)] 
Тэ POT un Gd) ise edu ien secos e eub Pec T es ar esed] 
=> 1-290212 





34. ди Lo Dy ӛн Sy (20) 4x) + (2) O=0t+v (2) + 5 => 58 _ „= (0) + (2) =–8 








35. ди = ди 8 + 85 8 = (2х – 5) (–2) + (5) = pa - 2v 0 - RS | C2 т 


ду дх ду ду ду (u—2v 4-1? 
ow 2.25 
xd ðv | u=0,v=0 7 
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36. дг = дг A + 5 oy = (y cos xy + sin y)(2u) + (x cos xy + x cos y)(v) 


— [uv cos (u?v -- uv?) + sin uv] (2u) + [(u? + v7) cos (u2v + uv?) + (u? + v?) cos uv] (v) 
- & = 0+ (cos 0+ cos 0)(1) = 2 


| u=0,v=1 








Oz _ dz Ox _ 5 Њ = 5 ч Oz = 5 x ys 
37. би = 4 д = (Ф) е = loe] Уа Ass = [тз] (2) = 2; 















































Oz | dz Ox |. 5 iy 5 1 Oz mE 5 n 
Ov dx Ov (im (5) RE el (5) = ERNE нэ [тз] (1) =1 
38. 02 — dz да [1 Vvt3\ _ 1 vVvt3| 1 = 2z | = 1 27208. 
· ба dq du” Ха 1--12 Vv +3 tanlu 1+u2? J (tan-!u) (1+u?) Oulu=1v=-2 ~~ (1 аа 1 1)(1-12) т? 
Oz _ dz да = dud tan`! u mE 1 tan`! u 25 1 => az | zd 
ðv dq ðv Ха 2//у--3 Му +31їап-1ци 2/v+3 2(v + 3) Ov lu=lv=—-2 2 


39. Гех = 5 + 2 > у = 53 + 0) = Кх) => => =% = = f(x) - 3s? = 3s%e" +", ду = ex ox — f'(x)-2t 2 2te?** 


40. Letx — ts? andy 2 = => w — f(ts?, $) = f(x, у) = 9% = 9% & 4 58 58 = (х, у): 218+ (х,у): 1 


^t 
2- 21(8).2 (t2)? 1-24 stt 5540, дм _ Ow Ox Ow dy _¢ 214 -8 
= (152) ($). т = 28 = 5; 5p — ах à Т ду а = Б(% у) 5 + (% у) · 2 


= (6(4@) 2 + SP. (3) = 95 - 








$ 


mE 





elan 
| л 





=: ду ОМ __ 1. ду _ ду 4 ду ав ра dR 
41. У=1К > 5 =Randd QR Hlbae=aatma = Ка Га => —0.01 volts/sec 


= (600 ohms) 4 + (0.04 amps)(0.5 ohms/sec) = {1 = —0.00005 amps/sec 


2 ау _ ду да | дУ 4 ү ду de _ да db d 
42. М = арс > G =f ato det de de = Фа + (ac) Ge + (80) 


= W = (2 m)(3 m)(1 m/sec) + (1 m)(3 m)(1 m/sec) + (1 m)(2 m)(—3 m/sec) = 3 m?/sec 


‘dt | a=1,b=2,c=3 
НЭГ на == dS _ 9S da , OS db | AS dc 
and the volume is increasing; S = 2ab+ 2ac+2be > G=G Gt at де a 


= 2(р + с) 38 + а + 0) Ф + а +ђ) < > £ хараалд 


= 2(5 m)(1 m/sec) + 2(4 m)(1 m/sec) + 2(3 m)(—3 m/sec) = 0 m?/sec and the surface area is not changing; 


= 2 2 2 dD _ OD da OD db OD de _ 1 da db ас dD 
D= vya +b +e > = б ш + 8 ur бс а Jarro (aa ne a): = 














a=1,b=2,c=3 
= (=) Га m)(1 m/sec) + (2 m)(1 m/sec) + (3 m)(—3 m/sec)] = — Ju m/sec « 0 — the diagonals are 


decreasing in length 





ot | Of O дї д Of Ow | Of дї дї — Of of 
43. ава пуй буа (луи ш, 














Ox Ou Ox Ov Ox Ow Ox Ou 
of _ д д of д Of Ow | Of of of = of of 
ay = би ду + av dy + Ow ду = ди (-П + 5+ (1 + дн (0) = — бь + 5+, а14 
of _ af a af a ӘР Әм дї af af _ __ af , Of Of , Of , Of _ 
Bs > Oa oc Т ду дт Т Өм 9. — ди (0) + ду ( D+ g = m ww og oy Где О 
44. (а) ow — f, 9x E f, 9* — f, cos 0 -- f, sin and 2* = f, (—r sin 0) -- fy(r cos 6) = 1 ov — —f, sin 0 + fy cos 0 
(b) & sin 0 = fy sin 0 cos 9 + fy sin? 0 and (54) ди = fy sin 0 соѕ 0 + f, cos? 0 


— fy — (sin 0) бе 4 (209) os ; then 2w = fx cos 0 + [(sin 0) Él + (209) ow] (sin 0) — f, cos 0 


r 
= ou ey (sin? 0) ow a) ow = (1 sin2 9) ow a) ow = f, == (соз 0) ou 22 (s22) би 
© (F)? = (cos? 0) (3E)? — (2588ва2) (08:08) + (See) (08) ааа 


(E)? = (вш20) (25) + (звана) (ди ди) + (e252) (BR)? = (6)? (5)? = (88)? 5 (85) 
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45. 


46. 


47. 


48. 


49. 


50. 
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_ Ow _ Ow Ou Ow Ov 


— y Ow ðw 
Wx = 8x — ди Өх ov OC m TY 


До» ны- ах ( әу E) 























=x (Ses Bee) sy (Be ee ee) ax (x ty Re) ty (x tye) 
= BE + GE + Oey Bi ty Hwy = BEM BE BY BB = oy ЭХ 

= му = – ди – у (38 8 Ba 85) + (28. 8 + 65 #) 

=- y (y G ta Be) +x (—y Bet x Se) = - + у° б - зу Да ех? thus 


Wax + Wyy = (x? + у?) ay + (x? + у?) 5% = (х? + у?) (мъ + Wwy) = 0, білсе wy, 4- wy, — 0 
д> = ї'(и)(1) + (УІ) - f'(u) - g(v) 2 w, — f"(uY1) 4 g'(v)(1) = fu) + g'ov); 
дж = f'(u)(i) -- g(v)(—i) -» wy — f"(u) (i?) - g'(v) (i?) 2 —f"(u) 2 g'(v) > Wa + Wy = 0 


: аг га га га 
f(x, y, z) — cos t, fj(X, y, Z) — sin t, and f(x, y, z) — 2+1:—2 = а = ot dro a ә T a d 


= (cos t)(— sin t) + (sin t)(cos t) + (2 +0— 2) = 2 +1—2; + =0 > 2 +1–2=0 > t=-2 
ort=1;t=-—2 => x =cos(—2), y = sin(—2), z = —2 for the point (cos (—2), sin(—2), —2);t = 1 = х = соѕ 1, 


y = sin 1, z = 1 for the point (cos 1, sin 1, 1) 





dw _ ди dx , Ow dy , Ow dz | (9492 : 222. 1 деду oi 
Gt = oe det oy & + oe ae = (2xe” cos 3z)(—sin t) + (2x°e cos 3z) (75) + (—3xe sin 3z) (1) 
2х?е?У соз 37 


c E 2y - 
— —2xe^?! cos3z sint 4- E 


dw Үс: 247471) = 
=> at аш "0% 2 mie 


— 3х?е?У sin 3z; at the point on the curvez =0 > t=z=0 


(a) ĉ = 8x — 4y and a =8у—4х = = 1% бу ЧУ = (8х — 4y)(— sin t) + (8y — 4х)(соѕ t) 


= (8 cos t — 4 sin t)(— sin t) + (8 sin t — 4 cos 0)(соѕ t) — 4 sin?t — 4 cos? t => eT = 16 sin t cos t; 
d = 0) => 4sin’t—4cos?t =0 sin? t = cos? t sin t = cos t or sin t = — cost — t= F, 2, 37, 7* on 


4? 4? 4 
the interval O < t < 27; 




















A ks = 16sin 7 соз 7 > 0 => T has a minimum at (x, y) = (22,2); 

єт 25 = 16 8ш 27 cos 27 « 0 — T has a maximum at (x, y) — (32.33); 
eT T = 16 sin 7 соз 27 > 0 = Thasa minimum at (x, y) = (-32.- 33); 
т ez = 16 sin 4 cos <0 = T has a maximum at (x, y) = (№,-%) 





(b) T = 4x? — 4xy + 4y? > 2 — 8x — 4y, and o — 8y — 4x so the extreme values occur at the four points 


found in part (a): T(- 32,32) -T(33.- 32) 


2 


=4 (1) -4(- 1) +4 (1) = 6, the maximum and 
т(8,4)-т(-4-40)-4() -40) 4 (0) - 2 te minimum 


(a) 51 = уапа 1 =х = ПЕН = (-2 2 sin t) +x (/2 cost) 


= (2 sin t) (-2 2 sint) + (2 2 cost) (М? соз!) = —4 sin? t + 4 cos? t = —4 sin?t + 4(1 — sin’ t) 
PT [o 














= 4 — 8 5іп21 2 $T — —I6sintcostt; ff 20 — 4— 8sin?t- 0 sin? t = 4 sint +4, T" 
Эл, эл, a on the interval 0 € t € 27; 
2: = —8 sin2 (4) = —8 — T has a maximum at (x, y) = (2, 1); 
= 
d?T 


|. =—8sin2 (27) =8 > Thasa minimumat (x, y) = (—2, 1); 





— 3” 
== 
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dT 
dt? = 





" —8 sin 2 (25) — —8 > T has a maximum at (x, y) 2 (-2, 21); 
dT 
de 


—8 sin2 (4) =8 => T has a minimum at (x, y) = (2, —1) 





— 
=> 


(0) Т-ху-2- от — y and Әг = x so the extreme values occur at the four points found in part (a): 


T(2, 1) = T(—2, —1) = 0, the maximum and T(—2, 1) = T@, —1) = —4, the minimum 


51. G(u,x) = f g(t,x) dt where u = f(x) => 0 = д0 4 90 & оу, ҳур х) + f g(t, x) dt; thus 


Ес) = | VEFE dt > F= yD f AVEF dt = 2x8 + [Ee at 


1 x2 
52. Using the result in Exercise 51, F(x) = jn t +x? dt = — 1 Vt? +x? dt > F(x) 
x2 1 
= ЕСЕ dx - Ј7 2 ува а | =v Vx + fo dt 
14.5 DIRECTIONAL DERIVATIVES AND GRADIENT VECTORS 


1 #=-1,%=1 > yf=-i+j;f2,1)=-1 у 


= —]-—y-xisthe level curve 











дї _ _2х дї — 1: 9 — Y 
2. Ox x2+y? =} xLD=h 5 S gry 


= 80,1)-1- a E 





ГДЭРЭ! 






= In (x? +y?) => 2 = x? + y? is the level curve 


2 2 
in(x «ү)-іп2 


F 2 
Orx +y s2 


3. 26 = у? => 58 (2,1) =1; % =2ху = 982, 21) 2 —4 
= Vg=i-4j;g(2,-1)=2> x= 5 is the level 


curve 


4. дв =х = $ (V21) = /2; ® =-у 
= %(У21)--1- ve=v2i-i: 


2 


г(У>1) == 1 = £ — У ог] = х? — у? 18 һе 1еуе1 





curve 
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Е 1 aL 1: == 3 
5. туыт > а СО уд = јату 


> #(-1,2=2}5 vf= + 3]:К—1,2)=2 
=> 4 = 2х + Зу 15 Ше level curve 








Of —_ y дї =: 1. 

6. Ox — 2у? \/х + 2х3? = Ox (4, 2) 7 16° 
ә _ yx 1 ый: О, 
ду 7” зух > os E (4, 2) = 4 > МЕ= — 61 - 41; 


f(4,-2) 2 5 — у = — x is thelevel curve 





Vf --ii-ii 


7. & 22x £2 >» 8(11,1)-3, gt = 2y => # (1,1,1) =2; & = -42--Іпх => #(1,1,1)= –4; 
thus ог ОН 



































8. X ——6x- ЭР = £01 ,D =- 5; = –6уг > & (1,1, 1) = —6; $F = 62 -3 (x? +y?) + т 
= #(1,1,1) = 4; thus О № 
Of |. x 1 дї == 26. Of _ 1 of 
9. дх (24 y2 pee + x T ax ( 1,2, —2) = 272 ду — gnaraym t y m ду (-1,2, -2) = 8; 
а а ае = %(-12,-2) = – 8; физ уѓ= – 5і+ ај Gk 
10. дЕ = eXt¥ coszt n = a (0,0,7) = УЗ кі; 2E = e*t cos z + sin“ 1х 5 (0,0, т) = > 
3 =e sinz = 2 (0,0, 2) = — 5; thus vf= (42)i+ Fj- ik 
П. а= А = Ta = 41+ 235; f(x,y) =2y > (5,5) = 10; fy(x, y) = 2x — бу = 6(5,5) = –20 
=> \Г= 10—20} > (Dar, = у 1- и = 10 (5) — 20(2) = -4 
12. т=р= yep = 81 РБ у = 4 = 6(—1,1) = –4 (њу) =2у > 51,1) =2 
= у!=—–4+2ј => (Раде = у и=– 2 –—8=–4 
121+ 5} 242 2 
13. а= & = JA = 121+ 2; вх(х,у) = у => g,(1,—-1) = 3; gy(x,y) = eum — gy(1,-1) = -3 
— Vg-3i-3j — (Рао, = Vg: uc esc 


А 3-4 3з; (3) (3 y ЄТ 
14. u [А] уз» JB 1 5 j: hx(x, у) = (+)? +1 + J-A -> Һ(1,0- 5 
4 





























i x) /3 . : 
hy(x, y) — ETIN — h(,)-23 => vh-licij- (Оу, = үһ-.-;--:65 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


== тезу =3i+ fj- 2k; Ry, z =у+2 => §(1,-1,2)=Lf(%,y,2=x+z 


=> 6,1, —1,2) = 3; (5, у,2) =y +x > Һ(1,—1,2)=0 > yf=i+3j > Dap = vf-u=i+#=3 

















— А +i+k Теза — р. 2» 
= = ли = qi b Ak: R, y,z)=2x > f(1,1,1) = 2; f(x, y, z) = 4y 


> f (1,1,1) = 4; &&,y,z) = —6z > f,(1,1,1)= —6 = чуї=21+4})—6К > (Dır = Ёа 
mra 1 1. 
A ** G8) - 93) 79 


и = А] = o = 21-41- 2k; gx(x, y,Z) = Зе^ cos yz => gx(0,0,0) = 3; gy(x, y,z) = —3ze* sin yz 











=> gy(0,0,0) = 0; g(x, y,z) = —3ye* sinyz > g,(0,0,0)=0 > VWg=3i > (Dug), = Vg-u=2 


A i+2j+2k па би пр 25 . 
т=р= oe = Git Git К; Ь(х,у,л) = —узїпху+у = һ (1,0,4) =1; 
hy(x, y, z) = —x sin xy + ze” = һу (1,0,5) = 4; һ(х,у,2) = уе? + 1 => h, (1,0 ‚5) = 2 => Vh=i+ $j +2k 
=> (Duh), = Vh-u=44+454+4=2 














vVf=@x+y)i+«+2yj > wvf(-1,1) 2-i-j и = УН = ава = T а 
most rapidly in the direction u = — 58 i+ я j and decreases most rapidly in the direction ~u = 55 і- 53 j: 


(Обь, = S7 f-u — | xz f| — V2 and (D vf, ^ — 2 


Vv f = (2xy + уех ѕіп у)і + (х2 + хех sin y +e% cosy)j => ҳу 1,0) = 2) > u= гүн = j; f increases most 
rapidly in the direction u = j and decreases most rapidly in the direction —u = —j ; (Dup, = J f-u =| f| 
= 2 and (D_uf)p, = — 

















к= Se . mw ee _ vf _ i-5j-k _ 104 5; ара 
мү (ға)! у I sap sd oer JVErCSCD — 331 3/3) se 


f increases most rapidly in the direction of u — аа 855 k and decreases most rapidly in the direction 


-u= -hit zij + zi К: (а = уга = |у Е — 3/3 and (D_,f)p, 2 23/3 


Vg-eliTxej42zk — У = (1, ш2, 1 =2i+2j+k > u= УЕ = ЖЮК -021-21-41К: 


) Ivi — /2?2+2?2+1? 
g increases most rapidly in the direction u — 2 i+ 2) + i k and decreases most rapidly in the direction 
-u--$ji-$ij-ik:i(Dage — Vg-u-| v g| 2 3and (Dag), — — 
Vi _ 1% li 1 ы. 
M TATAE 
f increases most rapidly in the direction u = Ba + Vas + Ja k and decreases most rapidly in the direction 


-u= -i—i Фед = уга = |у = 2 3 and (D_uf)p, = —2\/3 





уг=(ф+)1+(1+1)1+(1+1)к > VIL Y= 214+2)4+2k > a= 





= 2x : : <=: : 20 Nh _ 2i+3j+6k 
уп (2) 1+ (68 +1) 16 > ува 0) = 2+3] +66 > = М = ве 


= 2 i+ 3 j+ $ k;h 2 most rapidly in the direction u = 2 i+ 3) + $ k and decreases most rapidly in the 


direction —u — — 21 52 2j- Ék; (Du h)p, = J h-u = | h| = 7 and (D-uh)p, — — 
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25. 


26. 


27. 


28. 


29. 


30. 
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v f= 2xi+2yj > vf(v2, v2) » 2/2122 w= i + 


= Tangent line: 2/2 (x — v2) + 2/2 (v — v2) =0 
=> М2х + уу = 4 





yf=2xi-j > yf(v21)=2v2i-j у 


= Tangent line: 22 (x = v2) -(у-1)-0 


- у-2/2х-3 





(7Ғ-уі--хі -> 57 Қ2,-2)--21--2| x 


= Tangent line: —2(x — 2)+ 2(y+2)=0 
=>y=x-4 


ү Ё = (2х – у)і + (2у – х)ј = wf(-1,2)- -4i-4 5j 
= Tangent line: —4(x+ 1)+ 5(y — 2) =0 
=> —4x+5y-14=0 






vf - -2i « 2j 


(2, -2) 





g f= (2x — y)it (—x + 2y — 1)j 


(a) 
(b) 
(с) 


ҳу f(1, -1) = 3i-4j 2 | sz f(L, 21) 2 5 2 Duf(1, 21) — 5 in the direction ofu — $i - 1j 
— Vf(1, —1) 2 -3i- 4j 2 | vr f(1, -1)| 2 5 > Ра, а ы 
Duf(1, —1) = 0 in the direction of u = 3i+ 2j oru = —#i— 3j 


(d) Letu = ui + wj > |u| = yu? + u? = 1 > u? + u$ = 1; Daf(1, —1) = vzf(1, -1):u- (3i — 4j) - (uii + wij) 
ро а =1= цш — $uj 202 uj 2 0oru; 2 25 
ш = 0 = ш = -1 = 0 = –ј, ош = 2 5 ш = 5 и = 01 – Fj 

(е) е oie ј Пү (1,-1) - Y f(1, —1) -u = (3i — 4j) - (ui + wj) 
= 3u -4u = -3 > u = fm - 1 2 (fw - 1? +u=1>2 Эз — $m =0 > w = 0 or w = 24; 
w =0 > u = -1 = 0 = –і ош = 2 5 ш = Д и = Ді 24) 
= rz. 2X ба 

у= way Gy 

(а) vf(—-1, 2) =3i+j =| vf(-4, 3)| = 10 9 Dut(-1, 3) = v 10 in the direction ofu = Gi + a) 

(b) —vf(-5, 3) =-3i-j > |y f(—4, 2)| = V 10 = Рак, –1) = — v 10 in the direction of u = — Fai – zp) 
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31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


(с) Daf(—4 z> 3) = 0 in the direction of u= Fi ash ore =~ ht 70) 

(d) Letu = ші + wj > |u| = Vu? +u} = 1 > uf +u} = 1; Daf(—4, 3) = ҳу (1, 2) -u = (31+): (ші+ шј) 
= Зи +m = -2 > w = -3u — 2 > u? + (3u; — 2)? о Ботокс гай 
ш = в = 22142468 в 266 HS зуб] SOG y pya Ne 
sus 01+ 200 

(e) Letu = wi + wj > |u| = Vu? +u} = 1 > uf +u} = 1; Daf(—4, 3) = ҳу (1, 8) -u = (3i +j) (wi + шј) 


о. 

















j, or u = 



































ш= 0 = ш = 1 = 0 =ј, ощ = -4 > u= 2i- 1 1] 
7i-2j 
үЁ= уі + (х + 2у)ј = у 3,2) = 21+ 7); а уесіог orthogonal to у Ёіѕ у = 71 – 2) = и = ЈЕ! = VEICAR 
= 75 Ї 7 23 jand —u = as i+ Us Б j are the directions where the derivative is zero 
vf- пазі па CIR zj > Vfd,l =i-—j;a vector orthogonal to VWfisv=i+j 
u= I == T 1 ze FB i+ 7 jand —u = um i 2 j are the directions where the derivative is zero 


g f= (2х – 3у)і + (—3х + 8у)ј = Vfd,2) = -4i4 13j => |у f(0,2)) 2 /(—4) + (13)? = y 185; no, the 
maximum rate of change is \/ 185 < 14 


V T = 2уі + (2х -—z)j-yk => VTd,-1,1) =—-2i+j+k => |ута, –1, | = у 2): + 12 + 12 = Уб; по, ће 
minimum rate of change is — Уб > –3 


Vf-£0,2i£f0,2jadu — 7H, - Ei 5j o (490,2) — f, 2) (3) +54, 2 (+) 
=2/2 => £(1,2)+£,(1,2) = 4; в = -} > (р,50,2 = 50,200) + £,(1,2(-D = -3 > —£,(1,2) = — 
= f,(1,2) = 3; then f,(1,2)+3=4 => £,(1,2) = 1; thus Y f(1,2) = i + 3j and u = = yo y 


1 EXE. € 


а жо ыл М а ш. 

















(а) D = 24/3 = || = 24/3; а = у = Wa = 227123 БЕ thus u = У Ут 
> у= |у йа = уг=2у3(ЪЬї+-Ь1--Ьк) =21+2р—-2К 
b) v=i+j > u= = ИН = + Феб, = Ve-u=2(4,) +2(4) - 20 =2v2 








The directional derivative is the scalar component. With ҳу ЁҒ evaluated at Po, the scalar component of v7 f in the 
direction of uis V7 f- u = (Р, у. 


Dif— wf.i-(fic-fjc-£k.i-f;similatly Dif — vf-j—f,andD,f — Vf-k=f, 


If (x, y) is a point on the line, then T(x, y) = (x — xo)i t- (y — yo)j is a vector parallel to theline 2 T-N—0 
= A(x — xo) + B(y — yo) = 0, as claimed. 


(a) ху (КО = 2001 900) + 900 Ik - x (2) ix (S) jek (9) k -k (Z1 29 Ek) -k vt 
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(b) 


(c) 
(d) 


(e) 
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of : ов : ot дв үг 9 . 9 
Ув = Webi Mew jy Med (и) 1+ (2+) 3+ (#+%)к 








= fitit Ajr Ej Ekt gk- (Xi Eie £k) - (iei $k) = vet ve 
v f-g) = wvf- w g(Substitute —g for g in part (b) above) 

ҳу (ба) = 20 i. 95 j AD k = (++ (že Жг)1+ (в ғ) к 

= (# в) а (28е) а (в) у (20)i GE) (80) 

= (961 0р ок) (2а рй) =fvetsvt 

у(0- ЭРЭР: (i (Eg) i ва 


У s ~ а де: | 86: | oF даљ. йй д. Ж 
Е СЕ 59 (ян) = в(#ї+й]+йк) (88:58:48) 











22 22 22 52 


svi _ fvg _ svf-fveg 
g g 22 


14.6 TANGENT PLANES AND DIFFERENTIALS 


1. 


(a) 


(b 


хи 


(а) 


(b 


wm 


(a) 


(b 


wm 


(a) 


(b 


wm 


(a) 


(b 


wm 


(a) 


(b 


wm 


(a) 


(b 


ХУ 


(а) 


(b 


wm 


үу Ё = 2хі + 2уј + 226 = у 1,1,1) = 21+ 2] + 26 = Tangent plane: 2(x — 1) -2(y — 1) + 22 — 1) = 0 
-> Х--у--2-- 3; 
Хоттпа! Іпе: х- 1--20у- 1--207-1--Ж 


үу Ё = 2хі + 2уј – 226 => y £f(3,5,—4) = 6i + 10j + 8k => Tangent plane: 6(x — 3) + 10(у – 5) + 8(2 + 4) = 0 
=> Зх + 5у + 42 = 18; 
Normal line: x = 3 + 6t, y = 5 + 10t, z = —4 + 81 


g f= —2xi+2k > y f(2,0,2) = —4i+ 2k => Tangent plane: —4(x – 2) + 2(2 – 2) = 0 
= —4х+27+4=0 = –2х +2 +2 = 0; 
Normal line: x = 2 — 4t, y = 0,z =2 + 2t 


Vv f = (2x + 2y)i + (2x — 2y)j -2zk > y f(1,—1,3) = 4j + 6k = Tangent plane: 4(y + 1) + 6(z — 3) = 0 
= 2y +3z= 7; 
Normal line: x = 1, y = —1 + 4t, z = 3 + 6t 


V f — (—m sin zx — 2xy + ze“) i+ (—x? +z) j+(xe™+y)k > Vf(0,1,2) = 2i+2j+k = Tangent plane: 
2(x — 0) + 2(у — 1) + 1(z — 2) = 0 => 2x + 2y +z — 4 = 0; 
Normal line: x = 2t, y = 1+ 2t, z=2+t 


g f= (2х – у)і – (х + 2у)) – k > y f(1,1,—1) = i-— 3j — k => Tangent plane: 
1x—-1)—-3(y-1)—-1(z-1)202ox-3y-z-—-l 
Normal line: x =1+t,y=1-3t,z=-—1-t 


v f=i+j-+k forall points = v f0,1,0)=i+j+k = Tangent plane: (х – 0) + (у — 1 -+12—0) = 0 
=> Х--у--2- 1-0; 
Normal line: x =t,y=1+t,z=t 


gJ f= (2x — 2y — 1)i + (2y — 2x + 3)j -k > Vf2,—-3,18) = 91-—7j-k = Tangent plane: 
9(x — 2) — 7(у +3) – 1(z — 18)= 0 -> 9Х-7у-2--21; 
Normal line: x = 2 + 9t, y = —3— 7,2 = 18 — t 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


z= f(x,y) = ln (x? + y?) => f(x,y) = zp and fy(x, y) = zia — f,(1,0) 2 2andfj(1,0) 2 0 = from 


Eq. (4) the tangent plane at (1,0, 0) is 2(x — 1) —-z =Oor2x-—z—2=0 








z= f(x,y) =e +) > Вх, у) = —2хе` 4) and fy (x, y) 2 —2ye- 6^*Y) => £,(0,0) = 0 and £,(0, 0) = 0 
= from Eq. (4) the tangent plane at (0,0, 1) isz—-1=Oorz=1 


z= f(x,y) = /y—x => f(x,y) = —§(y— x)? and f(x,y) = §(y— x)? = 50,2) = — 1 апа (1,2) = 1 
— from Eq. (4) the tangent plane at (1, 2, 1)18-4(Х- 1) + 2(у-2-(2- 1)=0 > x-y+2z-1=0 


z = f(x,y) = 4x? + y? => f(x,y) = 8x and f(x,y) = 2y = (1,1) = 8 апа (1,1 = 2 = бот Ва. (4) е 
tangent plane at (1, 1,5) is 8x – 1) + 2(у — 1) — (z — 5) = O or 8x + 2y -z -5 = 0 


УЕ=1+2у] +2К = ху 1,1,1) = 1+ 2) + 2К апа ҳу = = і ога! роіпіѕ; у = J fx Jg 


> y= =2j— 2k = Tangent line: x = 1, y = 1 +2t,z=1-—2t 


=. = == 
С бо == 
о > м 


ү Ё = ухі + хх) + хук = y f(,1,1)=i+j+k; J g = 2xi + 4уј + 62к = у 5(1,1,1) = 2i + 4j + 6k; 
ij k 
> v= \уЁх Jg > |1 1 1) =2i-4j+2k = Tangent line: x =1+2t,y=1-—4t,z=1+2t 
2 4 6 


v f-2xt2j-2k — Vf(1,1,4) = 21+ 2j+ 2k and ху g = j for all points; v= J fx Vg 


= у= = —2i+2k = Tangent line: x = 1 — 2t, y = 1,z = $ + 2t 


oN 


J 
2 
1 


о > м 


Vf=it+2yj+k => у (2,1,4) =1+ 2] + Капа ҳу о = ј огай роіпіѕ; у = J fx Veg 


Ј 
=> у= 2 =-i+k = Tangent line: x = 4 —t,y=1,z= +t 
1 


O = m. 
orr 


Vv f = (3x? + Oxy” + 4y) it (бх2у + Зу? + 4х)ј – 22к = ҳу f(0,1,3) — 13i 4- 13j — 6k; J g = 2xi + 2yj + 2zk 


i j k 
= \/5(1,1,3) = 2+2] +6К;у= gfx Jg > у=|13 13 —6| = 90i-— 90j = Tangent line: 
052029 -% 


x = 1 + 90t, y = 1 — 90t, z = 3 


Jf=2xi+2yj > yf(V2 v24) =2V/2i+2V2j; yg=2xi+2yj-k > yg(vV2, v24) 


i j k 
=2\/24+2\/2)—К;у= хуїх уг > у= 9472 22 0 - 2y2i 4 22j = Tangent line: 
2/2 2/2 -1 


x= //2—2\/2,у = /24+2/2t2=4 








vf= (aaa) i+ (сути )1+ (аа) к > ҳу 3,4,1) = 51+ 35) КЕ; 


v 3i-- 6j — 2k 3. 9 


- эв — 6% 2 ко РО = I 0 
U= = унес 271716 7К > УЕ- и = паз and df = ( Y f - u) ds = (ziz) (0.1) e 0.0008 
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20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 
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ҳу Ё = (e* cos yz) i — (ze* sin yz) j — (ye* sinyz)k > wv f(0,0,0) =i;u= M= Е 


= Бї+Б1- БК = УГи= от апаа = (ҳу ї- и) йв = J, (0.1) ~ 0.0577 





V g=(1+cos zji+ (1 — sin z)j + (—x sinz—ycosak = V7 g(2,—-1,0) = 2i+j +k; A = PoP; = —2i + 2j + 2k 


u= Ana R = - ін + ВК = ygu =0 and dg = (Y g-u) ds = (0)(0.2) = 








Z h = [^7y sin (1xy) 4- Z]i — [nx sin (yxy)] j- -2xzk > J h(—1, —1,—1) = (r sin T + SEI sin 7)j + 2k 


за -v DP. $ 4 - A i+j+k - 
=14+2к; у = РР; =і+ј + К мһеге Р; = (0, 0,0) ч= р JÜTUIT bebe k 


> yh- ч= = V3 and dh = (Wh-u) ds = /3(0.1) © 0.1732 

















5 


і- 


, 


соз уЗ) ј = D.T (4, У) = vT-u 


юн 
=. 


(a) The unit tangent vector at (4. 32) in the direction of motion is u = 


Ж”. RSS, 


ү Т = (sin 2y)i + (2x cos 2y)j > gT (4. ЭР 25 (sin v3) i+ 
= 43 sin УЗ - 1 сов /3 & 0.935? C/ft 


(b) r(0 — (sin 20i - (cos 2j — v(t) = (2 cos 20i — (2 sin 20j and |v| 2 2; $t = 21 & + a gy 
=VT-v= (vT: 3 |v| 2 (D,T) |v|, where u = У wat (2, 32) we have u = 2 5 j from part (a) 


2 a = (8 sin 228 = УЗ за УЗ — cos (/3 ғ 1.87? C/sec 


(а) WT = (4Х – уд — хај – хук => ~ T(8,6,—4) = 56i+ 32j — 48k; r(t) = 2t?7i4+ 3tj —t?k = the particle is 


at the point P(8, 6, —4) when t = 2; v(t) = 4ti+ 3j — 2tk > v(2) = 8i+ 3j - 4k > u= М 
= +i 3-1--3- —4) = Wot : za i . (4) — 236 о 

= Ji + Api- К > 0,16, 6, —4 = VT-u= 2. [56.8 432-3 — 48-(-4] = D$ * C/m 
(b) coe ate и = VT-v=(7T-w |v} = att—2, =D,T| _ ,Q- (3S) /89 — 736° Cisec 


(a) £(0,0) = 1, &(x,y) = 2x => £,(0,0) = 0, f(x,y) = 2y > f,0,0)=0 > Цқ,у)-1--0(ж-0)--((у-0-і 
(Ы) £0, 1) = 3, (1, 1) =2,f,0, 1) =2 > Loy) =3+ 2-1) + Ay— 1) =2x+2y-1 


wm 


(а) OO оруна = A00 =4 fy = 2(х+у+27) => (0,0) =4 


(b) £(1,2) 2 25, £(1,2) 2 10, £,(1,2) 2 10 > L(x, y) = 25 + 10(x — 1) + 10(y — 2) = 10x + 10y — 5 


wm 


(a) f(0,0) — 5, f(x, y) — 3 for all (x, y), fy(x, y) = —4 for all (x, y) => Ц(х,у) = 5 + 3(х – 0) – 4(у – 0) = Зх – 4у + 5 
(b) К1, 1) = 4, & (1,1) = 3, (1,1) = –4 ә Цх,у) = 4 + 3(х – 1) – 4(у – 1) = 3х – 4у + 5 


wm 


(a) f(1,1) = 1, &(%, y) = 3x*y* > (1,1) = 3, fy, y) = 4x®y? > fC, = 4 
—L(x,y)1-43(x—1)4-4(y — 1) 23x - 4y - 6 


(b) £(0,0) = 0, f,(0,0) = 0, (0,0) = 0 = Ц(х,у) = 0 


хи 


(a) f(0,0) 2 L, f(x, y) 2 e* cos y 2 £,(0,0) = 1, fy(x, y) = —e* sin y = f,(0,0) =0 
= Ц(х,у) = 1+ 1х – 0) + 0(у – 0) =х +1 
f (0, 5) = 0,5 (0,2) =0,5 (0,2) = –1 = х,у) = 0+0(х — 0) —1(у— 


(b уа 


wm 


NIA 
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30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 
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(а) 10,0) = 1, &(x, y) 2 —e?-* — £,(0,0) = -1, fy(x, y) = 2e* = £,(0,0) =2 
— L(xyy)21-1(x—0)42(y—0) 2 —x -2y 41 
(у 11,2) = 2, 50,2) = –ез, 51,2) = 268. > L(x, y) = eè – е(х – 1) + 2e%(y – 2) = —езх + гезу — 2e? 





(а) W(20, 25) = 11°F; W(30, —10) = —39°F; W(15, 15) = 0°F 
(b) W(10, —40) = —65.5°F; W(50, —40) = —88°F; W(60, 30) = 10.2°Е; 
(с) \(25, 5) = —17.4088°Е; 5% = -342-н 0088: -» IY (25, 5) = —0.36; SY = 0.6215 + 0.4275ү01 


= 9% (25, 5) = 1.3370 > L(V, T) = —17.4088 — 0.36(V — 25) + 1.337(T — 5) = 1.337T — 0.36V — 15.0938 
(d) i) W(24, 6) © L(24, 6) = -15.7118 = —15.7°F 
ii) W(27, 2) © L(27, 2) = —22.1398 = —22.1°F 
ii) W(5, —10) = L(5, —10) = —30.2638 ~ —30.2°F This value is very different because the point (5, — 10) is not 
close to the point (25, 5). 
W(50, —20) = —59.5298°F; SY = — 3% + 31688 => 9%(50, —20) = —0.2651; 5X — 0.6215 4- 0.4275 9-16 
= (50, —20) = 1.4209 > L(V, T) = —59.5298 — 0.2651(V — 50) + 1.4209(T + 20) 
= 1.4209T — 0.2651V — 17.8568 
(а) \(49, —22) = 1/49, —22) = —62.1065 = —62.1°Е 
(6) \(53, —19) = 153, —19) = —58.9042 = —58.9°Е 
(с) W(60, —30) + L(60, —30) = —76.3898 + —76.4°F 





f(2, 1) = 3, f(x, y) = 2x — 3y > £,(2,1) = 1, fy, y) = —3x => 1/(2,1)=—6 = х,у) =3+1(х—2)—6(у— 1) 
= 7 +x — 6y; fax(X, y) = 2, fyy(x, y) = 0, fry(x, y) = —3 => М = 3; и |Е(х, у)| < (2) (3) (|х – 21+ |y — 10? 
< (3) (0.1 + 0.1)? = 0.06 


{02,2) = 11,Ь(х,у)у=х+у+3 > һҺ0,2) =7,у(х,у=х+#—3 => £,(2,2)=0 
= Цх,у) = 11+ 7(х – 2) +0(у - 2) = 7x — 3; f(x,y) = 1, fy, y) = 5, буку) = 1 
= М = 1; из |Е(х, у)| < (4) €) (Ix – 21 + |у - 2? < (4) ©.1 + 0.1)? = 0.02 


f(0,0) = 1, f(x,y) =cosy => £,(0,0) = 1, f(x,y) =1—xsiny > f,(0,0) = 1 
= Цх,у) = 1+ Цх- 0) + Цу - 0) = х +у + 1 (х,у) = 0, у(х, у) = –х соѕ у, Һу(х,у) = -siny > M = l; 
thus |E(x, y)| < (4) (D (|x| + ly|)? < (4) (0.2 + 0.2)? = 0.08 


(1,2) = 6, (х,у) = у? = уѕіп(х – 1) => (1,2) = 4, у(х, у) = 2ху + соѕ (х – 1) = (1,2) = 5 

= Цх,у) =6+4(х – 1) + 5(у — 2) = 4х + 5у — 8; fix(x, y) = —y cos (x – 1), у(х, у) = 2x, 
fry(X, y) = 2y — sin(x — 0; х- 1 < 0.1 = 0.9 <x < 1.1 and |y — 2| < 0.1 = 1.9 € y € 2.1; thus the max of 
[£ x, y)| on R is 2.1, the max of |f,y(x, y)| on R is 2.2, and the max of |f,y(x, y)| on R is 2(2.1) — sin (0.9 — 1) 

< 43 = M=4.3; thus |E(x, y)| < (4) 4.3) (Ix — 1] - |y — 2 < (2.15)(0.1 + 0.1)? = 0.086 


f(0,0) = 1, f(x,y) =e cosy => £,(0,0) = 1, fy(x,y) = —e* siny => f,(0,0) = 0 

= Цх,у) = 1+ Цх – 0) + 0(у — 0) = 1+; f(x, y) = e* cos y, fyy(x, y) = —e* cos y, fyy(x, y) = —e* sin y; 
(| < 0.1 = —0.1 <х< 0.1 апа |у| < 0.1 = -0.1 < y < 0.1; thus the max of |f,x(x, y)| on R is e?! cos (0.1) 
X 1.11, the max of |fj,(x, y)| on R is e?! cos (0.1) « 1.11, and the max of [fy (x, y)| on R is e! sin (0.1) 

< 0.12 > M= 1.11; thus |E(x, y)| < (1) (.10 (Ix| *- |y? x (0.555)(0.1 + 0.1)? = 0.0222 
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38. 


39. 


40. 


41. 


42. 


43. 


44. 


Section 14.6 Tangent Planes and Differentials 833 


1,1) = 0, f(x, y) = 1 = (1,1) = 1, Ку) = 5 => Ба, 1) =] => Цх,у) = 0+ (х= 0) + Цу — 1) 
иди о 2. у(х, у) = = 5, Бубх, у) = 0; |х – | < 0.2 = 0.98 < х < 1.2 so the max of 


(0587 < 1.04; |y — 1| < 0.2 = 0.98 < y < 1.2 so the max of |f,y(x, y)| on R is 


т < 1.04 = М = 104; thus |E(x, y)| x (3) 1.04) (Ix — 1| - |y — 1D? < ©.52)(0.2 + 0.2)? = 0.0832 


[£x (x, y)| on R is 


(0 111,153, &0, еу) = 2 екенің 2 ДІ = у ва аугг2 

=> L(x, y,z) =3 + 2x — 1) -2(y — D -2(z — 1) 22x - 2y - 22 - 3 
(Ь) #1,0,0) = 0, (1,0,0) = 0, 5(1,0,0) = 1, ,(1,0,0) = 1 = Цх,у,2) = 0+ 0(х – 1) + (y—0)+ @-0)=y+z 
(с) (0,0,0) — 0, £,(0,0,0) = 0, f,(0, 0,0) = 0, £,(0,0,0) =0 + L(x,y,z) =0 


wm 


(а) f(1,1,1) = 3, fx(1,1,1) = 2x|a.13) = 2,1у(1,1,1) = 2yla 1 = 2,1,(1,1,1) = 221011) =2 
= Ц(х,у,2) = 3 +2(х – 1) + 2(у – 1) + 2(2 – 1) = 2х + 2у + 22 – 3 





(0) КО, 1,0) = 1, &(0,1,0) = 0, 500, 1,0) = 2, Р,00, 1,0) = 0 = Ц(х, у, х) = 1 + 0(х — 0) + 2(у – 1) + 002 — 0) 
= 2у – 1 

(с) 1,0,0) = 1, (1,0,0) = 2, (1,0,0) = 0, £,(1, 0,0) = 0 > L(x, y, z) = 1+ 2(x – 1) + 0(у – 0) + 0( — 0) 
= 2х – 1 


= = EK _.; = = a a act = 
ба) 40,0,0)-1,50,0,0- Aral) =1h000= pal, 





f,(1, 0, 0) = үх суга од =0 = (х, у, 2) =1+ 1х- 1) + 0(y — 0) + 0(z — 0) = х 
® £(1,1,0) = V2, (1, 1,0) = 45, f1,1,0) = 4, £01, 1,0) =0 


= LQ, y,2) = V2+ к- 0) + о (у – +0 0) = d x oy 
(с) оао = $, 6,2,2) = 4 => Li, y,z) = 34+ #(х— 1) + 5(у—2)+5(®—2) 
-іх-2у-- 22 
(а) f(5,,1) —- Lf( 


11) c cte 


5,1,1) = E ds) = 0, fy (2,1,1) = ER (5.11) = 0, 





—--] 2 L(4y,z-21-40(x-2)-0y-D-12-1022-z 





(544) 


(b) 80,0,1)-0,6(2,0,1)-0,5,0,0,1)-2,5,0,0,1)-0 -» 1Цх,у,2)-04-00х-02)--2(у-0)-0(02-1)-2у 


— 


(а) £(0,0,0) = 2, £,(0,0, 0) = e*| (9,90) = 1, fy(0, 0, 0) = — sin (y + 2)] ooo = 0, 
£,(0,0,0) = —sin(y + Z)| (909) =9 => L&,y,z) =2+ 1x —0)+ Oy — 0) + 0@ - 0) =24+x 
£(0,,0) = 1,6 (0, 3,0) = 1, f (0, §,0) = —1, f (0, §,0) = -1 > Le,y,2) 

=1+1«-0)-1(y-$) -1@-0)=x-y-z+3+4+1 

(с) £(0,%,%) =1,f (0,7,1) = 1,5 (0,1,1) = –1,#, (0,7,7) = 1 = 1х, у,2) 
= 14+ 1х – 0) 1 (у т) 1 (2 т) =х y-z+5+1 


(b 


wm 











(a) К1,0,0) = 0, f(1,0,0) = ore AG 6205000) = 2017 =0, 
£,(1,0,0) = beans =0 = L(y,z) —0 
(5) £(1, 1,0) = 0, f(1, 1,0) = 0, fy(1, 1,0) = 0, f,(1, 1,0) = 1 > L(x,y,z) =0+ 0K — 1) + Oy — 1) +1@—0) =z 


() 81,1,1)-5,5(1,1,1)-14,5(1,1,1) -1,5,(,1,1)-44 -» 1/ху5ууу)-14410(х-1)-1(у-1)410:-1) 
-4хХ-13у41:41-3 
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45. f(x,y,z) = xz — 3yz + 2 at Po(1, 1,2) = f(1, 1,2) = —2; fx = z, fy = —3z, f; = x — 3y => Ц(х, у, 2) 
= —2 + 2x — 1) — 6(y — 1) — 2(z — 2) = 2x — 6y — 2z + 6; fxx = 0, fyy = 0, fzz = 0, fzy = 0, fyz = —3 
= M = 3; thus, |E(x, y,z)| < (4) (3)(0.01 + 0.01 + 0.02)? = 0.0024 











46. f(x,y,2 = х? + ху + уг + 122 а Ро(1,1,2) => £(1,1,2) = 5; fx = 2x + y, fy =x +z, f =y + 4z 
= L(x, y,z) = 5+ 3(x— 1) + 3(y — 1) + 2(z — 2) = 3x + By + 2 — 5h fx = 2, fyy = 0, fee = 3 ey = 1, fee = 0, 
fy, =1 => M =2,; thus |E(x, y,z)| < (5) (2)(0.01 + 0.01 + 0.08)? = 0.01 








47. f(x,y, z) = xy + 2yz — 3xz at Po(1, 1,0) => f(1, 1,0) = 1; fx = y — 3z, fy = x + 2z, f, = 2y — 3x 
=> Цх,у, 2) =1+@&-1)+(y-1)-(z-0)=x+y-z- l; fxx = 0, fyy = 0, Е, = 0, Б, = 1, Б, = -3, 
fy 2-2 => М= 3; физ (Е(х, у, 2)| < (1) (3)(0.01 + 0.01 + 0.01)? = 0.00135 








48. f(x,y,z) = 1/2 сов x sin (y + z) at Po (0, 0, т) = f (0, 0, т) =i = —\/2 sin x sin (y + Z), 
Е, = vV/2 cos x cos (y + 2), Ё, = V2 cos x cos (y + z) => І(х,у,7)-1-0(х-0)--(у-0)- (#— т) 
=у+2-— 4+1; Вх = — 2 cos x sin (y + Z), fyy = — 2 cos x sin (y + 7), Ё, = — 2 cos x sin (y + Z), 
fy = —\/2 sin x cos (y + Z), fxz = —\/2 sin x cos (y + Z), fyz = -2 cos x sin (y + z). The absolute value of 
each of these second partial derivatives is bounded above by V2 > M= V2; thus |E(x, y, z)| 
« (3) (V2) (601 + 0.01 + 0.01)? = 0.000636. 


49. T.(x, y) 2 e! -- e? and TG, y) 2 x(e? —e ?) 2 dT — T«(x, y) dx 4- Ty(x, y) dy 
= (e + e~) dx +x (e —e)dy — dT|o;,5 — 2.5 dx + 3.0 dy. If |dx| € 0.1 and |dy| < 0.02, then the 
maximum possible error in the computed value of T is (2.5)(0.1) + (3.0)(0.02) = 0.31 in magnitude. 


50. У, = 2лћ апі Уһ = ar? => dV — V, dr Vi dh — “ = 2mhárizdh — 2 dr + } dh; now |* - 100| < 1 and 
| - 100] < 1 = |% - 100] < |(2 €) (100) + (58) (100)| € 2 |& - 100| + | - 100] < 21) +1 =3 > 3% 


51. ® < 0.02, ® < 0.03 
(a) S = 2x? + 4xy => dS = (4x + 4y)dx + 4x dy = (4x? + 4ху) ® + Аху У < (4х2 + Аху)(0.02) + (4ху)(0.03) 
= 0.04(2х2) + 0.05(4ху) < 0.05(2х2) + 0.05(4ху) = (0.05)(2х2 + 4ху) = 0.055 
(b) V 2 x?y = а\ = 2хуах + х?ау = 2х?у ® + ry? < (2х?у) (0.02) + (х?у) (0.03) = 0.07(х?у)=0.07У 


52. V = r + rr’h > dV = (4r r? + 2r rh)dr + 7 r°dh; г = 10, h = 15, dr = $ and dh = 0 => 
dV = (ат(10): + 2л (10)(15)) (4) + 2 (10)?(0) = 3507 cm? 





53. У, = 2arh and Vy, = mr? => dV = V, dr + Vp dh dV = 2rth dr + лг? аһ dV| 15) = 1207 dr + 257 dh; 


Idr| « 0.1 cm and |dh| € 0.1 cm — dV < (1207)(0.1) + (2577)(0.1) = 14.57 cm3; V(5, 12) = 3007 cm? 


=> maximum percentage error is + 14.5 x 100 — + 4.83% 
T 














2 2 
54. @ &#=ш+ы = —иЧК=— ph dR- h dR = dR = (8) dR, + (8) ак» 


1 
Ro 
(b) dR - R? [ (2) ав + (55) ава] => ав = В [ао АК + ру Ro] => R will be more 


sensitive to a variation in R; since 0002 > (400? 
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56. 


57. 


58. 


59. 


60. 


61. 


62. 
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2 2 
(c) From part (a), dR = (8) dR, + (8) dR, so that R changing from 20 to 20.1 ohms => dR, = 0.1 ohm 


апа К; changing from 25 to 24.9 ohms = dR» = —0.1 ohms; Tz = pu E > R= 19 ohms 


x 100 





(еу (е); | 
= AR (995) = agg (0.D -- ass (70.1) & 0.011 ohms — percentage change is R 


(25)? 
= (95 x 100 z 0.1% 
9 


8 | (20,25) 


А = ху => dA = x dy + y dx; if x > y then a l-unit change in y gives a greater change in dA than a 1-unit change in x. 
Thus, pay more attention to y which is the smaller of the two dimensions. 


(а) (х,у) = 2х(у +1) = fk(1,0) = 2 and f(x, y) = x? => f(1,0)= 1 = df= 2 dx + 1 dy = dfis more 


sensitive to changes in x 















































(6) 4&=0 => 2dx+dy=0 => 2%+1=0 => S --i 
(а) ? 2 x? c y? 2 2rdr 22x dx -2y dy 2 dr- *dx- *dy = аза = (8) (+ 0.01) + (2) (40.01) 
Ld 1 
= +°% = +0014 = | x 100| =| + 2% x 100| = 0.28%; 40 = Ca) 5) + п ШТ dy 
= ита K+ rie dy > dOla.4) = (54) (+0.01) + (5) (+0.01) = HY + +003 
=> maximum change іп dé occurs when dx and dy have opposite signs (dx = 0.01 and dy = —0.01 or vice 
versa) => 40 - 5001 ~ + 0.0028; 6 = (ап! (1) ғ 0.927255218 = |%х 100] = |8 х 100] 
2 0.30% 
(b) the radius r is more sensitive to changes in y, and the angle 0 is more sensitive to changes in x 





(а) М = пећ dV = 2nrh dr + mr? dh atr = 1 andh = 5 we have dV = 107 dr+ adh = the volume is 
about 10 times more sensitive to a change іп г 
(b) dV=0 = 0= 2arhdr+4+ ar? dh = 2hdr+rdh=10dr+dh => dr = E dh; choose dh = 1.5 
=> dr = —0.15 => h = 6.5 in. andr = 0.85 in. is one solution for AV ~ dV = 0 


b 
d 


|a| is much greater than |b|, |c| , and |d] , the function f is most sensitive to a change in d. 


Ка, Б, с, д) = 











|= aa — be f, =d,f, = —c,f, = —b, fy =a df = d da — c db — b dc + a dd; since 


и = еў, uy = xe” + sin z,u, = ycosz => du = e dx + (xeY + sin z) dy + (y cos z) dz 
=> а баз) = 3 dx + 7 dy + 0 dz = 3 dx + 7 dy = magnitude of the maximum possible error 
< 3(0.2) + 7(0.6) = 4.8 





Qk = 1 (295) 77 (25), Q, — 1 (220) 7^ (Æ) and Q = 3 (28м) 70? (=2км) 
= dQ = à (224) 7^ (2) ax + 1 (296) 7 (2€) aM 4. ] (294) 7^ (384) an 
7220 о (ај У [T dK + 2 dM = dh] = 90] (2,20,0.0.05) 


—1/2 
=1 [eem sa ак 4- 99 aM — 955? ав] = (0.0125)(800 dK + 80 dM — 32,000 dh) 











= Qis most sensitive to changes in h 


A= ;ab sin C = А, = 55 ап С, Љ = таз С, A, = 5 ab cos C 

= dA = ($b sin C) da + (4 a sin C) db + ($ ab cos C) dC; dC = |2°| = |0.0349| radians, da = |0.5| ft, 
db = |0.5] ft; ata = 150 ft, b = 200 ft, and C = 60°, we see that the change is approximately 

A= 5 (200)(sin 60°) |0.5| + 5 (150)(sin 60°) |0.5| + 1 (200)(150)(cos 60°) |0.0349| = + 338 ft? 
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63. 


64. 


65. 


66. 


67. 


z = fx, y) => (У, 2) = Ку) –— 2 = 0 => gx, y,z) = (х, у), ву(х, у, 2) = fy(x, y) and g,(x, y,z) = —1 

= gx(Xo; Yo, f(Xo; Yo)) — fx(xo; yo). бу(Хо, Yo, f(Xo, Yo)) = fy(Xo, yo) and gz(xo, yo, f(xo; yo)) — —1 — the tangent 
plane at the point Po is f, (xo, yo)(x — xo) + fy(Xo, yoX(y — yo) — [z — f(xo, yo)] ^ 0 or 
7 = fk(Xo, yo)(x — хо) + (хо, уо)(У — Yo) + f(xo, Yo) 


Z f = 2xi + 2yj = 2(cost +t sin thi 4- 2(sint — t cos 0)ј and v = (t cos t)i + (t sin j > u = Š 


M 
(t cos t)i 4- (t sin t)j 


= tcos (61802 = (cos ді + (sin 0) since t > 0 => (Duf)p, =V f-u 
= 2(cos t + t sin t)(cos t) + 2(sin t — t cos t)(sin t) = 2 





g f = 2хі + 2уј + 2zk = (2 cos t)i + (2 sin t)j + 2tk and v = (— sin t)i + (cos j +k => пи = М 
= ушнен = (8) 15 (Y) ак е Dn e vita 

— (2 cos t) (=) + (2 sin t) (=) + (2t) (+) =% > Dad (F) = 25. Ф000) = 0 апі 
(Duf) (7) = 575 





























r— Vtt - 10 3) = у= 11710216 1071/02) 1; 1 х-1,у-1,2--1 Ро = (1,1,-1) 
and v(1) = 11+ 1) – 1 К; Қ, у,2) = х фу: —2–3=0 = у Г = 2хі + 2уј – К 
=> vfd,1,—-l = 2i+ 2j —k; therefore v = iV f) = the curve is normal to the surface 








г= үй + уў + (02 — ШК = у= 111+ 1172] + 2К;1 1 x=ly=1,z=1 Ро = (1,1, 1) апа 
У) = 1+1] +26; Қх,у,2) = х? + у? -2-1=0 = у= 2хі+2уј – К = ҳу К1,1,1) = 1+2] – К; 
now У(1)- ҳӯ (1,1,1) — 0, thus the curve is tangent to the surface when t = 1 


14.7 EXTREME VALUES AND SADDLE POINTS 


f(x,y) = 2x + y + 3 = 0 and f(x,y) = х +-Ф2у —3=0 => x= —3 and y = 3 = critical point is (—3, 3); 
fxx(—3, 3) = 2, fyy(—3, 3) = 2, fxy(—3,3)= 1 = fixhy — fa = 3 > Qand fxx > 0 = local minimum of 
f(—3,3) = —5 

f(x, y) = 2y — 10x + 4 = 0 and f(x, y) = 2x — 4y +4 = 0 > x= 2 апа у = 3 — critical point is (2, +) ; 
f (5,3) = —10, fy (2,3) = —4, ђу (3,3) =2 > fafyy — £2, = 36 > Oand fx <0 = local maximum of 
£(3,3) =0 


f(x,y) = 2x +y+3 =Oand f(x,y) =x+2=0 > x=—2andy =1 = critical point is (—2, 1); 
fxx(—2, 1) = 2, fyy(—2, 1) = 0, fky(—2, 1) = 1 => fxfyy — £2, = —1« 0 — saddle point 


Xy . 
f(x, y) = 5y — 14x + 3 = 0 and f(x,y) = 5x- 6 = 0 > x= 5 and y = A — critical point is (8, $2) : 
£5 ($,$) = —14, fy (2, 8) =0, fy (8, 8) =5 => Бу — £2, = -25 <0 = saddle point 


f(x, y) = 2y — 2x +3 = Oand f,(x, y) = 2x —-4y =0 => x = 3 and y = 3 — critical point is (3, 3) : 

Ба (3,8) = —2, fyy (3,3) = —4, fey (3,3) =2 = fafyy — f = 4 > O and fxx < 0 = local maximum of 
(3) - 5 

f(x, y) = 2x — 4y = 0 and f(x, y) = —4x + 2y +6 = 0 > x=2andy=1 — critical point is (2, 1); 
fxx(2, 1) = 2, fyy(2, 1) = 2, fxy(2, 1) = —4 > fxxfyy — ЇЕ: = —12 <0 = saddle point 
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f(x, y) = 4x + 3y —5 = Oand f,(x,y) = 3x + BY +2 =0 => х= 2 апау = —-1 — critical point is (2, — 1); 
fxx(2, -1) = А ђу2, —1) = 8, Бу2,—1) =3 = бђу — I —23 »0andf, > 0 = local minimum of f(2, —1) — —6 
f(x, y) = 2x — 2y — 2 = 0 and f(x, y) = —2x + 4y +2 = 0 > x= landy =0 > critical point is (1,0); 

fxx(1,0) = 2, fyy(1,0) = 4, fxy(1,0) = -2 = fxxfyy — i = 4 > Qand fxx > 0 = local minimum of f(1, 0) = 

f(x,y) = 2x — 2 = 0 and f(x,y) = —2y +4 = 0 > x= landy = 2 = critical point is (1,2); £4(1,2) = 2, 
fyy(1, 2) = —2, fry, 2) 2 0 = fxfyy — 15. = —4<0 = saddle point 

f(x, y) = 2x + 2y = 0 and f(x, y) = 2x = 0 > х = Оапау = 0 = critical point is (0, 0); £,,(0, 0) — 2, 
fyy(0,0) = 0, £,(0,0) — 2 — frxfyy — f2, — —4 « 0 — saddle point 


= 112х — 8х NU m 2 -8у 
(х,у) = = S7 1 3 8 = Oand f, (x,y) = ea ea ЕЕ — 0 — critical point is (15 


f (55,0) = 187 Буу (750) = 5, Бу Ce 0) =0 = В, — fy = ож 225 
(%0)--% 


16 0); 


7-32 





> бапа f, < 0 = local maximum of 


f(x,y) = moe О апа fy (x, y) = at = 0 = there are no solutions to the system f,(x, y) = 0 and 


f,(x, y) = 0, however, we must also consider where the partials are undefined, and this occurs when x = 0 and y = 0 

— critical point is (0,0). Note that the partial derivatives are defined at every other point other than (0, 0). We cannot use 
the second derivative test, but this is the only possible local maximum, local minimum, or saddle point. f(x, y) has a local 
maximum of f(0,0) = 1 at (0,0) since f(x, y) = 1 — ¥/x? + у? < 1 for all (x, y) other than (0, 0). 


f(x, y) = 3x? — 2y = O and f,(x, y) = -3y? - 2x 20 => x =Oandy =0,orx = —2andy= 2 => critical points 
are (0,0) and (— 3, 3) ; for (0,0): f.x(0, 0) = 6x| оо = 0, fyy(0, 0) = —6y| (0,9) = 0, 590 0) = – 

=> fxxfyy — £2, = —4 « 0 — saddle point; for (- i 2): (2,2) = 4, у (2,3) = 4, 6 (2,2) = –2 
= у – i = 12 > Оапа В, < 0 = local maximum of f (— 2, 2) == 9 


£,(x, y) = 3x” + 3y = 0 and f,(x, y) = 3x + 3y? =0 => x =Oandy =0,orx = —landy = —1 — critical points 
are (0,0) and (—1, — 1); for (0,0): £4(0,0) = 6x| (0,0) = 0, fyy(0, 0) = 6y| (00) = 0, ,(0,0) 2 3 = њу = f2 


xy 


- -9 < 0 = saddle point; for (—1,—-1): fx(—1, -1) = —6, fyy(—1, —D = —6, fy(—1, -1) = 3 > faxfyy — £2, 





= 27 > Oand fy, <0 => local maximum of f(—1, —1) — 1 


f(x, y) = 12x — 6x? + 6y = 0 and f,(x, y) = 6y + 6x = 0 > x = Qand y = 0, or x = l and y = —1 = critical 
points are (0, 0) and (1, —1); for (0, 0): fxx(0,0) = 12 — 12x| 0,0) = 12, fyy(0, 0) = 6, fxy(0,0) = 6 = fixfyy — т. 
= 36 > Oandf,, > 0 = 1оса1 пїтїтит оЁ КО, 0) = 0; ог (1,-1): £4(1, 1) — 0, fy, (1, 1) — 6, 
һу(1,—1)=6 = Ы} = #2 —36 « 0 — saddle point 


Xy 


f(x, y) 2 3x2 6x =0 9 x 20orx 2 —2;fy(x, y) 23y? —6y 20 > y=O0ory =2 = thecritical points are 
(0, 0), (0, 2), (—2, 0), and T 2); for (0,0): £4(0,0) 2 6x 4- 6l, (0,0) = 6, Бу(0, 0) = бу — 6| (00) = —6, 
f,y(0,0) =O => fixfyy — i = —36 < 0 = saddle point; for (0, 2): fxx(0,2) = 6, fyy(0, 2) = 6, fry (0, 21 =0 
— fafy — в. = 36 > O and fxx > 0 = local minimum of f(0, 2) = —12; for (—2,0): Ё„(—2, 0) = — 
fyy(—2, 0) = -6,1,(-2,0) -0 -> у – у = 36 > Oand fx, < 0 = local maximum of f(—2,0) = — 
for (—2, 2): fx(—2,2) = —6, fyy(—2, 2) = 6, fzy(—2,2) = 0 => fyxfyy — f2 —36 « 0 — saddle point 


ху 
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17. f(x,y) = 3x? + 3y? — 15 = O and f,(x, y) = 6xy + 3y? — 15 = 0 = critical points are (2, 1), (—2, —1), » (0, У5), апа 


(0, - V5); for (2,1): (2,1) = 6Х | 1) = 12, Ђу(2, 1) = (6х +6у)| „ у = 18, Ћу(2, 1) =6у| у) = 
= ВБ, — Е, = 180 > Оапа В» > 0 = local minimum of f(2, 1) = —30; for (-2, —1): £4(—2, -1) — 6xl 
= –12, ђу(–2, 1) = (6х +6у)| _„_) = –18, Ђу(–2, –1) =6у|(„_) = –6=> Биђу – 12, = 180 > ud 


xy 
fj, « 0 — local maximum of f( —2, —1) = 30; for (o. v5): fa (o. v5) = 2 


(ovs) 7 (o. v5) 
= (6х + бу)! (оу = 6/5, fay (0. v5) = ву s о,” — 6/5 5 ff, — f2, — —180 « 0 — saddle point; 
for (o. -V/5): fax (o. -V5) = 6x| ем) = 0, fy 8-4 = (6x + 6Y) (y5) = —6\/5, 


Бу (0. - v5) = 6y| (0 _ З) = —6\/5 3 => Ы – б —180 < 0 = saddle point. 


18. Б(х,у) = бх? – 18х = 0 = бх(х – 3) = 0 = х= Оогх = 3; (х,у) = бу? + бу – 12 = 0 = 6(у + 2)(у – 1) = 0 
= у= 2 огу = 1 = е спіса points are (0, —2), (0, 1), (3, —2), and (3, 1); fix(x, y) = 12x — 18, 
fy,(x, y) — 12у + 6, апа ђу(х, у) = 0; Гог (0, 2): £4(0, -2) — —18, fj,(0, 2) — —18, (0, –2) = 0 
= ҺхАу- i = 324 > 0 and fj, « 0 => local maximum of f(0, —2) — 20; for (0, 1): £4,(0, 1) = —18, 
f5,(0,1) 2 18, £,(0,1) 20 — fufy — fe = —324 < 0 = saddle point; for (3, —2): £,,(3, —2) — 18, 
t = —324 « 0 = saddle point; for (3, 1): (3,1) = 18, 


fyy(3, —2) = —18, fxy(3, —2) = 0 = = 
(3,1) = 18, 6(3,) = 0 = Бђу – — 324 » 0 and f > 0 = local minimum of f(3, 1) = —34 


бу 
19. f(x,y) = 4y — 4х3 = 0 апа б(х,у) = 4х – 4у = 0 = х= у = х(1- х) = 0 = х= 0,1, —1 => thecritical 
points are (0, 0), (1, 1), and (—1, —1); for (0,0): £4(0,0) — —12x?| (0,0) = 0, fyy(0, 0) = —12y?| (0,0) = 0, 
600,0) = 4 = Бађу — е = —16 < 0 = saddle point; for (1, 1): fxx(1, 1) = —12, fyy(1, 1) = —12, fxy(1,1) = 4 
=> fxfyy — у = = 128 > O and fxx < 0 = local maximum of f(1, 1) 2 2; for(—1, —1): fix(—1, -1) = –12, 
fjy,(71, -1) 2 -12, fy(-1, 1) 2 4 ә Ы – f2 — 128 » O and f,, < 0 = local maximum of f(—1, —1) = 2 


xy 
20. f(x, y) 2 4x? + 4у = O and fy(x, y) = 4y? + 4x =0 => х= –у = –х"+х=0 = х(1–х)=0 => x=0,1,-1 
=> the critical points are (0,0), (1, —1), and (-1, 1); fix(x, y) = 12x?, уљу) = 12у2, апа fy, y) = 
for (0,0): £4(0,0) — 0, fyy(0,0) = O, fxy(0,0) = 4 => ffy, — #2, = —16<0 = saddle point; for (1, em 
f4(1, 1) 2 12, fy(1, 1) 2 12, £5(1, 721) 2 4 — ff, — Е2, = 128 > O and f, > 0 > local minimum of 


ху 

Ї1,—1) = —2; юг (—1,1): fkx(-1, 1) = 12, 1уу(—1,1) = 12, £4(—71,1) 2 4 => Бђу – Бу = = 128 > 0 and 

fxx > 0 = local minimum of f(—1, 1) = —2 
21. f(x,y) = eo Це = O and fy(x, y) — (TOES UR =0 => x=Oandy =0 — the critical point is (0, 0); 

4x?—2 2 —2х2 +4 2 8x г mE нм X: 
Ба = aw s fy = aoe Бу аа ? Б,(0, 0) — m fy,(0, 0) — - fxy(0, 0) aa 0 
= Ву -— i =4> Oandf,, <0 = local maximum of f(0,0) = — 

22. (х,у) = – 3 +y = 0 and ђу(х, у) =х – 3 =0> x=1 RUM 1 — the critical point is (1, 1); £4 = 2 hy = 5, 


fy = l; f&(1, 1) = 2, fyy(1, 1D) = 2, Һу(1,1) =1 > Буу —Ё2, =3 > Oand fy, > 2 => local minimum of f(1, 1) = 3 


23. fx(x, y) = y cos x = О апа (х,у) = sinx = 0 => x =nz,nan integer, and y = 0 = the critical points are 
(n7, 0), n an integer (Note: cos x and sin x cannot both be 0 for the same x, so sin x must be 0 and y = 0); 
fx = —y sin x, fyy = 0, fky = cos x; f (nz, 0) = 0, fyy(n7, 0) = 0, fyy(n7, 0) = 1 ifn is even and f,y(n7,0) = —1 
ifnisodd => Бођу — f2 


ху 


= —1< 0 = saddle point. 
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fk, y) = 2e”* cos y = 0 and Ку) = —e^ sin y — 0 — no solution since e?* Æ 0 for any x and the functions 


cos y and sin y cannot equal 0 for the same y — no critical points = no extrema and no saddle points 


f(x, y) 2 Qx — 4)e* *Y –- = O and fy(x, y) = 2ye* +” —* = 0 = critical point is (2, 0); fxx(2, 0) = 3, fry(2, 0) = 0, 
fyy(2,0) = 4 9 fuf, — ie = > Oand f,, > 0 = local mimimum of (2,0) = 4 

f(x, y) 2 —ye* = 0 and fj(x, y) 2 e! — e* — 0 2 critical point is (0,0); £4(2,0) 20, £,(2,0) 2 —1, £5(2,0) 21 

— fafy —f2 — —1 « 0 — saddle point 

(х,у) 2 2xe^? — 0 and fj(x, y) = 2ye^? — e (x2 + у?) = 0 = critical points are (0,0) and (0, 2); for (0, 0): 
fx (0,0) = 2e7| (0,9) = 2, fyy(0, 0) = Qe? — Aye? c e? (X? +. у?))| у = 2+ fry(0, 0) = —2xe™| 9,9) = 0 
=> fixfyy — ie = 4 > O and fxx > 0 = local mimimum of f(0, 0) = 0; for (0, 2): fxx(0, 2) = 2e79| (02) = 25 
fyy(0,2) = (2e-Y — 4ye^ + e-¥(x? + у2))| (02) = –, ђу(0,2) = –2хе У (02) = 0 => fixfyy — #2 = -5<0 
— saddle point 


f,(x, y) 2 e*(x? — 2x + у?) = 0 and fj (x, y) 2 —2ye* — 0 — critical points are (0, 0) and (—2, 0); for (0, 0): 
£4(0,0) — e*( -- 4x c 2 — y?)| oo =2, fyy(0, 0) = —2e*| (9.9) = —2, fry(0,0) = —2ye*| 9) = 0 
=> faxfyy — £2, = —4 < 0 and fxx > 0 > saddle point; for (—2, 0): fyx(—2, 0) = e*(x? + 4x +2 —y’)| (-2,0) = — 


2 
у е» 


fyy(—2, 0) = —2e*| 0 = —5, fry(—2,0) = —2ye*| (20) = 0 = faxfyy — i= 4 » Оапа 6х < 0 — local maximum 
of f(—2,0) = 4 


Ё. (х,у) = —4+ 2 = Oand fy(x, y) = —1 + } = 0 = critical point is (5, 1) ; f (3, 1) — —8, f, (5, 1) — —1, 
£,(5,1) 20 — fixfyy — £2, = 8 > Oand fx < 0 — local maximum of f(5, 1) 2 —3 — 21n2 


х 





f(x, y) 2 2x кту = 0 and f(x,y) = —1 + us — 0 — critical point is (-1, 3) sfx (—}; 3) = 1, fyy(—4, 3) =-1, 


Ғу(-1,3)--І => fixfyy — f2, 2 —2 « 0 — saddle point 
(i) ОпОА, Кх, у) = КО, у) = у? — 4у+ 1010 <у< 2; 
f'(0,y) =2y -4=0 = у=2; 
КО, 0) = 1 and f(0, 2) 2 —3 
(ii) On AB, f(x, y) = f(x, 2) = 2x? — 4x -3on0 <x <1; 
f'(x,2)=4x -4=0 > x=1; 
f(0,2) = —3 and f(1, 2) = —5 
(ii) On OB, f(x, y) = f(x, 2x) = 6x? — 12x + 1 on 
O < x < 1; endpoint values have been found above; 
f'(x,2x) 2 12x — 122 0 = х = 1 апду — 2, but (1,2) is not an interior point of OB 
(iv) For interior points of the triangular region, f,(x, y) = 4x — 4 = 0 and f,(x, y) = 2y -4 = 0 





=> x= l and y = 2, but (1, 2) is not an interior point of the region. Therefore, the absolute maximum is 
1 at (0, 0) and the absolute minimum is —5 at (1, 2). 
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(1) 


(ii) 


(iii) 


(iv) 


(1) 


i) 


(iii) 


(iv) 


0) 


i) 


Gii) 


Gv) 


(v) 


Chapter 14 Partial Derivatives 


On OA, D(x, y) = D(0,y) = y? +10n0 < y < 4; 
D'(0,y)=2y=0 — y 206; D(0,0) = Тапа 

D(0,4) — 17 

On AB, D(x, y) = D(x, 4) = x? — 4x + 17 on 

0 <х < 4; О/(х, 4) =2х-4=0 = х= 2 апд (2,4) 
is an interior point of AB; D(2, 4) = 13 and 

D(4, 4) = D(O, 4) = 17 

Оп ОВ, рх, у) = р(х, х) = х? +1 оп0 <х < 4; 
D'(x,x) 22x 20 => х = О апу = 0, which is not an interior point of OB; endpoint values have been found 





above 

For interior points of the triangular region, f,(x, y) = 2x — y — O and Їу(х, у) = –х + 2у = 0 => х = 0 апау = 0, 
which is not an interior point of the region. Therefore, the absolute maximum is 17 at (0, 4) and (4, 4), and the 
absolute minimum is 1 at (0, O). 


On OA, f(x, y) 2 f(0,y) = y? on 0 < y < 2; 

Ғ'(0, у) = 2у = 0 = y = 0 and x = 0; f(0, 0) = 0 and 
f(0,2) = 4 

On OB, f(x, y) = f(x,0) = x? on0 <x <1; 

f’(x,0) = 2x =0 > x =Oandy = 0; f(0,0) = 0 and 
КТ, 0) =1 

On AB, f(x, y) = f(x, —2x + 2) = 5x? — 8x + 4 on 
0< x< 1; f'(x, —2x +2) = 10х-8 =0=х=+ 
and y = 2 ЈЕ (4, 2) = 2; endpoint values have been found above. 

For interior points of the triangular region, f,(x, y) = 2x = O0 and fy(x, y) — 2y — 0 — x = 0 and y = 0, but (0,0) is 





not an interior point of the region. Therefore the absolute maximum is 4 at (0, 2) and the absolute minimum is 0 at 
(0, 0). 


On AB, T(x, y) = T(0, y) = y? on —3 < y € 3; у 
Т'(0,у)=2у=0 = у=о0апах = 0; Т(0, 0) = 0, 

T(0, —3) — 9, and T(0, 3) = 9 

On BC, T(x, y) = T(x,3) = x? -3x -9on0 Ex € 5; 
T'(x,3) = 2x -—3=0 => x= 2 andy =3; 

T (3,3) = Тапа Т(5, 3) = 19 

On CD, Т(х, у) = Т(5, у) = у? + 5у — 5 оп 

-3 <у < 3;Т'(5,у) = 2у +5 =0 = у= — $ and 

х = 5; (5, 5) = – 5, Т(5, —3) = —11 and T(5,3) = 19 
On AD, T(x, y) = T(x, —3) = x? — 9x +9 on 0 < x <5; T(x, 3) = 2х9 = 0 = х = ? and y = -3; 
T(2,-3) 2 — $, T(0, -3) 2 9 and T5, -3) - –11 

For interior points of the rectangular region, T,(x, y) = 2x + y - 6 2 Oand Ty(x; y) - x -2y 20 => х=4 





and y = —2 = (4, —2) is an interior critical point with T(4, —2) — —12. Therefore the absolute maximum 
is 19 at (5, 3) and the absolute minimum is —12 at (4, —2). 
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On OC, T(x, y) = T(x, 0) = x? — 6x + 2 on 
0<x<5;T(x,0) =2x-6=0 > x=3and 

y = 0; T(3,0) = —7, T(0,0) = 2, and T(5, 0) = — 
On CB, T(x, y) = T(5, y) = y? + 5y — 3 on 

-3 <у<0;Т(5,у) = 2у +5 =0 = у = – 5 апі 
х = 5; T (5, — 5) = – 27 and Т(5, —3) = – 

On AB, T(x, y) = T(x, —3) = x? — 9x + 11 on 
0<x<5;T(x,-3)=2x-9=0 = х= $ ава 
y = —3; T (3, —3) = — X3 and TC, —3) = 11 

On AO, T(x, y) = T(0,y) = y? + 2 on —3 < y < 0; T'(0,y) = 2y = 0 => y = 0 and x = 0, but (0, 0) is 
not an interior point of AO 





For interior points of the rectangular region, T(x, y) = 2x + y — 6 = 0 and T(x, y) = x + 2y =0 > х=4 
and y — —2, an interior critical point with T(4, —2) — —10. Therefore the absolute maximum is 11 at 
(0, —3) and the absolute minimum is —10 at (4, —2). 


On OA, f(x, y) = f(0, y) = —24y? on0< y < 1; 
Ғ'(0, у) = —48у = 0 = y = 0 and x = 0, but (0, 0) is 
not an interior point of OA; f(0,0) = 0 and 

f(0, 1) = —24 

On AB, f(x, y) = f(x, 1) = 48x — 32x? — 24 on 

0< x< 1; f'(x, 1) = 48 — 96x? = 0 > x= v; and 





у= 1,огх = — 75 and y — 1, but (735.1) is not in 


the interior of AB; f (4. 1) = 164/2 — 24 and (1,1) — —8 

On BC, f(x, y) = f(1, y) = 48y — 32 — 24y? on 0 < y < 1; f'(1,y) = 48 – 48у = 0 = у = 1 апіх = 1, but 
(1, 1) is not an interior point of BC; f(1,0) = —32 and f(1, 1) = — 

On OC, f(x, y) = f(x, 0) = —32x? on 0 < x < 1; f’(x,0) = —96x? = 0 = x = 0 and y = 0, but (0, 0) is not an 
interior point of OC; f(0,0) = 0 and f(1,0) = — 

For interior points of the rectangular yam f,(x, y) 2 48y — 96x? — 0 and fj(x, y) 2 48x — 48y 2 0 


ше; 


=> x=Oandy =0,orx= 1 and y = 5 , but (0, 0) is not an interior point of the region; f (5, 1) 


Therefore the absolute maximum is 2 at " 1) and the absolute minimum is —32 at (1,0). 


On AB, f(x, y) = f(1,y) 2 3cosyon — 7 
f1,y) 2 3siny 20 > y=Oandx=1; 
f(1,0) — 3,£(1, 1) 2 32 and f(1, 2) =? 
On CD, f(x, y) 2 f(3, y) 2 3cosyon- 2 € y 
Ғ'(3,у) = —3 siny = 0 = у = 0 апіх = 3; 
£(3,0) = 3, £ (3, — 2) = 28? anat (3, 2) = 32 
On BC, f(x, y) 2 f(x, 5) = ыг (4x — x?) on 
1<х< 3; (х, =) = /20 x) 20 => x -2andy — £;f(2, 2) 2 2/2, £(1, 2) = ФУ? ‚апа 
р = 


24 


< у 


IA 


т. 
4? 


> 


ТАЗЫ 


T. 
47? 





On AD, f(x,y) = f (x,— Ẹ) = V2 (4x — x2) on 1 < x < 3; f' (x,— х) = \/2(2 —x) =0 э х-2а4у--1: 
1(2,-1)-22,4(1,-1) - 2 ,andf(3,— 2) — 32 
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38. 


39. 


40. 


41. 


42. 


43. 
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(v) For interior points of the region, f,(x, y) = (4 — 2x) cos y = 0 and f,(x, y) = — (Ax — х?) шу=0 = х= 2 
and y = 0, which is an interior critical point with f(2, 0) — 4. Therefore the absolute maximum is 4 at 


(2, 0) and the absolute minimum is 22 аї (3, т) : (3, т) ; (1, т) ‚ апа (1, т) ; 





(1)  ОпОА, Кх, у) = КО, у) = 2у-+ 1000 <у< 1; 
f'(0, y) = 2 — no interior critical points; f(0,0) — 1 
апа #0, 1) = 3 

(1) On OB, f(x,y) = КХх, 0) = 4х +1010 <х < 1; 
Ї'(х,0) =4 = no interior critical points; К1, 0) = 5 

(iii) On AB, f(x, y) = f(x, —x + 1) = 8x? — 6x +3 on 
О<х< 1; Р(х, -х+1) = 16х-6=0 = х= $ 
апду = 2; (8, 2) = 2, 0,1) = 3, апа 1,0) = 5 

(iv) For interior points of the triangular region, fx(x, y) = 4 — 8у = 0 апа у(х, у) = –8х +2 = 0 





= 2. Therefore the absolute maximum is 5 at 


>y=5 + and х= 1 i which i is an interior critical point with f (2 25 1) 


(1,0) апа s ДЕЛ minimum is 1 at (0, 0). 


b 
Let F(a, b) — | (6 — x — x”) dx where a < b. The boundary of the domain of F is the line a = b in the ab-plane, and 
F(a, a) = 0, so F is identically 0 on the boundary of its domain. For interior critical points we have: 
ФЕ = —(б—а— а?) = 0 => а = —3,2 апа ЭЕ — (6 — b — b?) = 0 = b= —3,2. Sincea < b, there is only one 
2 
interior critical point (—3, 2) and F(—3, 2) = | х (6 — x — x”) dx gives the area under the parabola y = 6 — x — x? that is 


above the x-axis. Therefore, a = —3 and b = 2. 


b 
Let F(a, b) = 1 (24 — 2x — х2)! dx where a < b. The boundary of the domain of F is the line a = b and on this line F is 


identically 0. For interior critical points we have: 4 --(24-2а- а?) / 0 = а= 4, —6 and 
= (24—26 — 62) =0 = b= 4, —6. Since a < b, there is only one critical point (—6, 4) and 


4 
F(—6, 4) = | 24 — 2x — x?) dx gives the area under the curve y = (24 — 2x — x23 that is above the x-axis. 
Therefore, a = —6 and b = 4. 


Tx(x, y) = 2x — 1 = Oand Ty(x,y) = 4y = 0 > x = } andy = 0 with T (5,0) = — i;on the boundary 





х? - у? =1: Ту) = —х? -х+2 юг -1<х<1 = Т\х,у) = -2х-1=0 = х= – 3 ау = + УЗ. 
т(-52) 2 -2.Т(-1,0)-2,аһ47(1,0)-0 -> the hottest is 2} ° at (— 4, X2) and 


(- 1, = 33); the coldest is — 1? at (5,0) : 


&(х,у)=у+2—{ = 0апі (х,у) =х– у =0 = х= аду = 25, (5,2) = 2 | (1) = 


fy (5,2) = > dg 1, Бу (1,2) =1 > fafyy — ff = 1 > Oand fix > 0 = alocal minimum of f (1,2) 
i 





(a) f(x,y) = 2x — Фу 2 0 and fj(x, y) = 2y - 4x —0 — x —O0 and y — 0; £4(0,0) = 2, fj,(0,0) = 2, 
Бу(0,0) = —4 = Бађу — i= —12 <0 = saddle point at (0, 0) 

(b) f(x,y) = 2x — 2 = О апа Ёу(х, у) = 2у – 4 = 0 = х = 1апіу = 2; (1,2) = 2, (1,2) = 2, 
f(1,2) 2 0 — Бађу — f2 


xy 


= 4 > Оапа 6, > 0 = local minimum at (1, 2) 


Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley. 
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45. 


46. 


47. 


48. 


49. 


50. 


51. 


22: 
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(с) f(x,y) = 9x? — 9 = 0 and fy(x,y) =2y+4=0 => x= +landy = —2; fxx(1,—2) = 18x| a,-2) = 18, 
(1, 2) — 2, (1, -2) = 0 = Бф – fa = 36 > O and fxx > 0 => local minimum at (1, —2); 
fxx(—1,—2) = —18, fyy(—1, —2) = 2, fxy(—1,—-2) = 0 = фу – fa = —36 <0 = saddle point at (—1, —2) 





(a) Minimum at (0, 0) since f(x, y) > 0 for all other (x, y) 

(b) Maximum of 1 at (0, 0) since f(x, y) « 1 for all other (x, y) 

(c) Neither since f(x, y) « 0 for x < 0 and f(x, y) » Oforx » 0 

(d) Neither since f(x, y) « 0 for x < 0 and f(x, y) » Oforx » 0 

(e) Neither since f(x,y) < 0 for x < 0 and y > 0, but f(x, y) > 0 for x > O and y > 0 
(f) Minimum at (0, 0) since f(x, y) > 0 for all other (х, у) 


ИК = 0, then f(x, y) 2 x? -- y? 2 f(x; y) = 2x = Oand f,(x, y) = 2y = 0 > x = Oand y = 0 > (0, 0) is the only 
critical point. If k 0, f,(x, y) = 2x + ky =0 > y = — 2x; f(x,y) = kx + 2y = 0 > kx +2 (— ¿x)= 0 
= Кх – #=05 (k- ?)x 0 x=Oork= +2 y (— 2) ©) =Oory = +x; in any case (0,0) is a 


critical point. 














(See Exercise 45 above): f(x, y) — 2, fyy(x, y) — 2, and f(x, y) — k — ffy, — Р. = 4 —k?; f will have a saddle point 
at (0,0) if4— k? «0 — k»2ork « —2;f will have a local minimum at (0,0) if 4 — k? > 0 2 —2 « k « 2; the test is 


inconclusive if 4 — k? = 0 > k= +2. 





No; for example f(x, y) — xy has a saddle point at (a, b) — (0, 0) where fx = fy = 0. 


If f, (a, b) and fy, (a, b) differ in sign, then f,,(a, b) fyy(a, b) < 0 so fx fy, — Цэ < 0. Тһе surface must therefore have a 
saddle point at (a, b) by the second derivative test. 


We want the point on z = 10 — x? — y? where the tangent plane is parallel to the plane x + 2y + 3z = 0. To find a normal 
vector to z 2 10 — x? — y? letw = z + x? + y? — 10. Then Y w = 2xi + 2yj + k is normal to z = 10 — x? — y? at 

(x, y). The vector ху w is parallel to i+ 2j + 3k which is normal to the plane x + 2y + 3z = Oif 

бхі + 6yj + 3k = i + 2j + 3k or x = 1 апду = i. Thus the point is (2, 4,10 — x — 5) ог (4,4, 38). 


We want the point on z — x? + y? + 10 where the tangent plane is parallel to the plane x + 2y — z= 0. Let 
w —z— x? — y? — 10, then xz w ^ —2xi — 2yj + К is normal to z 2 x? 4- y? 4- 10 at (x, y). The vector X7 w is parallel 


to i+ 2j — k which is normal to the plane if x = 1 and y = 1. Thus the point (1, 1, 1 +1+ 10) or (1 Жегі 


5.1, 5) is the point 


on the surface z = x” + y? + 10 nearest the plane x + 2y —z = 0. 





d(x, y, z) = VG — 0) 4 (y — 0)? 4- (z — O — we can minimize d(x, y, z) by minimizing D(x, y, Z) = x? + y? + 22; 
3x + 2y +z = 6 => z = 6 — 3x — 2y => D(x, y) = x? + y? + (6 — 3x – 2у)? = Di (x, y) = 2x — 6(6 — 3x — 2y) = 0 
апа Dy(x, y) = 2y — 4(6 — 3x — 2y) = 0 > critical point is (2, $) => 2 = 8; Ра (5, 5) = 20, Пу (5,1) = 10, 

Dyy (5, 1) = 12 => DyxDyy — DZ, = 56 > Oand D,x > 0 = local minimum of d(2, $, 3) = уш 





d(x, y, z) = у(х 2) + (у+ 1)? 4- (z — 1? = we can minimize d(x, y, z) by minimizing 
D(x, y, z) = (x — 2} + (y +1} + (z- 1};x+y-z=2>z=x+y-2 
= (к, у) = (к – 2) + (y + 1) + (x +y - 3) = D(x, y) = 2(x - 2) + 2(x +y- 3) =0 


y 
and D, (x, y) = 2(y + 1) + 2(x +y — 3) = 0 > critical point is ($, —1) = 2= 4; Ох ($, —1) = 4, Dy ($, —4) = 4, 
Dy (§, 3) =2 > DaDyy — Diy = 12 > Oand Dy, > 0 = local minimum of d(5, —5, 3) = J 
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53. 4(хуу,2) -х2-у -2цх--урл-9-э1-9-х-у- 8 Хх,уу-х Бу -(9-х-ур 


— sx, y) 22x - 2(9 - x — y) 2 O0 and s,(x, y) ра os у) = 0 = critical point is (3, 3) > z = 3; 
Sxx(3, 3) = 4, Syy(3, 3) = 4, Sxy(3, 3) =2 => 5ух5уу — Sky = 12 > Oand sy 7 0 — local minimum of s(3, 3, 3) — 27 


54. p(x, y, Z) = xyz; x + y +z = 3 > z = 3 — x — y > p(x, y) = xy(3 — x — y) = 3xy — xy – ху? 
=> px(x, y) = 3y — 2xy — y? = Oand p,(x, y) = 3x — x? — 2xy = 0 = critical points are (0, 0), (0, 3), (3, 0), and 
(1, 1); for (0, 0) > z = 3; pxx(0, 0) = 0, руу(0, 0) = 0, p, (0,0) — 3 = рађуу — p2, — —9 « 0 — saddle point; 
for (0, 3) > z= 0; p,x(0, 3) = —6, pyy(0, 3) = 0, pxy (0, 3) = —3 = PxxPyy — Py = —9 < 0 = saddle point; 
for (3,0) > 7 = 0; pxx(3, 0) = 0, pyy(3, 0) = —6, pxy(3, 0) = —3 => PxxPyy — ps. — —9 « 0 = saddle point; 
for (1,1) >z = 1; px(1, 1) = —2, pyy(1, 1) = —2, pxy(1, 1) 2 21 = PxxPyy — ps —3»0and p, < 0 = local 


maximum of p(1, 1, 1) 2 1 


55. з(х, у, 2) =ху + ул + ха; ху =6 = #=6-х-у = $(х, у) = ху-+ у(6 -х- у) + х(6б -х- у) 
= бх + бу — ху — х? — у? = з„(х, у) =6 - 2х -у= 0апа $, (х, у) =6-х-2у = 0 = critical point is (2, 2) 
= Z = 2; Sxx(2, 2) = —2, syy(2, 2) = —2, sxy(2, 2) = —1 = SxxSyy =s = 3 > Qand sxx < 0 => local maximum of 
s(2, 2, 2) = 12 





56. d(x, y, z) = У + 6)? + (у- 4)? + (#- 0)? = we can minimize d(x, y, z) by minimizing 
D(x, у, 2) = (х +6). + (у — 4) + 25) 2 == „/х2 4 y! S D(x, y) - (x6 - (y- 4 - xt ey? 
= 2x? + 2y? + 12x — 8y + 52 => D,(x, y) = 4x + 12 = Oand D,(x, y) = 4y — 8 = 0 = critical point is (—3, 2) 
= z = V13; Dx(—3, 2) = 4, Dyy(—3, 2) = 4, Dyy(—3, 2) = 0 > DyxDyy — D2, = 16 > Oand D, » 0 — local 


minimum of d(—3, 2; үз) - 1/26 


57. V(x, y, z) 2 Qx)2y)Qz) 2 8xyz x? + у: + 22 = 4 => z = y4 = x? — y? > V(x, y) = 8xy / 4 — x2 — y), 
х > Оапау > 0 = V,(x, y) = 322189787 = Oan = 32x—l6xy’—8"" _ ( = critical points are 
0 dy> 0 У, у 32у — 16x?y — 8y? —0 d V, х,у 32x — 16x y p 














/4-х°-у? 4-2 -у? 
2 2 2 2 : > > 
(0, 0), (+. 3:) (+, 3), ( NE 3, аа (- Ji -%). Only (0, 0) and (2, 2.) satisfy x > O andy > 0 
У(0, 0) = Oand v(4;, 3, 2129 Опх=0,0<у<2 = У(0, y) = 8(0)у\/4 — 0? — y* = 0, no critical points, 


У(0, 0) = 0, V(0, 2) = 0; Ony =0,0< x € 2— V(x, 0) 2 8x(0)/4 — x? — 0? — 0, no critical n V(0, 0) = 0, 


V(0, 2) = 0; On y = V4-x,0xx x22 (х, 4/4 E —8xy/4—xj4-x?— Vac) 


no critical points, V(0, 2) — 0, V(2, 0) — 0. Thus, there is a maximum volume of 25 if the box is МА х 5 х 


м 


58. S(x, y, 2) = 2ху + 2yz + 2xz; xyz = 27 > z = 5 — S(x, y; 2) = 2xy + 2y( 22) + 2x(22) = 2ху + 5 + 2, х > 0, 
y > 0; Sx(x, y) 2 2y — 2$ = Oand Sy (x, у) = 2x — 3 = 0 = Critical point is (3, 3) > z=3; Sx(3,3) =4, 
Syy(3, 3) = 4, Dyy(3, 3) = 2 => D,xDyy — Dg, = 12 > Oand D,, > 0 = local minimum of S(3, 3, 3) = 54 


х 
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59. Let x = height of the box, y = width, and z = length, cut out 
squares of length x from corner of the material See diagram 2 





at right. Fold along the dashed lines to form the box. From 
the diagram we see that the length of the material is 2x + y |2 
and the width is 2x + z. Thus (2x + у) (2х + 2) = 12 | 
2(6— = 35) | 
2х 





= => = . Since V(x, y, zZ) = xyz хоо 2 














Заг -2х2 + ху) х х 


= У(х, у) = may ~> Where x > 0, y > 0. 





4(3y* — Ax 4x^y^ — x 
V(x, y) = Е. т. тан = 0 and 


Vy(x, y) — LAU = 0 = critical points are (v3. 0). (- V3, 3,0), (5 +), 


E Ti +). Опју (v3. 0) and (5 +) satisfy x > 0 and y > 0. For (v3.0): z = 0; Vx a 0, 
Му (МЗ, 0) = Es 3, Vay (V3, 0) = = —4\/3 = VixVyy — V2, = —48 < 0 = saddle point. For (+. 


_ 80 1 4\)_ 2 1 4\)_ 4 шээг 
Vly Уз’ 4)- 3v3 М (55 +) so Ves 5) = -3A ? VaVy -Viy = 3 > 0 and 
хх < 





a 














0 = local maximum ЕЕ 7 3) - ыз 


У 
60. (а) (1) Ошпх = 0, Кх, у) = f(0,y) = y? — y+ 1for0 < y < 1; (0, у) = 2у –1=0 = у = 1 апах = 0; 
f (0,3) = 3, £0, 0) = 1, and 0, 1) -1 
(1) Ony = 1, f(x,y) = f(x, 1) = x? +x + 1 for0 < x < 1; f'(x,1)=2x+1=0 > x= — 5 апу = 1, Би 
(— 4, 1) is outside the domain; f(0, 1) = 1 and f(1, 1) = 3 
Gi) Опрх = 1, х,у) = 1,у) = у? +у +1 #г0 <у< 1; #(1,у) = 2у +1=0 = у= — + апах = 1, but 
(1, — 5) is outside the domain; f(1,0) = 1 and f(1, 1) = 3 
(iv) Ony =O, f(x,y) = f(x,0) =x? -x+1 for0 <x <1; f(x,0) =2x-1=0 > x= 
f (3,0) = 3; 0,0) = 1, апа 1,0) = 1 
(v) On the interior of the square, f,(x, y) = 2x + 2y — 1 = Oand f,(x,y) = 2y + 2x -1=0 > 2x+2y=1 
= (х+у)= 1. Then f(x, y) =x? +y? + 2xy —x—-—y+ 1- (х + у)? –(х+у) +1 = 3 is the absolute 
minimum value when 2x + 2y = 1. 
(b) The absolute maximum is f(1, 1) = 3. 


1 — 0: 
5 апду = 0; 





61. (а) t a g + бу Чу = n + 9 — —2sint--2cost 2 0 > cost=sint > x=y 
(i) On the semicircle x? + y? = 4, y > 0, we have t = д апах =у = М2 = t( v2, v2) = 22. At the 
endpoints, f(—2, 0) — —2 and f(2,0) = 2. Therefore the absolute minimum is f(—2,0) = —2 when t = 7; 
the absolute maximum is f (v2, v2) =2y2 whent= 1. 
(1) On the quartercircle х? + у? — 4, x 2 O and y > 0, the endpoints give f(0, 2) — 2 and f(2, 0) = 2. 
Therefore the absolute minimum is f(2, 0) — 2 and f(0, 2) — 2 when t — 0, 2 respectively; the absolute 


2. v2) =2y2 whent= 2. 
(b $ = 2 Жо 9 у рх 4 sin? t + 4 cos? t = 0 cost= +sint x= фу. 
т On the semicircle х? + у? = 4, y > 0, we obtainx = у = /2att= © апах = —\/2,у = уга 


— 5. Theng (v2, у2) — 2 and g (-v2, v2) = —2. At the endpoints, g(—2, 0) = g(2, 0) = 0. 


жс» s 2 2037. 1 1 
Therefore the absolute minimum is g (- V2, v2) — —2 whent — 7 ;the absolute maximum is 


e(v2, v2) =2whent= 7. 
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(i) On the quartercircle x? + у? = 4, х > 0 апа у > 0, the endpoints give g(0, 2) = 0 and g(2,0) = 0. 
Therefore the absolute minimum is g(2, 0) = 0 and g(0, 2) = 0 when t — 0, 5 respectively; the absolute 


maximum is g (v2, v2) =2 whent= 17. 
(с) P= BR 4 HY = Ax & + 2y F = (8 cos t\(—2 sin t) + (4 sin t)(2 cos t) = —8 cos t sint = 0 
=> t=0, i 7 yielding the points (2, 0), (0,2) for O € t € т. 
(i) On the semicircle x? + у? = 4, у > 0 we have h(2, 0) = 8, h(O, 2) = 4, and h(—2, 0) = 8. Therefore, 


the absolute minimum is h(0,2) = 4 when t = 2 ; the absolute maximum is h(2, 0) = 8 and h(—2, 0) = 8 





when t = 0, 7 respectively. 
(ii) On the quartercircle x? + y? = 4, x > 0 and y > 0 the absolute minimum is h(0, 2) = 4 when t = 5 ; the 


absolute maximum is h(2,0) = 8 when t = 0. 





62. (а) “= a % + o Чу =2% +3% — —6sint--6cost — 0 > sint=cost > ! = 1 [ог0 < 1 Ст. 
G) On the semi-ellipse, ¥ + = 1, y > 0, f(x,y) = 2x + 3y = 6 cost + 6 sint = 6 (22) +6 (2) = 6\/2 
att = 5 . At the endpoints, f(—3,0) = —6 and f(3,0) = 6. The absolute minimum is f(—3,0) = —6 when 
t = 7; the absolute maximum is f (38, v2) = 62 whent — 7. 
(1) On the quarter ellipse, at the endpoints f(0, 2) — 6 and f(3,0) — 6. The absolute minimum is f(3, 0) — 6 
and f(0, 2) — 6 when t — 0, 2 respectively; the absolute maximum is f (38, v2) = 6/2 whent-— j. 





(b) 4: = да wy A 4у =y% +x gy = (2 sin t)(—3 sin t) + (3 cos t)(2 cos t) = 6 (cos? t — sin?t) 2 6 cos2t = 0 
207 32 
> t=7.7 for0<t<7. 
(i) On the semi-ellipse, g(x, y) = xy = 6 sint cos t. Then g (38, v32) = 3 whent = 7, and 
g (- мж v2) = —3 when t = = . At the endpoints, g(—3, 0) = g(3,0) — 0. The absolute minimum 18 
g (- ы, у2) = —3 whent = m ; the absolute maximum is g (22, v2) =3whent=7. 
(1) On the quarter ellipse, at the endpoints g(0,2) = 0 and g(3,0) = 0. The absolute minimum is g(3,0) = 0 


and g(0, 2) = 0 att = 0, © respectively; the absolute maximum is g (£, v2) =3whent=7. 





(с) PH RRL RSD = 2х 46 + бу 5 = (6 cos t(—3 sin t) + (12 sin t)(2 cos t) = 6 sin t cos t = 0 


= t=0,5,7for0 <t <1, yielding the points (3, 0), (0, 2), and (—3, 0). 
(i) On the semi-ellipse, y > 0 so that h(3,0) = 9, h(O, 2) = 12, and h(—3,0) = 9. The absolute minimum is 


h(3, 0) = 9 and h(—3, 0) = 9 when t = 0, z respectively; the absolute maximum is h(0, 2) = 12 when t = 3 ; 


(i) On the quarter ellipse, the absolute minimum 15 h(3, 0) — 9 when t = 0; the absolute maximum is 
h(0,2) = 12 whent= >. 





df _ Of dx Of dy | ү ах dy 
63. 5 — ax dt ^ By d Уа ха 


G x=2tandy=t+1 > 2 -1-1)()-(200)-4:-2-0 = – 1 х = —landy = 3 with 








f (-1, 1) = — i . The absolute minimum is f (-1, 1) = — 1 when t = — 1 ; there is no absolute maximum. 
(i) For the endpoints: t= —1 = x = —2 andy = 0 with f(—2,0) =0;t=0 => x=Oandy = 1 with 
f(0, 1) = 0. The absolute minimum is f (-1, 1) = – 1 when t = — 1 ; the absolute maximum is f(0, 1) = 0 


and f(—2,0) = 0 when t = —1, 0 respectively. 

(iii) There are no interior critical points. For the endpoints: t —0 — x = 0 and y = 1 with f(0, 1) = 0; 
t=1 => x=2andy = 2 with f(2,2) =4. The absolute minimum is f(0, 1) = O when t = 0; the absolute 
maximum is f(2, 2) — 4 when t = 1. 
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d 
68 +0 2298 


(i) ia де = 4 = (20)(1) + 202 – 2(-2) = 100-8 =0 > t= $ > x= dandy = 2 with 
f (2, 2) = 16 + бы = — $. The absolute minimum is f (2, 2) = і when t = 5; there is no absolute 
maximum along the jus 

(i) For the endpoints: t = 0 => x = 0 and y = 2 with f(0,2) = 4;t= 1 => x = l and y = 0 with f(1,0) — 1. 


The absolute minimum is f (4 





53 2) = 2 at the interior critical point when t = 2 ; the absolute maximum is 


f(0, 2) = 4 at the endpoint when t = 0. 
dg _ дв dx дв dy . —2x dx -2 а 
(b) d m Эх dt + 5) ді m E] dt T [| dc 


0) x-tandy-2-2t- x!«-y!—58—8 4 = 3 — — (5? — 8t-- 4) "[C-290) - (2). - 292) 


– (52 — 8t-- 4) ^(-10t- 8) 2 0 -і-і-х-2апду- 2 мйһе(2,2)- $7 2. The absolute 





maximum is g (2 Е 2) = 5 when t — і ; there is no absolute minimum along the line since x and у can be 
as large as we please. 
(1) For the endpoints: t = 0 => 22. 2)= ту = 1 = х= Тапау — 0 with g(1,0) — 1. 


The absolute minimum is g(0,2) = + + when t = = 0; the absolute maximum is g ( = 5 when t = і 8 


2 
5,5) 
65. w = (mx; +b — y1)? + (тхо +b — y2) +-+- + (mxa +b — yn) 

=> ow — 2(mx; 4- b — yi)(xi) + 2(mx2 + b— у2)(хо) + + 2(ах + 6 — Yn) (Xn) 
=> 88 = 2(mx; +b— yi)(1) + 2(mx2 +b — yo)(1) +++» + 2(mx_ + b— ya)(1) 
дч = 0 = 2[(mxi Fb - yi)(xi) 4 (mxo 4 b — yz)(x2) ---- + (юх + — у„)(х„)] = 0 
— mx! 4 bx; — xi yi + mx} + bx. — Xo y2 ++» + mx2 + DXy — Xn Yn = 0 
= ш(х ++... + ха) + (хи + ха + --- + хь) — (Ki yi + X2¥2 +--+ + XnYn) =O 
= ту (xi) + BY Xk – У (хкук) = 0 
кі k=1 k=1 
ot = 0 => 2[(mx, +b — yi) + (mx, + b— yo) +--+ + (mx_, +b— yq)] =0 
=>mx,;+b—y;+mx.+b—y2+---+mx,+b—-y, =0 
=> ш(х1 + х2 + + ха) + (6 +Ь +... +Ъ) – (у фу + + Ув) = 0 
= паром +Ы$1— Уук =0 ә myx +bn— Ly, = 0 b=} Хус-н х) 
к=1 к= k=1 k=1 k=1 k=1 
Substituting for b in the equation obtained for 2 дж ме рег m) (x$) + 1 > Yk — m» ЭЭ)» У)хк = У (хкук) = 0. 
k=1 k=1 


Multiply both sides by n to obtain mn Y` (x?) + (Zn - т, ж)» 27%-п x (хкук) = 0 
k=1 


k=1 k=1 


woo (Bs) 


Me 


2 
n n 
=> mn)> (xz) — m( Sx) =n 

k=1 k=1 k 


|| 
= 


smod- (Sa) | -5Дөөө-( 8) 83) 
k=1 k=1 k=1 k=1 k=1 


>m= — 





n n 2 n 2 n 
"Eop-(Xx) (Sa) = 009) 
k=1 k=1 k=1 k=1 
To show that these values for m and b minimize the sum of the squares of the distances, use second derivative test. 


oy =2х] +24 + + 2p = 2D (EDS т пр = 2х + 2%х + 2 2:9 ow SOA Ph eed AO 
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The discriminant is: (=) (88) = ( 


Me 





x) - 22:00 |) – Бәле) S08) - (=) | 


2 
Now, is х)- (х, 8) = n(x? 4- x +... + х2) — (х + Х2 +: + жи) (хи + хо + + Xa) 


k=1 


2 





= пх? +фпх2 +: -+nx? x? X]X2 — ::: — ХХ — Хохл х2 t — X2Xg — XgX1 — XgX2 — 007 X 
— (n— 1) i - (n- 1) xi 4 (n 


n 


1) x? 2X1X2 — 2 X1X3 — ++- — 2 X1Xn — 2 X2X3 — +- — 2 X2Xn — ++ — 2Xp_1 Xn 





n 


= ( x} — 2x1x2 +х5) + (ха — 2х1Х3 + X3) + + (x? — 2 X1Xn + x2) + (x2 — 2x2x3 + X?) + e -+ (x2 — 2 X2Xn + x?) 


+- + (x21 — 2Xn-1Xn + x2) 


— (x1 — xa). + (x1 = хз)? +: + (X1 — Xn)? + (X2 — x3)? + (к ха)? Б + был — Xn)? > O. 


Thus we have : (= 3 ( oy) — (= 
(E) (E) - (£x) «nae 





ыг 





n n 2 
пу (к) - (£x) | > 4(0) = 0. If xı = X2 = -+ = Xn then 


= Од > 0.1Ёх| = x2 = = х„ = б,їһеп Ё®% = 0. 





ðb? дт ðb 


2 
Provided that at least one x; is nonzero and different from the rest of xj, j Æ i, then (=) (88) 2 ( Ow ) > 0 and 


ON > 0 = the values given above for m and b minimize w. 


— (000-3560 3 
66. m— (00-38) — 4 and 


b= 4 [5-20] =§ 
—y-ixtbiyL-5 


(2)(—1) - 3-14) 20 
67. m= И із апа 
20 9 
5-34|1-1-1-13) 2)] = в 
= 20 9. 2 71 
= у-ро В 


— 86-38) _ 
68. m = Gy-36) ^ 3 апа 
b=5([5-2@] =; 


> 3 Ls , (28/2. 
s 222% 


69-74. Example CAS commands: 
Maple: 
f := (x,y) -> x^2+y^3-3*x*y; 
x0,x1 := -5,5; 
y0,y1 := -5,5; 



























































k Xi Ук х хуқ 
1 -2 0 4 0 
2 0 2 0 0 
3 2 3 4 6 
> 0 5 8 6 
k хұ Ук 

1 —1 2 

2 0 1 

3 3 —4 

> 2 —1 

k хұ Ук x ХкУк 
1 0 0 0 0 
2 1 2 1 2 
3 2 3 4 6 
M 3 5 5 8 














plot3d( f(x,y), x=x0..x1, y=y0..y1, axes=boxed, shading=zhue, title="#69(a) (Section 14.7)" ); 
plot3d( f(x,y), xzx0..x1, yzyO..y1, grid=[40,40], axes=boxed, shading=zhue, style=patchcontour, title="#69(b) 


(Section 14.7)" ); 
fx :- D[1)(f); 
fy = D[2](f); 


# (с) 


crit_pts := solve( {fx(x,y)=0,fy(x,y)=0}, {x,y} ); 


fxx :- D[1](fx); 
fxy := D[2](fx); 


# (d) 
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fyy := D[2](fy); 
discr := unapply( fxx(x,y)*fyy(x,y)-fxy(x,y)2, (х,у) ); 
for CP in {crit_pts} do # (е) 
eval( [x,y,fxx(x,y),discr(x,y)], CP ); 
end do; 
# (0,0) is a saddle point 
# (9/4, 3/2) is a local minimum 
Mathematica: (assigned functions and bounds will vary) 
Clear[x,y,f] 
f[x_,y_]:= x? + y? - 3x y 
xmin- —5; xmax=5; ymin= —5; ymax= 5; 
Plot3D[f[x,y], {x, xmin, xmax}, {y, ymin, ymax}, AxesLabel — {x, y, z}] 
ContourPlot[f[x,y], {x, xmin, xmax}, {y, ymin, ymax}, ContourShading — False, Contours — 40] 
fx= D[f[x,y], x]; 
{у= Р х,у], у]; 
critical=Solve[{fx==0, fy==0},{x, y}] 
fxx= D[fx, x]; 
fxy= D[fx, y]; 
fyy= DIfy, y]; 
discriminant- fxx fyy — fxy? 
{{x, y}, Ех, у], discriminant, fxx] /.critical 


14.8 LAGRANGE MULTIPLIERS 


1. УЕ= у xj and y g 2 2xi - 4yj so that Vf —ANZg — yi-c xj 2 AQxi 4- Ayj) => y —2xA and x 2 4yA 
Ex xc Вид => Д + УЗ огх = 0. 
CASE 1: If x = 0, Шеп у = 0. But (0,0) is not on the ellipse 0 х Z 0. 


CASE2: x40 > А= #У? => х= + У2у (545) +22 =1 = у= + 

















мін 








Therefore f takes on its extreme values at ( + xm У апа ( => у2 _ У . The extreme values of f on the ellipse 


are +. 


2. үу Ё= уі + хј апа ҳу = = 2хі + 2yj so that Vf=A Vg = уі +хј = А2хі + 2уј) = у = 2хА апіх = 2ул 
x = 4x)? х=0богА= +}. 
CASE I: If x — 0, then y — 0. But (0,0) is not on the circle x? + у? — 10 — 0 so x Z 0. 
CASE2: x Z0 А= +} у=2х (+1) = +х = х2+ (+ х)* — 10=0 = х= +5 э у= +\/5. 


Therefore f takes on its extreme values at ( + үу 5, v5) and ( Æ М5 j -45) . The extreme values of f on the 






































circle are 5 and —5. 


3. wvf--2xi -2yjand у 52 =4+ 3ј зоћа Vf=AVg — -2xi -2yj2 A 4- 3p — х= — 2 апау = – 32 
= (— 4) -3(- a) = 10 > A=-2 > x= landy =3 = ftakes on its extreme value at (1, 3) on the line. 


The extreme value is f(1, 3) = 49 — 1 — 9 = 39. 
4. ху Ё = 2хуі + х2ј апа ҳу в = і + ј 50 Ња f -Aszg = 2хуі + х2ј = № +j) > 2xy = à and x? = À 


=> 2xy =x? > x=0o0or2y =x. 
CASE 1: Ех = 0, ћепх +у = 3 = у= 3. 
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CASE 2: Ifx #0, then 2y = x so that x +y = 3 > 2y+y=3 = у=1 = х =2. 
Therefore f takes on its extreme values at (0, 3) and (2, 1). The extreme values of f are f(0, 3) — 0 and f(2, 1) — 4. 


We optimize f(x, y) = х? + у?, the square of the distance to the origin, subject to the constraint 

a(x, y) = xy? —54=0. Thus vf = 2xi+ 2yj and Wg = y*i+ 2xyjso that VWf=AVWeg => 2хі + 2уј 

= А(у?ї + 2ху}) = 2х = Ay? and 2y = 2Axy. 

CASE 1: If y = 0, then x — 0. But (0,0) does not satisfy the constraint xy? — 54 so y Z 0. 

CASE 2: If y £0, then2 = 2Ax => х= 1 = 2(1) =Ay’ > y = $. Thenxy? 2 54 => (1) (5) = 54 


^% = х= х = 3 апа у? = 18 = х=Запау = +3\/2. 














Therefore (3, = 3v2) are the points on the curve xy? = 54 nearest the origin (since xy? = 54 has points increasingly 


far away as y gets close to 0, no points are farthest away). 


We optimize f(x, y) = x? + y?, the square of the distance to the origin subject to the constraint g(x, y) = x?y — 2 = 0. 


Thus ху Ё = 2хі + 2yj and. x7 g — 2xyi - x?j so that y f = À Y g => 2х = 2хул апа 2у = х? = Л = 4, since 


ха 


x=0 = у = 0 (6ш g(0,0) 4 0). Thus x 4 0 and 2x = 2xy (3) > x? = 2y? > (2y?)y-2=0 — y — 1 (since 








у > 0) = х= + м2 . Therefore ( + V2, 1) are the points on the curve x?y — 2 nearest the origin (since x?y — 2 has 


points increasingly far away as x gets close to 0, no points are farthest away). 


(а) wv f-i-jand yz g — yi - xj sothat Nzf-ANz7g ij — A(yi - xj) A 1 — Ay and 1 2 Ax => y — 5 and 
1 
A 
at the point (4,4). Now, xy = 16, x > 0, y > 0 is a branch of a hyperbola in the first quadrant with the x-and y-axes 





х= = 4 -16-А- а 1. Use À = 1 since x > O andy > 0. Then x = 4 and y = 4 — the minimum value is 8 
as asymptotes. The equations x + y = c give a family of parallel lines with m = —1. As these lines move away from 
the origin, the number c increases. Thus the minimum value of c occurs where x + y = c is tangent to the hyperbola's 
branch. 

(b) Wf=yi+xjand Vg =i+jsothat Vf=AVgeE = Я-Хх] = ла) = у=л=ху-у = 16 = у=8 

=> x=8 => f(8,8) = 64 is the maximum value. The equations xy = c (x > Oandy > Oorx < Oandy < 0 
to get a maximum value) give a family of hyperbolas in the first and third quadrants with the x- and y-axes as 
asymptotes. The maximum value of c occurs where the hyperbola xy = c is tangent to the line x + y = 16. 


Let f(x, y) = x? + y? be the square of the distance from the origin. Then vv f = 2xi + 2yj and 


үу © = (2х + уд - (2y + x)j so that Y f = À Z g => 2х = A(2x + y) and 2y = A(2y + x) > БА 





= 2х = (525) x+y) > xy +x) = yx +y) > xX =y > y= +x. 





CASE 1: у=х > х?+х(х+х?—1=0 > х= +--апйу=х. 


я 





САЗЕ 2: у=-х = х? + х(-х) + (-х)? -1=0 = х= +т1авау = —х. Thus f (45, 3.) -2 


= (- ds- 5) and f(1, 1) 2 2 = f(-1, 1). 


Therefore the points (1, —1) and (—1, 1) are the farthest away; (5, 5) апа (- 


СТА 


) are the closest 


ЭР 
Ы 


points to the origin. 





V — ar?h 16r = «r?h 16 = гћ g(r,h) 2 ?h— 16; S - 2zrh --2n? — ҳу 5 = (2лһ + 4тт)і + 2лг} апа 
ҳу 5 —2rhi t Pj so that N7 S c A ҳу 2 = (лтћ + 4лг)і + 27) = А (21 + г2ј) => Слћ + Алг = 2А апа 2лг = Аг? 
= г= ОогА = 2. But r = 0 gives no physical can, so r Z 0 Х== 2тһ + 4лг => (27) > 2r=h 











16 — (2r) > r = 2 => h = 4; thus r = 2 ст and h = 4 cm give the only extreme surface area of 247 cm”. Since 





г = 4 сш ава В = 1 сш = У = 16m cm? and S = 407 cm’, which is a larger surface area, then 247 cm? must be the 
minimum surface area. 
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For a cylinder of radius r and height h we want to maximize the surface area S = 27rh subject to the constraint 
_> 29 hy? 
, 2 


851 


g(r,h) =r? + (8) – а? = 0. Тһиѕ ҳу S 2 2zhi 4 21rj and v7 g — 2ri - 3j sothat N7 S 2 AN7z g => 2лһ = 2Ar and 
2лг = 2% => "® = ЛАапа2лг= (“)(%) > 4P =h? SS he eS Та Ж 

















р! ЖЕ, ша 
і-а 2r =a l= 5 
h=a/2 > S=2r (+) (av/2) = 2ra. 
11. A = (2x)(2y) = 4xy subject to g(x, y) = хор 45-1-0 V A= 4yi + 4xj and уа-11-2)зойа VA 
=A Vg => 4yit+4xj=A (Fit Zj) => 4у = (%) A and 4x = (4) \ = А = and 4x = (2) (22) 
2 
=> yo zt Eix = д y= 4 > xX =8 > x= +2,/2. We use x — 24/2 since x represents distance 
Then y = 2 (2 bikinis 2x — 4/2 and the width is 2y = 34/2. 
12. 


P = 4x + Ay subject to g(x, y) = 


23 


+®—1=0; g P = 4i + 4j and JZ g= %i+ Bj so that vP-AYg 
= 4= (3) \and4 = (3) А m mia 


2yY ( 222 p? (уе х pue 2 
зе апд4 = (8) (22) > y= ($) 9 $4 =1 = 5 + 0 


Sh ae ba Sa x= жыр since x > 0 = у=(®)х= be 


1 25 2а? 
ты > width = 2x = mer 
and height = 2y = -2 => perimeter is P = 4x + 4y = +4 — 4 


Va? + b? a +b? 








13. 


Vv f = 2xi+ 2уј апа ҳу о = (2х – 2)і + (2у — 4j so that Y f = Л ху & = 2xi + 2yj = A[(2x — 2i + (2y — 4j] 
— 2х = A(2x — 2) and 2y = A(2y — 4) — x 2 dq andy 2 35, A Z1 2 y 22x 2 x! - 2x c Qx - 


4(2x) = 0 
=> x = 0 and y = 0, or x = 2 and y = 4. Therefore f(0, 0) = 0 is е minimum value and f(2, 4) = 20 is the maximum 
value. (Note that \ = 1 gives 2x = 2x — 2 or 0 = —2, which is impossible.) 


14. У += 31 — ] апа ҳу е = 2хі + 2yjso that УЕЕЛУ Е = 3 = 2Ахапа –1 = 24у = А = 2 

















and —1 — 2 (3 уу 
x 2 
>y=-š = х?+(—4) =4 10x? = 36 > x t Jm х 70 and y = — 75, 0rx = — Jc and 
y= Ju Therefore f (4s. = 2) = 75 + 6 = 24y 10 + 6 z: 12.325 1s the maximum value, and t (— $ m Ax) 
— —2X 10 4 6 ~ —0.325 is the minimum value 


15. УТ= 


(8x — 4y)i + (—4x + 2y)j and э(х, у) = х? + у? — 25 =0 = ҳур = 2хі + 2уј ѕо аг үу Т = Ау 
= (8x — 4y)i + (—4x + 2y)j = AQxi - 2yj) = 8x — 4y 2 2ax and -4Ax -2y 222y — y 2 4325,A Z1 

= 8х — 4 (==) =2\x => х= 0, ол = 0, ел = 5. 
CASE 1: х=0 = y =0; but (0,0) is not on x? + y? = 25 so x #0 

САЅЕ 2: А=0 = у= 2х = ж + (2х) = 25 > х= + 5 апду = 2x. 
САЅЕ 3: А=5 = у= ER = 8 5 2 + (-Е) =25—%Х = - 
апа у = \/5. 


Therefore T (vs. 2,5) =0°=T (-У5 25) is the minimum value and Т (2,5, -45) = 125° 


( 2\/5 v5) is the maximum value. (Note: А = 1 = х = 0 Ном the equation —4x + 2y = 2Ay; but we 
found x Æ 0 in CASE 1.) 








t 24/5 > x = 2\/5 апду = —\/5,огх = —2\/5 


16. The surface area is given by S = 4rr? + 27th subject to the constraint V(r, h) = 3 4 лг? + ar?h = 8000. Thus 
J S = (8лг + 27һ)і + 2лтј апа ҳу У = (4лг? + 2nrh)i + mr’j so that VS =AV V = (Sart 2th) + 2л) 
= А [(4тт? + 2zrh) i 4 


Елі? = 87r + 2rh = A (4rr? + 2rrh) and 27r = Алг? = г = 0 0г2 = гА. Вшг 0 
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17. 


18. 


19. 


20. 


21. 


22. 


Chapter 14 Partial Derivatives 
502 = ТА => А = 2 => 47 +һ = 2 (27 + rh) + h=0 — the tank is a sphere (there is no cylindrical part) and 


4 m3 = 8000 > r=10(8)"”. 


Let f(x, y,z) = (x — 1)? +(y — 1)? + @ — 1)? be the square of the distance from (1, 1, 1). Then 

v f 2 2(x — Di 4 2(у – 1)) + 2(72 – Капа ҳу е = і + 2) + ЗК ѕо аг ҳу Ё = А ху о 

=> 2(х — 11+ 20 – 1)) + 2(2 – ОК = Ха + 2] + ЗК) = 2(х— 1) = А, Ху — 1) = 2Х,2(2 — 1) = ЗА 

=> (у – 1) = 212(х – 1] апа 22 – 1) = З2х — 1] > x = HH => 2+2 =3 (58) ог = 32! ; физ 
үкі +2y +3 (2—1) –13=0=> у=2 > x= 3 and z = 3 . Therefore the point (2,2. 5) is closest (since no 
point on the plane is farthest from the point (1, 1, 1)). 


Let f(x,y, zZ) = (x — 1)? +(y + 1)? + (@ — 1)? be the square of the distance from (1, —1, 1). Then 
wv f -2(x- 1)ї + 2(у + Dj +2@— Dkand Į g = 2хі + 2yj + 2zk so that Y f = à J g > x — 1 = àx, y + 1 = ày 














and2—1= de > x= rh,y=- rh mdz= ql forAs 1 e (115) (H) = 
D + 55 X Ay — qi B= GOK =— .у- д,® = — Gz. The largest value of f 


occurs where x < 0, y > 0, and z < 0 or at the point (- va ; 2 y— =) on the sphere. 


Let f(x, y, Z) = x? + y? + 2? be the square of the distance from the origin. Then vv f = 2xi + 2yj + 2zk and 

g g = 2xi — 2yj — 2zk so that Y f= A Z g => 2xi - 2yj -2zk — AQxi — 2yj — 2zk) > 2x = 2х2, 2у = 2ул, 
and 2z = —27^ = х=0огл = 1. 

CASE 1: А = 1 > 2y = —2y > y = 0; 2z = —2z 2-0->х2-1-0-> х2-і1-0->х- -Іапду-2-0. 
CASE2: x=0 => у? — 72 = 1, which has no solution. 

Therefore the points on the unit circle x? + y? = 1, are the points on the surface x? + y? — z? = 1 closest to the origin. 











The minimum distance is 1. 


Let f(x, y, Z) = X? + y? + z? be the square of the distance to the origin. Then v7 f — 2xi 4- 2yj -- 2zk and 
gJ g= yi + xj-— k sothat Vf —AN7g — 2xi -2yj + 22к = М№уі + хј – К) = 2х = Ау, 2у = Ах, апі 22 = А 


А А 
=> x=7 => у= A (3) => у=0огА = +2. 


САЅЕ 1: у=0 = х=0 = —2+1=0 = 1 =1. 

САЅЕ 2: Л=2 = х = уапай = —1 = х? - (-1+1=0 = x?+2=0,s0 no solution. 

САЗЕЗ: Х=—2 => x=-yandz=1 => (-y)yy-—1+1=0 = y=0O, again. 

Therefore (0, 0, 1) is the point on the surface closest to the origin since this point gives the only extreme value 





and there is no maximum distance from the surface to the origin. 


Let f(x, y, Z) = x? + y? + Z? be the square of the distance to the origin. Then v7 f — 2xi 4- 2yj + 2zk and 

gJ g = -yi — xj + 2zk so that Y f= A J g > 2xi + 2yj + 2zk = A(—yi — xj -2zk) => 2x = —yA, 2y = —xA, and 
22 = 22А = А = 10г2 = 0. 

САЅЕ 1: А = 1 = 2х = -уапа2у = –х > y=Oandx=0 = 2-4=0 & z= +2 апіх = у = 0. 





САЅЕ 2: 2=0 > —ху—4=0 > у= – 1, Then 2x = { А = A= È and — È = —хА = -®=-х(®) 


X 





=> x= 16 => x= +2. Thus, x = 2 and y = —2, or x = —2 and y = 2. 
Therefore we get four points: (2, —2, 0), (—2, 2, 0), (0,0, 2) and (0,0, —2). But the points (0, 0, 2) and (0,0, —2) 


are closest to the origin since they are 2 units away and the others are 2/2 units away. 


Let f(x,y, Z) = x? + y? + z? be the square of the distance to the origin. Then vv f = 2xi + 2yj + 2zk and 

J g = yzi + xzj + xyk so that J f= À J g => 2x = Ayz, 2y = Axz, and 2z = Axy — 2x? — Axyz and 2y? — Ayxz 
x? = y? y= +x > z= +x > x(+x)(+x)=1 х= +1 the points are (1, 1, 1), 1,—1,—1), 

(—1,—1,1), апд (—1,1, —1). 
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23. 


24. 


25; 


26. 


27. 


28. 


29. 
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v f=i-2j+5kand 7 g = 2хі + 2уј + 2zk so that Y f = à J g > i — 2j + 5k = А(2хї + 2yj + 2zk) > 1 = 2x), 
—2 — 2yA, and 5 — 2zA х Xy = —2x, and z — 3, — 5x => x?4 (—2x) + (6x? =30 > x= +1. 
Thus, x = 1, y = —2, z = 5 or x = —1, y = 2, z = —5. Therefore f(1,—2,5) = 30 is the maximum value and 

















f(—1, 2, —5) = —30 is the minimum value. 


ХЕ=1+ 2] + ЗКапа ҳу $ = 2х1 + 2у}] + 27К so that Vf=AVg_g>i+ 2j + ЗК = AQxi+ 2yj + 2zk) > 1 = 2x), 

















2 =2ул,апа3 =22А > x= уе 1-25, аба 2. =3х = х? + (2x)? + Gx)? = 25 = х= + 77 
= 5 = 10 z= 15. = 5 = 10 = 15 5 210 15. 
Thus, x 21437 Ju Z n Or x 473 Vu Vu Therefore t ( 3 , 2%, ЈЕ) 


— 54/ 14 is the maximum value and Ц- a es Ta = 38) — —5y 14 15 ће minimum value. 


f(x,y,z) =x? +y?4 27 and g(x,y,z)=x+y+z-9=0 5 ұу = 2хі + 2yj + 2zk and J g = i+ j+ k so that 
vVf-AWSg => 2хі + 2yjt+ 2zk = AG4+j+k) => 2х = А, 2у = А, апа22 = А5 х= у= 5х +фх+х- 9 = 0 
= х= 3, у = 3, апа # = 3. 


Қх,у,2) = худ апа э(х, у, 7) =х +у +22 – 16 = 0 = Vvf=yzi+xzj+xyk and Vg =i+j-+ 2zk so that 
ХУЕ=Лх $ = ул + х7] + хук = Ла+]-+27К) = ух = А, хи = А, апі ху = 22А = ух = х2 > z = Qor y = x. 
But z > 0 so that y = x => x? — 2zA and xz — A. Шеш И) — x-—Üorx —2Z. But x > 0 so that 











х-272 -> у- 222 -> 2724-272--272-- 16 -> 2- EUM We use z = ~z since z > 0. Then x = 32 2 andy = = 
which yields f (32, 2,4.) = 3096. 


V —xyzandg(x,y,z) 2 x +у? +22 – 1=0 — sz V — yzi- xzj - xyk and 7 $ = 2х1 + 2у} + 22К so that 
и она нае ша z= +x 











> xX +x +x =l >x л since x > 0 = the dimensions of the box are л Бу! v by + a for maximum 


volume. (Note that there is no minimum volume since the box could be made arbitrarily thin.) 


V = xyz with x,y, z all positive and * + Z -- 2 = 1; thus V = xyz and g(x, y,z) = bex + acy + abz — abc = 0 

=> VV=yzi+xzj+xykand Vv g = bci 4- acj 4- abk so ас ҳу У = А J g => yz = Abc, xz = Aac, and xy = Aab 
=> xyz = Abcx, xyz — Aacy, and xyz — Aabz — A Z0. Also, Abcx — Aacy — Aabz bx — ay, cy — bz, and 

сх = ай = у= ?xandz= £x. Then *ž + ž+£=1 > хи (Вх) +1 (< х) =1 = z=] > x= 3 


> у= (5) (5) = 5 and z = (©) (4) =+4 = У = худ = (4) (5) (5) = аре 1 is the maximum volume. (Note that 


a 








there is no minimum volume since the box could be made arbitrarily thin.) 


V T = 16xi + 4zj + (4y — 16)k and 7 g = 8xi+ 2yj + 8zk so that VJT=AVWg => 16х + 424 + (4у — 16)К 
= A(8xi 4- 2yj 4- 8zk) — 16x — 8xA, 4z = 2yX, and 4y — 16 = 82’ => А = 20огх = 0. 
CASE 1: \=2 => 42 = 2у(2) => 7 = у. Тћеп42 – 16 = 167 => 2 = — 3 => y=—. Then 


4x24 (— 4)’ 4.4(-4 2 = 16 =» х= = 

CASE2: x=0 > =Ë > ду – 16 = 82 (3 2) => y? — 4у = 42 = 40) +у? + (у? – 4у) –16= 0 
= у°—2у—-8=0 > (у – 4)(у +2) = 0 = y=4ory=-2. Nowy =4 = 42? = 4? – 404) 
> ; = бапду = –2 = 422 = (–2)2 — 4-2) > z= + V3. 

The temperatures are T (4 $,—$,— 4) — 6423, T(0,4,0) — 600", Т (0, –2, УЗ) = (600 – 24/3) ‚ава 





эг 











T (0, —2, - 3) = (600 + 2443) & 641.6?. Therefore ( Е 3 ,— 4 ‚= 4) are the hottest points on the space probe. 
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30. WT = 400yz7i + 400xz7j + 800xyzk and x7 g = 2xi + 2yj + 2zk so that 7 Т = Ауе 


31. 


32. 


33. 


34. 


35. 


=> 400у721 + 400xz?j + 800xyzk = A(2xi + 2yj + 2zk) => 400yz? = 2x\, 400xz? = 2yA, and 800xyz — 2zA. 












































Solving this system yields the points (0, + 1,0), (+1,0,0), and ( ił, 32) . The corresponding 
temperatures are T (0, + 1,0) = 0, T ( + 1,0,0) = 0, and T ( 5, £4, 32) = +50. Therefore 50 is the 


v2 


шон, ) ; —50 is the minimum temperature at 





Е 1 
maximum temperature at ( 


өз #4) and ( 


2 
1 1 2 1 1 
(1-1, 557) ава (1,1, 542). 


[Ir 


7 


ке 
мін 








= (у + 2) + ҳј апа ҳу о = 21 + ј ѕо Ша ҳу О = AN g = (у + 2) xj 2 AQi oj) — y 2 — 2A and 
х= А = у+2 = 2х = у= 2х —2 = 2x -Qx-2) 230 9 x— 8andy — 14. Therefore U(8, 14) — $128 
is the maximum value of U under the constraint. 


WV M - (6 4 zii - 2yj t xk and yy g = 2xi+ 2yj + 2zk so that Y M = à J g => (6+2)i— 2yj + xk 

= М№2хі + 2уј + 226) = 6 +72 = 2ХА, –2у = 2ул, х = 2234 > A=—-lory=0. 

САЗЕ 1: Х=—] => 6+z= —2x and x = —2z => 6+7 = –2(–27) = 1 = 2 and x = —4. Then 
(4? +y? +2? -36 =0 > y= +4. 

CASE 2: y = 0,6 + z = 2xA, and x = 2z\ AE 6+»=2х(5^) = 62422 =х? 
= (67 + 72) + 02 +272 = 36 = z=-60rz=3. Nowz=-6 > x =0 > x=0;z=3 
> xX =27 > x= +3\/3. 


Therefore we have the points ( + 3\/3,0, 3) ‚ (0,0, 6), and (—4, + 4,2). Then M (3 3:0; 3) = 27\/3 +60 


~ 106.8, M ЕГЕ 0, 3) = 60 — 27\/3 = 13.2, M(0, 0, —6) = 60, and M(—4, 4,2) = 12 = M(—4, —4, 2). Therefore, 
the weakest field is at (—4, + 4,2). 























Let g1(x, y,z) = 2x — y = 0 and go(x,y,z) =y+z=0 => {уо = 21 ј, ҳу оо = ј + К, апа ҳу = 2хі + 2] – 226 
so that Z f =A JZ gı +u Zg => 2xi 2j -2zk — AQi — j) + ид - K) — 2xi - 2j —2zk — 20 4 (u — Aj + wk 
=> 2x = 2), 2 = u — à, and —2z = u => x=. Then2 = —2z—x => x = —2z — 2 so that 2x- y = 0 

-> 2(-22-2)-у-д0 -> -42-4-у-0. This equation coupled with y + z = 0 implies z = — $ andy — +. Then 


(3) +2(§) -(-§) =. 


Ге э1(х, у, 72) = х + 2у + 31 — 6 = Оапа 22(х, у, 2) = х+ 3Зу-+ 97 -9=0 = Ve =i+2j+3k, 
V g2 =i4+3j+ 9k, and J f= 2xi + 2yj + 2zk so that J f = À J gı +u J g2 => 2xi 4 2yj + 2zk 
= AG+ 27 + 3k) + па + 3j + 9k) => 2x = À + р, 2y = 2A + 3u, and 2z = 3A + 9u. Then 0 = x + 2y + 3z — 6 
= 1 (А + и) + СА + Зи) + (3АХ + Ти) –6 = ТА + Пр=60 =х +Зу +92 – 9 
=> (A+ џи) + (ЗА + 2 u) + (2A+ 8L u) —9 — 34А +91и = 18. Solving these two equations for A and u gives 


х = 2 so that (2 У 3 ‚= +) is the point that gives the maximum value (2, 3, - 1) = 














= 20 _ 178 А+и _ 81 2Х--3и __ 123 +9; _ 9 - : 
A= and u 50 ? 59 ? ? EX and z = z =ý The minimum value is 
f (S 3 18 5 5) = = M = 1 X . (Note that there is no maximum value of f subject to the constraints because 


at least one of the м. X, y, or z can be made arbitrary and assume a value as large as we please.) 


Let f(x, y, Z) = x? + y? + z? be the square of the distance from the origin. We want to minimize f(x, y, z) subject to the 
constraints g1(x, y,Z) = y + 2z — 12 = 0 and g2(x,y,z) = x + y — 6 = 0. Thus \УЕ= 2х1 + 2у] + 27К, ҳу gı = j + 2k, 
and Į gz = i+ jso that Y f= à J gı +u J g2 => 2х = u, 2y = À + pw, апа 22 = 2А. Then 0 = y + 2z — 12 

= (Ф4+#)+2А—12=3А+4%и=125»5А+и=24;0=х+у-6=Ё+(2+®)—-6=34А+ и =6 

= +24 = 12. Solving these two equations for A and p gives А = 4апди=4 Ka 5 = 2,7 Ath 4, and 

z = à = 4. The point (2, 4,4) on the line of intersection is closest to the origin. (There is no maximum distance from the 
origin since points on the line can be arbitrarily far away.) 





Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley. 


Section 14.8 Lagrange Multipliers 855 


36. The maximum value is f (2 ; 1 = 4) - 3 from Exercise 33 above. 


37. Let g1(x, y,z) =z — 1 2 0andgo(x,y,z) 2 x +у? +22 – 10= 0 > хув = К, ҳу 02 = 2хі + 2уј + 2zk, and 


38. 


39. 


40. 


ҳу Ё = 2хухі + х22) + х?уК ѕ0 аг ҳу Ё = À J gı +u J g2 => 2xyzi + х22) + х°уК = А(К) + и(2хї + 2yj 4- 2zk) 
=> 2xyz = 2xp, x?z = 2yu, and x?y 2 2zu 4- À => хуг = хи > x=Ooryz=p > p=ysincez=1. 
САЗЕ 1: х= Оапіх = 1 = у? – 9 = 0 (бот оз) = у = +3 yielding the points (0, + 3, 1). 
САЅЕ 2: р=у = х? = 2у? = х? = 2у? (since z = 1) => 2у? +у? +1 – 10 = 0 (бот ро) = 3у2 – 9 = 0 
2 
у= + ү3 = х? = 2 v3) => x= + y6 yielding the points ( V6, + V3, 1) . 


Now f (0, +3, 1) = 1 and ( 1/6, + \/3, 1) = 6 ( + v3) +1=1+6,/3. Therefore the maximum of f is 


1+ 6/3 at (+ \/6, \/3, I), and the minimum of f is 1 — 6/3 at Е- v6, - V/3,1) р 



























































(а) Let е1(х, у, 2) = х фу + 7 — 40 = Оапо(х у 2 = х фу—2=0 => {уо =і+ј+ Е, {уо = 1+) – К, апа 
J w = yzi + xzj + xyk so that Y w = À J gı +u J g2 => уд xzj 4 xyk — AG j + К) – на +] — К) 
=> yz=At+y,xz=A+yp,andxy =A-p yz — xz z=Oory=x. 
CASE 1: z=0 => x+y =40andx+y=0 = no solution. 
САЅЕ 2: х= у = 2х +2 – 40 = 0 апа 2х -2= 0 = z=20 => x=10andy=10 = w = (10)(10)(20) 








= 2000 
ij k 
(b) n=/1 1. 1 | = —2i+ 2j is parallel to the line of intersection = the line is x = —2t + 10, 
11 -1 


y = 2t + 10, z = 20. Since z = 20, we see that w = xyz = (—2t + 10)(2t + 10)(20) = (-42 --100) (20) 
which has its maximum when t 2 0 => x = 10, y = 10, and z = 20. 


Let 21(z, y,z) = y —x = Oand g2(x,y,z) =x? +y?+27-4=0. Then yz f 2 yi - xj -2zk, v7 gj — –і + ј, апа 

V go = 2xi + 2yj + 2zk so that Y f = à J gı +u J g2 => yit xj + 2zk = М—1 + ј) + w2xi+t 2yj + 2zk) 

= у= -А + 2х, х = А + 2y, and 2z = 2zu => z—0ory- 1. 

САЗЕ 1: 2=0 = х фу: —4=0 = 2х? – 4 = 0 (ѕіпсех = у) > x= + V2 and y = + 3/2 yielding the points 

( V2, V2,0). 

CASE2: w=1 >= y=—-A+2xandx=A+4+2y > x+y=2(k+y) => 2x = 2(2x) since x = y > x=0>y=0 
=> 72–4=0 => z= +2 yielding the points (0,0, +2). 

Now, f (0, 0, +2) =4and f ( 4/9; 2,0) = 2. Therefore the maximum value of f is 4 at (0,0, + 2) and the 















































minimum value of f is 2 at ( 4/2; 4/2; 0) | 











Let f(x, y, Z) = x? + y? + z? be the square of the distance from the origin. We want to minimize f(x, y, z) subject 

to the constraints g1(x, y,z) = 2y +4z — 5 = 0 and g2(x, y, Z) = 4x? + 4y? — z? = 0. Thus Y f= 2xi + 2yj + 2zk, 

J gı = 2j +4k,and J gz = 8xi + 8yj — 2zk so that J f = À J gı +u J g2 = 2xi+ 2yj + 27К 

= A(2j + 4k) + u(8xi + 8yj — 2zk) = 2x = 8xņ, 2y = 2A + 8уџ, апа 22 = 4A — 2zu > x=Oorp= 1, 

CASE 1: x=0 => 4(0)? + 4у2 – 22 = 0 => z= +2y > 2y+4Q2y)-5=0 > y= 1 ,0г2у + 4(—2у) – 5 = 0 
= у= – 5 yielding the points (0, 1, 1) апа (0, - 3, 5) з 


САЅЕ 2: р= 1 = у= А+у = А=0 = 22 = 4(0) – 22 (1) = 2=0 = 2у +40) = 5 = у= 3 and 











(0)? = 4х2 +4 (2) — no solution. 


Then f (0, 5,1) = } andf(0,— 2,3) =25(4+4) = 2 = the point (0, 


993 6:3 5 36 , 1) is closest to the origin. 


1 
2 
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41. 


42. 


43. 


44. 


ү Ё=1і+ј апа ҳу е = yi + xj so tht Z f= Jg = і+ј = А№уі+хј) = 1 = улаа 1 = хл = у= х 
=> у? = 16 > y= +4 = (4,4) and (—4, —4) are candidates for the location of extreme values. But as x — оо, 





y — ooand f(x,y) — oo;asx — —oo,y — Oand f(x,y) — —oo. Therefore no maximum or minimum value 
exists subject to the constraint. 


4 
Гег кА, В,С) = У) (Ах, + Ву + С - 2)? = С? + (В+С- 12 + (А+В+С- 1)? + (А+С+ 1). We want 
k=1 


to minimize f. Then f, (A,B,C) = 4A + 2B + 4C, f(A, B,C) = 2A + 4B + 4C — 4, and 
f(A, B,C) = 4A + 4B + 8C — 2. Set each partial derivative equal to 0 and solve the system to get A = — 1 ; 
В- 3 „апа С = — i or the critical point of f is (- i : 3 - 1) . 
(a) Maximize f(a, b, c) — a?b?c? subject to a? + b? + c? = r?. Thus 7 f — 2ab?c?i 4- 2a?bc?j -- 2a?b?ck and 
V g = 2ai + 2bj + 2ck so that X7 f — A sz g — 2ab?c? — 2aA, 2a?bc? — 2bA, and 2a?b?c = 2cA 
=> 2а2Ь?с? = 2а?А = 22А = 2c7A А = 0 ога? = Ь? = с?. 
САЅЕ 1: Л=О => а?Ъ?с? = 0. 








3 
CASE 2: a? =b? =c? = Ка, Б, с) = а?а?а? апа 3a? = r? = f(a,b,c) = (5) is the maximum value. 


(b) The point (ма, У, ve) is on the sphere if a + b + c = r?°. Moreover, by part (a), abc = f (Va У, ve) 


гү? 1/3 < Ê a+b+c 1 
515) = (абс < = = , as claimed. 


n 
Let (ку, хо, ... ›х,) = У) аҳ = ах) ах +... d- àX, and g(X1, Xo,... ,X,) = х + х2 +... +х2 — 1. Тћеп уе 
= 
52 


want Vf—ANg — а = А2х1), а = А(2х»),...,а„ = А№2х,), А #0 = Xi = 5h => 25425 4.2 HI 


n n 1/2 n n n n 1/2 
> 42 =) z > 2x = (Sa?) => f(x1,X5,..., X) 2 SS axi 2 га ха = (514) 15 
i=l ы 


1-1 i 1-1 


1=1 1=1 


the maximum value. 


45-50. Example CAS commands: 


Maple: 
Ё:= (х,у,2) -> x*y+y*z; 
gl := (x,y,z) -> х^2+у^2-2; 
g2 := (х,у,2) -> х^2+7^2-2; 
h :z unapply( f(x,y,Z)-lambda[1]*g1(x,y,z)-Ilambda[2]*g2(x.y.z), (x.y,z.lambda[1],.lambda[2]) ); # (а) 
hx := diff( h(x,y,z,lambda[1],lambda[2]), x ); #(b) 
hy := diff( h(x, y,z,lambda[1],lambda[2]), y ); 
hz := diff( h(x, y,z,lambda[1],lambda[2]), z ); 
М1 := diff( h(x,y,z,lambda[1],lambda[2]), lambda[1] ); 
Һ2 := diff( h(x,y,z,lambda[1],lambda[2]), lambda[2] ); 
sys := { hx=0, hy=0, hz=0, hl1=0, hl2=0 }; 


ql :=solve( sys, {x,y,z,lambda[1],lambda[2]} ); # (с) 
q2 :- map(allvalues, (q1 ]); 
for p in q2 do ы 


eval( [x.y.z.f(x.y.z)]. p ); 
"zevalf(eval( [x.y.z.f(x.y.z)], p )); 
end do; 
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Mathematica: (assigned functions will vary) 
Clear[x, y, z, lambdal, lambda2] 
f[x_y_,z_]i=xyt+yz 
gl[x_y_z ]:=x?+y? -—2 


g2[x_y_z_]:=x? +2z* 2 





h = ЕХ, у, 7] — lambdal g1[x, y, z] — lambda2 g2[x, y, z]; 

hx= D[h, x]; hy= D[h, y]; hz= D[h,z]; hL1=D[h, lambdal]; hL2= D[h, lambda2]; 
critical=Solve[{hx==0, hy==0, hz==0, hL1==0, hL2==0, g1[x,y,z]==0, g2[x,y,z]==0}, 
{x, y, Z, lambdal, lambda2}]//N 

{{х, у, 2}, НХ, у, 7] }/сииса1 


14.9 TAYLOR'S FORMULA FOR TWO VARIABLES 


1. (х,у) = хе — f, — e", f, — xe", f, — 0, y — e", fy, = xe” 
=> f(x,y) = £0, 0) + xf, (0,0) 4- yf, (0, 0) + 5 [x?fxx(0, 0) + 2xyfxy(0, 0) + уђу, 0) 
=0+х-1+у-0+ i (x? -0 +2xy - 1 +y? - 0) =x + xy quadratic approximation; 
Бах = 0, fy — 0, fy, — e", fyy, — xe 
=> f(x,y) © quadratic + ¢ [x?fxxx(0, 0) + 3x?yfxxy(0, 0) + 3xy7fxyy(0, 0) + y*fyyy(0, 0)] 
=x+xy +i (x?-0+ 3x’y-O0+ 3xy?-1+y?-0) =x+xy + 2 ху?, cubic approximation 


2. f(x,y) =e* cosy => fx = e* cos y, fọ = —e* siny, fy, = e* cos y, fy = —e* sin y, fyy = —e* cos y 
=> f(x,y) = £0, 0) + xf, (0, 0) + yf,(0, 0) + 1 [х26,,00,0) + 2хуђу(0,0) + у и, 0)] 
=1+x-1l+y-0+4+$ [x?-1+2xy-0+y?-(-D] =14+x+4+ 4 (x? — y’), quadratic approximation; 

Бах = e* cos y, f, — —e* sin y, y, — —e* cosy, fy, — e* siny 
=> f(x,y) © quadratic + 1 [x?£,,,(0, 0) + 3x”yfxxy(0, 0) + Зху?6,уу(0, 0) + y*fyyy(0, 0)] 
=1+х-+ 2 (х? — у?) + & [3 - 1+ 3х2у - 0 + Зху? - (—1) + УЗ -0] 


— I x4 $ G8 — y?) - $ Q8 — 3xy?) , cubic approximation 








3. f(x,y) =ysinx => f = y cos x, fy = sin xX, fxx = —y sin x, fy = cos x, fyy = 0 
— f(x,y) © £0, 0) + xf (0, 0) + yf (0, 0) + 1 [x?fxx(0, 0) + 2xyfy(0, 0) + y?f,,(0, 0)] 
=0+x-O0+y-0+4(x?-0+2xy-1+y?-0) = xy, quadratic approximation; 
Бах = —y cos x, fa, = — sin x, y, — 0, fy, = 0 
= f(x,y) ~ quadratic + 1 [x?fix(0, 0) + 3x?yfxxy(0, 0) + Зху20,у,(0,0) + у?гу,у(0,0) 
= xy + 4 (x? - 0 + 3x?y - 0 + 3xy? - 0 + y? - 0) = ху, cubic approximation 


4. f(x,y) = sin x cosy => fx = cos x cos y, fy = — sin x sin y, fxx = — sin x cos y, fxy = — cos x sin y, 

Бу = — sinx cos y => f(x, y) & f(0, 0) + xfx (0, 0) + yfy(0, 0) 4- 3 [x^£,,(0, 0) + 2xyf,, (0, 0) 4- y?f,, (0, 0)] 

=0+x-1+y-0+ 4 (x° -0+ 2xy -0+ y? - 0) = x, quadratic approximation; 

Бах = — cos x cos y, fxxy = sin x sin y, fxyy = — соѕ х Cos y, fyyy = sin x sin y 

= f(x,y) ~ quadratic + 2 [x?£,,,(0, 0) + 3x°yfxxy(0, 0) + 3xy°fxyy(0, 0) + y°fyyy(0,0)] 

=x + 2 [x?-(—1) + 3x”y - 0 + 3xy? - (1) + y? - 0] = x — 1 (х? + Зху?), cubic approximation 
5. f(x,y) =e mna +y) > f& =e" n(1+y), fy = pS) fe = (1 +-y), fy = 155. fy — фа 
= f(x, y) ~ 60,0) + хЁ, (0,0) + yfy(0, 0) + 4 [x2f.(0, 0) + 2xyfy(O, 0) + y2fyy(0, 0D] 
=0+x-O+y-1+4 5 [x? -0+ 2xy -1+ y? -(—1)] = y + 4 (2xy — y?) , quadratic approximation; 


X 


X х 2 
fax = е In (1 + y), Бху = ту, Буу = — {рүур› буу хул 
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=> f(x, y) © quadratic + i [х fxxx(O, 0) ++ 3х°уї,ху(0, 0) + 3xyfxyy(0, 0) 4- y?fy,,(0, 0)] 
= y + 5 (2xy —y”) +z [x?-04 3x°y- 1+ 3xy’-(-1) + y? -2] 
— y * i xy — y?) + 1 (3x*y — 3xy” + 2y*) , cubic approximation 


6. f, y) - InQx - y 1) - Едет, = ee fe = a fs = Pire 
fy = ar => f(x,y) ~ f(0, 0) + xfx(0, 0) + yfy(0, 0) + i [x7fxx(0, 0) + 2xyf,, (0, 0) -- y?f,,(0, 0)] 
=0+х-2-+у-1+ 3 [< - (-4) + 2ху - (-2) + у? - (-1]] = 2х +у+ 2 (-4х? – 4ху – у?) 
= (2х + у) — i (2x + у)?, quadratic approximation; 

fox = Gry ros fay = (суту, Буу = (Буту, буу = (уу 

= f(x,y) © quadratic + 2 [х бх (0, 0) + Зх?2убу(0,0) + Зху2 ,уу(0, 0) +- y?fy,,(0, 0)] 

= (2х + у) — 1 (2х + у)? + 1 (хз - 16 + 3x*y - 8 + Зху? -4 +уз-2) 

= (2х + у) – i Qx 4 у)? + i (8x? 4- 12x?y 4- 6xy? 4- y?) 

=(2х + )) – 1 (2х + у)? + + (2х + ур, cubic approximation 








7. f(x,y) = sin (x? +y?) => 5, = 2x cos (x? + y”), fy = 2y cos (x? + y”), fxx = 2 cos (x? + y?) — 4x? sin (x? + y?), 

Бу = —4xy sin (x? + y”), fyy = 2 cos (x? + у?) — 4y? sin (x? + y”) 

= f(x, y) © £00, 0) + xf,(0, 0) + yf,(0, 0) + 4 [x2fx(0, 0) + 2xyfyy(0, 0) + y2fyy(0, 0)] 
=0+x-O+y-0+4(x?-2+42xy-0+y?-2) =x? +”, quadratic approximation; 
fxxx = — 12x sin (х? + у?) — 8x? cos (x? + y*), frxy = —4y sin (x? + у?) — 8x”y cos (x? + y?), 
Буу = —4х ѕіп (х? - y?) — 8xy? cos (x? + y”), fyyy = —12y sin (x? + y”) — 8y? cos (x? 4- y?) 

— f(x, y) ~ quadratic + } [x3f,.4(0, 0) + 3x2yfyxy(0, 0) + 3xy2Fxyy(0,0) + y?fyyy(0, 0)] 

=x? +y’ + 4 (x? -0 + 3x°y - 0 + 3xy? - 0 +y? - 0) = x? + y’, cubic approximation 


8. Кх, у) = соз (х? + у?) = В = —2x sin (x? + y”), fy = —2y sin (x? + y?), 
fxx = —2 ѕіп (х? + у?) — 4x? cos (x? + y”), fry = —4xy cos (x? + y”), fyy = —2 sin (x? + y”) — 4y? cos (x? 4- y?) 
= f(x,y) © £0, 0) + xf,(0, 0) + yfy(0, 0) + 1 [x?f,,(0, 0) -- 2xyf;, (0, 0) + y2fyy(0, 0) 
=1+x-0+y-0+ 4 [x? -0+ 2xy -0+ y? - 0] = 1, quadratic approximation; 
fxxx = — 12x cos (x? + y°) + 8x? sin (x? + y?) , fxxy = —4y cos (x? + y”) + 8x°y sin (x? + y°), 
буу = —4x cos (x? + y”) -- 8xy? sin (x? + y?) , ууу = — 12y cos (x? + у?) + 8y? sin (x? + y°) 
— f(x, y) e quadratic -- 2 [x?f,,,(0, 0) + 3x2yfyxy(0, 0) + 3xy2fyyy(0, 0) + y2Fyyy(0, 0) 
= 1+ 3 (x?-0+ 3x’y- 0+ 3xy?- 0+ y?- 0) = 1, cubic approximation 








9. Ех, у) = тк fy, fx = Gayo = fy = fy 

=> f(x,y) © f(0, 0) + xf,(0, 0) + yf,(0, 0) + 1 [x2£,,(0, 0) 4- 2xyf,, (0, 0) 4- y?fy,(0, 0)] 
=1+х-1+у-1+ 5 (2-2 + 2ху-2+у2-2) =1+(х+у) + (х2 +2xy +y’) 

= 1+(х+у) + (х + у), quadratic approximation; f, = туя = у = Буу = фуу 

= f(x,y) © quadratic + é [x*fxxx(0, 0) + 3x”yfxxy(0, 0) + 3xy*fxyy(O, 0) + y*fyyy(0, 0)] 

=1+(х+у) +(х+у) +1 (53-64 3х2у - 6 3xy? -6 - y? - 6) 

=1+(xt+y)+ (x+y)? + (x? + 3x?y 4 3xy? 4 y?) = 1 + (х +у) + (х + у)? 9 (x * yY, cubic approximation 


к. 1 А. 
der pA tees 











f.. = 20 — у)? 
хх (1-х -у+ху)3 ° 


NE = 1-у = 1-х 
10. f(x,y) = = k= gx yo bS exea 


Е fp = 24-39 | 
ХУ” (1-х-у- ху)? ӘУ 7 (1-х-у- ху) 


=> f(x,y) = [(0,0) + хї,(0, 0) + уї,(0, 0) + 1 [x2£,,(0, 0) 4- 2xyf,, (0, 0) 4- y?fy,(0, 0)] 
=14+x-l+y-1+4(x?-2+42xy-1+y?-2) =1+x+y+x?+xy-+ y’, quadratic approximation; 


— — 
1-х-у--ху 
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{= ва – у) Е._ — [41 –х – у +ху) + 60 – УЈИ — Х)ЈО – У) 

а (Терек Fay) анадан (1.-х-у-хуу : 
f£. —L4i-x-yexp-60-xü-yKi-»9 p .  61-? 

Xyy (1— x у + ху > “yyy (1-х—у-+ ху)“ 


=> f(x,y) ~ quadratic + 2 [хб (0, 0) + Зх?2убу(0, 0) + Зху2 ,уу(0, 0) + y?fy,,(0, 0)] 
=1+х+у+х? +ху+у? + 2 (х5 -6-+ 3xy-2+4 Зху- 2 + 0) - 6) 
= 1 +x +y +x? + xy + y? +x’ +x?y + xy? + y’, cubic approximation 











11. f(x,y) = cos x cosy — fx = — sin x cos y, fy = — cos x sin y, fxx = — cos xX cos y, fxy = sin x sin y, 
fyy = — cos x cos y => Кх, у) = КО, 0) + хЁ, (0, 0) + yfy (0, 0) + 1 [к? 6х (0, 0) + 2xyfxy(0, 0) + y7fyy (0, 0)] 
=1+x-0+y-0+4+ i |х2-(-1) -2ху-0--у2-(-11-1- х = Е , quadratic approximation. Since all partial 
derivatives of f are products of sines and cosines, the absolute value of these derivatives is less than or equal 
tol => Е(х,у) < i [(0.1)? + 3(0.1)3 + 30.1)? + 0.1)3] < 0.00134. 

12. f(x,y) = e* siny = f, = e* sin y, fọ = e* cos y, fxx = e* sin y, fyy = e* cos y, fyy = —e* sin y 

=> f(x,y) 22 0,0) + xf, (0,0) + yf,(0, 0) + 1 [x3 £4, (0, 0) + 2xyfxy(0, 0) + y7fyy(0, 0)] 

=0+х:0+у-1+ i (x? -0 + 2xy - 1 +y? - 0) = y + xy, quadratic approximation. Now, fxxx = e* sin у, 

fxxy = e* cos y, fkyy = —e* sin y, and fy = —e* cos y. Since |x| < 0.1, Je* sin y| < le?! sin 0.1| zz 0.11 and 

le* cos y| < |e®! cos 0.1| z 1.11. Therefore, 

E(x,y) € 1 ((0.11)(0.1)? 4- 3(1.11)(0.1)? 4- 3(0.11)(0.1)? 4- (1.11)(0.1)?] < 0.000814. 


14.10 PARTIAL DERIVATIVES WITH CONSTRAINED VARIABLES 
1. w=x? +y? +z? andz = х? + у2: 


y х = X(y, Z) 
dw) _ д» дх , Ow Oy , Ow Oz. Oz _ a оу д ду 
(а) G — — у = (3) = w Кс” ду Т бе dy? ay = Оапа ах = 2х 95у + 2y ay 





УУ ду Ox ду 
Z=Z 
= ов e2y 2 07 2x8 4 2y 5 $5 - 1 > (X) - Qo (- 2) QD 9 = —2у +2у =0 


X 


Х-Х 

















X w w дх w Ow Oz х 2 x 
(b) C) > |у=у ә) э» э» (5), = + FF oe + BE 5 H 04809 = 2х 9 + 2у 8 
Z=Z 
1=2у9 э #=4 = (®#) = Ох)(0) + Oy) (4) +O =14+2% 
у х = х(у,2) 
№ w Ox м д w 02. 9 z x д 
ө(1)-1 ээ» |в (6), ВН В паа оноу A 
2 = 7 
1=2х® > # => = (Ж) = (2х) (3) + (2у)0) + (22000) = 1+ 22 





2. w=x?+y—z+sintandx+y=t: 





X—X 
X 
УУ Ow _ dw Әх | ду д Ow Oz , Ow дг. дх _ (у д2 _ 
@ S os 2242 > w= (B) = баон + Ow Gz g ou BH: Be — 0, G = 0, and 
Т t=x+y 
a =1 > (à) = (2x)(0) + (1)(1) + (—1)(0) + (cos t)(1) = 1+ cost = 1+ cos(k+y) 





Х-1-у 
У д — dw Ox , Ow Oy , Ow д> , Ow Ot. Oz _ tl 
(b) E — 7 = 7, > w> (==). => бу Т ду бу Од» ду Т дї 255 92 = Оапа 25 = 0 
t \ н 
t=t 


Gt æ Il (%) — (3x) — D 4- (1)(1) ++ (—1)(0) + (соѕ 000) = 1 — 2(t— y) = 1 + 2y - 2t 


> бу йу Oy ду 
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X=X 
X 
Уу д — dw a ду д ду д Ow дї. дх _ ду _ 
© |y] > рыс – и = (Ф), = а 2 а 5. к» 97 3: 9 Ойы =0 
х t=x+y 
=> ($)., = (2x)(0) + (1)(0) ++ (—1)(1) + (соз (0) — —1 
y Х-1-у 
ye a — dw a ду д ду д Ow дї. ду _ д 
© |z] > ad =w (5) „== о: 5 ду 2 55 5-91 3:30 = Оапд у = 0 
t 
t=t 


ба) = (Ох)(0) + (1)(0) + (—1)(1) + (соз HO) = —1 





7 = 7, дї дх д дї? дї 
t=t 
= (5%), = 2х0) + (0) + (-DO) + Cos HL) = 1 + cos t 


хх 
3) 
( у-1-х Ow _ Ow Ox Ow Oy Ow Oz Ow Ot. Ox _ д2 
(е) 7 =? > w => ( ),„ = Тау агт Ox tT Ot = 0 and 3 = 0 
t 


х-1-у 








(b B > | „=; | o> GDH E+ tS Ft FH F = 0 and & =0 
t 
t=t 
=? (55. = (2x)(1) + (1)(0) + (—1)(0) + (cos t)(1) = cos t + 2x = cost + 2(t — у) 
3. U=f(P, V,T) and PV = пкт 
Р Р=Р 
о (5) = (У-у | — 0+ Gy BRR BRB 84 OF (0 
~ oR 


= + (D (E) 


4 
m > U = (от), = oe at ov ov т ar = (ae) (v) + (у) 0 + ст 





4. w=x’?+y?+z andy sinz+zsinx =0 





х=х 
: B Ww OX w w Oz 
(a) ӨЕ у= у э м = (9) = 5 25 58 ду у да дв, У — O and 
Zz = z(x,y) 
(y cos z) % + (sin x) % +zcosx=0 > % = i АЕ (0, 1,1), 52 = aa 
=> (F) 9) + Фухо) + 2900] са = 27 





х = х(у, 7) 
(b) 2) — | у=у | -*= (0), = +0) 09: 0 = 0) 0 + 0у)0) + 020) 








2-2 
= (2х) Z + 22. Now (sin z) & + y cos z + sin x + (z cos x) & = 0 and & = 0 
= y cos z + sin x + (z cos x) & =0 > дк = cyemr-smr At (0, 1,7), & = р zd 
5 (3), 019 =2@) (5) +2л = 2л 
5. у = х?у? + уз – 73 апа хе +у? +22 = 6 
х=х 
e (o [rz | “"» (8)- 898 88 


Zz = z(x,y) 


Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley. 


10. 


11. 


12. 


Section 14.10 Partial Derivatives with Constrained Variables 861 


= (2ху?) (0) + (2х?у + 2) (1) + (у- 322) % = 2x’y +z + (у – 322) 52. Now (2x) $ + 2y + (22) 5: = 0 апа 
дк 0 = 2у (20) 0—0 = 02 --1 АЦилу )-042,1,)-1, --4-1- (88) 


z au 
= (202 (0) + – 0] + [1 – 397] 0) = 5 





42,1,—1) 





у х = х(У, 2) 
д 
(b) (1)- у=у ээ = ($#) = низа ни 
Z=Z 


= (2ху?) $ + (2х?у + 2) (1) + (у – 322) (0) = (2х?у) $ + 2х?у +2. Now (2x) & + 2y + (2z) % =O and 














Oz __ Ox ы дх 22 эь дх 22 1 Ow 
& 0 => Ox) ®-+2у=0 => ® ——7, Аг(у,х,у, т) = (4,2,1,—1), ® =—1 = (8) 5 
= (2)(2)(1)? (— §) 4- (92( -(-0 25 
нэ = ди ОНО 2 дх 22 = ди ду ðv u) ди 
you = Lav, tugs =u НУ апі 58 = 0 = 0 = 20 м +2 5% => 5 = ( 5) 5 => 1 
== ди u du)  (v2-u?| du ди _ у == ди —_ 1 == 
=v% +u( v 23) Е ( v ) бу > ay T w At (u, v) = (Уһ). Е 2- (v2) айн 


ди == 
=> (#) == 


r х = гсоѕ 0 axy 2292 2. 23 ду 5, дг ду _ ор дг 
5 — 5. => (4), — cos 6; x +y =r = 2x+2y P= 2r SF and F =0 => 2х=2 5: 





Or _ x (2) a 
Ox г дх)у үх? су? 
If x, y, and z are independent, then (E) = ow бх + дн ду + ow дг + ди 2 





= (2х)(1) + (—2у)(0) + (4)(0) + (1) (2) 22x - 21. Thusx+2z4+t=25 => 140+ %=0 = 2--1 
— (28) = 2x — 1. On the other hand, if x, y, and t are independent, then (28) 
Худ x 


ул 


д 
_ дм дх Ow ду дм д> Ow Ot 














= Sx 8x * ду Әх Т Oz Ox + a ах = (2Х)@) + (—2y)0) + 4 ue + (1)(0) = 2x +4 дг. Thus, x 4- 22 - t 2 25 
Oz <= Oz _ 1 Ow ME 1% — 
If x is a differentiable function of y and z, then Кх, у, 7) =0 = ot ox A ду + ar да =0 = 2r + 5 ду =0 
= (8) == со, Similarly, if y is a differentiable function of x and z, (2) = – A and if zis a 
differentiable function of x and y, (22), = – OE, Then (8) (2) (шу 





_ Of/Oy ( atoz) 9 дх | __ 
E 9002 of/ox ofloy } — 


z = Z + f(u) and u = xy => Е = ТЯ 9 = 1+у 4; ао 22 = 0-+ % 5% -х зо Шах 52 — у 02 
= df df) __ 
=x(l+y%) —y(x Gq) =x 


: де д og д 0g д д д дв д. 
If x and y are independent, then р(х, у,2) = 0 = 3? 5 +3 3, + 3; 3 = Оапа 5 =0 => 5 + 2 55 = 0 


9:ү 24. 98/дбу : 
=> (&) = — 98/92 › 85 claimed. 


Let x and y be independent. Then f(x, y, z, w) — 0, g(x, y, z, w) = 0 and oy =0 


Of Ox Of Oy Of Oz Of Ow | Of Of Oz of Ow _ 

Ox ax + By Әх T z Әх Рая бя ox oe Әх Т Өз Әх O and 
Og Ox , дв ду , Og Oz , Og Ow _ Og , Og Oz у дв дм гүү: 

Ox Әх Т ду Әх Т д; Ox T ðw дх = б, 6 Ox T ðw дх = 0 imply 


=> 
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X Ww 
Әг да | дї ду _ _ дї Б о азил 2238 
д> дх Ow Ox Ox = (2) is Ox ду Ao. v —_ Zæ as claimed 
дв д» UB ðw — _ 3g охју JÆ а ав ви фте ot Oe» . 
Oz Ox Ow Ox 2 Ox x p z z и Ви Би ба 
9: Ow 





: 5 2 нэ Ox |... Of Ox Of Oy Of Oz Of Ow 
Likewise, f(x, y, z, w) = 0, g(x, y,z, w) = 0 and ду = 0 = = бу Т ду Əy T z ду Т Эу ду 























= Of | Of Oz , Of Ow _ imi дв | дв д>» , ôg dw _ Qj 
= 89 э; бу Кез; a 0 and (similarly) By T5 ду T ar 0 imply 
of dz Of dw _ _ at Эв дв Og | д д д 
д: By + Bw By ду _„ (өзү la -al -atay ES 5A acaimed 
дв д> | дв ду _ _ дЕ ду a of Of of Og Ооо Of Og ðf ög ə * 
07 ду ETT ду = ду 4 ЛА Oz Ow Oz Ow Oz Ow Ow Oz 
dz w 
CHAPTER 14 PRACTICE EXERCISES 
1. Domain: All points in the xy-plane А 
Range: z > 0 3 
2-9 
Level curves are ellipses with major axis along the y-axis || 1 
and minor axis along the x-axis. 3 


2. Domain: All points in the xy-plane 
Range: 0 <z< oo 


Level curves are the straight lines x + y = ln z with 
slope —1, and z > 0. 





3. Domain: All (x,y) such that x Æ 0 and y = 0 2 
Range: z Z 0 


Level curves are hyperbolas with the x- and y-axes 


as asymptotes. 


4. Domain: All (x, y) so that X — y > 0 
Range: z > 0 


Level curves are the parabolas y — x? — c, c 7» 0. 
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10. 


11. 


12. 


13. 


14. 


Domain: All points (x, y, Z) in space 
Range: All real numbers 


Level surfaces are paraboloids of revolution with 
the z-axis as axis. 


Domain: All points (x, y, Z) in space 
Range: Nonnegative real numbers 


Level surfaces are ellipsoids with center (0, 0, 0). 


Domain: All (x, y, z) such that (x, y, z) 4 (0, 0, 0) 
Range: Positive real numbers 


Level surfaces are spheres with center (0, 0, 0) and 
radius r > 0. 


Domain: All points (x, y, Z) in space 
Range: (0, 1] 


Level surfaces are spheres with center (0, 0, 0) and 
radius r > 0. 


lim e” cos x = e"? cos m = (2)(—1) = —2 
(х,у) > (a, In2) 

















Chapter 14 Practice Exercises 863 





— 


fæ y d= +y -z= 











z 
Коул) : -2 
1 X «y «2 +1 2 
CEES ог х + y +2. -1 
Cr oS 


li 2+y === 2+0 =2 
(х,у) о 0) х + сов у 0 + сов 0 
li ху. li __хту _ — li Ей Ті! ды, 
утар guy RAD КУКУ) (уу) (141) к 1913 
х +у х ry 
t x35y3 —1 : ху-1)(х2у2--х 1 : 
pol mre d == лалын ш. ct Rl Nod eee 


lim 
Р-(1,-1,е) 


lim 
Р-(1,-1,-1) 


In |x + y+z| =In|1 + (-D e| 2 Ine 


=1 


tan ! (x -y - z) — tan! (1 - (-1) c (-1) — tan! (-1)— —- 7 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25; 


26. 


27. 


28. 


29. 


30. 








Let y = kx?, k £ 1. Пен. gum » 25 = ic діт 0 -Za = zp Which gives different limits for 
х,у) , X, KX =» 0, 
у # х? 


different values of k = the limit does not exist. 














2 Ж 2 2 2 
Let y = kx, k # 0. Th li x ty ы li х + (о) _ 1+Е 
is Ое Oy a” Ga oh can к 
xy Z0 


different values of k = the limit does not exist. 





= : х2-у 2032-1232  1-Ю 
Let y = kx. Then ee ee X34 тт TIE > which gives different limits for different values 


ofk = the limit does not exist so f(0, 0) cannot be defined in a way that makes f continuous at the origin. 








л 1, х 22 ги . 
sin x | sae so the limit fails to exist 


Паза = : sin(x—y) __ — — 
Along the x-axis, y = 0 and ont о М Jim, Ix zx it 


— fis not continuous at (0, O). 


дв 
дт 


cos 0 + sin 0, $8 = —r sin 0 + r cos 0 


Ч 
Si 


1 
ee You У OF 1. G) L y pa жеу 
y — х2 ру? x+y х2-у2» ду” 2) х2-у2 1+ (2)? — Zły хХ2-у27 х2у? 
х 





Of 1 2x Es (- 
Ox 2 \ х2 +у2 1+ 


дї 1 дї 1 дї 1 


OR, — R2? OR) | В2 ° ӘК; — R2 


~ 
хм 


h, (x, y, Z) = 27 cos (27x + y — 32), В,(х, у, 2) = cos (27x + y — 3z), h(x, y,z) = —3 cos (27x + y — 37) 


OP _ RT OP _ nT OP _ nR OP _ nRT 
дп | V^OÓR | V^"OT УМ . у? 








f(r, £,T,w) = — 5% шивээс – dfe 6T = (H) (A) (z) 


= д V ту = жт тм? f w(t, £, T, w) = (2) үт (— 5 w 3? =. du - 


og _ 1 Og _ = 98 —0, 95 — 2 Og Og 1 
дх гу? дуг y дх? › ду? уз> дудх ðxðy y2 








gx(X, y) = e* + y cos x, g(x,y) = sin X => g,,.(x,y) =e —y sin X, gy(x, y) = 0, в,у(Х,у) - 6у(Х,у) - совх 


Of _ Ot _ 2-22 f Of _ OF _ 
‚ 5; =Х = дз = -30%+ уту, дуз = О, бубу = акду = 1 





9 =1+у- 





fx, y) = —3y, f(x, y) = 2y — 3x — sin y +7% => f(x, y) = 0, fy(x, y) = 2 — cos y + Te, £4, y) - fu, y) — — 


9% — y cos(xy + 7), o = x cos(xy + 7), $ ae ae = ee 

= ™ = [у соз (ху + mle! + [x cos(xy +m] (Gy) ;t=0 > x=landy =0 

> Ф| „=0-1+[1-(—1)]() =—1 

б =е, бк = xe’ + sin z, ду = у 0$ 2 - эт 2, ® = 12, & =1+1, = п 

> о ьа м = х= 2,у = 0, а= п 


= 4| -1-1-(2-1-0)2)-10-0)т:-5 


dt | t=1 
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35. 


36. 


37. 


38. 


39. 


40. 
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9 д à д д 
би = 2 60$ (2х — у), 9% = — cos (2x — у), б = 1, Z = coss, $ =S, g =r 


= а = = [2 сов (2х — у)](1) + [— соѕ (2х — y)](s); r = m ands = 0 = х= папау = 0 
= (2 cos 27) — (соѕ 27)(0) = 2; ow = — [2 cos 2x — у)](со$ s) + [— cos (2x — y)](r) 
= (2 соѕ 27)(соѕ 0) — (cos 27)(7) = 2 — 7 


en a и [со = 


=» eo = 


ow — dw oe — (4, — 51) (2e cos v);u=v=0 > x=2 > | 


2 1 — 2% 
да dx ди 1--х2 (0,0) = (5-5) (2) = 5 › 
ðw dw дх 


Óv — dx Әу = (тё zu) 2e" sin v) = ott (551) (0) =0 











ауа), » =х+»,@ =у-+х,® =—п,% = cos t, g 2 = —2 sin 2t 
=> a = —(y + z)(sin t) + (x + z)(cos t) — 2(y + x)(sin 2t); t= 1 = х = сов 1, у = sin 1, and z = cos 2 
> a = = —(sin 1 + cos 2)(sin 1) + (cos 1 + cos 2)(cos 1) — 2(sin 1 + cos 1)(sin 2) 
мана ас St ond = л г >= >> 
Е(х, у) =1-х- у? — зшху = Е, = -1- у со$ ху апа Е, = —2у — хсозху = a = a Е = Soe 
Е = at (x, y) = (0, 1) ме һауе % = H = 1] 
dy Fx 2у Бечу 








F(x,y) = 2xy +e -2 => F, = 2y +e“ and Fy = 2х- 577 > Z=- E=- 
y 


=> at (x,y) = (0, In 2) we have & —2hn2+2 — (n2 +1) 





Omg 0920 
j : iu 2 2 
NV f-(-sinxcos y)i — (cos x sin y)}j > УЙци=- 31-31 = |vfl- (— 4)" + (- 3) = 35 = 5: 
и = ҮН == vj 1- мз j => f increases most rapidly in the direction u = — №2 1— 21 j and decreases most 
rapidly in the direction —u = уз i+ Li ;(D.fe, =| у є = Y? and (Daf, = fi : 





w-g-4hohelo 00 vrau-C)Q«CDG--4 


Vf-2xe?i-2x'e?j 2 wf|;y-2i-2j > | VF = у22 + (2)? = 2у2 и = wai = Jie wal 
= f increases most rapidly in the direction u = vs 1- v j and decreases most rapidly in the direction 
irj 


-u= -hit iD. - | у | = 2/2 апа (Р, & —2\/2;ш = Y= FL = it oi 
> Daa = уш = @)(-Ь) +(—2(-)=0 





= 2 . 
уї= (теуі (arira) i+ (=) к P vfl- 1,—1,1) =2i+3j+ 6k; 


Vf = Ajek _ 2 1+ 3 j+ 5 К — fincreases most rapidly in the direction u = = 21 + 3) + 5 k and 


Ч П у 
decreases most rapidly in the direction —u = — 21 і- 3) ын ei Die. = | J f| = 7, (D-r, = —7; 


ш= =7i1+2j+Sk = (0,0 = (0.0, = 7 


"| 





у Її = (2х + 3у)і + (Зх + 2)) + (1 – 22)к = У | ооо = 2) + Е; 0 = In = шал ak => f increases most 
rapidly in the direction u = 23 1+ Um К and decreases most rapidly in the direction —u = — 25 j- vs k; 
ааг ае а се | 
(DaDa, = | Y f| = V/5and (Df, 2 -V/5;u — 3 ‚г V5 ыг zi T Л s 
+ Фм = уги (A) co (8) +004) == V3 
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41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


г = (cos 3t)i+ (sin 3t)j + 3tk = v(t) = (—3 sin 3t)i + (3 cos 3t)j + 3k = у (5) = —3j + 3k 
> и=- 5721 + БК f(x,y,z) = xyz = Y f= yzi + xzj + xyk ; t = 3 yields the point on the helix (—1, 0, 7) 

















=> У Нел = —7] > у и=( zp- ( hitik) =j 


f(x,y,z) = xyz => Y f= yzi + xzj + xyk; at (1,1,1) we get Y f =i+j+k = the maximum value of 
Dios =| Y fl = v3 


(a) Let vWf = ai+ bj at (1,2). The direction toward (2,2) is determined Бу у! = (2 – 11+ (2 — 2) = і = о 
so that Y f-u =2 = a — 2. The direction toward (1, 1) is determined by v — (1— Di + (1 ~ 2)) = –ј = и 
so that Y f-u = -2 > —b— —2 — b — 2. Therefore v7 f 2 2i - 2j; 5 (1,2) = f (1,2) = 2. 






(b) The direction toward (4, 6) is determined by v — (4— 1)i+ (6 — 2)j = 31+ 4j => о = 3 i+ 2) 
14 

(a) True (b) False (c) True (d) True 

v f=2xi+j+2zk = 2+у+2=0 4 

V f| Q-1-5 73 — Ж, Vo o 232r 

V f| (0,0,0) — j, 


УЛ а.а 


ді (0,1,1) Z j+ 2k 


Vv f=2yj+2zk = 
V floz — 4j. 

V = 4i. 
У Но = 4k, 

V flos = —4k 





v f= 2xi-j-—5k => у оа = 4i — j- 5k = Tangent Plane: 4(x –— 2) — (у + 1) — 50: — 1) = 0 
> 4x — y — 5z = 4; Normal Line: x = 2+ 4t, y = —l-t,z=1-— 5t 


Vv f = 2xi+ 2yj+k => у ало = 21+ 2) + К — 'angent Plane: 2(x — 1) -2(y — 1) + (2 2) = 0 
=> 2x+2y+z—6=0; Normal Line: x= 1+ 2t,y=1+4+2t,z=2+t 





дд _ _2к 2z] 
Ox x+y? Ox ! (0,1,0) 


2с(у—1)—(2— 0 = Оог2у—2—2=0 








== dz _ 2у д2 — 2. : 
= 0 and ЕВ от ду a 2; thus the tangent plane is 
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53. 


54. 


25: 


56. 


57. 


58. 
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дг = —2х (х? +y? > axl aa) = — 2 and 22 - -2у(х2--у2) = =~ 5; thus the tangent 





1 

2 
р!апе їз — 2(х—1)— $ (y — 1) — (z — 4+) =0огх+у+22—3=0 
УЕ= (- с03х +] = УМ, =1+] => the tangent 
line is (x — пл) +Ф(у—1=0 => х+у= т + 1; ће 
normal line is y — 1 = (х - п) > у=х— "7 +1 


Vi=-xit+yj > Vila, =—i+2j = the tangent 
line is —(x — 1)4+- 2(y — 2) = О=у=іх+ё; the normal 
line is y — 2 = —2(x — 1) > y = —2x + 4 





Let f(x, y, z) = x? + 2y + 2z — 4 and g(x, y,z) = y — 1. Then V f = 2xi + 2j + 2k| q 11) = 2i + 2j + 2k 
j k 




















i 
and Vg=j> Vix Vg=|2 2 2|=—21+2К > the line is x = 1 — 2t, y = 1,z = $ + 2t 
0 1 0 
Let f(x,y,z) = x + y? + z — 2 and g(x, y,z) =y — 1. Then УЕ=1+ 257 +К| (лл) j 7 b 2j * k and 
i j k 
vVvg-j^ vfxvg-2] 21 — —b-k — thelineisx 2 i—-ty-lLlz-ict 
0 1 0 
а = 0083 le (т/4,/4) P f, (т, 1) = — sin x ш у|ү удулу = —5 
-> І(х,у)- it i(x-2)- 1(у-1)-4 +1 ix- iy; fxx(x, y) = — sin x cos y, fyy(x, y) = — sin x cos y, and 
fxy(X, y) = — cos x sin y. Thus an upper bound for E depends on the bound M used for |fxx] , |fx wi 
With M = 42 we have |E(, y)| < $ (22) (x - 3] + ly = $1)’ < 2.2" < 0.0142; 
with M = «1((Ix-2|-|y- 2) 2 1002? = 0.02. 
f(1,1) 20, (1, D) = yl aay = 1,f,(1, 1) =x — 6y| ал) = -5 -> І(х,у)-(х-І)-5(у-І)-х-5у--4; 


fxx&, y) = 0, fyy(x, y) = —6, and fxy(x,y) = 1 = maximum of |fxx|, |fyy| , and |fxy| is6 > M=6 
=> |Б(х,у)| < 5 (6) (|x —1|+]у— 1)? = 5 (6)(0.1 + 0.2)? = 0.27 


f(1, 0,0) = 0, £1, 0,0) = y — 32| ор) = 0), (1,0,0) =х + 22| oo) = 1, f,(1,0,0) = 2y — 3x| поо) = —3 
=> L&,y,z)= 0x — 1) + (y — 0) — 3(z — 0) = y — 3z; f(1, 1,0) = 1, 6(1, 1,0) = 1,5,(1,1,0) - 1, (1,1,0) = – 
=> Цх, у, 72) =14+(х— 1) +(у —1)— 12 — 0) = х фу — 2 —1 


f (0,0, 2) = 1,5 (0,0,2) = — V2 sin xsin(y +2) , = 0. (0,0,3) = VZ cos x созу + |, = 
0,0,7 0,0,7 








& (0,0, §) - VZ cosx cosy +| 9 = = Цх, у, 2) =1+ Цу- 0+1(2-т) =1+у+2-7; 
Е TRTE- 
— Lxy2-X -X (-2) 0-2 36-02 3 XX y X2 
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66. 


67. 


68. 


69. 
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V=arh dV = 2rth dr + ar? dh dV| (155280, 7 27(1.5)(5280) dr -- 1(1.5?? dh — 15,8407 dr 4- 2.257 dh. 


You should be more careful with the diameter since it has a greater effect on dV. 


df = (2x — y) dx - (-x 4-2y) dy => df| a) = 3 dy — fis more sensitive to changes in y; in fact, near the point 


(1,2) a change in x does not change f. 


d= dV- К = 4 само = ЧУ — пар ЧЕ => Чу = 70.01 + (480)(.0001) = 0.038, 
or increases b 0.038 amps; % change in V = ud (- 55) = —4.17%; % change in R = (— 25) (100) = —20%; 
[= a= = 0.24 — estimated % change inI = = x 100 = 04058 x 100 z 15.8396 — more sensitive to voltage change. 


А = лаб = dA = 7b da + radb => ЧАЈ (10,16) = — 167 da 4- 10x db; da — +0.1 anddb= +0.1 


= dA= + 267(0.1) = £2.67 and A = л(10)(16) = 1607 = | х 100| = |2 х 100) ғ 1.625% 











(a) y=uv => dy = v du + u dv; percentage change in u < 2% => |du| < 0.02, and percentage change in v < 3% 
= |dv| x 003; & — хаша ф Фе > | 100 = |% x 100+ & x 100| < |2 x 100] + | х 100 
< 2% + 3% = 5% 

(b) z=u+v > 5; же Пас _ ш | d < du + + (since u > 0, У > 0) 


ut+v ИУ u+tv — 


= |% x 100] x |& x 100 - & x 100] - |8 x 100 











= 7 222 (-0.425/7) 222 (-0725)0) 
С = зд» = Cw — TUB RV and Ch = 7T 34w05 h75 


> dC = пак Нов dw + пара dh; thus when w = 70 and h = 180 we have 
ас) (70,180) 2 —(0.00000225) dw — (0.00000149) dh = 1 kg error in weight has more effect 


f(x,y) = 2x —-y +2 = Oand f(x,y) = —x + 2y+2=0 => x= —2and y = —2 => (—2, —2) 1s the critical point; 
fx(-2, -2) 22, fy,(-2, -2) 2 2, Ky(-2, -2) 2 —1 = Бађу — ES =3> Оапа К, > 0 = local minimum value 
of f(—2, —2) = — 


f(x, y) = 10x + 4y + 4 = 0 and f(x, y) = 4x — 4y -4=0 => x=Oandy =—1 => (0,— 1) is the critical point; 
fxx(0, 1) — 10, fj,(0, 1) 2 —4, £,(0, 1) = 4 ә Њу – E —56 « 0 — saddle point with f(0, —1) — 2 
f(x, y) 2 6x? + 3y = Oand f,(x, y) = 3x + 6y? =0 => y = —2x? and 3x + 6(4x*) =0 = х(1 + 8х3) =0 

=> x=Oandy =0,orx = – 1 and y = — 1 => the critical points are (0, 0) and (-1, - 1). For (0, 0): 
fxx(0, 0) = 12x| (0,0) = 0, fyy(0, 0) = 12y| (00) = 0, Бу(0,0) = 3 => fuf — fa — —9 « 0 — saddle point with 
f(0,0) = 0. For(-1,—1): 6х = —6, Ву = —6, Бу =3 => бађу — 12, 227 » 0 and f, « 0 — local maximum 


value of f (— 1,— 1) =} 


f,(x, y) = 3x” — 3y = 0 and f(x, y) = 3y? — 3x = 0 — у=х°?апах®—х=0 = х(х?—1) =0 > the critical 
points are (0, 2 and (1, 1). For (0,0): £4(0,0) = 6x| (0,0) = 0, 500,0) = бу| (00) = 0, £4(0,0) 2 — 

— —9 « 0 — saddle point with f(0,0) = 15. For (1, 1): £4(1, 1) — 6,£,(1,1) — 6 £&y(1, 1) — — 
= 27 > Оапа К, > 0 = local minimum value of f(1, 1) = 14 


= Бађу – 


fs 


=> fafy - f2 


ху 


f(x, y) = 3х2 + 6x = 0 and fy(x, y) — 3y? — 6y = 0 > x(x +2) = д апа уу — 2) =0 = х = Оогх = 2 апі 

у= Оогу = 2 = the critical points are (0, 0), (0,2), (—2, 0), and (—2, 2). For (0,0): £4(0,0) — 6x + 6] (0,0) 

= 6, fyy(0, 0) = by — 6| (0,0) = —6, (0,0) = 0 = Б – fa —36 < 0 = saddle point with f(0, 0) = 0. For 

(0,2): fxx(0,2) = 6, fyy(0, 2) = 6, fxy(0,2) = 0 > fxfyy — 12, = 36 > O and fxx > 0 = local minimum value of 
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(0,2) = —4. For (—2,0): fxx(—2,0) = —6, fyy(—2, 0) 2 —6, £y(-2,0) 2 0 = Њу – 1 = 36 > Оапа К, < 0 
= local maximum value of f(—2,0) = 4. For (—2, 2): 5х(–2,2) = –б6, ђу(– 2,2) = 6, ђу(–2,2) = 0 
— fufy — uem — —36 « 0 — saddle point with f(—2, 2) = 0. 
fix,y) 2 4x? — 16x 20 2 4x(x? 4 20 x20,2, 2f, y) 26y—6—0 — y— I. Therefore the critical 
points are (0, 1), (2, 1), and (2, 1). For (0, 1): £4(0, 1) = 12x? – 16] (0,1) = —16, fj,(0, 1) — 6, £,(0, 1) — 0 
> ffy- б, = —96 <0 = saddle point with f(0, 1) = —3. For (2, 1): f4(2, 1) = 32, (2,1) = 6, 
f,0,1) 2 0 — fafy, — їс, — 192» 0andf,, » 0 — local minimum value of f(2, 1) = —19. For (—2, 1): 
fxx(—2, 1) = 32, fyy(—2, 1) = 6, Бу(—2,1)=0 = fxxfyy — f2 — 192 2 0 and £4, > 0 = local minimum value of 


ху 
(—2,1) = —19. 


(i) OnOA, f(x, y) = f(0, y) = y? + 3y forO <y <4 y 
= f'0,y) =2y+3=0 = y=—32. But (0, - 3) 
is not in the region. 
Endpoints: f(0,0) = 0 and f(0, 4) = 28. 

(ii) On AB, f(x, y) = f(x, —x + 4) = x? — 10x + 28 

forü Xx €4 — Р(х,-х+4) =2х- 10 =0 
=> x=5,y =—1. But (5, —1) is not in the region. 
Endpoints: f(4,0) = 4 and f(0, 4) = 28. 

(iii) On OB, f(x, y) = f(x, 0) = x? — 3x for0 <x <4 = f'(x,0) =2x-3 > x= 3 andy=0 > (3,0) isa 
critical point with f (3 ‚0) =— 2 5 
Endpoints: f(0,0) = 0 and f(4, 0) = 4. 

(iv) For the interior of the triangular region, f,(x, y) = 2x + y — 3 = 0 and f(x,y) =x+2y+3=0 > x=3 





and y = —3. But (3, —3) is not in the region. Therefore the absolute maximum is 28 at (0, 4) and the 


өл Т : 9 3 
absolute minimum is — 7 at (3 ,0) ; 


(i) OnOA, f(x, y) = £0, y) = —y? + 4y + 1 for y 
0<у<2 = f'(0,y)=—-2y+4=0 = у = 2 апд 
x = 0. But (0, 2) is not in the interior of OA. 
Endpoints: f(0,0) = 1 and f(0,2) = 5. 

(ii) On AB, f(x, y) = f(x, 2) = x? —2x +5 for0<x <4 
= f'(x,2)=2x-2=0 = x=landy=2 
= (1,2) is an interior critical point of AB with 
КТ, 2) = 4. Endpoints: f(4,2) = 13 and f(0,2) = 5. 

(iii) On BC, f(x,y) = f(4,y) = -y?+4y +9 for0<y<2 = f"(4,y)=—-2y+4=0 => y —2andx — 4. But 
(4, 2) is not in the interior of BC. Endpoints: f(4,0) = 9 and f(4, 2) = 13. 

(iv) On OC, f(x, y) = f(x,0) = x? —-2x +1 for0<x<4 => f(x,0) =2x-2=0 => x=landy=0 = (1,0) 
is an interior critical point of OC with f(1,0) = 0. Endpoints: f(0,0) = 1 and f(4,0) = 9. 

(у) For the interior of the rectangular region, f,(x, y) = 2x — 2 = 0 and f(x,y) = —2y +4=0 => x= land 





y = 2. But (1, 2) is not in the interior of the region. Therefore the absolute maximum is 13 at (4, 2) 
and the absolute minimum is 0 at (1, 0). 
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73. (i) On AB, f(x, y) — f(-2, y) 2 y? - y — A for y 
-2 <y <2 > f'(-2,y)=2y-1 => y= 4 and 
x= -2 > (—2, 1) is an interior critical point in AB 
with ғ(-2, 1) = — n . Endpoints: f(—2, —2) — 2 and 
2,2) = —2. х 


(1) ОпВС, КХ, у) = Кх, 2) = —2 ог -2 <х < 2 
= f'(x,2) 2 0 => nocritical points in the interior of 

BC. Endpoints: f(—2,2) = —2 and f(2,2) = —2. 

(ii) On CD, f(x, y) = £2, y) = y? — 5y + 4 for 
—2<y<2 = f'2,y)=2y-5=0 => y= 5 and x = 2. But (2, 5) is not in the region. 
Endpoints: f(2, —2) = 18 and f(2,2) = —2. 

(iv) On AD, f(x, y) = f(x, —2) = 4x + 10 for -22 < x < 2 > f'(x, 2) 2 4 — no critical points in the interior 
of AD. Endpoints: f(—2, —2) = 2 and f(2, —2) = 18. 

(у) For the interior of the square, Ё,(х, у) = –у +2 = O and f(x,y) = 2y -x -3 =0 > y=2andx=1 





= (1,2) is an interior critical point of the square with f(1,2) = —2. Therefore the absolute maximum 
1 


is 18 at (2, —2) and the absolute minimum is — М аї (—2, 1) : 
74. (i) On OA, f(x,y) = f(0, y) = 2y — y? forO< y <2 у 
= f'(0,y)=2-2y=0 > y=landx=0 > 
(0, 1) is an interior critical point of OA with 
КО, 1) = 1. Endpoints: f(0,0) = 0 and f(0, 2) = 0. 
(ii) On AB, f(x, y) = f(x, 2) = 2x — x? fr0 <x < 2 
= f'(x,2)=2-2x=0 => x=landy=2 
= (1,2) is an interior critical point of AB with 
КТ, 2) = 1. Endpoints: f(0,2) = 0 and f(2, 2) = 0. 
(ш) On BC, f(x, y) 2 f2, y) 2 2y - у? їог0 <у< 2 
= #(2,у) = 2 – 2у = 0 = у= 1апіх = 2 
= (2, 1) is an interior critical point of BC with f(2, 1) = 1. Endpoints: f(2,0) = 0 and f(2, 2) = 0. 
(iv) On OC, f(x, y) = f(x, 0) = 2x — x? forO <x <2 > Рх 0) = 2—2х=0 = х= 1апу=0 = (1,0) 
is an interior critical point of OC with f(1,0) = 1. Endpoints: f(0,0) — 0 and f(0, 2) = 0. 
(v) For the interior of the rectangular region, f,(x, y) = 2 — 2x = O and f(x,y) = 2 — 2y = 0 > x= land 





у= 1 = (1,1) isan interior critical point of the square with f(1, 1) = 2. Therefore the absolute maximum 
is 2 at (1, 1) and the absolute minimum is 0 at the four corners (0, 0), (0, 2), (2, 2), and (2, 0). 


75. 1) On AB, f(x, y) = f(x, x + 2) = —2x + 4 for у 
—2 <x <2 > ЁР(хх+ 2) = -2=0 = nocritical 
points in the interior of AB. Endpoints: К—2,0) = 8 
and f(2, 4) = 0. 

(ii) On BC, f(x,y) = f(2, y) = —y? + 4y frO0 <y < 4 
> ГО,у)=—2у+4=0 > y=2andx=2 
= (2,2) is an interior critical point of BC with 
f(2, 2) — 4. Endpoints: f(2, 0) — 0 and f(2, 4) = 0. 
(ii) On AC, f(x, y) = f(x, 0) = x? — 2x for -2 <x <2 
=> f'(x,0) =2x-2 > x=landy=0 = (1,0) isan interior critical point of AC with f(1,0) — —1. 
Endpoints: f(—2,0) = 8 and f(2,0) = 0. 
(iv) For the interior of the triangular region, f,(x, y) = 2x — 2 = Oand f,(x,y) = —2y +4 = 0 > x= l and 





у=2 = (1,2) is an interior critical point of the region with f(1,2) = 3. Therefore the absolute maximum 
is 8 at (—2, 0) and the absolute minimum is — 1 at (1, 0). 
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TI; 


(1) 


Gi) 


Gii) 


Gv) 


(1) 


i) 


(iii) 


(iv) 


(v) 


Chapter 14 Practice Exercises 871 


On AB, f(x, y) = f(x, x) = 4x? — 2x* + 16 for y 
-2 <x <2 = Р(х, х) = 8х - 83 =0 => x=0 
and y = 0, or x = 1 and y = 1, or x = —1 and y = —1 
— (0,0), (1, D), (—1, —1) are all interior points of AB 

with f(0,0) = 16, f(1, 1) = 18, and f(—1, —1) = 18. 

Endpoints: f(—2, —2) — 0 and f(2, 2) — 0. 

On BC, f(x,y) = f(2, y) = 8y — yt for —2 < y < 2 
— f2,y) 28-4 = 0 = у = W/2andx =2 

= 2 92) is an interior critical point of BC with 





f (2, ya) — 6/2. Endpoints: f(2, —2) = —32 and f(2,2) = 0. 
On AC, f(x, y) = f(x, -2) = —8x — x‘ for -2 <x <2 > f'(x, -2) 2 -8— 4x? =0>x= \/-2 апау = —2 
> ( /-2, -2) is an interior critical point of AC with f (у —2, -2) = 6 \/2. Endpoints: 


{(—2, —2) = 0 апа #2, —2) = —32. 

For the interior of the triangular region, f,(x, y) = 4y — 4x® = 0 and f,(x, y) = 4x —4y? =0 = x =Oand 

y = 0, or x = 1 апау = 1 orx = —1 and y = —1. But neither of the points (0,0) and (1, 1), or (—1, —1) аге 
interior to the region. Therefore the absolute maximum is 18 at (1, 1) and (—1, —1), and the absolute minimum is 
35 at (0; —2). 


On AB, f(x, y) = К—1,у) = y? — 3y? + 2 for 
—1<у<1-= ЁР(-1,у) = 3у2 — бу=0 = y-0 
апах = —1, огу = 2 апах = —1 = (-1, 0) 15 ап 
interior critical point of AB with f(—1,0) = 2; (—1, 2) 
is outside the boundary. Endpoints: f(—1, —1) — —2 
and f(—1, 1) = 0. 

On BC, f(x, y) = f(x, 1) = x? + 3x? — 2 for 
—1<х<1 = РС, 1 = 3х2 +6х=0 = х=0 
andy = l,orx = —2 ап4у = 1 = (0, 1) 1 ап 
interior critical point of BC with f(0, 1) = —2; (—2, 1) is outside the boundary. Endpoints: f(—1, 1) = 0 and 
f(1,1) =2. 

On CD, f(x, y) = f(1, y) = y? — 3y? +4 for -1 <y <1 => f’(1,y) = 3y? -6y =0 = y=Oandx = 1, ог 

y =2andx =1 = (1,0) is an interior critical point of CD with f(1, 0) = 4; (1, 2) is outside the boundary. 
Endpoints: f(1,1) — 2 and f(1, —1) = 0. 

On AD, f(x, y) = f(x, -1) = x? + 3x? —4 for -1 <x <1 9 f'(x, -1) = 3x? +6x =0 > х = Оапіу = -1, 
or x = —2 andy = —1 = (O,-1) is an interior point of AD with f(0, —1) = —4; (—2, —1) is outside the 
boundary. Endpoints: К—1,—1) = —2 and f(1, —1) — O. 

For the interior of the square, f,(x, y) = 3x? + 6x = 0 and f(x, y) = 3y? — 6y = 0 > x = 0 or x = —2, and 





у=0огу=2 = (0,0) is an interior critical point of the square region with f(0, 0) — 0; the points (0, 2), 
(—2, 0), and (—2, 2) are outside the region. Therefore the absolute maximum is 4 at (1, 0) and the 
absolute minimum is —4 at (0, — 1). 
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78. 


79. 


80. 


81. 
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(i) On AB, f(x,y) = f(—1,y) = y? — 3y for —1 <y < 1 
> f'(—1,y) = 3y? —3 = 0 >y = + 1апдх = –1 
yielding the corner points (—1, —1) and (—1, 1) with 
f(—1, —1) = 2 and f(—1, 1) = —2. 

(ii) On BC, f(x, y) = f(x, 1) = x° + 3x 4 2 for 
—1<х<1 > f'(x,1) 2 3x2 -3—0 = по 
solution. Endpoints: f(—1,1) — —2 and f(1, 1) — 6. 

(ii) On CD, f(x,y) = f(1, y) = у? + 3y +2 for 
—1<у<1 = Ра, у) = 3у2+3=0 = no 
solution. Endpoints: f(1, 1) = 6 and f(1, —1) = —2. 

(iv) On AD, f(x, y) = f(x, -1) = x? — 3x for-1 <x <1 = f’(x,-1) = 3x? -3=0 => х= = 1апду = —1 
yielding the corner points (—1, —1) and (1, —1) with f(—1, —1) = 2 and f(1, —1) — —2 

(v) For the interior of the square, f,(x, y) = 3x? + 3y = 0 and f,(x, y) = 3y? + 3x =0 => у = —x? and 

















х3-х-0 х=0огх=—1 у=0огу=—1 (0, 0) is an interior critical point of the square 
region with f(0,0) = 1; (—1, —1) is on the boundary. Therefore the absolute maximum is 6 at (1, 1) and 
the absolute minimum is —2 at (1, —1) and (—1, 1). 


ҳу Ё = 3х21 + 2уј апа ҳу = = 2xi + 2yj so that Y f= A J g => 3x?i -2yj 2 AQxi -2yj) — 3x? — 2xA and 
2у = 2уА = А = 1огу = 0. 


САЅЕ 1: А =1 3x? = 2x x =Oorx 2 :х=0 у = +1 yielding the points (0, 1) and (0, — 1); x = 2 


Sys Е М5 yielding the points (3 : х) апа (3, - У) : 
САЯ5Е2:у-0-х-1-0-эх-41 шэнэ the points (1,0) and (—1, 0). 
Evaluations give f (0, + 1) = 1, ЈЕ en У) = 3 , f(1, 0) = 1, and f(—1,0) = —1. Therefore the absolute 


























maximum is | at (0, + 1) and (1,0), and the absolute minimum is —1 at (—1, 0). 


vVif=yi+xjand Vg = 2xi + 2yj so that Y f =A Jg => yi+xj = А2хі + 2уј) = у = 2Ах апа 
ху = x = 2A(2Ax) = ks => zk = ога =1. 
CASE 1: x =0 = y = 0 but (0,0) does not lie on the circle, so no solution. 








CASE 2: 4X =1 > дезо 9) Fo A= 5, y au > lar ty => > х=у= + Jy yielding the 
points (2, 25) ава (- 5; 5 5) ЕогА=—,у=—х = 1=х? + y? = 2x? => x= + J and 
y = —x yielding the points 15. and (5. — =). 
1 1 


Evaluations give the absolute maximum value f (5 : 5) = ЈЕ a ,— 5) = 1 and the absolute minimum 











value f ( 


tol 


1 5) =t(4 5)- 

V2? V2 V2? 2? 

(i) f(x,y) =x? + 3y?4+ 2yonx*+y2=1 > Wf=2xi+ (y+ 2)jand Vg = 2xi+ 2yj so that VWf=A Ve 
=> 2хі + (бу + 2)j = A(2xi+ 2yj) > 2x = 2x\ and 6y +2 = 2yA => А= 1 огх = 0. 


CASE1: А=1 > бу+2 = 2у => у = — запах = + + X? yielding the points ( 4 Y? , — 1). 














САЗЕ2: х=0 = у? =1 = y= +1 yielding the points (0, +1). 


Evaluations give f ( Е 23 ,— У = i , f(0, 1) 2 5, and f(0, —1) — 1. Therefore 1 and 5 are the extreme 





values on the boundary of the disk. 
(п) For the interior of the disk, f,(x, y) = 2x = 0 and f,(x, y) = by +2 =0 => x =Oandy = — 1 
= (0, - 1) is an interior critical point with f (0, B i) == i . Therefore the absolute maximum of f on the 


disk is 5 at (0, 1) and the absolute minimum of f on the disk is — ; at (0, — 1). 
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82. (i) х,у) = х? +у? – Зх — ху опх? + у? =9 9 vf — Qx – 3 – у)і + (2у – х)ј апа ҳу = = 2xi + 2yj so that 


83. 


84. 


85. 


86. 


vf=Avg => @x-3-y)it+ (2у – х)ј = А№2хі + 2уј) = 2х – 3 – у = 2хА апа 2у – х = 2ул 
= 2x(1—d) -у= Запі -х + 2у(1- А) =0 = 1-А= & апа Ох) (5 5)-у-3-32-у-3у 


=> x? = y? + 3y. Thus,9=x?+y?=y?+3yt+y? => 2y?+3y-9=0 = (2у—3)(у+3)= 
=> y= —3, 3. Богу = —3, х? +у2 = 9 = x =0 yielding the point (0, —3). Fory = 3,x?+y? =9 





= x? + 3 =9 = х? = 21 = х= E AB . Evaluations give f(0, —3) — 9, Ц- мэ ‚3) -9- 7/3 
~ 20.691, and f (38, 3) = 9 — 73 э; —2.691. 
(ii) For the interior of the disk, f,(x, y) = 2x —-3 – y = 0 and f(x,y) = 2y -x =0 > x=2andy=1 
= (2, 1) is an interior critical point of the disk with f(2, 1) = —3. Therefore, the absolute maximum of f on 


the disk is 9 + а аї (- Е 1 3) and the absolute minimum of f on the disk is —3 at (2, 1). 


vf=i-j+kand 7g = 2xi + 2yj + 2zk so that Y f= àA Z g = і- ј + К = А(2хі + 2уј + 22) = 1 = 2x), 


—1 = 2уА, 1 = 22А X=-y=Z i. Thus x? + у? +72 =1 3x? = 1 ЖЕ vs yielding the points 


1 1 1 1 1 1 : : ; 
(5 =з 5) апа C VS 5) . Evaluations give the absolute maximum value of 
i | 
3 


Let f(x, y, z) = х? + у? + 22 Бе the square of the distance to the origin and g(x, y,z) = x? — zy — 4. Then 
g f = 2хі + 2уј + 22 апа ҳу о = 2xi — zj — yk so that Y f = À Y g => 2х = 2Xx, 2y = —Az, and 
2z = —Лу = х=0огл = 1. 














|- 
|- 


5) = a = уз and the absolute minimum value of f (- vs : Js i 5) - ex. 


z 


CASE 1: x=0=>zy=-4>z=-tandy=-ź > 2 (-$) = -ày and2 (- $) = -az > $ = y? and 


8 =22 = уг =>2— => у = +z. Buty=x => 2 = —4 leads to no solution, so y = —z > 2? =4 
= Z= +2 yielding the points (0, —2, 2) and (0, 2, —2). 
CASE 2: A = 1 = 22 = —y and 2y = —z > 2y = – (– 5) 4y=y>y=0>2z=0 х:–—4=0 = 
х = +2 yielding the points (—2, 0, 0) and (2, 0, 0). 
Evaluations give f(0, —2, 2) — f(0, 2, —2) = 8 and f(—2, 0, 0) = f(2,0,0) = 4. Thus the points (—2, 0, 0) and 
(2, 0, 0) on the surface are closest to the origin. 











The cost is f(x, y, Z) = 2axy + 2bxz + 2cyz subject to the constraint xyz = V. Then J f= Jg 
= 2ay + 2bz = Ayz, 2ax + 2cz = Axz, and 2bx + 2cy = Axy = 2axy + 2bxz = Axyz, 2axy + 2cyz = Axyz, and 
2bxz + 2cyz = Axyz => 2axy + 2bxz = 2axy + 2cyz => у = (2) x. Also 2axy + 2bxz = 2bxz+ 2cyz > z= (2) x. 


Then x (? x) (2x) ay = зе ev => width =x = (55) Depth = у = (2) oe = (zx). ana 


ab ac 
1/3 1/3 
Неја = 2 = (2) (58) = (RY) 


The volume of the pyramid in the first octant formed by the plane is V(a, b,c) = i (3 ab) c= 2 abc. The point 

(2, 1,2) on the plane => 2 + 1 + 2 = 1. We want to minimize V subject to the constraint 2bc + ac + 2ab = abc. 

Thus, 7 У- i+ £j+ ®kand Vg =(c + 2b — be)i + (2c + 2a — ac)j + (2b + а — ab)k so that VV =A Vg 
= = \(c+2b—be), * = A(2c + 2a — ac), and ® = A(2b +a — ab) => ® = Мас + 2ab — abc), 

abe = А(2Ьс + 2ab — abc), and abe = \(2be + ac — abc) = Aac — 2Abc and 2Aab — 2Abc. Now А Æ 0 since 

a#0,b #40, andc #0 => ac = 2bc and ab = bc — a — 2b — c. Substituting into the constraint equation gives 


2.2.22] => a=6 => Ь = 3 апіс = 6. Therefore the desired plane is $+ 5 + 2 = 1 огх + 2у +2 = 6. 
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87. JZf=(y+z2i+xj+xk, J g= 2xi+2yj, and Jh = zi + xk so tht Vf=AVg_gtuvh 
= (у + 2) + xj + xk = A(2xi + 2yj) + (zi + xk) = y +z = 2Ax + uz, x = 2\y, X = ux х = Оогд = 1. 
CASE 1: x = 0 which is impossible since xz = 1. 
CASE2: w=1 > y+z=2Ax4+z => у= 2Ах апах =2Лу = y=(QA)QAy) > у = бог 
4)? = 1. Ify = 0, then x? = 1 + x = +10 with xz = 1 we obtain the points (1, 0, 1) 


and (—1,0,—1). If44? = 1, then A = +3. ForA\=—j},y=-xsoxr+y=1 > X=} 

















= х= + J; with xz = 1 ИЕ М2, and we obtain the points (+,.- 4. v2) and 
(- +5. 4;.-v2). Fora 1,у=х == x + J, withxz=1 = 2= + 2, 
and we obtain the points (5 о a ; v2) and (- 55 = Ъ,-У2) у 

Evaluations give f(1,0, 1) — 1, f(—1,0, -)=1Lf(5, -4,,v2 -Ч4(- dd. -/2) = 1, 


(5 IE ,У2) = 3 , and f (- d. ,— T 1 У?) = 3 . Therefore the absolute maximum is 3 at 


Cavs | апа (- vs ,— a з -/2) , and the absolute minimum is 1 at (- vs ; 25 ; -V2) and 














NI 


88. Let f(x, y, Z) = x? + y? + 2? be the square of the distance to the origin. Then x7 f — 2xi + 2yj + 2zk, 
Vg=itj+k,and Wh=4xi-+ 4yj —2zksothat Vf —ANZg--uN7Zh => 2x=A+ 4xy, 2y = à + 4yp, 
апа 22 = А – 22р = А = 2х(1 – 2р.) = 2у(1 — 2p) = 2z(1 + 24) => х=уоги=%. 





САЅЕ 1: х=у => 22 =4х2 > >= 222. = х+х+2х=1огх+х—2х=1 
(impossible) = х=} = у= 1 and z= } 5 yielding the point (1,1 мал 2). 


CASE 2: p-i => АХ=0 = 0=2%1+1) = МЕ + 2у? =0 > x=y=0. But the origin 


(0, 0, 0) fails to satisfy the first constraint x + y +z = 1. 


Therefore, the point (4 1 1 1) on the curve of intersection is closest to the origin. 


2 





yz ша ха Ow Ow Ox Ow Oy Ow Oz 
dl Xx ML зе Е TÉ y 


= (2xe”) 5 + (zx?e”) (1) + (yx?e”) (0); z =х?—у? = 0=2х2д ду —2у > 5 = *; therefore, 


(&), = @xer) (B) + же = (зулаа 


89. (a) y, z are independent with w = x 


(b) z, x are independent with w — xe" andz 2 x? — y? — 9 = 2% 9x р Di ду + & 
= (2xe”) (0) + (2х2е") ду + di d);z=x -y > 1=0-2y % ду => a -- = ; therefore, 


(85), - toten (C 4) exer eer (s E) 


2 дуг 5 жб ди = дж Ox Ow Oy Ow Oz 
e” and z = x” y 2 92  дх z t ду 9» Т дә. Oz 


= (2xe”) х + (хх2е”) (0) + (ух2е") (1); 2= х? – у? => 1=2х $$ - 0 — 8 = 1 therefore, 
(52), = (2хе”) (5) + ухе" = (1 + жује“ 


(с) z, y are independent with w = x 





90. (a) T, P are n with U = f(P, V, T) and PV 2 nRT — 50 = 20 Ф + ^ oV 56 Т 


= (20) (0) + + (25) (1); РУ = ПЕТ Р <= = һВ дҮ = 28; therefore, 

гр + (а J-> ii 
(57) (2) t5 

(b) V, T are independent with U — f(P, V, T) and PV — nRT — 29 = 20 д + 20 бу ah 2y aT 

(80) (25) .- (2U) (1) - (2U) (0; PV 2 nRT > V Æ +P = mR) (Æ) 2 0 — 25 — — P; therefore, 

V): = 


(80) (– 5) + 20 ` 











БЕ 


(5v 
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93. 


94. 


95. 


96. 


97. 


98. 


99. 
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Note that x = r cos ĝ and y = r sin 0 => r= „/х2 + у2 апа 0 = (ап! (3) . Thus, 









































Ow _ Ow Or , Ow 00 | (Ow x Ow —У = Ow _ (sin@) Ow. 
Ox — Sr Ox + BF ox = (Gr) (===) + (5) (===) — (cos 0) 5E — (95) F: 
Ow _ Ow Or , Ow 00 | (Ow y дм х БМ дм cos 0| Ow 
ду дг ду 90 бу — (%) (=) + (%) (=>) = (sin 0) дт Fl г ) 90 
д д д д 
Z = fa gx +h a = af + af, and zy = fa 5) +f 3) = bf. — bf, 
ðu — ди _ ди _ dw ди |. ду Ow _ dw Ou _ 4 dw 1 Ow _ dw 1 Ow _ dw 
5у = Рап@ 5; =а => & = т 5x — à ay and & du ду b Ta aug M p gy а 
1 dw _ 1 Ow Ow | 4 Ow 
= а дх — b dy —b Sx a E 
ду _ 2x = 2(r4-s) тэс 2(т + 5) = Ow _ 2y _ 24-3 — т—$ 
Ox © х2+у?+2> _ (r+s)?+(r—s)?+4rs 2(12-5218--52) туз’ ду  х?+у? +2 — 2+92 — (г+5)2 ° 




















дт |. 2 = 1 Ow _ Ow Ox Ow Oy Ow Oz __ r—s 1 __ 2r+2s 
and д? 7 х2--у2--22 7 (г--8)2 = Or ^ Ox Or ду Or | Oz Or” rts Ç (r+s)2 + [к (25) Т (7+ 5)2 
= 2 Ow __ Ow Ox Ow Oy Ow 02 — т—$ 1 2222 
ПЕЋ and Os ~ Ox Os 2” ду Os + Oz Os” r+s (r+ s)? + [к] (2r) = r+s 
= д 4 ду _ 1. 4 = : д OV = 
e" cosv —x =0 = (e' cos v) $$ — (e" sinv) € — 1;е°зшу—у=0 = (е" зїп у) 5, + (е" сову) 55 = 0. 
| : : ди ___- ду _ wy ts A 2 
Solving this system yields 5° — e " cos vand 5* — —e " sin v. Similarly, e" cosv- x — 0 
— (e' cos v) 2: — (e" sin v) x = 0 and e" sin v — y = 0 => (e' sin v) ді + (e" cos v) а = 1. Solving this 


i ди _ eu gj ду _ еч 9ui | 9ui| , ( 8v , Ov 1 
second system yields бу ^ € ту and ду ^ € СОЗУ. Therefore (& 1+ 5, i) (& it 5, i) 


= [(e" cos v) i+ (e sin v) j] - [(—e " sin v) i 4- (e" cos v) j] 2 0 = the vectors are orthogonal = the angle 


between the vectors is the constant 5 : 











96 — dx 06 + ay a = (гп 0) 5х + (605 0) 5, 
2 : : х : х : 
= 88 — (—rsin 0) (% бк + жі. 2) — (r cos 0) 2* 4 (r cos 0) (25 85-82 2) — (sin 0) 2 
— (—r sin 0) (8-3) – (гсов 0) + (т сов 8) (% + 5) —(гзїп®) 
= (—r sin 0 + r cos 0)(-r sin 8 + r cos 0) — (r cos 0 + r sin 0) = (—2)(—2) — (0+ 2) = 4—2 = 2 at 
(1,0) = (2,1). 
(у + 2)2 + (2 — х) = 16 => wvf--2(- xji-2(y + 2)ј + 2(у + 22 — x)k; if the normal line is parallel to the 
yz-plane, then x is constant = ас) = –2(2—х=0 > z=x > (у +2): (0 0)? = 16 > у+»>= +4. 











Letx=t > z=t => y=-t+4. Therefore the points are (t, —t 4 


E 4, t), t a real number. 


Let f(x, y, z) — Xy + yz + zx — x — z? = 0. If the tangent plane is to be parallel to the xy-plane, then v7 f is 
perpendicular to the xy-plane => vVf-i=Oand Vf-j=0. Now үу Ё = (у +2 – 11 -+(х + 2] + (у + х — 20К 
so that Vf-i=y+z—-1=0 => y+z=1 => y=1-z,and Vf-j=x+z=0 => x= —z. Then 


-2(1-2)-(1-27--2(-2)-(-2)-22-0 -> 2-22-0--2-іог2-0. №м2=1 5 х= – 5 апіу = 2 
= (-1,5.3) is one desired point; z= 0 => x = 0and y = 1 = (0,1,0) is a second desired point. 


of 


Vf=AGityj+zk) => 5 =Ах = f(x,y,z) = 1 Ах? + г(у,2) 


=> 0(у,2) = i Лу? + h(z) for some function h AZ = 5, 


ог _ dg 


for some function g = Ay = B = 5 





Oz 


h'(z) h(z) i Az? + C for some arbitrary 


constant C => g(y,z) = $Ay? + ($Az7+C) => f(x,y,z) = Ax? + Ay? c 1az C => 80,0, а) = 1 ла? +С 
and f(0,0, —a) = 1 A(—ay + С = КО, 0, а) = КО, 0, —а) бог апу constant a, as claimed. 


Copyright © 2010 Pearson Education Inc. Publi 


shing as Addison-Wesley. 


876 Chapter 14 Partial Derivatives 





df : КО + 51, 0 - $45, 0 + ви3)—К00, 0,0) 
100. ТТ 5 015 S 82 0 
. 4/s2u? + s2u3 + s2u3 — 0 
= lim it ,5>0 
8-0 
А 54/2 + 12 + и2 2 
= lim TN = К |u| = 1; 
8-0 
however, Vf = Jaret Tom rU j E VEG 5 k fails to exist at the origin (0, 0, 0) 





101. Те (х, у, 2) = ху+2-2 = у Е= у; + х] +ФК. At(1,1, 1), wehave vf —i-c- jd k = the normal line is 
x=14+ty=14+t,z=1+4tsoatt=—-l => x=0,y =0,z=0 and the normal line passes through the origin. 


102. (b) Кх,у, 2) = х? – у? +22 = 4 
=> Vf = 2хі – 2уј + 272 = а(2, 3,3) 
the gradient is v7 f = 41+ 6j + 6k which is 
normal to the surface 
(c) Tangent plane: 4x + 6y + 6z = 8 or 
2х + Зу + 32 = 4 
Normal line: x = 2 + 4t, y = —3 + 6t, z = 3 + 6t 





CHAPTER 14 ADDITIONAL AND ADVANCED EXERCISES 


1. By definition, f,,(0, 0) = ЛЛ, EO) 0.0) so we need to calculate the first partial derivatives in the 
— 


numerator. For (x, У) 7 (0,0) ууе Е f,(x, y) by applying the differentiation rules to the dr for 


X 2 2,9 Х 
f(x,y): hy) = SEE + (xy) 0000000000 _ усу жу, э RO, = -G = h. 








For (x, y) — (0,0) we apply the definition: £,(0,0) = lim, TORUDE ы 


т 0-0 = 0. Then by definition 
0 





5,0,0) - lim, =%=0 — _]. Similarly, 0) = lim, зоо So for (x, y) 7 (0,0) we have 


__ хЗ—ху? 4x3y2 ; EET f(0, h) — f(0, 0) 
Ку) = су - парлу = f,(h,0) = $ = h; for (x, y) — (0,0) we obtain f£,(0, 0) — lim, Шын ашын 
= Jim, 0—0 — 0. Then by definition a 0) = lim, 2= = 1. Note that fxy(0,0) 4 fyx(O, 0) in this case. 


2: SY =1+e% cosy > w=x+e* cosy + gly); 5» — —e' siny g'(y) = 2y — eè siny > g'(y) = 2y 
= g(y) =y? +C; w = In 2 when x = In2andy =0 => 102 = 102 +е2 сѕ0+0 +С = 0=2+С 
= C = —2. Thus, w = x + e* cos y + g(y) = x + e* cos y 4- y? - 2. 


3. Substitution of u + u(x) and v = v(x) in g(u, v) gives g(u(x), v(x)) which is a function of the independent 

















variable x. Then, g(u, v) = f f(t) dt > 4 = дж au + д у = (2 1: f(t) dt) + (2 Ї f(t) dt) d 
- (- & fiio a) & - (3. fro ac) & = кю) 400) — fio) $ - fuo) $ 
4. Applying the chain rules, f, — g£ or = be = (4) (252 + g£ Өт; Similarly, f,, = (8) (3 + ЧЕ 2 and 
_ (Га дг \2 ағ 9% ðr x Oro 2-2 ‚ дт __ 
Ё. = (4) (52) ^ & 58. Moreover, 5; — Мите 7 де ОО О, "ду я 
д?г x? +z z Or _ 7. д?г x? +y? 23 
E oy? (жауга у ; and 92 ух? +у2 +22 => а = (bx yb B) . Next, f + fyy t+ fz =0 
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Фе 2 df у? +2? df y? df 2472 
=> (4) (zz) + ($) (73 + (4) (с-та) + (5) (7-3 
df 2 df 24y? 25 а2ғ 2 ағ — df , 2 df _ 
+ (#) (тт) + (®) ( | =0 = a + ( ---) а-0 ш> etf 


> 4 (£) = (-2) РЁ, where f= — 1 ——2* > шШР= 2 шг+шСс 9 f' 2 Cr?2, or 


r 





кә 











at =Cr? ~ Кт) = – c +b= 5 + b for some constants a and b (setting a = —C) 


5. (a) Letu = tx, v = ty, and w = f(u, v) = f(u(t, x), v(t, y)) = f(tx, ty) = t"f(x, y), where t, x, and y аге 
+ ў n— Ow Ow Ou Ow Ov Ow Ow 
independent variables. Then nt" (х, у) — 5€ — 5e arc Se qd =X Sty G- Now, 


де = дк 2 + ди дк — (ди) бу + (2) (= (85 => OY = () (25). Likewise, 











ду _ ду ди Ow Ov | (Ow Ow ow _ (1 Ow 
п (х, у) = х ow +y би = (х) (28) 4 (X) (2). When t = 1, u = x, v = y, and w = f(x, y) 
= = = ot апа 9% = = = nf(x, y) 2 x É +y & , as claimed. 

(b) From part (a), nt^ !f(x, y) — x ou +y ou . Differentiating with respect to t again we obtain 





n-2 — х дм du 3w ду 3w ðu ду дү _ 72 8w Ow 2 0^w 
n(n — ПЕ ИХ, У) = X др Be +X avon Be TY Suv TY а =X Gar Т ^ХАУ бу КУ б. 














w _ 0 (dw) _ A Ow) — + @w du Ow Ov _ 42 Фм Aw _ д [дух 
Also from part (a), Әх2 77 Әх (%) “7 Ox (t o) = ди? дх Tt дуди Ox = ðu? °? ду2 77 Әу (%) 
22.0 д\\ _ + д? ди O?w Ov | 42 8w Әм д (Әму | 8 дому __. 02w ди O^w ду 
7 ду (ї 9) = диду ду РЕ ду ті бз and sa = gy (Sr) = 8 ( дп). = Se ду РЁ дуди ду 
— +2 92 1Y 9w — Ow 1Y 9 w — Ow 1Y 9)w _ @w 
= дуди => (2) Ox2 ~ du?’ (5) ду? дуо and (5) дудх _ дуди 





> щп— 1) и, у) = Ө (2x) + (2) (85) + (%) (88) for t #0. Whent = 1, w = f(x, y) and 


we have n(n — 1)f(x, y) = x? (%) + 2xy (2%) + у? (2) as claimed. 


sin 


п бі = lim sint = 1, where t = 6r 
: 0 





6. (a) lim, Ы 








: £0 +h, 0) — £(0, 0 : ié) 1 . sin 6h — 6h . 6 cos 6h — 6 
(b) £(0,0) — lim, 1359-109 — jg CRC = im заба = Іш, боқ 8-6 
= jim, =36 sin 6h =0 (applying l'Hópital's rule twice) 








sin 6r sin 6r 
с) Мт.,бу= ш #®#+®-#%&® _ 1, (%)-( ) ^н 0_() 
(© 1907,0) һ—0 һ һ h>0 P 


һ— 0 











7. (a) r=xit+yjt+zk => г = |г] = /x?+y? +2? and VIC wu uA а ае 
(ы т = (4/2 + у? + 22)" 
> wv) — nx (x2 4 y? 4 z2) 77$ 4 ny (x2 4c y2 ы 22) 973 + nz (x2 + y? + 22) 7 = про 
(с) Letn 2 2 in part (b. Then 1 xz (7) 2r —9 ху (1?) =г > 5 = 1(х? +„у? + 2?) 15 їһе їшпсйоп. 
(d) dr = dxi + dyj + dzk = r -dr = x dx + y dy + z dz, and dr = r, dx + ry dy + r, dz = х ах +? ау + 2 ах 
=> rdr = x dx + y dy + z dz = r - dr 
(e) A=ai+bj+ck > A-r=ax+by+cz > V(A-nr)=ait+bj+ck=A 





8. f(g(t), h(t) = с 0- £ = S a“ + o 4у = (4 1-- o i) . (% i+ y i) , where 4 і+ Yj is the tangent vector 


=> Y fis orthogonal to the tangent vector 


9. f(x,y,z) = xz? — yz + cos xy — 1 — үу Ё = (22 – у ѕіп ху)і + (—2 – х ѕіп ху)ј + (2х2 – у)К > y f(0,0,1)=i-j 
=> the tangent plane is x — y = 0; r = (ln t)i + (t In Ņj + tk > r’ = (4)i+ dnt+Dj+k;x=y=0,z=1 
— t—1 — r()=i+j+k. Since (i+j+k)-G—-j) =rd)- wf =0, ris parallel to the plane, and 
r(1) 2 0i 4- 0j - k => ris contained in the plane. 
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10. Let f(x, y,z) = x? + y? + z? — xyz > y f= (3x? — yz) i + (3y? — xz) j + (3z? — ху) К => y f(0,—1,1) = i + 3j + 3k 


e 


=> ће tangent plane is x + 3y + 3z = 0; r = (5 - )1+ (+3) 1+ ost - 2)k 








5r - (3)i- ($)i- Gna-20kix Oy--Lz-1-2 t-2 5 r(2) - 3i- j. Since 


r(2)- Z f = 0 > ris parallel to the plane, and (2) 2 —i + К = r is contained in the plane. 


П. 22 = 3х2 — 9у = O and & = 3y? -9x = 0 2 y - 1x? and3 (1?) - 9x 20 — 1x! -9x—0 
— жо. => х=0богх=3. Моух=0 = y=Oor(0,0)andx =3 => y—30r(3,3). Next 





2 
= = 6x, 2 x — 6y, and сс = —9. For (0,0), 9% 2% - (88) = —81 => no extremum (a saddle point), 





2 
and for (3, 3), 9% 2% — (2%) = 243 > 0 and 9% = 18 > 0 = alocal minimum. 
12. f(x, y) = 6xye t3) > f (х,у) = 6у(1 — 2x)e 7+3) = 0 and f(x, y) = 6бх(1 — Зу)е-®*+3У) = 0 => x = 0 and 

у = 0, огх = 1 and y = ;. The value f(0, 0) = 0 is on the boundary, and f (i 1 1) = 3 . On the positive y-axis, 

КО, у) = 0, апа on the хайс x-axis, f(x, m 0. Asx — ooory — oo we see that f(x, y) — 0. Thus the absolute 


maximum of f in the closed first quadrant is = at the point (1 | 1). 


13. Let f(x, y, z) — х, +} у, а 2 -1 5 үЁ= 2 i +@ zj +3 sk => an equation of the plane tangent at the point 
Ро(хо, уо, yo) is (23 2) x - (28) y - (29) z = а о (9 Ух (8) у-+ (3) 2=1. 
The intercepts of the plane are (=. 0 9). (o, E 3 0) апа (0, 0, =) . The volume of the tetrahedron formed by the 








plane and the coordinate planes is V = (4) (1) (2) (5) (=) = we need to maximize V(x, y, 2) = gun (хул)! 


2 хо yo 70 





subject to the constraint f(x, y, zZ) = х + 5 + 5 = 1. Thus, | eer ( i ) = 2 А, | uu ( И ) = 2 А, 


x2yz xy?z 
and - = (==) = z A. Multiply the first equation by a?yz, the second by b?xz, and the third by c?xy. Then equate 
the first and second = а?у? = Бх? = у = ? x, x > 0; equate the first and third = a?z? = c?x? => z = £x, x » 0; 


7 3 V УЗ абс. 








substitute into f(x, y, z) = 0 = x 13 у + 


14. 2(х — и) = —А,2(у—у) = À, —2(x — u) = p, and —2(y — v) = —2uv = анд 
У = У = ру Хр = иу === у = 1 огр = 0. 
САЅЕ 1: р=0 => х= цу = у, апл = 0; ћепу=х +1 = у= 0+1 апу? = и = у= у? +1 











> \-у+1=0 = у= = 11 => no real solution. 
CASE 2: v—landu- v? —u-ci;x-i-l-yady-xt1—ox-i1--x-122x--12x--l 
—y-i = . Then f (— 4 2j 2 i.d) = (-i = iy (1 = iy = 2 (2) — the minimum distance is 3 1/2. 
(Notice that f has no maximum value.) 
15. Let (xo, yo) be any point in R. We must шаг jon f(x, y) = f(Xo, Yo) or, equivalently that 
x,y) > (xo; yo) 


(h Vm © o о +h, yo +k) — f(Xo, yo)| = 0. Consider f(xo 4- h, yo 4- k) — f(xo, yo) 


= [ {хо + x yo + k) — f(xo, yo + k)] 4- [f(xo, yo 4- k) — f(xo, yo)]. Let F(x) = f(x, Yo + K) and apply the Mean Value 
Theorem: there exists £ with xy « £ « xo + h such that F'(£)h — F(xp + h) — F(x) => hf, (€, yo +k) 

= f(xo +h, yo + k) — f(Xo, Yo + k). Similarly, kK fj (xo, 1j) = Кхо, уо + К) — f(xo, yo) for some rj with 

yo < N < yo +k. Then |f(xo + h, yo + K) — f(xo, yo)| € |h£(£, yo - k)| + [|kf,(xo, | . If M, N are positive real 
numbers such that |f,| < M and |f,| < N for all (x, y) in the xy-plane, then |f(xo + h, уо + К) — f(xo, yo)| 


<M |h| +N |k|. As (h,k) — 0, |f(xo +h, yo +k) — f(Xo, yo)| — 0 = (h ae 0) [f(xo -- h, yo 4- k) — f(xo, yo)| 


= 0 = fis continuous at (Xo, yo). 
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16. 


17. 2 


18. 


19. 


20. 


21. 


22. 
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At extreme values, Y f and v = а аге orthogonal because а = gf- аг = 0 by the First Derivative Theorem for 


Local Extreme Values. 


5 =0 = f(x,y) = h(y) is a function of y only. Also, 5 z ue = 0 = g(x,y) = k(x) is a function of x only. 


Moreover, a= д => h'(y) — k'(x) for all x and y. This can happen only if h'(y) — k'(x) — c is a constant. 


Integration gives h(y) = cy + c, and k(x) = cx + co, where c, and сә аге constants. Therefore f(x, y) = cy + cı 
and g(x,y) = cx + c2. Then f(1,2) = (1,2) = 5 = 5 = 2c +c =c +c and 0,0) = 4 > cp =4 S c= 1 
=> со = 2. Thus, f(x, y) — $y +4and g(x, y) = ых + 2. 


Let g(x, y) = D,f(x, y) = f(x, y)a + f(x, y)b. Then Dyg(x, y) = g,(x, y)a + g(x, y)b 
= f(x, y)a? + fyx(x, y)ab + fy(x, y)ba 4- f(x, y)b? 2 f(x, y)a? 4- 2£,(x, y)ab + fy(x, y)b?. 


Since the particle is heat-seeking, at each point (x, y) it moves in the direction of maximal temperature 
increase, that is in the direction of Y T(x, y) = (e^? sin x) i+ (2e~” cos x)j. Since Y T(x, y) is parallel to 


2e? cosx 


Wenz = 2 Cot x. 


the particle's velocity vector, it is tangent to the path y — f(x) of the particle — f'(x) — 





2 
Integration gives f(x) = 2 In |sin x| + C and f (3) =0 = 0=2/1n |sin | -C => C= -21n м _ ний!!! (2) 


= |n 2. Therefore, the path of the particle is the graph of y = 2 In |sin x| + In 2. 


The line of travel is x = t, y = t, z = 30 — 5t, and the bullet hits the surface z = 2x? + 3y? when 

30 – 5:22 4-30 — P4+t-—6=0 = (t--3(t-2) 20 9 t—2(sincet » 0). Thus the bullet hits the 
surface at the point (2, 2, 20). Now, the vector 4xi + 6yj — k is normal to the surface at any (x, y, z), so that 

n = 8i + 12j — k is normal to the surface at (2,2, 20). If v = i + j — 5k, then the velocity of the кин 


after the ricochet is w = v — 2 proj, V = v — (22) п=у— (25) n = (i + j — 5k) — (201+ 500% - 29 9 k) 


191. 391. 995 
— 399 1 — 5095 — 205 К. 


(a) kis a vector normal to z = 10 — x? — y? at the point (0,0, 10). So directions tangential to S at (0, 0, 10) will 

be unit vectors u = ai + bj. Also, VW T(x, y,z) = (2xy + 4)i+ (x? + 2yz + 14)j + (y? + 1)k 
=> ҳу Т(0,0, 10) = 41 + 14j +k. We seek the unit vector u = ai + bj such that D,T(0, 0, 10) 

= (4i + 14j + k) - (ai + bj) = (4i + 14j) - (ai + bj) is a maximum. The maximum will occur when ai + bj 
has the same direction as 4i + 14j, or u = Js Qi 4- 7j). 

(b) A vector normal to S at (1, 1,8) is n = 2i + 2j +k. Now, VW TQ, 1,8) = 6i+ 31j + 2k and we seek the unit 
vector u such that D,T(1, 1, 8) — 57 Т- а has its largest value. Now write Y T = v + w , where v is parallel 
to V T and wis orthogonal to Y T. Then D,T = VWT-u=(v+w)-u=v-u+w-u=w-u. Thus 





D,T(1, 1,8) is a maximum when u has the same direction as w. Now, w= vT-— (zm) n 


= (6i + 31j + 2k) — (44) Qi + 2j +k) = (6 - +2) i + (31 - +2) j+ (2 - Әк 
_ _ 98 127 58 E -2 1 . 5 
=- i+ j- $k а= р = – я 08 - 127] + 58Ю. 








Suppose the E (boundary) of the mineral deposit is the graph of z — f(x, y) ea the z-axis points up into the air). 


Then — ai і-% Fj + k is an outer normal to the mineral deposit at y) and a i Е а f j points in the direction of steepest 
ascent of the mineral deposit. This is in the direction of the vector 2 x i+ бу tj at (0, 0) (the location of the 1st borehole) 


that the geologists should drill their fourth borehole. To approximate this vector we use the fact that (0, 0, — 1000), 
(0, 100, —950), and (100, 0, — 1025) lie on the graph of z = f(x, y). The plane containing these three points is a good 


i j k 
approximation to the tangent plane to z = f(x, y) at the point (0,0,0). A normal to this planeis} O 100 50 
100 0 —25 
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= —2500i + 5000j — 10,000k, or —i 4- 2j — 4k. So at (0,0) the vector a i+ Ші is approximately —i + 2j. Thus the 
geologists should drill their fourth borehole in the direction of vs (—i + 2j) from the first borehole. 


23. w 2 e* sin zx => w= re" sin тх and w, — ле! совлх => мух = —л2е" sin TX; Wxx = 5 Уур, where c? is the 
positive constant determined by the material of the rod => —7?e" sin zx — > (re sin тх) 
. --с2т2 . 
= (т+ с2л2)е ѕіплх = 0 -» г---212 => м = е7" іп пх 
24. w = e" sin kx = w = ret sin kx and wx = ke"t cos kx => wy, = —k?e"™ sin kx; wx, = 5 Wi 


=> —ke" sinkx = 4 (ret sinkx) > (r+ c?k*)e"sinkx =0 > r=—?k? > w=e зіп Кх. 
Now, w(L,t) 20 > е7 іп К. = 0 = kL = n7 for n an integer  k— T — № = и sin (37 х) ; 


. . 5050239, 2 
Ast > o,w > 0 since |sin (42 x) | <lande салалт 230, 
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CHAPTER 15 MULTIPLE INTEGRALS 


15.1 DOUBLE AND ITERATED INTEGRALS OVER RECTANGLES 








1. S [yaya f ку ах = ЈУ 16x dx = [8x2]? = 24 
2 1 
2. Гесу) у= ky- iy] x= f 2x dx = [x 2: -4 
0 1 0 1 0 
“г! х2 + у? ^ x xy? I 1/5 у? 5 y 1 2 
4 ,1Д--"35) өд -/к-4-3 8 -141-5)9-18-51-3 
3 2 2 3 уз 2 346 T 3 
14 ? 7 PY 2)" f 2 2 _ 2x]? 
6. : _„(х^у – 2ху) дуах = „2 ху) а= „ (4х — 2x?) dx = [2x - | =0 
1 1 1 
7. |] гу чкау= |, шїї ч хуй dy = ff int + yldy = [yln[t -y| y - nj - yl]; 2 21n2- 1 
4 4 
8. SS (5 + y) ) «ау- | [12 + х у] ду = Ј, (4+4y!?)dy = ду + Вучо], = > 
Ру m2) 2x+yyins 0х 2+1 зех dee m2 3 
9. Ї 1 е dydx = f | ах = |, (бе — e?**!) qx 2 [2e — | ==5—е) 


10. f. fe dy dx — Ї | хугеч ах = f ixeax- Б; 26 зе, = 5 
11, | | Гуяахахду- f? [- y cos x]; dy — | уду= УЛ, -3 
12. Г сіх + сову) dx dy = Їл cosx 4- xcos y]; dy — Јо + тсоѕу) dy = PEERS NDS 


1 2 1 
13. || (бу — 2х)4А = ЈУ Ј (буг – 2х)дуах = f [2y - 2xyl dx — Ј (16 — 4x) dx = [16х –2х]) = 14 


ка 
~ 


ЛГУ Laa = f fA aya fi [22], а= Јах = [з] — 8 
15. by хусозуда = | ЈУ" хусовудуак = Ј [x y sin y 4- x cos y]; dx = | (-2х)4х - Х -0 


0 T 0 
16. ІП y sin(x + у) аА = 1 y sin(x + y) dy dx = Її- cos(x + y) + sin(x 4- y)]; dx 
Е т 


0 
= f (sin(x 4- 1) — r cos(x + 71) — зшх)ах = [-соз(х + л) — 7 sin(x + т) + соѕх] = 4 


T 


Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley. 


882 Chapter 15 Multiple Integrals 

ш2 үш2 12 In2 
17. f f e^ - |, Ї e*-y dydx = f |-е Ур. a= f (—-e*-9? + eX) dx = [-e* ™ +e сео 

R 
2 1 2 1 2 
18. JJ хуе*?дА = | ff xyes дах = | jer] a= f, (%е* — 1) dx = [ie — 1х] = 1 (е? — 3) 
1 1 
19. SS аза = ЈЕ Ј, ер дувк = Л го, х Дак = [2р2 +1; = 2102 
1 1 

20. 1 а = NET бу? — 9х4у- |, [tan (xy) dy = f. tan'y dy = [ytan~!y — $In|1 + y* ІР -1- Шһ2 


21. Г] туд = [2 02-та = (2) Јах = (20 
22, ЈУ ЈУ у совхувхау = ЈУ [sin xy] o dy = f sin zy dy = [- 1 совлуј --12(-1-1-2 
1 1 1 1 
23. ЖЕЛІ Қх,у)ад = f. [G2 y) ayax - fo fey tty] dx = f (2х°+#)4х = [2x3 + 2x], = 8 


24, у= Јоу) = fe f; 06-5 - y) ara - Ј, ву – у – Тур хн / (8-2) с- [Sx — 2x5]? 


— 160 
m 


25. У = 1) Қауақ- NC 2-х-у ) dydx = f [2у—ху-— 3у?],4х = /, (3 — х) ах = [3х— 2], = 1 


4 p2 4 2 4 
26. У-/ | бкуяА-/, idydx- f. [$] dx= f rax - [р =4 


т/2 


27.У-|Гқоуул- f 
R 
= V2 


т/4 7, т/2 т/2 
| 2 sin x cos y dy dx = 15 (2 8ш хашу|  40х -- jJ. (Мах) ах = |-У2совх| 
0 


1 2 1 1 
28. у= Је уа =], Ја-у) ек j, [4y - ly]? dx— f, (16) ах = [161 = © 


15.2 DOUBLE INTEGRALS OVER GENERAL REGIONS 
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10. 


11. 


12. 


13. 


а) ауа 
(а) f, : f ayax 
@ S faya 
(а) Ї IET dx 


(a) T Tony dx 
фу [в 
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(b) f а 
(b) ЇР 


(b) Т, "Oed 


y/3 


e? p2 
) fi faddy 


г 


о 
м 
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15. 


16. 


7/4 pl 
14. (а) ff. dydx : as 
1 (“әптіу у=1 
< |] ахау | 
1 
І 
І 
І 
І 
x x 
4 
In3 el 
а) |, дуах y 
1 In3 у=1 
1 
(b) А. кеу | 
1 
| тх 
у=е 
І 
х 
1n3 
1 1 e pl 
а) Sf f ayax+ fif dyax y . 
yzlnx 
І реу =1 
(5 f, f, ахау ni 
| 
1 
1 
| 
х 
1 е 


17. 


18. 


19. 


(a) [ау 4 


(5) i5 Ј ахау + ЈЕ 2 акау 


(а) ГГ. ayax 
(b) i ахву + ЈУ [У ахау 





Г ап у) дуах = -хсову) х ^ 


(т, т) 
т т 


= fœ -x cos x) dx = [$ — (cosx +x sinx] 


2 
= +2 
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20. [ууа = ЈУ ВИСЕ E sin? x dx 1 


= 1 Га —cos 2x) dx =} [x-4sin2x]7 = 3 


y=sinx 


72224 
САХЖАЖА 
(ХАЛАЛАЯА 


18 шу In i 18 
21. 1 1 e"dxdy- f^ Чеч ау = f (ye! — e") dy 

= [(y — De’ — &]"* = 8dn 8 — 1)—8 +e 

= 8In8—1l6+e 


1 ру? 1 2 
23. TT Зузеху ахау = f. Bye] dy 


1 4 s 1 
= (зуге - 3y?) dy = [e -у°| =е-2 


ә. ГІР зе ауа - f GB yro] ax 
= зе 1) укак = [3 (е – 1) (2) х2] = те) 


2 2х 2. 2. 
DU * dydx— f xin y]? ах = (2) /| xdx = 3In2 


1 1-x 1 1-х 1 1 
26. 120 (? +y) dydx = ff fry + 3] àx- f, ea - 9] dx= f, pe 4 es dx 





21. 10124 (v - Vu) Ju) dvdu — f. %-у М] а = INE = - vaa -v) du 
2 
3u 


„нез ы ш: Arat ariy; 


юн 
N 
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2 Int 2 2 2 2 
28. | [| e Intásac-. f eng? à- аш: шо = [5 ше: tnit. 
-(212-1-212-2)-1(-1-1)-1 


29. | | зарау-2| plo dv — 2], 2v àv 
= —2 [v?] E =8 


30. Гр statas = f pe as 


| 2 gl 8 
-1,40-4)8-4|у-5|,-3 


т oe we sect 
31. ее): 3 cos t dudt = |22 [3 cos t)u] 


т/3 
= | за=> 
—т/3 


32. P Г" а avau = fo [ies] n >. 


3/2 
= [ (3-20) а = Bu- u3 =? 








33. eae dx dy 





34. ff ayax 
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35. f flay ax 


36. ІШУ? жау 


37. ГГ 4у 


38. f fray dx 


39. [fw dx dy 





40. ff ydyax 
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41. ГГ” dy dx 


42. | [7 ex dxay 


43. LE xy dx dy 


44. TED ху? dx dy 


45. dfe f. (x + y)dy dx 


46. | if У, /Худуах 


>< 
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48. МЕЗ sin xy dy dx = S [op sin xy dx dy 


2 2 
= fi [-2y cos xy] dy = f° (—2y cos y? + 2y) ду 
= [-sin y? + y2]4 =4—sin4 


49. НЕЗ акау = |" [зет ауах = ке] ах 


1 1 
— жа. == la x — e-2 
= f (xe х) ах = [1e JE 


1 SSE aya fi SO E aay 


2-р х2е2У аг = [= [e Ж йе 
= J pem € —7Jo 7 9 ар 4- 


сл 
© 





51. Ї ad dx dy = = dy dx 


-1, 2хе" dx — [e?] = е" 122 


52. JI e” dy dx = |, e" dx dy 


! 3 1 
= f 3ye dy = [е] =e — 1 





1/16. (1/2 Қ 1/2 px! 1 
53. 1, Л... вов(16лх) ахау = f, Т, cos (167x°) dy dx 


1/2 0.0625 (0.5, 0.0625) 


1/2 . eus 1 
=f x! cos (161x?) dx — Е = орк 
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54. 11 я лї dy dx = Г zi dx dy 


2 In 17 
= ЈУ а ду = 1 и (у! + 1] = 5 


5 ЈЈо- 2x?) dA 
2. 
jo 
Jel 


+ 
-4 


(y — 2x? 2. (у— о 
x Ін _, 9х + - 2x?y] ~ dx 


© 


НЫ =: oom oe T 


© 


(х+ 1)? – 2. x — 1)? + 2x2(—x — 1)|4х 
„| (1 — x? -2x*(1 - x) - ix — D? - 2x*(x — 1)] dx 
K +?) dxe4 f/ (x? — x?) dx 


x]? xb ai Dt 1_1 3 4 8 2 
+3] + 415 – 5 | =4 [56 + SY] 444-3) =8(8 - A) = 137-3 





56. JJ xy dA = de dy dx + ТАПТЫ dy dx 


2/3 lx 9) 2-x 
= [ix 7 ах + ИГ ху?] dx 

2/3 
= Ї 2 E x3) dx + эй x(2 — x)? — І х3] ах 
= 12 2x3 dx + 4. dx 








(3) Ga)] =a + – (8 at) = Bi 





1 2-х 1 312-х 1 xà _x)3 x3 x4 уи 
51. у= | | (к? + у?) дуах = fi [ry + 5 | ңе ы соры е ек 


58. V ff дуах = | дур” ах = f, (2x? — xt — x3) dx = |2 х3 – 1х5 1 xf] e 


-4-1-0-04-2-0-02-0-4)-(-8-4-10-4-8 


1 р4-х2 1 1 
59. у=] ,/, «+4адуах= f ky xl; = | [х(4—х?) +4(4— х?) — 3х2 — 12x] dx 


=f x3 — 7x2 — 8x + 16) dx = [— 1 x4 — 2x3 — 4x? + 16x] | «= (-1-—3$+12) - (8 — 64) = 51 — 1 = 55 


ov- fh T oywa- fpi] T a p- 
= [iava -Æ + 6sin (8) -21+ $| —6(2) -4$ 030 1$ — 0 





2 3 2 3 2 2 
61. V= f. f, (4- y) dxdy = f, [их – уха ду = Ј, (12 – Зуг) ду = [12у — у? =24—8 = 16 
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2 4-х2 2 2 4-х2 2 9 2: x 
&. v- f f, (4-x—y)dydx = |, [(@—х%)у— 5] dx= f, 14-2») dx = f, (8-49  $) dx 


E 22240322 АК,55 e 32 480—320+96 _ 128 
= [8x 3x 1000.16 = + = 30 15 





63. М = SI (12 — 3y?) )dydx = | t2y - УЗ] "ах = Јура – 12х – (2 — ху°]4х = [24x — 6x? + 2] -20 
64. у= | (3 — зх) бух + |7 (3 – зх) ауах= 6 [501 х2) ах +6 Га х) а= 4+2=6 


65. v2 ffe nayax- | pyty d= n+- (i-i fa) dx = 2 [x + In x]? 
-2(1--1һ2) 


66. У у=ај [а + У?) dydx 24 [7 ружа] ax = а ЈУ “(sec x + 882) dx 
з) +243 


= $ [1 In [see x пап х| + зес х tanx]| j^ — 3 [71 а (2+ 





67. , 
2 
3 X 
68. 
А, x +y =16 
со 1 со 1 со 
o. | дуах= f, [ex] а= (9) = lim [И =- im ({—1)=1 


1 pl Mo V (i^ ы за 
70. SS a Oy + Daydx = fly t yl =f Fag dk =4 , lim. [sin ! x], 


—4 lim [sin !b —0] 2 2« 
bo 17 





—1/(1—х?)!? 


oo oo 1 оо 2 . E = Ў b 1 
n. [fee dxdy =2 /, (>т) (йа tant tant) dy = 2m lim fy ај ay 


=2n (у цасыг tan-!0) = (гл) (5) = то 
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72. ЇГ /Г хөгөө» dx dy = | lim [-xe* —e“]? dy = Је» „п (Бе — e* + 1) dy 


b — oo 


= foe dy = zim (—е*-+1)=1 

78. ]®у)дА © @(—1,0) + 0,0 +{4.0) = @(—4) +4 (0+4)=-% 

74. ГЈ, у) аА = 1 [Е (1, п) + (3,5) + 1 (1, 3) 609,28) = 09+31+33+ 35) = 1 =8 
В 


75. The ray 0 — в meets the circle х? + y? = 4 at the point (Уз i 1) => the ray is represented by the line y = дік . Thus, 


J [is dA — fe o з= ауйх = N [4-x5- 3 va ©] ак = fax- Ea шта! 1 = 23 


= 





оо p2 i оо lag уз 2 оо 
18 ] J (2-х)(у-123 dydx — f, | (25) 1,4х-1 (x e EX) )ax=6 J 881) 
p s b 1 1 2 i b 4 
= 6 lim (eat) dx = 6 lim [In(x — D —Inx], = 6, lim [In (b — 1) 2 Inb — In 1 4- In 2] 


-6|iim m(1-1)-«m2| = 612 


1 2—х 1 2—х 
77. Ү-11 (х? + у?) ауах = | ку + 5], dx 


1 1 
i 2 7x3 (2—x)3 2 ax? 7х4 (2—x)4 
= J, pe - +95 ax = | – 1 – zl. 








2 
78. J. (tan! x — tan! x EN, Tp dy dx = Cf a ij dxdy EL To dx dy 
2 1258 mt _y т 
= |, 7 ау 4 f; f 2-2) c [2 tan! y + + LIn(14 y2)]7 
= (5+) In 5 +2 tan™! 2r — + In (1 +47?) - 2tan 1 2 - 2 115 
= 2 tan™! 2r — 2 tan™! 2 — 7 In(1+ 4m?) + 1$ 








79. To maximize the integral, we want the domain to include all points where the integrand is positive and to 
exclude all points where the integrand is negative. These criteria are met by the points (x, y) such that 
4 — x? — 2y? > O or x? + 2y? < 4, which is the ellipse x? + 2y? — 4 together with its interior. 


80. To minimize the integral, we want the domain to include all points where the integrand is negative and to 
exclude all points where the integrand is positive. These criteria are met by the points (x, y) such that 


x? +y? — 9 < Oor x? +y? < 9, which is the closed disk of radius 3 centered at the origin. 


81. No, itis not possible. By Fubini's theorem, the two orders of integration must give the same result. 
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82. One way would be to partition R into two triangles with the 3 
line y = 1. The integral of f over R could then be written 
as a sum of integrals that could be evaluated by integrating 4 






first with respect to x and then with respect to y: 


f f х,у) аА 
R 


Lm 2 (2-/2) 
= f(x, y) dx dy +] J f(x, y) dx dy. 


—2y 


xe2-y/2 


Partitioning R with the line x — 1 would let us write the 
integral of f over R as a sum of iterated integrals with 
order dy dx. 


v. [Sie aray = fi Sree aay = fee (fre ax) ay (зе к) (уе в) 


"Энэ 2 Ёл. 2 “ЭМ 2 
= ( Ге ax) = (2 Ї ет“ 8) =4 ( f ет“ 8) ; taking limits as b — oo gives the stated result. 


84. f f, naya f Sf 5 dxdy =f, [8] ду: Ја 
Jo Jo GD У = Л Л о-в САВУ = Јо уір [3] © 7 3 Jo -PA 


b 3 
. 4 1 . 4 T 1/3 b 5 1/3 3 
lim _ f S E +3 Чи Ї рз = , lim _ [(y — 01/3]; + lim, у 1053], 


а 
3% e 
= lim (b — 1/3 — ср? Б | im, (b — 1/3 — ФО =(0+1)- (0 5 ya) =1+/2 
85-88. Example CAS commands: 
Maple: 

f := (x,y) -> I/x/y; 

ql := Int( Int( f(x,y), y=1..x ), x=1..3 ); 

еуа (41); 

value( ql ); 

evalf( value(q1) ); 


89-94. Example CAS commands: 


Maple: 
f:- (xy) -» exp(x^2); 
c,d := 0,1; 
gl := y ->2*y; 
g2 := y -> 4; 
q5 := Int( Int( f(x,y), x=g1(y)..g2(y) ), y=c..d ); 
уаШше( 45 ); 


plot3d( 0, x=g1(y)..g2(y), y=c..d, color=pink, style=patchnogrid, axes=boxed, orientation=[-90,0], 
scaling=constrained, title="#89 (Section 15.2)" ); 

15 := Int( Int( f(x,y), y=0..x/2 ), x=0..2 ) + Int( Int( f(x,y), y=0..1 ), x=2..4 ); 

value( r5); 

value( q5-r5 ); 


85-94. Example CAS commands: 
Mathematica: (functions and bounds will vary) 
You can integrate using the built-in integral signs or with the command Integrate. In the Integrate command, the 
integration begins with the variable on the right. (In this case, y going from 1 to x). 
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Clear[x, y, f] 
f[x_, y_]:=1/(xy) 
Integrate[f[x, y], {x, 1, 3}, fy, 1, x}] 


To reverse the order of integration, it is best to first plot the region over which the integration extends. This can be done 


with ImplicitPlot and all bounds involving both x and y can be plotted. A graphics package must be loaded. Remember to 


use the double equal sign for the equations of the bounding curves. 


Clear[x, y, f] 
««Graphics ImplicitPlot 


ImplicitPlot[{x==2y, x==4, y==0, y==1},{x, 0, 4.1}, {y, 0, 1.13]; 


f[x_, у_]:=Ехр[х?] 


Integrate[f[x, y], {x, 0, 2}, {y, 0, x/2}] + Integrate[f[x, y], (x. 2, 4), (y, 0, 1]] 
To get a numerical value for the result, use the numerical integrator, NIntegrate. Verify that this equals the original. 
Integrate[f[x, y], {x, 0, 2}, {y, 0, x/2}] + NIntegrate[f[x, y], {x, 2, 4}, ty, 0, 1}] 


NIntegrate[f[x, y], {y, 0, 1},{x, 2y, 4}] 


Another way to show a region is with the FilledPlot command. This assumes that functions are given as y = f(x). 


Clear[x, y, f] 
««Graphics FilledPlot 


FilledPlot[ (x2, 9], (x, 0,3), AxesLabels — (x, y}; 


f[x_, y_]:= x Cos[y?] 


Integrate[f[x, y], (y, 0, 9), (x, 0, Sqrt[y]]] 


85. f^ f 4 aydx ~ 0.603 


1 1 
87. J. f, tan xy dy dx ~ 0.233 


89. Evaluate the integrals: 


ІТ» ах ау 
= f fre dy dx + fife dy dx 


= —1 41 (e4 — 2\/merfi(2) + 24/7 erfi(4)) 
ғ 1.1494 х 106 


lel I 
86. |, | e= dy dx e 0.558 


г ру 
88. ГД 3/12 —¥? dy dx ~ 3.142 


The following graph was generated using 
Mathematica. 


Y 


1 






0.8 


0.6 


0.4 
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90. Evaluate the integrals: 


i 3 cos(y?)dy dx = : e cos(y?)dx dy 
J, x? 040 


= ID д,--0,157472 


91. Evaluate the integrals: 


2 (“/> 8 pix 
/, | (x*y — xy?)dxdy = fof" (xy — xy*)dy dx 


67,520 __ 


92. Evaluate the integrals: 


ffe dx dy = Ѓ ре ау ах 
А 20.5648 


The following graph was generated using 
Mathematica. 





0.5 1 1.5 2 2.5 3 


The following graph was generated using 
Mathematica. 


У 


2 






1.5 


0.5 
х 
2 4 6 8 
The following graph was generated using 
Mathematica. 
Y 
2 
1.5 
0.5 
x 
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93. Evaluate the integrals: 
2 px 
1 
= 1 2 1 4 n2 1 
= f, fiis чкау + f, 15 ау 


~1+In(2Z) ~ 0.909543 


94. Evaluate the integrals: 


Гав = f f d ava 
^ 0.866649 


15.3 AREA BY DOUBLE INTEGRATION 


1. ЈЕ ““дуах- Ј (2 – х)ах = px- 2] 22, 
or f акау = Г @-уду=2 


2 4 2 
2. f f dydx — Jf, 4- 20 dx — 4x - x]; — 4. 


4 py/2 4 
ог |, : dxdy = f 1 dy-4 
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The following graph was generated using 
Mathematica. 


< 


FN WwW > U Q -J со о 


0.5 1 1.5 2 2.5 


ю 


The following graph was generated using 
Mathematica. 


У 
2.5 


2 


1.5 





1 


0.5 
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| 
= 


s f" f'ayax- f eax- pe] =2-1 


е р21һх е 
6. TI. dydx = f° nx dx = [x nx — х} 
=(e-e)-(-1)=1 


1 2у—у? 1 
т. hhe axay = |], @у—2у°) ду = [2 – 27], 

о 

ЕС: 


% у dx dy = Го -1-2у2--2) dy 


у2—2 


1 371 
-f.a-»9a- ly-%] = 


9. f f vaxay = fr [x] ау 


= fey) dy - |y]; - 4 


2 piny т 
по, Ј Ј _ тахду = Ј, Ри ду 
2 2 
= f, (Iny — 1 + y) dy = [ymy -2y + $ i 
=2ш2-1 


Section 15.3 Area by Double Integration 
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11. METTE MEET: 
= fo 5 dx-- [. yo dx 
=] КЕСЕНЕ (3 — 3x)dx 


2 
= [ја] + [x - i] - 3 





12. ү пар || 1 dy dx 


= / | yat f py ae 
=] (/х + х)ах +] (ух (yx -x + 2)dx 


= (а + ра 02 be? + 2] = 8 





6 p2y 6 2 316 
= У: == 2 Y 
13. S Se «хву = Ј, (2у– 5) ду = |у = |, 
= 36 – 46 = 12 
0 12 
NOT TO SCALE 
3 3 у 
14. EM “ауах = [3х —x2) dx = [3x2 i]? à 


15. ДАМЕ dx 


т/4 
= J, (cos x — sin x) dx = [sin x + cos x]> nit 


= (2 + №) - (0--1)-4/2-1 





16. ү ‘dxdy = f(y +2-y?) dy = [5 


-(з4-9-(-24)-5-1-1 


ою 
+ 
N 
< 
| 
ЭЛ, 
1 
1 N 
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17. f ду« + fo fray ax 
Е Га + х) ах + Та - 5) ах 


2 


= [+ 5] +=] =- (1+) +@-0=} 


18. f^ f ауах + fif ayax 
= [Га х) dx 4 f xi? dx 


2 
ыы. 





19. (a) average = 1 f sin (x + y) dy dx 2 5 + fI- cos (x + у)) dx = 4 EN [— cos (x 4- 7) + cos x] dx 
= 5, гавал n reni = = MIC inde sin) — (7 sin cin) =0 
(b) average = e^ [ sin (x + у) dydx = 5 : ШЕ cos (x 4- y)]o 7/2 jx = А \ [— cos (x + т) + cos х| ах 


2. [(— ѕіп + sin 7) — (—sin т + ѕіп 0)] = 4 


т? 


= ыг т) + sin x]? = 


т? 


1 pl 1p 211 1 
20. average value over the square = f f xy dy dx = J Ed dx — : 3 dx = 1 = 0.25; 
0 


1 1 1-х2 1 2 1-х2 
average value over the quarter circle = G Т, Ї xy dydx = 4 Ї Ea o dx 


T 


1 1 
= 2 Ї (x — x?) dx = 2 E - | к= = = 0.159. The average value over the square is larger. 


2 VA 2 2 2 
21. average height = + ff (ха e y?) ayax — 1 f, [y+ $] =] (22+) dx= 4/544 =} 


212 212 БЕ 1 212 Iny 212 
22. average = M. f, ху dy dx = qs 15 Е ах 


2 
212 


212 2112 
= ыу /„ ї@@2+шш2—-ш12)4х = (5) f° ® = (45) in" 
= (45) dn2 + In In2—InIn2)=1 





5 0 
23. Jc p шинэ dy dx = 10,000 (1 — е- dd ed — 10,000 (1 — e?) LJ. id i-r t Jo E 


а 2. 2In (1 — 2)], ^ 10,000 (1 — e?) [2 In (1-- 2)]5 
— 10,000 (1 — e?) [2 In (1 + 5)] + 10.000 (1 — e- 2) [2 In (1 + 3)] = 40,000 (1 — e~?) ш (5) = 43,329 


1 5 1 1 
24. ШЕ "100(y - D dxdy — f, [100(y -- x] 27" dy — f 100(у + 1) (2y – 2°) ау = 200 f. (y уз) dy 


= 200 [5 – и] ‚= (200) (3) = 50 
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25. Let (X;, yi) be the location of the weather station in county i fori = 1,... ,254. The average temperature 


254 
У) Тху) АА 


in Texas at time tg is approximately “——,——_ , where T(x, yj) is the temperature at time to at the 


weather station in county i, A;A is the area of county i, and A is the area of Texas. 


a 


b fx) b b 
26. Let y — f(x) be a nonnegative, continuous function on [a, b], then A — f f dA = f Ї dy dx = | [у|® ах = | f(x) dx 
R a a 


15.4 DOUBLE INTEGRALS IN POLAR FORM 


— 
ы 


ка 
> 


ка 
> 


e 


х +у2= 9 = г=951<0<21,0<г<9 





24 y2 12 Dg» g2 42 — т т 
х фу = = г=]|хљу=4+=—г=4=—–+50<»%,1<г<4 





у=хх>ед=фу=–-х>ед=ру= 1 = г= 800 


x=1>r=sec,y=/3x >9=730<0< 2,0<1r<secd 








2 2 2 = E : 2 т 
x +y 1 r=1,x 2/3 r=2 Звесб, у = 2 => г = 2сзс@; 2\/3зес@ = 2csc 0 > 0 = 5 
= 0<0<%,1<17<42 306: <0<1,1<1<2 3 свс0 





х2 „у? = 22 —>г=2,х = 1 > г = гес0; 2 = зесд => 0 Zor = — 


эрэ 
| 
Е 
IA 
D 
IA 
озја 
о 
о 
о 
сь 
IA 
= 
ІЛ 
N 





x + у2 =2Х => г = 20050 => —1 <0< ‚0 < г< 2с080 


NIA 





х2 + у? =2у-г= 2510 > 0 < 0 < п, 0 <г< 25іп0 


Г ауак= [7 | гаса = ("ao 
Ј, jm (х? + у?) dx dy = TA 13 дгдд = 1 15 40-1 


i ine (x? + y?) àxdy- [fie drdó —4 f" a0 = 27 


Г Гауе = f T rdrd@ = € А 40 = ла? 


п/2 [6сзс 0 т/2 
‚ГЛ хака = ЈУ 1 r? cos Ø drdð = 72 f”, cot 9 esc? 6 dd = —36 [cot? 6] = 36 


: S [Ѓур 50 400 = 8 [tan 8 sec? do = $ 


DE áydx - f^. а ага = |" (3sec? 9 - їсвс20) dé = Ё (апб + scot 6] 7, т/4 =2—\/3 


2 т/2 (2 свс0 т/4 т 2 
Sala dy dx = I Ї r drdó — T (2сөс20 — 2) 49 = [2 cot — 16] 21612 = << 
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17. Ла = Јава => E 1 №2) 4 
— (1 —In2)r 
is. f. | ay ; dydx - 4 [7 d hm с > Фгад = ЈУ“ | [- te] iae=2 fag =n 


In2 pyn -y 5—5 т/2 (n2 2 т/2 Е 
9.1 1 ey dxdy— f^ [^ re dra0 — f” (2in 2-1) dd = § (2n2—1) 


20. 242 pep M(x? y! + 1) dxdy = а ЈУ 1 In (r + гагад =2 |" (In4 — 1) d — z(In4 — 1) 


г ра 2 гу? "m ыг 
a DAE (x + 2y) dydx= J" f, (гсов0 --2гвіһ0) rdrd — f^ |5 сове + 22 sind] 40 
т/2 1/2 
- (20 cos + 42 sing) dé = E sin 0 — SA oosa)” na й+у 
4 


т/4 


Их ое 5 А 
22; ІП, | ziz ik= f 21 1 гдгад = | 1-2 a8 — e (3 cos? 0 — 1 sec? 0) 40 


т/ 
= [4 0 + 15112 0 — 1 tan 9] '-45 


23. pp X y dy dx or y 


12 xy dx dy 





ier eee 


1 рузу 
24. ЛА хак ог 


| 23 x dy dx 12. х Фудх 





25. ГІ» (x? + y?) dy dx or y x22 


ДЛ» (х2 + у2) ахау 
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3 p4 3 
26. ДЕЛІ (x? +y?) dy dx or 


|] (x? + у2) ахау 





л/2 р2//2-віһ20 л/2 | 
S гагад = 2 Ј“ (2 —sin 20) dd = 2 — 1) 





28. А-2| | "хаад | (2 cos 0 + cos?0) ao = 8+ 
29. А =2 |" |" аав = 144 ЕСЕ 40 = 127 

30. A- [^ fi гагао = 8 [0 ад = 52 

31. A- f" f" ranae - 1 f (8 + 2 sino — 528) ад = 38 +1 

32. А=4] [7 гагад =2 [7 (8 — 2050 + cos 20) gg — in _ 4 

33. average = 5, [7 ЈУ гуа e dardo = x45 fa do = 8 

34. average = а, | fr? drdo = <4, [7 азад = 2 

35. average — zs ЈЕ ут у дувк= 5 ff Parag = 2 [a9 = = 


2т 1 
36. average = + 11 [01 — x)? + y?] dydx = + f |. [0 — r cos 0)? + r° sin? 0| r dr dO 


=1 [" '(3 — 21? cos 6 +1) a0 — 1 f" (3 - 2:8) ae - 1 [36 2280] - 





a (== у гагав = ЈУ ЈУ ла гагад = 2 | |аг— пад => Је [(5 – 1) + 1] 40 = 2n(2- Ve) 
зв. f fr (2) aao — f^ f (n 


т/2 (1--сов0 т/2 
39. v=2 f f 12 сов 0 агай = 2 | (3 cos? 0 + 3 cos? 6 + cost 0) d0 


2т aye 2т 
= f niao = |, де = 2л 





186 + sin 20 + 3 sin 0 — sin? 0 + 38:6] ^ Ae = 4 57 


8 0 


40. уе р Ива = – |" 


„ [@—2соз 26)3/? — 23/2] ag 


т/4 : т/4 Ж 
B ana нь 1 (1 — cos? 0) sin 0 d0 — жуз 32 [= cos 2 - sav aya Se et 
0 


3 БЕРЕ БЕС 
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41. 


42. 


43. 


44. 


45. 


46. 


@ Pf fenem акау = ЈУ ЈУ (e P) rara = ЈУ “| на 
--і im (е9-1)ө- ад=т => 1= У 


XQ 42 оо 6 п 
ив, se at = > Је? а= (>) (22) — 1, from part (a) 


Section 15.4 Double Integrals in Polar Form 903 
lim : re а dé 








оо роо л/2 роо : b ; 8 у 
/, p перу ахау = | /, aaa? ard? = 5 im 1, (ир = 4 „ШП [5 els 


= Ва (1— те) ==4 
Over the disk x? +y? < 3: JJ mae dA = ы = дгад = [7 |- ап (1 — 15] 70 


=f" -іші TM. 40 =лш4 


Over the disk x? 4- y? « 1: [] ===> 51-5 ФА = | “ее, » агад = [7 Е а та) 40 


—1- o 1- 


2n 
= ит_ [—1а(1—а?)] 4#=2т- Нт_ [—11п(1 — а?)] = 2л- оо, во (һе Шшевга! does not exist over 
9 a—17 а— 1" 


xX +y <l 


O) 8 кб) 8 8 
: : E =: == г zd 2 = 1,2 
The area in polar coordinates is given by A = J Í r dr dð = f H : 10 = 5 | Ғ“(0) а0- | xr 40, 
where r — f(0) 


27 pa 27 ра 
average = +, 1: Ї [(r cos 8 — h)? + r? sin? 6] r drdó — 4, 1 Ї (т — 2r?h cos 6 + rh?) dr dO 


Qn 27 | 2т 
222321 at 2a%h cos 0 а212 f a2 2аһ сов 0 n? — 1 | а20 2ah sin 0 һ20 
= Є 3 ЈЕ) ад = 1 0 4 3 +5 99 = = 4 3 + 5 


= } (a? + 2h’) 











0 


31/4 [2 іп Ө 3т/4 У 
А- гдгад = 5 (4 sin? 0 — csc? 0) d0 

ын de ЈУ га 2 зіп Ө 
= i [20 — sin 20 + сої 07, =5 





47-50. Example CAS commands: 


Maple: 
f := (x,y) -> y/(x^2*y^2); 
a,b := 0,1; 
fl :=x->x; 
f2 :=x -> 1; 
plot3d( f(x,y), y=f1(x)..f2(x), x=a..b, axes=boxed, style=patchnogrid, shading=zhue, orientation=[0,180], title="#47(a) 
(Section 15.4)" ); # (a) 
ql := eval( x=a, [x=r*cos(theta),y=r*sin(theta)] ); # (b) 


q2 := eval( x=b, [x=r*cos(theta),y=r*sin(theta)] ); 

q3 := eval( y=f1(x), [x=r*cos(theta),y=r*sin(theta)] ); 
q4 := eval( y=f2(x), [x=r*cos(theta),y=r*sin(theta)] ); 
thetal := solve( q3, theta ); 
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theta2 := solve( q1, theta ); 

11:50: 

12 := solve( q4, r ); 

plot3d(0,r=r1..r2, theta=thetal..theta2, axes=boxed, style=patchnogrid, shading=zhue, orientation=[-90,0], 
title="#47(c) (Section 15.4)" ); 


fP := simplify(eval( f(x,y), [x=r*cos(theta),y=r*sin(theta)] )); # (а) 
q5 := Int( Int( fP*r, r=r1..r2 ), theta=theta1..theta2 ); 
уаШше( 45 ); 


Mathematica: (functions and bounds will vary) 
For 47 and 48, begin by drawing the region of integration with the FilledPlot command. 
Clear[x, y, r, t] 
««Graphics FilledPlot 
FilledPlot[{x, 1}, {x, 0, 1}, AspectRatio — 1, AxesLabel — {x,y}]; 
The picture demonstrates that r goes from 0 to the line y=1 or r= 1/ Sin[t], while t goes from 7/4 to 772. 
fi=y/ (x? + y?) 
topolar={x — r Cos[t], y — r Sin[t]}; 
fp= f/.topolar //Simplify 
Integrate[r fp, {t, 7/4, 2/2}, {r, 0, 1/Sin[t]}] 
For 49 and 50, drawing the region of integration with the ImplicitPlot command. 
Clear[x, y] 
««Graphics ImplicitPlot 
ImplicitPlot[{x==y, x==2 — y, y==0, y==1}, {x, 0, 2.1}, (y. 0, 1.1]]; 
The picture shows that as t goes from 0 to 7/4, r goes from 0 to the line x=2 — y. Solve will find the bound for r. 
bdr=Solve[r Cos[t]==2 — r Sin[t], r]//Simplify 
f:=Sqrt[x + y] 
topolarz(x — r Cos[t], y — r Sin[t]}; 
fp- f/.topolar //Simplify 
Integrate[r fp, {t, 0, 7/4}, {r, 0, bdr[[1, 1, 2]]}] 


15.5 TRIPLE INTEGRALS IN RECTANGULAR COORDINATES 


ae a Bes F(x, y, z )dydzdx - f f f. dydzdx — | | хо) бах 
- f [a9 0-9 - 258 Јах f 65a - [- 022]. - 1 


ГГ Г аду = f f 3ayax= вах = 6, f f f azaxay, f f, f, axayaz. | | | акахау, 
ЇГ Гауахав, | | ЦГ ауааах 


FA f шауақ 

E 1 248 — 3x — $ y) dydx 

= / [81 —-20 -3 - 3-40 —x*] х 
=з аха [-(@-х)% = 1, 


STIAS a а. Ї а наас 
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Гр Дау ака, Kf e n Tua, TIT SE Зо уа 


4. ЇГ амувх- ые] з 4—х°ах = $ |xV/4— x2 +4 sin! JT SEE 
Jet ázdxdy, f f Јауаах | | Рауаха, |? | жауа, ГІСІ” dx dz dy 


шимэн 
= [в - 2 G2 уз) ауах 
-s [f "(a — x? - y?) dy dx 
8 а в) така =s f pe- g]? o 
= 32 |" ад =32 (3) = 16r, 
ДГ. аваа, 
TE 7 dxdzdy + f jm pad ., dx dz dy, 
Г (18 T dxdydz + f 2 m= ахауа, | Г, дудак +], 15 "rs dy dad, 


Tote 2. дудка + | 1 Ve dy dx dz 





6. The projection of D onto the xy-plane has the boundary 
x? +y? = 2у = х? + (у – 1)? = 1, whichis a circle. 
Therefore the two integrals are: 


ST цэн ан 37 ,,,, dz dx dy and ГЛ шаа „дух 





7. ГТГ (x2 +y? +22) dzdydx = ff (x? + y? + 1) dydx = f(x? +2) dx = 1 


8. JS Sag тее =]; “ЇГ 8 — 2x? — дуз) ахау = [7 [вх — 2x3 — 4xy?]? dy 
S E (24y — 18y? — 123) dy — [12? — 3 y!] = 24 — 30 = —6 


o е а акау = ff iE: ‘= ГГ 2 ауа [| ас Ј ба; =6 


10. Г “ЭГ azayax= f fG- 3x- y) dyax = f [G — 3x? — 1G — 3x] ax = 2 fd — х)? ах 
=- ја – 7 =4 
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11. 12111: y sin z dx dy dz = K Ls sin z dy dz = 5 ЈУ за = гээ 





12. ЇЇ Гуа будка | [xy - iy? + ту], ахаг- |, qu (2x + 2 + 2z) dx dz 


1 1 
B Ге + 2x + 22x] 6 dz B ШЕ + 22) dz = [3z+22]', =6 


13. ГІРСМІР “шау - [C [77 Zaya = 009 – х2) ак = [ох 5] = 18 


14. ||: SE ы dzdxdy = ff’ аы 


= [-3 4-y9)""]" = 2H = 


1 р2-х р2-х- 1 p2-x 1 1 
I5. [ f, f, &dyax- f, f, Q-x-»adyax- f,[QG-x? - 10 -x?] dx 1 f, G- x? dx 
= [12-х], =-1+1=1 


16. TS "E ""xdzdydx— f f 7x (Теже -y)dydx- fx la-xy-ia-x» ах = ЈУ 1x(1 x dx 


-[-3a-x»)- 3 


17. ГГ] сова уч) du dv dw — [зїп бу ++ у + л) — зїп (у t v dv dw 


= fac cos (w + 27) + cos(w + 7)) + (cos (w + 7) — cos w)] dw 
= |- sin (w + 27) + sin (w + 7) — sinw + sin(w+7)|5 =0 


18. УЧ seSInr Gal (n9 Я ааа: = |" [| (se*In r) E (iny'] ‘gras = ff mearas = fs ' [cin r — 1] Y ds 
ИИ Е: 


6 








19. 17127: сагаан | Ед а Üm (e? Ж e^) didy = [fe dtdv — pe (кезу z 1) dv 


b — —oo 


Et sev — 1 dv = [1 -4/7 Теа 
0 2 2 2 210 2 8 

















20. ы т dp dq dr = у 8 dq dr = Шегі 30-1) [- (4- 4 gu dr = $ ШЕ mi dr — = 8112 
21. (а) Ї f A 5 dy dz dx b f | o f. “5 дуахаг © f | | D ЈЕ dx dy dz 


(d) ЫА. dx dz dy (е) jul. fra dx dy 


22. (a) SIS dy dz dx (b) SIS dy dx dz (с) f. T dx dy dz 
(а) и dx dz dy (e) ie dz dx dy 


23. у= |" Ј azayax o fe f y ayax o2 fr ax 2 
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Val ff ayazax = Ј" о – 20 ааах = f z-z) ах = f'(a- x) dx= ЕНЕ 2 
25. ve ff? aayax= ff 


ШЫ 
* @-у)дуйх = |, [2/4—х- (&;*)| ах 
= [-$4- 09? + 34-27], = 49? – 100 = # –4= 


= ГГ azayax - 2 Ї i y dydx = fa- dx = 


v= f | Peer йук = н 2 3) dud = | 60 — х) 3 4(1— х)?] 
= за - хак = [-а-х =1 


907 


20 
3 
26. V 


2 
3 
27. 


28: У-Г 7 [777 azayax —. [7 f сов (22) дуах = |" (соз =) 1 — 3 dx 
= cos (Z к) ак |" x cos (Z о ani 4 [cos u + u sin u] 7? 
=2-2(5-1) = а 
1—х? 1—х? гру 1 
29. у — 8 Ј | јр агауах=в8ј | 7 Ут-жхауж-8 | (0 -x 16 
30. У = SI maa a 4-xi -y)dydx - ЈУ [жа ах 
=} fu- d= f, (8-4 -5уж- 
з. у ЈО ахагву = ЈУ [7 -ушау- Е д у) ду 
4 
= Ј зулб- у ay – 1 fe y 16 - y ay - [y /16 - y + 16 и 71 214 + + ae-»»^|. 
= 16(§) — 506)? = 8-3 
32. V= 22 aaya = f S G-a [6-9 dud de 
-3f ava 4 — x? dx -2 [xa xi ax = 3 [х\/4— х0 + 4ш”! | + Ha y 2: 
= 12 sin"! 1 — 12 sin"! (-1) = 12 ($) – 12 (- 2) = Гл 


a Е 2у иас f “Ға Es 


Э 
2-x-y)/2 


“-- Y) dy dx 


(1 -= ž) (2 — x) — å (2 — x)?] dx 
Tie. бх + 38 – За | ах 


Е ру ду 2 — 28 _ 
= [6х – 3х2 + 5 + 25 | = (12–12+4+0)— 2 =>2 
0 
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34, v= f fS f ахдув= | | (8–22)дуа: = f 8-2268- 2) dz = f, (64 — 242 + 22?) 47 
= [642 – 1222 + 223] 5 = 320 


35. vee. dndydx =2 ff +2) дудх- f 2Va-x ах 
= | руа— ах T 4 — х? ах = [xV/4 =? +4 sin |+ -re-a 


=4(§)-4(-§) =4r | 


36. v= f S | "аахау=г | | ( (х2 + у? )4хау =2/, [® 
=2),(@-у 3 [a-y +y] ог. 


-3|-51,-03(9-3 
37. average — 1. f^ f^ [^ Gà -9) azayax - 1 f f? (2x? +18) dydx =} [ (4х2 +36) ах = 31 
38. average — 1 f. f. fy -2dzáyax 1 f, f, ox 2y -2dyàx - 1 f Qx - ndx =0 
39. average — f. f. f, G2 y? z) azáyax — f f G2 y? 1) ayax —. fe G2 2) dx — 1 
40. average — 1 f^ f [7 xyzdzdydx — 1 ff. худуйх-1 | хах-1 
a. f, f, f, mh 9 ахауйг-Г Г |” ӨВӨӨ буахаг- |, |, 58509 ахас- f (3 


= [(sin к ‚ = 254 


a2. f, f, [mae ayaxaz — f, Jf, [^ ze axayaz —. [, [, yz ayaz- Jf, [se] az 


1 
=3/ (е* — >) 4» = 3[е*— 1] = Зе —6 


43. 1 net sin") dx dy dz = ШИР msn) dydz = p insi dp dy 


- |алу sin (my?) dy = |-2 cos (лу?) = —2(—1) + 2(1) = 4 


44. RE si dydde- [ff зва ах = |“ |" (922 2) x dxdz — [^ (3825) 1 (4 — z) dz 


= [— 1 сов 22], = [- 5+1 52 2] | = 554 


45. Lf ра wages 4 a II a dl icc dede: 4 


> ffa -а-х2) *— 3 (4-a-x?)"] x= >} Га —a- x?) P da= g> f 4-a- 2x?(4 — a) 4- x*] dx 








) z ^? dz 








qr 
== [а а)?х — 2 х%(4 2+8. == = (4–а2—2(4–а+:= = = 154-а)? -104-а-5=0 


= 3(4— а): – 24—а)–—1=0 = [34— а) + 114 –а) – 1] =0 = 4-а--10:4-а-1-а-1 З ога--3 
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46. The volume of the ellipsoid х + 5 + 2 = 115 taber so that woor = 8r >c =3. 


47. To minimize the integral, we want the domain to include all points where the integrand is negative and to exclude all 
points where it is positive. These criteria are met by the points (x, y, z) such that 4x? + 4y? + z? — 4 < O or 
4x? + 4y? + z? < 4, which is a solid ellipsoid centered at the origin. 


48. To maximize the integral, we want the domain to include all points where the integrand is positive and to exclude all 
points where it is negative. These criteria are met by the points (x, y, z) such that 1 — x? — y? — z? > O or 
x? +y? +z? < 1, which is a solid sphere of radius 1 centered at the origin. 


49-52. Example CAS commands: 

Maple: 
Е := (х,у,2) -> х^2%*у^2*%7; 
ql := Int¢ Int( Int( F(x, y,z), y=-sqrt(1-x2)..sqrt(1-x‘2) ), x=-1..1 ), z=0..1 ); 
value( ql ); 

Mathematica: (functions and bounds will vary) 
Clear[f, x, у, 2]; 
f:=x? y? z 
Integrate[f, {x,—1,1}, {y,—Sqrt[1 — x7], Sqrt{1 — x?]}, {z, 0, 1}] 
N[%] 
topolar={x — r Cos[t], y — r Sin[t]}; 
fp- f/.topolar //Simplify 
Integrate[r fp, {t, 0, 27}, {r, 0, 1},{z, 0, 1}] 
N[%] 


15.6 MOMENTS AND CENTERS OF MASS 


1 2-х2 1 i еі | 
1. M= f| f 3ayax=3f 2-x-x)ax=1;M, = [f зхауах= з | [xy]? ax 
! 1 2-х2 1 ы 1 
=3/, @х— х® — х°)4х = м, = Ј, зудуах = 3 | Ур x=} f (4— 552 + х4) dx — 2 
=> X= 5 апду = 3% 
з рз з | 3, з [3 | 
2. м=гј }, чуах=6 /, 34х = 9б;1, — 6 fe fy ayax - 6 f, [S] ax = 276; 


0 
3 3 3 3 
1,6 f, f, xt dyax — (ку) ах = 6 f, 32 ax — 276 


и 2 4-у E 2 2 4 A 2 4-у ЕЕЕ 2 2 4-у 
3. M- ff, ,,dxdy » f, (4- y - $) dy E; M, f, f. хахду-1 215) ау 


2 2 2 p4-y 2 1 
-ІЛ(6-ө-у-%) dy- UM, - f Sony xdy = fi (4y—y?- 3) dy = 10 


х = 64 7—5 
х = + апау = = 


1 


4. M-f f ayax= f @—-хах=?;М,= ЦГ хауахе ј ky a= fL Gx x) àx- 2 


=> X= l andy = 1, by symmetry 


5, ueque áydx SM, — [f^  xayax fl ах = х тос 


4а 
Зп > 


= х=у= by symmetry 
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6. M- f f" aydx- f'sinxax-z:M, — [A f yayax- 1 ftne dx 1 sin? x dx 
=1 Га — cos 2x) dx = + = Х = 5 апау = 


ое! 


2 ру 2 [3] V4 2 3/2 
7. к= 12: y? dy dx = f. В рм ах = 2 Ја — x”) dx = 4g; I, — 47, by symmetry; 
I; —IL-clI,—87- 


25 p(sin?x) x? 27 гл 
8. =f f x? dydx = f “(sin?x—0) dx =} f "(1 —cos 2x) dx = 4 


9. м=ј fr áyax- f є\х= lim Пейж-і- lim е? = 1; М, - f. ЈУ хауах = Ј“ хе ax 


0 
= lim /, хе 4х = т [xe* e]; — -1—, Jim | (be? — e) = —1; М, = / | y dy dx 
— —oo — —oo0 — 
0 0 
= ј ёах-4 то Јеах= 1 = х= –Тапду = 1 
co pe? b à . 
10. М, = / f, xdydx-,lim fxe*^dx- —, tim. [35 - 1]; — 1 


2 py-y? у—у? 27/4 5 312 
и. м=/ Ј? Gy dxdy- f [S + у] f ду = | (5 –2у +2угјау= [5 - +] = 5: 


2 ру-у? х2у2 y-y 27.6 64. 
b= J.J, yx +y)dxdy = [| [SP ex] ду = f, (5 - 2p e 2y) Чу = т; 


№3/2 pAr УЗ [2] 12-42 5 [УЗ 
12. M= 2221. зхахду =5 [S]. dy- i [5,02 - 4у' – 16у') dy = 23/3 


1 2—х 1 = i 
13. м= / f (6x + 3y +3) dydx = [ [oxy + 3y? +3y]? dx = f (12 — 12x?) dx = 8; 
| TE ! 1 2-х 
1 
= f. (14 — 6x — 6x? — 2x?) dx = 4 => х= апау = 7 


1 p2y-y? 1 1 p2y-y? 1 
14. M - ff, f. фу +1)4хду = f, Qy 2) aya 1: M, —. f, f. кошке (осуше 
1 p2y-y? 1 
м, = f f. x(y + I) ахду = f, Gy! -2y) dy = х & andy 2 E ;L, = у?(у + 1) dx dy 


1 
-2f(-y94y-1 


1 6 1 1 6 1 
15. dni renewed кыены сые с 
1 6 1 
M, = |, 77 - Х-Шапау- 01, =ff x(x + y+ 1) dxdy 
= 216 ЈУ (3 + 1) ду = 432 


ы им неа x= gM = f Јууракеј (8–5-5) 4 


1 k 1 1 
=; м, = So xa + Dadydx = [0 (8 -¥ - x) ax 0 = x=Oandy=%;= ff, ey + dydx 


=f (%-4-хУаж-% 
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1 x? 1 
7. M- f f aye Dayax- f (+x?) х= #;м, = f f yay nayax » [^ (22 +5) а= 8; 
1 х2 1 é 
M,= JJ, xy + Ddydx = f (3 +x) dx=0 9 x-0andy - Bi, - f' [ay e 0 ayax 


је 7х6 4 7 
= (Ext) aei 


20 1 20 20 1 20 5 1 
8. м= /, ] (1+ м) убх |, (0445) х-60М-1, Гу(1--5)494х-1, (045)(5)| 4-0 
м=ј f x@+ 5) дудх- | (ох 5) ах = 200 > r=% aiy- f f, у: (1+ 5) ау ах 
20 
=2] (1+5) а=20 
1 
19. 


0 


y 1 1 ру 
(y+ Ddxdy = f 2y} +2у) у= 2;м, = /, f, у(у + 1)4хду = 2 Ј (у? +у?) ду = 2; 
y 


1 
1 1 
|J ху+1)ахау -. f;ody - o => x=Oandy= 251 ff уу +1) ахау = f, y! - 2y?) dy 


8:5-1,Г ху +1) аху = 1 |7 (2уі + 2у8) у= 5 = ата 


м- f 
m= 


cle 


1 y 1 1 y 1 
20. M= f, f’ (Gx? +1) dxdy = f, (2? +2y) dy = 3; M, = f, f’, y 9 0 dxdy = |, (2у* + 2у°) ду = 18 


m= ff" x (3x? + 1) dxdy = 0 > x=Oandy = 2:5-1Г» 2 (3х2 +1) ахду = f, Gy? - 2) dy - 3 


L- f f, 2 G2 +1) dxdy=2 [Ry -15)a 2 2L -L4L-$ 
a pb pc a pb a abe В 
21-11 | 02-:) jusqu з ийн та 
— M (b? - c?) where M — abc; I, = \ (а? + с?) and I, = ¥ (a? + b?) , by symmetry 


(4-2у)/3 


22. Тһе plane z = * > is the top of the wedge => I, = =f. Ї [ы 
= T | Бә у E iG 8% -8| dy dx = ju 104 dx — 208; = = Js ЈЕ Jus G+ ?) dz dy dx 
Ed Ї [exo 2y} E ayax = f (12х2 + 32) ах = 280; 


Bu. ci (x? + у?) )dzdydx = ff (x 2 4 y3) (8 — 2) ауах = 12 (х2 +2) dx = 360 


(y? + z?) dz dy dx 


23. м-а// “жауа -4 | fe (4 - 4y?) уа i6 f dac s ca f, „лу 


-2 f. f, a6- 1659 dydx — 12 f'ax = 18 > z= andx — y — 0, by symmetry; 

Lr fefto oasis f f [e (ore E] ae cast 
y-4 f ff. б? +) &адуах =4 |], }, |(@? + 5 ы з (axty? 4. 9)] ayax — 4 ($x? + Уақ 
= m.p =4 (x? + у?) )azdydx — 16 f. f (x? — х2у2 4. y? — yt) dy dx 


2x 256 
16 f, (2 +3) ax - 28 


24. (а) M— | = шву = ЈУ ЈЕ ico, Q7 3dyàx- Јао о (Уа – 28) ах = ату 


M, - f, i em) жыЛ, x dzdyax = f° Ї = xQ — x dydx — f x2 - x (s 4-3) шин 
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M, - |, | 2 y dzdydx — f) Је А y(2 — x) dy dx 


V4—x2) / 


=i f Та bns 
(b) My = ЇГ жр, ®Фдуйх= } ша сэн о-в Го - х? (м =x?) dx 
о 


25. (а) maa ff fe dzdydx —4 [7 f^ frazarae - 4 f^ f 4r — P) drdü — 4 [7 40 = 8r; 
Му = = йкы е "Г: (16 — r+ у агае = 2 ЈУ 40 = 57 = Z= %,andx=y = 0, by symmetry 
(bs) M=8nr > an= | р Ј гагаад = [7 ЈУ (сг—)агае = [7 4 аө = <= > с2=8 > с=2\/2, 


since c > 0 


26. м==м=ј Ј Јафак=ј Ј |] Ё дуах = 0;М„ = J^. f. f x azayax 
=> fi xayax 2 f", xax c M, — f fe f ydzayax=2 f.f ydyax=16 f" ax=32 
—^x-0y-4z-ol- f f f (у? +2) 4йдуах = |7 |7 (2у2- 2) ауах = 2 | 1002x — 5; 
Lo f. Ee + z?) dz dy dx = EI (2x? + 3) ауах = + | (зе +1) ах = 1; 


„= ГГ +?) dzdydx =2 ff 0? +y?) dydx =2 [0 (2x? + %) ах = 40 


2 4 (2–у)/2 
27. The plane y + 2z = 2 is the top of the wedge > I, = 11:13 [(y — 6)? + 27] ах ду dx 


2 4 4 
= ff [Se + SY +4] dydestett=2-y 2 x54 f (SE +52 + 16+ 2) ae = 1386; 
М = 5 (3)(6)(4) = 36 


2 4 (2—у)/2 
28. The plane y + 2z = 2 is the top of the wedge => Г = ||], [(x — 4)? + y?] dz dy dx 


1 2 к 2 2 2 2 1 
= | (х°—8х + 16+ у?) (4 — y) dydx = (9х2 — 72х + 162) ах = 696; М = + (3)(6)(4) = 36 


2 2—х 2-х- 2 2-х 2 
29. (a) M= fof f° axdzdydx = fof” "(4x — 2x? — 2xy) dydx = }/ (х® — 4х? +4х) ах =4 
2. 2-х 2-х- 2 2-х 2 
(b) М2-1,Ї Л эхаауд-Г | хд-х-уйдудх- |], *®;®*ах= 8M, = & by 
2 2—х 2-х- 2 2-х 2 
symmetry; M,, — Ї |! Т, ' 2x! dz dy dx — f T 2х2(2 — x — y) dy dx — Ї (2х-х2) ах = 16 
2 


= 24 te 
=> х = 5, апау = 1 = $ 





30.@ M= ff [^ “kay dadydx =k fx x2) dydx = § f (4x? — x’) dx = 2 
ом, = [р ky dzdydx =k f pu xiy (4 х2) 7 dx = 8 
М 2197 SY kxy? dzdydx - kf [х е 4 
= 508 „уюм [Г M 22. Y dydx 
= ЕЈ (162 — 8х4 4х6) ах = 2% > z=% 


31. (а) M-fff G-E yz Ddzdydx — f. f. (х+у+ 3) dydx = f(x +2)dx=5 
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(b) My = fff axty +24 Dadzdydx =} ff & у+ 5) убх 1 (х1) ак + 


2 
15 


OL=f ff +y)a+y+z+ Ddzdydx = |] (х®-+ у?) (х+у + 2) ауах 


1 
=f, (x8 42x? + 4x43) dx=4 > =l,=L =, by symmetry 


=> My = My, = Mx, = 4, by symmetry => X=y=Z= 


32. The plane y + 2z = 2 is the top of the wedge. 
а) M- f. f. f, e nazayax- f, f, 0 - 2) ayax - 18 
(b) My, =f, Je | x(x + D dzdydx — f. у. x(x + 1) (2 - 

M, elg qs (x+ Ddzdydx = |" ук+ - 

M, - f. f. 12 "ах 1) dzdydx — 1 f^. «+1)(®- мон э Х=1,апйўу=7=0 
© „= //, | + 1)(у? +2) 4г4уах =] | n Ра 

ђе T eenetez) aaa ЈУ Ј (са + 1) [29 + – 38 + 1 (1–2)5] дуак= 15 
b= ffi fo’ «4+ 002 +y) dzayax =f" [x+y (2- 


dy dx = 6; 





1) 


3. M» f 7 f" Qy 5) ака = f S Bin p crue 


-2 f, (622 «2 - se — 2?) dz = 2 [1028/2 - 12 —222-1,]:122(2-3)23 





34. M= |, | m У у dzdydx = f, Pre 16 — 4 (x? + y?)] dy dx 
=4 Ја т) агае =а (“-4, де = 4 [68 ад = 32 
35. (а) X= Ne 20 5 fff x6(y,2 dxdyaz 20 => М, = 0 
R 
(5 L= ff f |v- hif dm f f f |x — mi yj dm 2 f f f G? —2xh - t? + у?) ат 
D D р 
= на ны [жашны йена асаан 


36. Ty = Tem, + mh? = 2 та? + та? = 7 та? 


€ 2 2 а: 
37. (8) уд = (3,8,5) > L= Lm Habe (YF +2) > ke =L- = 
) 


__ абс (а: 24 2 abc (a? +b?) __ абс (а2 +2) -R zx Tru em a2+b2 
F 3 1 = 5-5 Мт = ү м = 12 


2 
(b) IL = k.m. + abc ( ay + (5 ЕЕ 2^) _ abe (a? +b?) 4 абс (22 +952) _ abc (4a? + 28b?) 


12 4 12 
__ abc (a? + 7b?) , m L а2 + 72 
= 3 “ал ыг 3 


(4-2y)/3 з 4. 3 214 3 | 

38. M f; i Jus ФЧуйх= ],]4@-у)дуёх= ] 3 fay— 9] dx = 12 fax = 72; 
2 2 
= у = 7 = 0 Ном Exercise 22 > 1, = lem. + 72 (Vo? +0") =ln 2k = Tem. +72 ( /16-- D 


72 (150) = 1488 








| 
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15.7 TRIPLE INTEGRALS IN CYLINDRICAL AND SPHERICAL COORDINATES 


e f aen fpa ee] em - ["-10-0- 1] 


0 
29/2 2 2) dé = ат, (va-1) 


EL у ; 
o LNT traa Драве аш зав ере goo 


i mper 7) 





з ЈУ" аетагав = [У ага) ага = | [38 6270-3 f (s i) ao 


2 
EN КЕН: „= 
=> тт 209| 75 


4. Jp p zdzrdrdü — [/ [^11 4 — 12) — (4-17) угагад = 4 ЈУ ЈУ 4r — r°) дгад 
ааа 


SCRI sarai f f, pem e] an - 3 f e-e- g] 
а са 


6. ЈУЈ Ј (о зле + 2) датагад = fy f, (sito 5) drao = f, (5t) 0-3 
7 [ff басагад - f f zaa-[ $a- 
8. SSS а dr dé dz = ff 2a eas 0)? dð dz = 1: бт 40 = 127 


1 гу p20 1 ру 23 27 1 ру 
9. TT Ї (т? сов 0 +2) табаа = | | ЈИ гаф = | f (ar? + 2лт>?) dr dz 
1 ar У ! т22 123 т24 i T 
= Ј, | + 122]; da= f ($ +r?) =| +] =; 


10. ај М езт тавага = ЈУ ЈУ ane dzdr = 2m f[r(4— 2)? о о) dr 


2 
[iacet -$es om[ieeeieys]- 5 
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11. 


12. 


19. 


21; 


22. 


23. 


24. 


(a) ГГ агтагад 
(b) SES | гагагав 21227 r dr dz dó 
(c) ПІРІ таж 


а) f, б Ї | | равад 
(b) ЈУ ЈУ Ј гагагад e fe f. 77 гагагав 
(c) ПІ | ав агаг 


Section 15.7 Triple Integrals in Cylindrical and Spherical Coordinates 





M 12012 f(r, 6, z) dz r dr d0 


Га ЈГ" паган Г сомванан = ыйы 


ГӨРІ? віп Ө ка, 7 іш 4 


Lr n Boy devia di їе | сов у f(c, 8,2) dz гагад 
SESZ [i 1,0,2 dzr arab s. (7 o [7 s 6,2 dz dedo 


au је "fr, 0, z) dz r dr dü 


P бпфарафа- /, f віт фара = 8 ЈО еее e 3 ЈУ sin 2040) 40 
=2 |" Г эш дадад- | (0-5 1040- | та0-л2 


27 рт/4 p2 3 2т pr/4 қ 27 . - 2т 
f Ї f (p cos ó) p? sin фаравай = | Ї 4 сов фвіпфа4ф40- | [2 виа 414" ад = f. ад = 2л 


150 | j 


біп Фараф40- 4 nr — сов ф)# зїп 6 do d6 — & f I0 – соѕф) а 


2m 
= ЕЈ (2 –ојав= 15 |" 40 = 1 (27) = 


[ГГ 5р? ѕіп? фараф 40 = 5 Ud sin? ó d$ d0 — 3 E Е Mo 1 5 Jy sin p 49) ae 


31/2 л 
=; f (- сов ġ] o 40 


32/2 
= 5 __ 5 
= | dé = + 
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25. 151212 302 8ш ф 404Ф do = | [7 (8 – sec? 4) sing dodo = f” [—8 сов ф — 4 sec? $] За 
2т 2т 
-17(-4-2)-(-8-1)|40-3 | 40-58 


26. ff f° p sind cos d dpde do = 1 f" f. tanósec?ódód6 — 1 fl [2t 6] a0 — 1 fr a6 — z 
т. fe f [sin zédoabap — [, [f [- 917a abdo — fiS E oao fro ap | -28 


т/3 p2cscó p2x а 2 све ф z т/3 | dic d Т т/3 ЈЕ 
28. ЈЕ. 1 | 1 6? віп фабараф- 2л ы р? т ф араф = 2 M [p° sin 125^ 6 — t [^ esc ф аф = 2% 


sc ф 


29. E I2p sin? 6 dab ap = ff (129 EI "ве sin edo) dé dp 


= Ј, ЈУ (~ = – во [соз #157") авар = f, f; (8o — 1%) abdo — x f, (8o — 98) ар = п [49 -38|, 
(4v2-5) * 


у 





т/2 
30. i | "45! sin? d dp dé dd = |. ЈЕ (32 — csc? 0) sin? ¢ d0 dọ = T ӨШ 2132 іп ó — esc? à) dé dó 
: sin? cos "12 т т/ 
=т (32 sin? @ — csc? 9) ф = т [- оза ка 2 2 t on T мад + [cot 4] 7/5 


== (2) - an [60$ $] "1 - (v3) = VB op (Str) (2) = anya Ану 
31. (а) х2--у2- 1 — p?sin? $ — 1, в. => p= csc ġ; thus 
100 р? sin dp dd dd 21 и p? sin ó dp dó d0 
(b) JE eg sin ó dó dp d8 un Даје“ 0? зт ф афарад 


32. (а) [of SE o sin d dpad ad 5 
(b) CLS sin фафара0 
DIT E 1 20 sin  dó dp dó 


2=1, ог 1 = рсоѕ ф 





33. у ЈУ Ј Је уп фарафаб = 1 | [7 (8 — cos! 9) sin ф 4940 
=1f" [- 8созф+ ©] аө=ї f" (5-1) 40 = (31) Qn) = 


34. у= | (pg sin ф 401400 = 1 ДЕ Ч (3 cos 6 + 3 cos” ¢ + cos? ae 
- 1 f" [- 8 cos? ф- сов? ф- сов e] "^ ae - 1 f (8-14 1) јаве = и ЈУ" 40 = ( 11) Сл) = Ил 


27 pm p1—cosó | 2т рт 2 к — сов фу! T 
35. v= | ff, singapaga =} f" f a- coso? singagao =: f [epa 1 a) ад 
27 
= 40) [9 =40m=% 
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36. 


37. 


38. V 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 
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v- f" fl^ [7 „ап фарафав =! [7 [7 а – сов фу зпфафав = 1 [7 [= 


2т 
= < | 'ав= 10 == 


у= /[, З 777 p? sin ¢ dp dọ d9 = $ Г "feos эт фафай = 8 [- sc] e 


= (2) (5) Ј, че= g 2m = § 


т/2 


0 


= Ыы | р? sin Ф 44940 -- i Ј sno 49:40 -- 8 ДЕЛЕ Ж. 41 p dic: ЫГ 40 - 87 
а f, L sing dodat ІТ [^ az cacao 


(o sf qr ЇГ УЛ” azay ax 


(a) IIT e r dr dó фу ЈУ ЈУ ЈУ 2 зп д драфад 
о ЈОЈ Ј » зпеарадав =9 ЈУ“ Ј" зп дадав = 9 | (5-1) - шоо 


O VS S Say їп дарада t vo fr f f ығай 
(с) У = е ШЕ аны 
"t 
(d У = | а-ау- aran= f- e- e Г-Н а 
0 


(а) геј P 12 dz r dr dó 
2 paf 
(b) геј“ f Ї (p? sin? Ф) (p? sin $) dp d d6, since ? — x? + y? = p” sin? cos? 6 + p? sin? ¢ sin? @ = p? sin? ¢ 


2т гт/2 1 27. 824008 т/2 п/2 2т x 
(c) „= f, l sing dodo =} f (| жыр 22 49-21 [ cos ф]7/? а0 


2/2 7/2 
-4| ЧИРЭН: = аб) = 


М = le [ГГ а тасаө = E —r° sin ô dr dô = IE cos? 0) (sin 0) d0 = [3 cos! 6] s 


"m —3 с050 pr т —3 cos Е 
= — 2 2-22 3 
v-2 f, f. |, dzrarae — 2 J" J, r ага0-3 |, -27 сов 0 49 
cos? @ sin z Т 2 Эр 
= (| с ы 4 [7,€08 8.40) = -12[5in 67.) = 12 
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АМ Үхэ зе 


0 


т/2 . 3/2 т/2 ой т/2 т/2 т/2 
--if СЕ 6) -1| де = –: | соё0-1)40--1( (өн! за соѕ0 40 | + [5], 


— — 2 [sin 0 


1/2 т _ —44+37 
[ип]? + = = 


18 


т/2 гс@ г3\1ї— т/2 pcos т/2 соз @ 
48. м=Ј, Јо Јо _ аахасад- ЇГ утв ага = ЈУ - (1-19) 7 40 


7/2 3/2 т/2 sin? 6 cos 7/2 "2s 
=f - (1- сов? в)??? + +1] 4#= f, (1 — sin? в) do = [9+ i бей |, 221 їп 0 40 
2 
3 


[cos 6] т/ 2- 


2 3-4 
2 = 


m 6 


4. v— f^ f fp sind dpdgao = ff ® sing agao = $ f; сод ад = 5 


so. v= [ ЈУ ЈУ ог ап фарафав = 2 f” f зпфафав = [Мао = sr 


51. М = le p? sin ó dp dó dó 
ЈУ [7 в sin ф — (ап Ф вес? Ф) dọ d0 
=3 ЇЛ-в cos à — 5 tan? ф] a 40 
т 2т 
ex [- – 1(3) +8] де = 1 540 = $ 27) = ¥ 


т/2 п/4 p2secó т/2 п/4 
52. У=4] [| [., Psnódpaód? —1 f7 f7 (8 sec? — sec? ó) sin o do a 





т/2 рт/4 . л/2 prj4 т/2 т/4 т/2 E 
= Т, sec? ó мп фафай = 2 | | дап ф вес? фаф40- 2 f [} tan? 6] 7’ де = 4 f 40-12 


53, v=4 [ S | агтаао=а |“ | зао = | а= 

54 уа | | | атаад=ај“ fi rara o2 fl 0-7 

s. v-sf ^f асгага0-8 f i arao =8 (2 =) арЫ 20) 
56. у =в ЈУ ЈУ Јо азтаде=в |" ЈУ луг ага0-8 |“ [- (2 – 78] 
s. v-[^f f, araao- fi fe(t- P sino) arae = 8 | (1— 992) a6 — 16т 





27 p2 4—r cos Ó—r sin Ó 27 p2 2n 
58. V — Ї Ї | dz r dr dð = Ї JT [4r — r? (cos 0 + ут 0)] агад = 5 f (3 — cos 0 — sin 0) dü = 16r 


59. The paraboloids intersect when 4x? + 4y? = 5 — х? — у? = х? + у? = l andz = 4 


-у-а | S derarag =a f° ЈУ (5: – 50) агав =20 ЈУ [8 – 5] ав=5 ЈГ ав= = 
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60. 


61. У 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


Section 15.7 Triple Integrals in Cylindrical and Spherical Coordinates 919 


т/2 9—12 
The paraboloid intersects the xy-plane when 9 — x? — y?=0 => х? + у? =9 = У =4 | 1 1 dz r dr d0 


-АГ“Гә-Әав-4 78-41 d —4 f" (8 — 12) ao = 64 [do = 320 


аав св Дв еу ао в Даат 


= 8 [ (9 B 8) 46 — 22-22) 


The sphere and paraboloid intersect when x? + y? +z? = 2 and z = x? + y? > 72 +2—2 =0 
=> (2--2)2-1)-0 7 = 1077 = —2 z = l since z > 0. Thus, x? + y? = ] and the volume is 


л/2 рі ру? л/2 pl 
given by the triple integral V = 4 Ї Т f. dz r dr dô = 4 f. Ї | (2 – p^ — 19] агад 


-4| I-1Ge- 2^ - 4] 49-41 (5 – 5) pe) 


average = = FEL г? dzdrdô = + des 21? drdó — i Јав = 2 


average sx P dzdrdó — è f^ fe 28 1- агад 
3 у 
-8 ЇГ иалг-1:У1-80-281, де = 8 | (5 +0)40 = 2 ["ае = (5) от) = 3 








average = chy J.J” J 0° sin d dpagae = 2, ЈУ Ј зпфафав = & Jao = 3 





ee содні дадаи = 2 | 8 77 49 
E сэн 40 = (те) Ол) = 


М = «T | | аагагад-4 |” [ва =i f a 40 = 27; М E – [У] | гаагагад 
Ла: = э = у = (0 (8) =>, 


м = |" ЈГ астагао = [7 fe arao- 8 f" a0— 5: M, — fr f. fe xazrarao 
= [7 Је соввагао = 4 f совбав— ем, = ЈУ | y azearae = [| r sin 0 dr d8 
=4 f" snoa - 4 M, — f" fe fe zazrarae = ГГ r? dr dó =2 [а= т = x= Me 3, 


y= Me = 3 


y= 


and x = y = 0, by symmetry 





5 М. 3 
, and Z = м = 





4 


М = #; М, = 2225 70 2 уп ф арафад = |" "Г.Р сөздвпфарада-4 |7 |7" cos Ф віп ф аф 10 


=4 [age] "ao = 4 f (1-3) =: |" 40 =л = 7 = № = (п) (3) 2 3, andx — y — 0, by symmetry 








Ma fp fe sin Ф араф40 - E S” Sf sing dpat = 2 is 2- Y? gg = gc). 
OS Га sin ¢ cos ¢ dpd¢ dé = at 222. £ : 40 = ™ 
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siete (8) ots] - 6) G8) - "9 ых уни 


пм=јЈ | ЈУ азтагао– [| веаа = 5 ав = 28; м, | Ј гаггагад 
у — 5 


27 4 2n 
=: f | ёаад-21| do = 9 > z= M» = 3. andx — y — 0, by symmetry 





72; M- f f ыға = f al, 2v1-r dido — [f^ “| ээг 46 
=: [а= (2) (22) = 2; м,, =[ |. је cos 0 dzdrdó — 2 f^ Es 24/1 — r2 cos 0 dr dÓ 


7/3 т/3 
-2Г [1 s r- i180 22]. cos 640 — $ f, cos 0 d0 = Т $ [sin ]77, — (7) (2:33) 2 08 


= 93 and y = z = 0, by symmetry 





73. We orient the cone with its vertex at the origin and axis along the z-axis => ф = We use the the x-axis 


А ыз 


2т 1 
which is through the vertex and parallel to the base of the cone > I, = Ї f 1 (r? sin? 0 + z?) dz r dr d0 


27 (1 27 
= 3 gin? 4 cin й = 20 — T2 20 m. = 
a T (: біп” 0 -г зіп 6-:-%) ardo = Ј, (35 +5) 0 = [5 – 0° 0] = 5+5=4 








74. 1, Л, ГА вага = fe fiya fe [(-$ - 3) e-e] a= f 44540 


75. S (Pty?) dzrdra= ff" f fre azarae = ff (ће – 5) агав = ЈУ n[$ - £| 40 
Г) еса 


76. (а) м = |? [" [7 састаао = Ј [2 авав = 5 Јав = zi M, | | г аггаад 
= ГГ пагад = д f^ 10 = 5 => 7= 5,апах =у = 0, by symmetry; L = ff" f из авагай 
2т 1 2m 
-i['[ üad-uf'a-t 
(b) MaL TT 2 ахагад- |” | taai faM fS 212 dz dr dó 
-i fl," faa - а Јав = з = z— $,andx — y — 0, by symmetry; L, — f f, f ^ dzarao 


= [7f *аг#=34 [а= 
77. () М= Ј | | гаагагад =: f И (г — 13) дгад = 1 1 [a0 —- мм <= -ГЇЇ z? dz r dr d 


(2 “ЇГ (r-r јагад = 5 [7 дд = + = "yea and x = y = 0, by symmetry; I, -ГЇГ zr dz dr dô 


Ч, ЗГ (г – г?) )drdó — 4; f. a6 =p 
(b) M= а. M,, = [ГЛ 73 д2гагӣб = 1 NN "f (г = тг?) габ 
5 


=> Z= },andX = = 0, by symmetry; L= | f fz 23 azarado = iff (г? — 19) dr d0 





tol 


шн 


| 
| 
=> => 5-5 
ома 


" 
кіз 
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78. 


79. 


80. 


81. 


82. 


83. 


84. ax + by = c > a(r cos 0) + b(r sin 0) = c => r(a cos 0 + b sin 0) = c > r = 
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аум=јЈУ ЈУ Ј „ зпоарафа == ЈУ |" зпоафае = 2 Ј "ад = = = f f f^ posi 6 dpdgad 
-£ [^f | — cos’) sing dod = ¥ J" [cos 6+ $4] do = 4 f” ao = л 

бум= ЈУ ЈУ ЈУ 2 зпгфарафав = £ f” fT td agao = ze f7 ao = zz; 
геј fc fe P sintoapaoao — 9 [7 [sinto aóae 
ЕЛЕ +; ff sin? ad) ao = = Ј [а – зе] 40-40 40-58 


м = |” |" Г атага = [7 [' bra ards =t f (а-а) ав 
=! ео, м, = ^^ = ue SE fier- e) arao 


Qn , 
= 5 f (#-%) #=#® э *= (=) (уд) = аах у ову зуу 

















Let the base radius of the cone be a and the height h, and place the cone's axis of symmetry along the z-axis 


5 27 ра h 2n a : 
with the vertex at the origin. Then M = ™" and M,, = f f Jes zdzrdrdó — 5 Ї Ї (г - Er) dr dô 


L fje n _ 12 a hea? ат Му _ ( ват 3 
= 5 J, [s- 4], 0-1 (5-4 4)40-5 Јав = 6 >z=%¥=( 4 ) Gan) = sh, and 


x = y = 0, by symmetry = the centroid is one fourth of the way from the base to the vertex 








The density distribution function is linear so it has the form ó(p) = kp + С, where p is the distance from the 
center of the planet. Now, (КВ) = 0 = КЕ + С = 0, and 6(p) = kp — kR. It remains to determine the constant 


k: M= f ffi kp- 6? sind dodgao = [У ЈУ [kf XR | sin o dodo 


27 on am 
=f fx k (& — &) sine dodo — f, - E R'[-cos 6]; d6 — f, – СЕ: ад = -R = к=-м 
= б(р) = – M p+ MR, At the center of the planet o — 0 => 6(0) = (3M) R= mM, 


The mass of the plant's atmosphere to an altitude h above the surface of the planet is the triple integral 
2m pr ph —с(р—®) 2; h Pr pr рк) 2 2 

Mth) = fof fo woe? ®p? sin 6 dodo dd = fo ff” poe p sin o do db dp 

= ГГ —c(p-R) 24. . "404 sx СК е7 52 dO do = 4 R f’ —cp 22 d 

= Je Ja [Hoe р“(- со8 Ф)| ; dódp — 2 J. J, ое ет? абар = 4rpoe® J ep dp 
У =e; У ћ 

= 4тгиое |- 5 реле. мге SS хэ 

= Ar po ecR ( ne he x + Rec 4 же fe хо) | 


The mass of the planet's atmosphere is therefore M = " lim M(h) = 4T uo (% + 2 + 3) ; 


(by parts) 








(а) A plane perpendicular to the x-axis has the form x = a in rectangular coordinates = r cos 0 = a > r = 


= r = asec 0, in cylindrical coordinates. 





(b) A plane perpendicular to the y-axis has the form y = b in rectangular coordinates = r sin 0 = b > r = = 


> r — bcsc 0, in cylindrical coordinates. 


с 
acos 0 +b sin 0’ 


Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley. 


922 


Chapter 15 Multiple Integrals 


85. The equation r = f(z) implies that the point (r, 0, z) E 5 


(f(z), @ + 7, z) lies on the surface whenever (f(z), 0, z) does 
=> the surface is symmetric with respect to the z-axis. 


(f(z), 0, z) will lie on the surface for all 0. In particular 





86. The equation p = f() implies that the point (p, ¢, 0) = (f(@), Ф, 0) lies on the surface for all 0. In particular, if 
(f(¢), , @) lies on the surface, then (f(¢), ¢, 8 + 7) lies on the surface, so the surface is symmetric wiith respect to the 


Z-axis. 


15.8 SUBSTITUTIONS IN MULTIPLE INTEGRALS 


1. 


(a) 


(b 


wm 


(a) 


(b 


wm 


(a) 


(b) 


x—y=uand2x+y=v => 3x=u+vandy=x-u > x = į (u + v) and y = į (—2u + v); 


axy) 
дау) | 





өзін WIE 





шоо WI 


The line segment y = x from (0,0) to (1, 1) isx —-y = 0 
= u = 0; the line segment y = —2x from (0, 0) to 

(1, —2)is 2x ++ y =0 = v =O; the line segment x = 1 
from (1, 1) to (1, —2) is (x — y) + (2x + y) = 3 

=> u -F v — 3. The transformed region is sketched at the 





right. 


х + 2у = чапах —у=у = 3y=u-—vandx=v+y = у = 1 (и — У) апах = 1 (и + 2v); 


оу) _ 
дау) | 





мо 


Ole 
w= 





Борне шә 
сор SIN 





The triangular region in the xy-plane has vertices (0, 0), 
(2,0), and (2 ; 2) . The line segment y — x from (0, 0) 
to (2 ы 2) isx—y=0O => v= 0; the line segment 

y = 0 from (0, 0) to (2,0) = u = v; the line segment 
x + 2y = 2 Ном (3,3) 0 (2,0) = u=2. The 


transformed region is sketched at the right. 





Зх + 2у = оапіх + 4у = у => —5х = —2и + уапау = 1 (и — 3x) = х = 1 (20 – у) апау = 4 Gv—u); 


дх,у) _ 
ôu v) — 





1 
5 
3 








2ј- 


10 
The x-axis y = 0 = u = 3v; the y-axis x = 0 

=> v = 2u; the line x + y = 1 

— iQu-v)-i4Q08v-u-l1 

=> 2(2и—у)-(Зу—и)=10 = Зи+у= 10. Тһе 
transformed region is sketched at the right. 





Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley. 


Section 15.8 Substitutions in Multiple Integrals 923 


(a) 2x — 3y = uand -x +y = v > -x=u+3vandy=v+x => х = —и- 3v and y = —u — 2y; 


Dia ac mb. RO e ear 
23-12 ж 8-1 


Thelinex = —3 => —u — 3v = —3 or u + 3v = 3; 
x=0 5 u4+3v=0;y=x > v=0;y=x+1 

= v= 1. The transformed region is the parallelogram 
sketched at the right. 





(b 


хи 





4 Г(у/2-4 АГ. 5 iu 4 
Kf == [==] жек аз - (Қ 


4 4 
= [(у+1-ууду=4 Гау-10-2 


= J fw [л du dv = 1 f [uv dudy; 
G | а 
We find the boundaries of G from the boundaries of R, 
shown in the accompanying figure: 


1. (2х2 — ху — у?) ахау = iy (x — y)(2x + y) dx dy | 
x 

















xy-equations for Corresponding uv-equations Simplified 
the boundary of R for the boundary of G uv-equations 
у=—2х+4 1(-20+у) = – 2(0+у) +4 у-4 
у= –2х +7 1(-20+у) = – 2 (0+) +7 у=7 
у-х-2 1(-20 + v) = 1(0+у) – 2 и=2 
у=х+1 į (—2u +v)= 4 (u +v)+1 и=—1 











2 р7 2 277 5322 
— + [уау = Ју = ЕЈ и |] = 5 _udu = (4) 4) -(Ша-о-% 


J [ Gx? + 14xy + 8y?) dx dy 
R 


= [| (Зх + 2у)(х + 4y) dx dy 
R 


=f fw 588 








du dv = a 1! uv dudv; 


We find the boundaries of G from the boundaries of R, 
shown in the accompanying figure: 











xy-equations for Corresponding uv-equations Simplified 
the boundary of R for the boundary of G uv-equations 
у--іӛх-і 1 (ЗУ-ш=- 8 и -У+1 u=2 
у--іх-3 4 Gv -u) =-3 Qu—v)+3 и = 
у--іх hb BV —u) = – 1 (20 — у) у= 0 
у--1х-1 2 (Зу = ш) = – Д (20- у) +1 v=4 
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10. 


11. 


12. 


10 е E uv dvdu — $ nu fs] du= $f" udu = (8) | | -0(908-2-9 





[28-9 xay – Ј] => (ды) 


> Jf -2v dudv = ff" -2vauay = f° -2vG — 3v + 3v) av = |" —6v dv = [-3v?]} = —3 





du dy = | | —2v du dv; the region G is sketched in Exercise 4 
G 


у! —uv 2? 


u 


— == 2. ду) _ —y-l -1,, — 2u. 
х = 4andy=uv => “=> and xy =u"; 505 = Ҳи, у) = = у У Ш=Я; 














у=х = w=) = у= 1, апау = 4х у = 2; ху = 1 u = l, and xy = 9 = u=3; thus 
Ју + уху) ахау = f fee (3) dvdu — ff fe (2u+ 22) dvdu = f’ [2uv + 2u? In v}? du 
R 


3 
=f (2u + 2u? In 2) du = [02+ 20212]; = 8 + 2 (26)(In 2) = 8 + 32 (Іп 2) 





10 





(х, 
(а) 9020 = Ји, у) = 








=u, and 


the region G is sketched at the right 











(b) x= 1 = u=1,andx=2 и = 2; 1 uv = 1 у т, and =2 = ш=2 = у = 2 ћи, 
у у u 


eae ráyax- ffs )udvdu - f^ f^. пу деди = Ј“ и [5] аа Ли (2 — уф 


1/u 
=} fulk 5) du — 2 [Inu]? — 2 1n2; Sf aaf ЕЖ as; "а 3 Пихја = 312 


acos@ -аг8ш0 
bsin@  brcosé 





; ду) 
x = ar cos 9 апд у = агѕіп Ө = е Ja, 0) = 





| = abr cos? 6 + abr sin? 0 — abr; 


Беј] (x? + y?) dA = f "ој (a? cos? 0 -- b? sin? 0) |J(r, ду агад = |” sl abr? (a? cos? 6 + b? sin? 0) dr d0 





Qn T 
_ ab aed 2 — ab [a20 , a?sin20 , b?0 — b?sin20|  __ аһл(а2+Ь?) 
=F J, (а cos? 0 +b sin? 6) ад = 5 [5 + m dem 1 Е 1 


Ми 


963) — и, v) = l |= ab A = J foyas= ffabavav= f° Jus ab dvdu 


1 
—2ab f, V/1-u? du — 28b | 





1 
УТ uw? 4- 1 sin! 1 = ab[sin™ 1 — sin! (—1)] = ab [5 — (— 5)] = абл 
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13. The region of integration R in the xy-plane is 
sketched in the figure at the right. The 
boundaries of the image G are obtained as 
follows, with G sketched at the right: 

















xy-equations for Corresponding uv-equations Simplified 
the boundary of R for the boundary of G uv-equations 
х-у + (u+ 2v) = 1 (и – У) v=0 
х-2-2у #(и+2у)=2—5(и—у) u=2 
y= 0 = ;(u—v) v=u 








2—2; 
Also, from Exercise 2, = У = = J(u, v) = -4 = Г ur ” (х“-2у)е0-9 4хау- f Ї пе” 





1| dv du 


2 2 
= ев =} ео ве 
1 (Зе? + 1) = 0.4687 














14. x=u+ ž andy = v = 2x- y = (2u + v) - v — 2u and at 
25» = J(u, v) = 1 = 1;пех,и=х—$ уеэр у=2х-4, ог 
— x — $ and v = y, so the boundaries of the region of m 4 23 Ї х 
онон R in the xy-plane are transformed to the i 
boundaries of G: 0 2 
xy-equations for Corresponding uv-equations Simplified 
the boundary of R for the boundary of G uv-equations 
х= о+ 5 = 5 и=0 
х=ў+2 и+=;+2 и=2 
у=0 0 у=0 
у=2 v=2 v=2 








(y/2)+2 4 2 p2 : 2 212 2 
3 2x—y)? == 3 4u2 22 з [1 2402 zl 3 
E y3Qx — yy ex) dxdy - f, f, v^(u)e dudv = f v Е | av=} fv (e!é — 1) dv 


0 
4 


2 
екен-а 

















2. Әбу) -1 уут? E ait 5 
15. х= 2 апу = uv > => 22 a [5v uty pea 
у=х = чу =у = у= 1, апау = 4х v=2;x 1 u = 1l, and xy = 4 => u=2; thus 


Tod x? + у?) јахау + ЈУ b. x+y? нше | (столе (=) ) duav = Г/Т + 20 3v) du dv 
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16. 


17. 


18. 


19. 


20. 


21. 


22. 


Chapter 15 Multiple Integrals 





2 4 2 2 212 
Ера уз zn Ads. cai sc esas. v que s 225 
ын „ [ва + duty] dv = fi (dS + 4B) av = | aye + | = 6 

















5 > —2у 
х = и? — у? апду = 2uv; en = = Ји, у) = ЭГ Au? + 4v? = 4(u? + v7); 
y=2V1-x = у2 = 4(1- х) = (20%)? 2 —v))su= +ly=05 2w=05u=O0orv=0; 
x = 0 > u? — v? = 0 > u = v or u = —v; This gives us four triangular regions, but only the one in the quadrant where 


both u, v are positive maps into the region R in the xy-plane. 


LI erea cent Ga a e ага 


2 
= 2,2,3 ua 112 5 4, — 11271,,6]2 _ 56 
=a fi [uv - $u^? c $97], du I2 Jw du- T2 [60], = 28 


cOSV  —usin v 























(а) х = и с0$ уапау = азшу = Stuy) E = u cos? v + u sin? v = u 
(u,v) sinv  ucosv 
: 9 siny  ucosv : 
(b) x =usinvandy =ucosv > 200) : = —u sin? v — u cos? v = —u 
(u,v) cosy —u sin v 
cosy —usinv 0 
= uw дау) | <: 0|- 2 Е 
(a) x =ucosv,y=usinv,z=w > siny ucosv = u cos? v + u sin? v = u 


ОУ) 
0 0 1 





(b) х-2-|,у-3у-42-1(-4)- УЙ = 


= (2)(3) (5) = 


© © ә 
ошо о 
юке © © 


sin cos р сов ф сов0 —psing sind 
sin ó sinf рсов фвіп0 ріп Ф сов 0 
cos o —p sin $ 0 
sin o cos 0 —p sin ¢ġ sin 0 
біп Ф віп0 p sin ¢ġ cos 0 


_ р сов ф совд -р іп 0 sin 0 
55059) р сов Фвіп0 ріп ф сов 0 


= (р? соѕ ф) (віп Ф сов ф сов? 0 -- віп Ф сов ф іп? 0) -- (р? віп Ф) (віп? ¢ cos? @ + sin? ¢ sin? 0) 
= 0° зїп ф соз? Ф--р? sin?  — (p? sin $) (cos? à -- sin? 9) = o? sin ó 


+ (рэп $) 











b (b) 
Let u = g(x) J(x) 2 S = g'(x) J f(u) du = Si f(g(x))g'(x) dx in accordance with Theorem 7 in 





Section 5.6. Note that g'(x) represents the Jacobian of the transformation u = g(x) or x = g7} (u). 
1+(y/2) з ра 
дува = f. f, (1(у-1)-1 + | dy dz 


TU = +)&ау&в= }, [([#-%#+ | 


5713 
5 ыс аа= | (2+%) 4 = [+], 





12 


Ха, у, м) = = abc; the transformation takes the ellipsoid region 75 eked 5 ee < 1 in xyz-space 


c 


oon 
о с о 
оо о 


into the spherical region u? + v? + №2 < 1 in uvw-space (which has volume V = 1 п) 
> V= T dzdydz= J J J abc dudvdw = trabe 
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23. J(u, v,w) = = abc; for R and G as in Exercise 22, ІШ |xyz| dx dy dz 
R 


ес? 
осо 
оо о 


= 2h2c2uvw dwdydu — 82/8 f" f f (si бу(р іп Ф віп 0 2 sin $) dp dọ d0 
=з c“uvw dw ду ди = ва "бес ЖҮЙ , (0 sin Ф сов )(p sin $ sin 0)(p cos à) (p^ sin б) dp do 


аме 2 


- шин : | ae sin 0 cos 0 sin? ¢ cos Ф 4040 -- аме : 15 8ш 0 сов 040 -- 


1 0-0 
24. u =x, v = xy, and w = 3z > x =u, y= ї,апіх = 1м = Ју, у,№) = = 1 0 ==; 
оо i 
МИН (xy + 3xyz) ) буйг || f ћи ) + Зи (2) (5)] |J, v, w)| dudvdw =! ff fw ) du dv dw 


31.2 3 4 3 
2... на, 
=3 (3+2) =2+3щ2=2-+ In8 


25. The first moment about the xy-coordinate plane for the semi-ellipsoid, x У = 89 = = | using the 


transformation in Exercise 23 is, M,, = SIS z dz dy dx = SIT cw |J(u, v, w)| dudv dw 
D G 


= abc? f f f w dudvdw = (abc?) - (M, of the hemisphere x? + y? +z? = 1, z > 0) = aer. 
G 








: : 412 2абст = __ (ас 3 _ 3 
the mass of the semi-ellipsoid is ^7 = 7 = ( 4 ) (==) = с 


26. A solid of revolution is symmetric about the axis of revolution, therefore, the height of the solid is solely a function of r. 
That is, y = f(x) = f(r). Using 21. coordinates with x = r cos 0, y — y andz — rsin 0, we have 


У= 7 ) свуддас EN rdydodr= fof | [гу] аваг |" f: Кт аваг = [roro Jy ar 


i 2rrf(r)dr. In the last integral, r is a dummy or stand-in variable and as such it can be replaced by any variable name. 


b 
Choosing x instead of r we have V = f. 21xf(x)dx, which is the same result obtained using the shell method. 


CHAPTER 15 PRACTICE EXERCISES 


10 pl/y 10 
S f ye ахау = fo [er]? ay 


10 
= | (е—1)ду=9е—9 


106 (1/10, 10) 





2. | ог dy dx = f [e"/*] a dx i 
| x2 1 дх2 х2 1 е- 
= J, (xe х) ах = ре -$|.- 5 


N 
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3/2 MET 3/2 у9-48 
м 


3/2 
e 9-484-1-1(9-48)7| 
9 0 
= – (075 – 975) = => 


4. Л хувхау- Ју 2 dy 


-ify( 4 — A fy * y — y) dy 


5/2] 1 
= Ју - зуб) ау= ју - 37] =! 


5. Tu dydx = f" (=x? — 23) dx 
-[-$-=] ,=-@-4 =} 
Л Г 2 вхву Гай» үгэ) iy 


2 [2 -2y-24- ^ 24-844 ^ 


и М 
ы 

| 
MIN 
ег 

|| 
als 


— 1.032 _ 27 9 
m od A 





8. ГІ» dy dx = f [гхуј ~ dx 
- Гоха-х) dx = | (8х-28) dx 
= | е-5|,-16-14-8 
ГІ ax = ГУ ву 


- Га-уф- [5 - 2] -16- 35-8 
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52+42 =9 





у= (х- 2)2 


х=-\4-у 





2 (1,1) 
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17. 


18. 


19. 


20. 


21. 


22. 
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S, А сов (б) ) dxdy = Tels 4 cos (x 2) dydx = [2x cos ( x?) dx — [sin (x2)]4 = sin 4 


. T ue dxdy — f. fe? dyax - f 2xe" dx = [e"]} =e-1 
| So Sy gs dy dx = hS iasi fhi dy = ài 


1 Pl отіп (тх? boe T sin (Tx? 1 . 1 
: Js Js ae) dx dy = 1 1 ыш dy dx = Ї 27x sin (Tx?) ах = [— соз (тх?)] = —(—1)—(—1)=2 





| A= ff aya fI 29 ax - 1 14. A- ff àxdy - f (Jy - 24 y) paa 


T= E x? dy dx = i EL "des fe — xf — x’) dx = 12 
average value = ff xy dydx = ДЕ 1 ти f Байг | 


1 ү1-х2 1 1-х: 1 
average value = ad Ї ху ауах = + Ї Ed 4х=? f (х= х3) іх = + 


0 


ЇЕ | T ;dydk- f^ f, 2 тізу zdrao = Ј, [- аја = ["ад=т 


(x? + y?+ 1) dxdy = r ln (r^ +1) 490 = | бай = " [uIn u — u]? d6 
fe 12 => | | 2 1, 1 2 2./0 
= ЈУ (2 In 2 — 1) dO = [In(4) — 1] 7 


cos \/соз 20 


(х2 + у2)? – (х2 — у?) =0 = 11 12 соз 20 = 0 = 12 = cos 20 so the integral is М T aidy dr dé 
т/4 1 \/ соз 20 т/4 1 1 т/4 1 
= vale =) dé = 5 ЈЕ = гэ) dé = 2 Г. | этот) 40 
т/4 2 : 4 
1 ес 0 1 ап 01 7/ т-2 
= „(1-® ) 40 = 1 у – ма] = 52 


зес 0 


т/3 вес 0 т/3 
1 a т іа 1 
IERI mawrth h aima | хайн 
LI nio 1 1 -— 1 n sec? 0 u — tan 0 1 v3 du 
=] |} e] 49 =1 1-4 зес2 9 40; du — sec? 0 40 T ЫГ 24-2 
V3 
1 1 = u 2 = 3 
=i [fmt +] = а i 
л/2 Poo п/2 b 
1 = Г ets T 
(b) 1 oS ахау = || — аа = lim [- Тг], 40 


— оо 
т/2 1 1 т/2 
-Г lim 1- т |40 = 1 0 dô = 1 


b — oo 


Copyright O 2010 Pearson Education Inc. Publishing as Addison-Wesley. 


930 Chapter 15 Multiple Integrals 


23. 


24. 


25. 


26. 


27. 


28. V 


29. 


30. 


31. 


32. 


33. 


34. 


STIS сов(х Њу + 2) ахдуф = ЈУ ЈУ [sin (z 4- y 4- 7) — sin (z + y)] dy dz 
= J" [-cos(z + 2m) + cos (z + 7) — cos z + cos (z + л)] 42 = 0 


fo ff eo dzayax = ff eb) ayax = fe ax = 1 

Je f f ох-у-гдауак = ЈУ ЈУ (3: – 3) дуах = Ј, (3 - 2) ах = $ 

ГЈ є 2 ауаах = [1 асах = | шхах=[хшх—х] =1 

ves oh шахду-2| | pe = 
v-4f f" f aayas-a [e [7 4 — x!) dydx — 4 f (4 х2)? ах 


= [x (4 — x2? e 6x /4 — x? E 24 sin! J = 24 sin“! 1 = 127 
0 


average — i ГІШ 30xz/ x? + y dzdydx = } f, [itx yayax - ! 1 1: 15хү/х2--у dx dy 

3 1 3 
ЕЛ [5 бе + 7) ] „ду = 3 f, Ba cy»? 57^] ày - 3 pa y? 2595 — 3 a? — 209 — 2] 
=} 201-3) 


average = дз ДЕГ p? sin ó 4раф40 - (а. f “Jf sing dao = # а [ад = 3a 


а) Г 22 и uo 73 dzdx dy 

t» f f, Ms 3p? sin $ dp dọ d0 

(c) age 3 cm 3dzrdrdd —3 f^ ч ka- Bye ој drag =3 ав в “а 
= Ју (298 – 298 + 49) в = an d — 2s (8 - 4/2) 


т/2 1 рг т/2 1 pg 
(a) y 1, ЈЕ 21(r cos 0)(r sin 0)? dz r dr dð = Sa, f. 21r? cos 0 sin? 6 dz r dr d0 


т/2 


л/2 pl př л/2 [1 т/2 
(b) | | [aie cos 0 sin? 0 dz rdrdó — 84 f. 1 rê sin? 0 cos 0 агад = 12 f. sin? 0 cos 0 d — 4 


1/2 0 


2m (*m/4 psecó 
а) Ј, ЈУ Ј 2 sind dp ad ao 
о f" f" f^? sinéapaedo — 1 [У |" (вес дувес длап ) dód0 — 1 f" [31m 9] - 1 [ав = 


(а) 122125 (6 + 4y) dz dy dx (b) DE (6 + 4r sin 0) dz r dr dO 

(c) ТЭР 2 (6 + 4p sin $ sin 0) (p? sin $) dp dọ d0 

(d) ІРІ 1) (6+4rsin бф агага = |” |! (6r? -- 4r? sin 0) dardo = [Re+ sin 611 40 
=f" “(2 + sin 6) dé = [20 — cos - т--1 
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35. I Vd dodi g^ f АН CE EE 


36. (a) Bounded on the top and bottom by the sphere x? + y? + z? = 4, on the right by the right circular 
cylinder (x — 1)? + y? = 1, on the left by the plane y = 0 


(b) IS = dz r dr dd 


эт. (а) у= Г е "audeat — fr | (28-08 8—2— п) аан = [7 [- 108 - 5? - e] ^ae 
- f^ [- 16? — 4 1 yr] де = |" (-2-3-248) 4-4(4у2-5) [educa 
(b) vp p sind dpdg ao = $ f^ f; (2 2 sin ó — sec? ó sin 9) 4040 
= ЈУ ЈУ (гу2 зид – ап sec? в) авав = 5 ЈУ |-2 5 совд – 1 tav 6] У " 
: | (-2-1-242) 4-5 (8552) pe) 


2x pm/3 p2 | у 2n гт/3 p2 . 
38. L= ff” J, (sin 9): („2 ма Ф) арафав = ff” fp! sin® o dodo ad 
гл рт/3 2т 7/3 
=# Ї f (sin Фф — cos? ġ sin 9) d$ d0 — 2108 [- cos @ + sore)" 40 = & 
2т рт рЫ 
39. With the centers of the spheres at the origin, I, = Ї Ї T 6(p sin $)? (p? sin à) dp do d0 


Ee f” f" sin? ododo = сау | M (sin @ — cos? ¢ sin 9) 4040 


22 [- сов ф- 2891 49 = 207-8) H дё = 9®®-) 


2т гт 1-сов 0 2т T 1-сов 0 
до =] (sind)? (p? sin d) арафад = f, f, f, — visi óapaódo 
2т т 27 рт 
=: ГА - сов 65 8 фафав = ||” f, (1 — соз ф)%(1 + cos ф) sin ф 4040; 


u—l-cosó 2n (2 Гот 1812 ол 
liam sins] By Se sew duas = 3  -4)40-1/70-0240 


=1f "22 a9 =2 [a9 = е 





а.м-/ шдуйх- | - 2) ж-2-һам,-/ Т хауак= Ј х(2–2) ах = 1: 


2 p2 2 
м, = ПМуФ«-)/0-5ж-1-х-9- Нн 


42. м = акау = Јиау – y)dy- 2:M, — f f yexay - fray! -y)dy- [s -x].- s; 


2 : 4 
М, = SI "xdxdy = f [Gg -2| a= |5- $], =- 2 >x=%=-—Pandy=™“=2 
2 74 2 
43. 1, — f, [08 y) dydx - 3 f, (a? 8 — 4) ax = 104 


м. @ „= f. f 09 ey) ayax - f (o 2) ах = ® 
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a b a 

O t, — f fy ayax Ј® 2 ак = 4,1, = "|" х2 акау = /? 22 ау= > 1, =, +1 
_ dab? | 4236 _ 4ab(b? +a?) 
= 


45 м=бј ЈУ аучк=вј вахезбљ=вј |, aya = 8 [x8 dx = (8) (#) = 26 


1 х 1 1 х 1 
46. м= | }] «+1)дуйх= | (х—х%)ах=1;М, = Jf, f. y&- Ddydx- 1 f Gà хә xt x!) x — 15; 
1 x 
му = f xe л)дудх- ох) 2 > х = & апау = 1 ;1, = у2(х + 1) dy dx 
1 1 
=} f (xt-x +x? - xf) dx = > В, = = п f | хх-1)дудх- | (88-39) х-4 





47. M= TEN S (x? + y? + 4) dydx = f. ox 3) dx 24; M, — ane y (x? +y? + $) dy dx = f’ oax =0; 


м, = Л, хочу + Эва = fi (2x? + $x) dx =0 


48. Place the AABC with its vertices at A(0, 0), B(b, 0) and C(a, h). The line through the points A and C is 
(a — b)y/h -- b 
у= = Ч х, the line through the points C and B is y = 2 D (x — b). Thus, M — Т | ” 6 dx dy 


(a—b)y/h+b 3 
Y) óbh . 23 2 I óbh 
=> | ((—)4 угээ 15 y'édxdy - 6 fr (y - X) ay - 8 


1/3 3 1/3 1/3 3 1/3 

= 19 шаа = = = x — 3v3 

49. м= Ј" „Ј гаад = 9 Ј" ад = 3r; м, = |] 2 соз0 гад =9 ]” cosa dd =9/3 = х= 27, 
and y = 0 by symmetry 


т/2 р3 т/2 т/2 p3 т/2 
50. M= f Ј гагав =4 [f dô = 27; M, = f [ P cos 0 ага = % f cos 0 d = 26 = х = 13, апа 
у = 13 Ьу symmetry 


л/2 1--сов 0 
51. (@ М=2 |" | rarae (b) : 


2 [ч 2соз 0+ 1+ сов 26) dé = MT 


r=1+cos0 


т/2 1--сов 0 
М, = f 254 f (r cos 0)r dr d0 


= | (сов 0 + сов? 0 + ^) qo 
-т/2 


_ 324157 2, ұ. 150432 
= > X= grig and 








y = 0 by symmetry 


52. (а) М = |" гагав = |“ $ a6 — do: M, — J^ |, (тсозбугагаёб= |" 20 др = зше 


газта _—_ 
За = 0 





= х = ла andy = 0 by symmetry; lim x— lim. 


— 


(b) X= # andy=0 i 





c.m. (0.13,0) when a - 1 
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53. x =u+yandy=v > x=u+vandy=v 

















=> Ли, у) = : : — ]; the boundary of the 
image G is obtained from the boundary of R as 
follows: 
u=0 
xy-equations for Corresponding uv-equations Simplified 
the boundary of R for the boundary of G uv-equations 
y=x v=u+v u=0 
y=0 v=0 v=0 








= fo fet —y,y)dydx = f, f, e fu v) dudv 











54. Из = ах + By and t = 7x + dy where (aô — 85)? = ac — b?, then x = 8 22221 
6 —68 (82-42) 
= 1 +2) 
and J(s, t) = (ad — Bye -y a = = z By = fe der 








= ас—Ь?=т?. 


2т оо 2т 
= 1 E = 1 »- T т 
Tu Ї Ї ге" drd = те f dé = e Therefore, AT 


- 


CHAPTER 15 ADDITIONAL AND ADVANCED EXERCISES 


1. (а) v= ff ғ ауа (b) V= ТИ ИН dz dy dx 
(c) vel pr х2 дуах = fi С -х “—з5)4х = [9—#—&| =! 


2. Place the sphere's center at the origin with the surface of the water at z = —3. Then 


9 = 25 – х? — y? > x? 4 y? — 16is the projection of the volume of water onto the xy-plane 


> V= T | raa fr ІШСЕ 25-12 — эг) ага = fj [- 305 - 9^ - 228 ч 


2т 
=f" rora o jaf S = 5 


2—r(cos 0 + sin 0) 


2т 1 2m 1 
3. Using cylindrical coordinates, V — 1 Т, Ї dzrdrdé = Í Ї (2r — r° cos 0 — r° sin 0) dr d0 


- f (1 — 1 cos 6 — 1 sin 0) ад = [0 — 4 sin Ø + 4 cos 6] = 2л 


4. уа Је ахаа а |" f, (r М2 18 18) а0 = 4" [10-002 тав 


0 
= (1-45) = (5) Pu - 0 
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5. The surfaces intersect when 3 — x? — y? = 2x? + 2y? = x? + y? — 1. Thus the volume is 


у=4/[ ^^ е dzdydx - 4 f^ f, f azrarat - 4 f fr 30) aa0 3f a0 = г 


6 v-sf f f. P singapapao =% f” f sinto apao 


= 5 2 _ |" ti 2I заг өд 40-16 |” | 9 - 920177 а = 4r | 40 = 27? 





7. (a) The radius of the hole is 1, and the 
radius of the sphere is 2. 





(b) ФЭГТОГЖ гаг0200 = |" [7 (3 – 2) авав = 253 [" a9 = 4/30 
8. У= T a id = асгагад- | |, tv9 =P arao = fif- (9- ты ы 


=f Е (9 = 9 sin? 0)? + 1 (9) 40-91 || – (1 – sin? У] ae - 9 [1 — cos? 6) ад 


= Ла - сов Ө + sin? 8 cos 8) 40 = 9 [0 — sing + 2] ^ — 95 
х2--у2--1 
2 


9. The surfaces intersect when x? + y? = = х? фу? = 1. Thus the volume in cylindrical coordinates is 


Vas fr f. атаа=4 ЈУ f, (s 8) агад = ЈУ“[8 – 4] do = 3" a0 = 


т/2 р2 1? sin Ó cos 0 т/2 p2 т/2 2 
10. v-f | dzrdrdó — f. 1 r sin 8 cos 0 йгйб = f [5] sin 8 cos 8 40 


т/2 3 7/2 
= 5 sin 0 cos 9 40 = 45 | | =1 
0 


$ 0 
11. [^E “х= |" ЇЇ e*dydx- ffe e^ dxdy - f ІШІ Пе) ау 


= У lim [=]. = f lim (1-5%)ау- вы 


a t oo too 


ecl 





< 


12. (a) The region of integration is sketched at the right 
asin 3 уг? — у? 
=f 1... In (x? 4- y?) dx dy а ----. (асоѕ в,аѕіпв) 
= -Ї Ї r In (r^) dr d6; 
u= rê 1 B pa | Е DD 
Зээ = J, J, mu dua | а 5 
8 j 

= 1 Ї [u In u — u]; dé 


8 . 8 
-1| [22? 1a — a? — Jin lim tin] де = * f° (2na—1)d9 = 26 (Ina — 1) 


(b) p Тш. 55 448) За ы] 


а 






” > 
х = (сої В)у А, +у® =а? 


A К In (x? 4- y?) dy dx 
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13. [7 f, e"o-? o adu —. f. [eno feo dudt = f(x — He™ fer) dt; also 


j^ f 1: em) f(t) dt dudv = Ј | om f(t) du dv dt = Г Ге — tem f(t) dv dt 


= || [5 (у — }?ет(®—9 10) | dics Г a emt) f(t) dt 


14. f, tœ (Si ea-yio ay) ах =], }, 80- fy) dy ax 
- f; f в«—улбу) ахау = КУ) ( fJ sa-yo ax) dy; 
SS. в (ху) коку) ахау = f fi gapio ty) dydax+ f ух у) ду ах 
= /, / sa-yo ty) axay + f f soto) dy dx 
= ff ex—ypfoofty) dx ay + 4 J sa-yo ахау 


simply interchange x and y 
variable names 


1 1 
—2 T Ј, g(x—y)f(x)f(y) dx dy, and the statement now follows. 


a 31 х/а? а а 
15. а) - ЈУ |“ (ко уз) aro ах = (5 ®) ах = [2+ ш] 


0 





= g + та 2; (а)-:а-Ша%-0 at = } a= 4 1 Since I/(a) = } + 5a‘ > 0, the 


чу? 


value of a does eds a minimum for the polar moment of inertia I, (a). 





16. „= fe f (х2 + у?) 03) dydx =3 | (ах ги + 5) ах = 104 


17. М = (272 rdrdó — LG = D sec? ө) 40 y 
— a? — b? tan 0 = a? cos"! (2) — b? (У-и) 
- а? сов” ((®) —ъу/а#—Ь%;1= ff, аё 
= 1 Ге +b! sect 0) 10 


9 
= IN [at + bt (1 + tan? 0) (sec? 0)] d0 





b=rcos e 


22 


0 
== ia 40 — bt tan 0 — b4 d 
-0 
240 __ Ъ%ап@ _ bftan30 
2 2 


łat cos™! (2) — 4 b? y a? — b? — t b? (a? — py 
(2/2) 2 2 3 2 2 2-(у2/2) 
E y _ y 8. М — 
iM ie 15 (92/4) dxdy = f(1- 3 dy = ly - 5] шон, PME. x dx dy 
SORA 2 2 512 
al- 1. dy-f &&-y)4y- à f 06-8? «y)dy - & [16 - +5 | 


1- (2/4) 2 
= + (32— 5 + 5) = (15) (328) = 8 = x= F = (B) (9) = §, andy = 0 by symmetry 


19. Г ета ts ›ауах= ff h ayara [^ [^ eer dx dy 
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20. 


21. 


22; 


23. 


24. 


25. 


Chapter 15 Multiple Integrals 


_ Qu ay e? [a abx]? 1 а2у?]° _ 1 (aba 1 (2 
= / (®х) dx + | ( (ау У dy = Ес [+ |же” |, = (e -1) * d (е -1) 
2695) 


у 1 92 в дЕ(х, 2 Y lap(x, ӘЕ(хо, Е : 
ІШІК к P dx dy — Ї Е ЕС у" : dy = f | B 2 dx = [F(x1, y) — Fxo, y)] 


Xi 


= F(x, yi) — F(Xo, y1) — F(X1, yo) + (хо, уо) 


ы 


(а) (i)  Fubini's Theorem 
(1) Treating G(y) as a constant 
(ii) Algebraic rearrangement 
(v) The definite integral is a constant number 


(b) Jer ех соѕ у dy dx = [е 8) (Г cos y dy) = (е"? — е?) (sin 3 — sin 0) = (1)(1) = 1 
б] S (Л зе) (J, xx) -- -0:504-0-0 


1 


(а) VWf=xit+tyj = D,f= ux + uzy; the area of the region of integration is 5 


1 1-х 1 
=> ауегаре = 21 Т (шх + шу) ауйх = 2 f (шх(1 —x)+ ; ux — 3)*] dx 


2 3 


1 
-2l(£-5)-Quw) 832] -2Qu + 4w) = 4 +w) 


(b average = aq Jf (ux + way) dA = од ] [xa c 22. ы акаш ЕЗЕЕЛЕҘ =ujxX+ Wy 


— 


(a) I zn foe -(езу) 4хау- f d Ге ) гагад = Ї т T lim | | "re^? ar 49 


т/2 | р т a 
= 1 =b? же _ т = ME 
==] “Иш, (е97-1)40-1 | 409-1- 1-3 


2 


(9 Г(2)- еа | уу еэ ay) dy =2 fe? dy =2 (42) — Vm wherey — yt 


27 R 2n 
Q- f, f, kea -— sino) darao = Œ f” a – ап 0) 40 = Ме [0 + сов 0] 27 = 2868 


ћ 


For a height h in the bowl the volume of water is V = Г” д Io EN dz dy dx 
h— ит : vh 27. р 
= hr? үз = 12 _ ben 
= euh c x — у?) )ауах = | [№ 2) гагад = [7 | -5|, 4-1, 40-18. 


Since the top of the bowl has area 107, then we calibrate the bowl by comparing it to a right circular cylinder 
whose cross sectional area is 107 from z = 0 to z = 10. If such a cylinder contains л cubic inches of water 

to a depth w then we have 107% = кт => м = ы . So for 1 inch of rain, w = 1 and h = /20; for 3 inches of 
rain, w = Запаћ = 60. 
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2 


26. (a) An equation for the satellite dish in standard position 
is z = 4x? + ly?. Since the axis is tilted 30°, a unit 
vector v = Oi + aj + bk normal to the plane of the 

— МЗ 


water level satisfies b — v - k = cos (1) => 


>а--Ү1-М--і-у--11 Ак 
= -ly-1)+¥(z-1) =0 


= з= (0-4) 


is an equation of the plane of the water level. Therefore 





уул 
the volume of water is V = |. [ ЈЕ nis dz dy dx, where R is the interior of the ellipse 
far ee re ey) (a a | 
ху олун рса, цэгээ? шинж 
2 _ ја_д(2 _1 фу) A ZH- 
па А ла ІТ | 1 dzdxdy 
(iy 4-9)" іу) 


(0) х=0 = z= iy? and &- =у;у=1 = 2 = = 1 = the tangent line has slope | or a 45° slant 


— at 45° and thereafter, the dish will not hold water. 


—5/2 





27. The cylinder is given by x? + y? = 1 from z = 1 to œ > SITS z(r? +z?) "ау 
D 
2т pl pœ гл [1 а 
5 27: 1) | а . 
= , lim. d n 3) = i dr dé = aim, г "FK m атыг? => (5 ) — dr dé 


: 
- im, 2n [1a er -4 (4) -3 i] р (0 4]. 


28. Let's see? 


1 
The length of the "unit" line segment is: L = 2 Ї dx = 2. 
Мт—х? 


The area of the unit circle is: A = 4 y Ї dy dx = 7. 


VI-® утеху 
The volume of the unit sphere is: V = 8 J: Т, 1 dz dy dx = 47. 
Therefore, the hypervolume of the unit 4-sphere should be: 


Уә = 16] ^^ ы Ї uem ү ШТ. 


Mathematica is able to handle this integral, but we'll use the brute force approach. 


Муре =16f f a PU VES d dads ct ief f Ven "E = 


үл-ж М1—х?—у? 2 а cos 6 
=16f |, jJ. SRR a tay = | а na 


=f f a-r- о S а 
=16] [` е – у? шэн је. x2?) ах 


= 4т [[ Уз —х[(1— х2) – е] dx = ®т] (1 а аве ]- -irf sin*@ dé 
= —®хл (7. (1=2#)°дө = -3r f”, (1 — 2 соз 20+ сов220)40 = 2s 7. (3 — 2 cos 26 + 34) a9 = = 
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aim, JPR +a)? е) а = оа а) – $27) - 17 1] ae 


937 
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NOTES: 
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CHAPTER 16 INTEGRATION IN VECTOR FIELDS 


16.1 LINE INTEGRALS 


10. 


11. 


12. 


13. 


14. 


r=ti+(1-t)j > x=tandy=1-t = у=1—х = (о) 
гГ-1-1-4-» х-1,у-1,аа7-15- (e) 

= (2 cos t)i + (2 sin t)j — x 22costandy 22sint => х? фу: = 4 > (g) 
r=ti > x=t,y =0,andz=0= (а) 
r=ti+tj+tk > x=t,y=t,andz=t=> (d) 
r=tj+(2-2jk => y=tandz=2-2t > z=2-2y = (b) 
r=(@—-1)j+2tk > y=ť-—landz=2t > у= = —1=(ђ 

= (2 cos t)i + (2 sin t)k => x = 2 cos tand z = 2 sint > x? +z? = 4 => (h) 


r(t)=ti+ (1-Hj,0<t<1 > ¥=i-j > | = /2ј;х =тадду=1—! => х-у-1-1-0-1 


= |у, = ff(t,1 —t,0) [| at = fox V2) a= [v2] = v2 





гй =й+(1—0)+К,0<{<1 ar —j-j %| = /2;x=t,y=1—tandz=1 > x-yt+z-2 


=ї{—-(1—-0+1—-2=2Ж—2 = куда = f 0—2) у/24 = у/2[@ —2ф = —\у/2 





r(t) = 2th + t§+(2—2k,0<t<1 > ©=214j-2k > |#|= 44144 =3; xy+y4z 
1 
- Quiet -20 2 f ку, д = [28 -1+2) зи =3 [28-1042 =3(2-1+2) = 8 


r(t) = (4cos thi+ (4 sin tj + 3tk, -2z €t € 2r — а = (—4 sin thi+ (4 cos t)j + 3k 


> |2| = /16 sin? t + 16 cos?t +9 = 5; Jx2 y? — v16cos t l6sit— 4 => | Қа, у = ЇГ (4)(5) dt 
= 2047, -80т 








r(t) = G+ 2j + 3k) + t(-i— 3j — 2k) = (1 — 0i - 2 —30j-- G8 -20k,0 «t€ 1 > &=-i-3j- 
- | |-үу1-9-4-414:х-ут2:-4-0-0-3)-0-20-6-6 - J. fl, y,2) ds 
= fr 61 Vid at = 6/14 [t— §] = (була) (5) = зута 


JS oua 


i ul. aay). =1 
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15. С 0 -8--01,0<(<1-- ж-ізді -> |4 2.42.7174 
sincet >0 +f. f(x,y,z)ds =f 21 га а = [10 4e] = 153/21 L=1(5/5-1); 
Cz: r =i+j+tk,0<t<1 > f£ -k 5 [f| 2 lx - J -z uou 
= Ју о-в фа= [at— 48] ) =2-4= 8; therefore [ Қх,у,2) 4 
- |, fo,y,2 dst J, fox,y,2) ds = 2/5 +3 
16. Су: 9 =щ,0<1<1 = “=к= || = 1х4 fy-2=0+ V0-P=-0 
= буде f (8) a) at= [- 4] =- 
Сз: к() =) +к0<1<1 = $ =j > -их-ү/у-2-04ү1-1-41-1 
> Ј йх,у,л)@в= /, (ух-1) а)йс= [26% —{], 4—1 =—1; 


Са: rt) =ti+jtk,O<t<1 > “=+ > |] = 2 х + /y-z =1+/1—1=1 
1 
> f fyd = oMa = |$] =; ЕЧ Југ = Јо вав Је Је = 1 (1 


E 
6 


ан а 421: а ‚ х+у+ _1 
17. r(t)=tit+ t}+tk,0<a<t<b 9 “=i+jt+k > [d = V3; 3344 = fb =] 


= уда = / (1) уза = [Узы |" = УЗ (2), зтсе 0 <а<Ь 





18. r(t) = (acos t)j + (азїпї)К,0<{< 2л > © =(—asint)j+(acost)k > || = va sin? t+ a? cos?t = |a|; 
_ fa DU ОЕ == — Jalsint, O€ t€ « Е ИСР оз. 
Ма + 22 = —\/0+ а? зїп i={ lx n о > [= y2ds- f. lal sintdt+ f [a|" sin t dt 
— [a? cos t]; — [a? cos t]?" = [а2(—1) — а?] — [а2 — а2(—1)] = —4а? 


4 4 4 
19. (a) r(t) 2 ü--ig,0ctz4 > ¥=i+ij > |€ = УЗ => fixas = Јода 2 frat = [we] = 45 


2 
(6) к() = а +ој,061<2 > 4 =1+2) 5 |&| - 1448 5 f.xds- f, cT 46 
2 [n 


20. (a) r(t)=tit+4j,0<t<1 > *=i+4j = |#|= 


417 = Í. х+2уй = | +249 Ла 
= ул17 |" //з‹ас= 3/17 [| /14:- pen] 6 


(b Ci: r(t) 2d, 0t 1 > 4 =+> | с. г(0) =1 +1], 0<1<1 = AN т| = 1 


/, /к+2у% = f yF yds f ү/х+2уф%= f FO f VIF 
= f; via+ fy VTF Za = [40], + [! A = т 





2 
21. r() 2 4d -39, -1« («25 9 — di - 3j o || 25. f ye* as f, (73069 5а 


2 
EN 1684. [ 15,168] ^ _ _1564 | 1516 _ 15616 _ a64 
= 51, tel dt = | зе | gc eU ge a (е! — e9^) 


32 
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22: 


23. 


24. 


25: 


26. С 


27: 


28. 


29. 


30. 


31. 
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r(t) = (cost)i + (sint)j, 0 < t < 27 > © = (—sint)i+ (cost)j > |¢ "| = ysi?tFcot=1 > ( (x — y 4- 3) ds 
2n 
=f cna ы сикы рс 
г() =vi+ej, ОЕ “|. 40 (20)? + Bt) =t 498 = | 4 
2 2 
_ ey 1 23/2]? _ 80/10 — 13/13 
кю, 1<{< 15 ®=31-+ 40] => |E] = \/(32)° + (48) = 2 9+ 168 = | УУ 46 
з= те dt dt сх 
МЕ 2 33 5 те? =|4 22 125 - 13/13 
м М9 +162 = | tV/9+ 160? at = |409 + 16°) „злек 





Ci: r(t)=ti+?j,0<t<1>"=i+2j5 а = ү1+40; С: г(® = (1 0) + (1 0), 0<1<1 
г -і-і ar 4/2 Ја уу) =, (к уу) ав +. (к уу) а 
= fi (t+ е ч V2at = | VT ar art fe (1-0 v1-1) v 











3/2 3/2] | - > 
- [£a чае" -Уу2|-1 (1 – 098] „= 5H ф ЋЕ мінін 
1: (0) = 0,0<1<1= = || = 10: r(t)=i+tj,0<t<1>s 4 =ј> || = 1; 


Сз: r(t)=(1-thi+j,O0<t<ls> “=> || = 1 С; к() =(1– тј 061<1— “= -= || =1; 
1 tem 1 1 1 1 
xs zd Јо / eret fs arent fa mrem 
1 1 
= eed =] че]: (1—1)? +] ЖОР 


= ап“! ij T > ша (5) | + zi СЕ (4) 4 ааа 11- 0], = 5 + "i (+5) 








г(х) = хі+уј =хі+ £j,0<x<2 5 “=1+х] = || = V1- x; f(x, У=Е(х ТЕ = M = 2х = | ға 
3. 
2 2 
= окут ix- Ba ex^] = 4 (59° — 1) = BE 
4 
r(t) = (1-Hi+ 5(1-t)j,0<t<1 5» || = 1+ (1-1)? -t(0-9,30- 9?) = 
Til-t 


> fra=f ae /1+ (1-1)? dt = /,(а-9+ 11-41) 4-1-44-42-40-171, 


0 
-98-04-3-8 


r(t) = (2 cos t)i + (2 sint)j,0<t< f = аг — (—2 sin t)i + (2 cos t)j = a) = 2; f(x, y) = f(2 cos t, 2 sin t) 
т/2 ра 
=2cost+2sint > f fds= f” Qcost--2sinpQ) dt — [Asint - 4cosi];" —4—(-4) — 8 


r(t) = (2 ѕіп 0)1 + (2 соѕ0)ј,0 <1< 7 > % = (2 cos thi+ (—2 sint)j => | = 2; f(x, y) = f(2 sin t, 2 cos t) 
22 
=4sin?t—2cost > f fds= [” (4 sin? t - 2 cos t ) (2) dt = [át - 2sin2t — Asin di^ — s - 2(14 2) 


у= х2,0<х<251(0) =4+8],0<1<25 ®=1+24 = || = /1+48-А= f. f(x y) ds 


= / (к+ ү/ў)% = / (t+ ve) T+4eat = Ј 2 гава = [ia ae = ГМ -1 
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32. 2х +Зу =6,0 Сх Сб = п(ђ =4 + (2– 2)ј,0 61 <6=> 4 =1– 2] > || – УВЊА 


= | (4+3х+2ујф = ЈУ (4 +30+2(2– 20) УВ а = УВ ЈУ (8 + а = УВ [8 + 52 


1 
33. rt) = (@ — 1)j+2tk,0<t<1 > 4 =>] + 2К = | | 2/8 41;M= бб, у, = f, 6 (2 2+1) dt 


КЕ (2 2+1) dt = hero] = 239 — | = 2\/2—1 


34. r() 2 ( — 1)j -2tk, -1 «t € 1 > 4 = 2) + 2 


&| -2VU € M - f 66,y,2 ds 
- USETT (2 2+ а 
= | зоје+ а = [30 (5 +) E = 60 (1 + 1) = 80; 
М» = f. y6&,y,z) ds = f` (è - 1) B0 (È + 1)] dt 
= f 30(6-1) dt = [30(#—)] -ө(-1) 


-48 > y= Me =— 9 = —3:My = J. x6(x,y,2)ds = [06 ds=0 > X= 0:2 = 0 by symmetry (since біз 
independent of z) => (x,y,z) = (0, — 2,0) 











35. r(t) = М2 + 24 + (4- В) К, 0 <1<1 = & = 2i 2j -2tk 5 |&| 2 ү2 +2 +402 = 24/1 +0; 
1 
(а) м= Јвњ= Јо (2 1+?) а= [2(1+@)°] =2(2 1) =4/2-2 


(b) M= ва = f (1) (2 1+8) dt= ГЕНӘ г+8) | = [М2+ь (1+2) -( (0 4- In 1) 
- V2 «in (14 V2) 


36. r(t) - ti - 29 - 280"7k,0«t«2 = € -i 2j к > |# | =/1+4+1=\/5+% 
ао (5+9 &= f 365 +0 dt = [2 (5 +0]? = 3 (72 — 5?) = $ (24) = 36; 
м, = [хеб = 735+ 1а = (15.+ 32) 4 = [50 + 6]: –30+8 = 38; 

Mu = f yds = | 2136 + H) dt=2 f° (15t+ 32) dt = 76; My = |. 268 = 7 2072035 +014 


= ЈУ (108: + 2872) ае = [45° + 441/2]? = (25/9 + $ y? 216/24 3 /2 = М&\/2 => х= Ме 











M 
— 38 .19 5 . Mg _ 76 _ 19 = _ Му _ 144/2 4 
= 36 = ise Y= M = 36 93847 = У = 7.36 =$ V2 

37. Letx =acostandy =asint,0 <t< 27. Then $* — —a sin t, ?* — a cos t, 2 dt 2-0 


2 27 
=> (&) + (2) + (#)* а=аай;1, = || (2 +5?)54% = [f (a? sin? t + a? cos? t) aô dt 


27 
= Г a?6 dt — 276a°. 


38. r0 — 2 -20k,0 «tx 1 =» ¥=j-2k > |#|=vV5;M= f 6ds = f 6/5 dt = 8V5; 
ь = // (у#+)&4 = / [+ @- 20°]5\у/5 4 = | (5® — 8‹+ 4) б\/5 4 = б\/5 [3% — 4 +4] | = 2 б\/5; 
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„= // 2+2) 54 = / [02+ @— 20°]6\у/5@ = | (46 – 84 4) 6/5 at = 5/5 [$8 — 42 +41] ) = 45/5; 
1 = / (о? + у?) бв = / (02 +) б\/5 @ = б\/5 [5] = 1 б\/5 


39. r(t) = (cos t)i + (sin t)j + tk,0 <t < 27r > Ч — (— sin t)i + (cos t)j + k = E E| = ysin? t + cos? t + = 4/2; 
27 
(а) L— f. G3 y?)6ds — f (cos? t si t) 6/2 dt = 2762 
) L— f. G3 y?éds— | 6\/2 а = 4тб\/2. 





40. r(t) = (t cos t)i + (t sin t)j + + Уолу, От = (cos t — t sin t)i + (sin t + t cos tj + 2t k 
1 
= |а| = ут цог а ОЕ 
My = јаве | (528?) с + а = ui (05/2 + 8/2) dt = 29? [2172 4 25/3]! 
2ү2 (2 2 2ү2 (24 16/2 (2 32 
= 52 (2+8) = 302 (8) = 90 = 72-4 ж 16) ( 2) = RL =f +y) ds 


a (35 
1 
= (cost + 2 sin?) e+ Dat = [| В+2)а = [+ T = 1+ 





T ы 
к 
шо 
= 

Sly 


41. 6(x,y,z) = 2 —zandr(t) = (cos tj + (sin t)k,0 <t < m = M = 2r — 2 as found in Example 3 of the text; 











also | $ г| = 1; 1 = /[ (у? +27)6 4з = (сор 2 — зшд а = "(2 — sint) dt = 2” — 2 

42. r0 2 ti - SO O3 Lk, 0 «t«2 2 4 =4+ у2ибјак = || = у1+ = (0+0 = 1+tfor 
0<t<2M=fsas= f[(4)a+na= fa=2;M, =f xdds= f't(4))a+0at= [2] =2, 
м. = f yds = ј ега = [58e] = 2м, = оба Ја |е) = х= Ме = , 
у= Мр = 18, апіт = Ма = 231, =, (у? +22) 6 = (8+1) «= [ees] +=, 
„= } о? + z?) ô ds = ГВ +40) а= E +5 == 15; 1, = ©? +5?) 5 ф 
Лена [9+3], -1+7-$ 


43-46. Example CAS commands: 
Maple: 
f := (x,y,z) -> sqrt(1+30*x%2+10*y); 
g:=t->t; 
h := t -> t^2; 
k := t -> 3*t^2; 
a,b := 0,2; 
ds := ( D(g)42 * D(h)^2 * D(K)^2 )^(1/2): # (а) 
'ds' 2 ds(t)*'dt'; 
F := f(g,h,k): # (b) 
Ре = КО; 
Int( f, s=C..NULL ) = Int( simplify(F(t)*ds(t)), t=a..b); # (с) 
`` = value(rhs(%)); 
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Mathematica: (functions and domains may vary) 
Clear[x, y, Z, r, t, f] 
f[x_,y_,z_]:= Sqrt[1 + 30x? + 10y] 


{a,b}= {0, 2}; 
хі Іт 
уй_]:= 
z[t_]:= 3t? 


r[t_]:= {x[t], y(t], z[t]} 

v[t_]:= D[r[t], t] 
mag[vector_]:=Sqrt[vector.vector] 
Integrate[f[x[t],y[t],z[t]] mag[v[t]], {t, a, b}] 
N[%] 


16.2 VECTOR FIELDS, WORK, CIRCULATION, AND FLUX 
1/2 of 


-3/2 -3/2 


1. Ку 2) =(х фу +22) — $£—-1(g8 yz) ""Qx) —--x(?-ry? oz?) "5 similarly, 
—3/2 —3/2 —xi— yj ^ zk 
# = —у(® + у° +) P mag o ioo ey ez) a vto iis 


2. f(x,y,z) = ш уха + )2 + 22 = 5 1п(х + у? +22) = a =} (a) Ox) = өртте: 








ca əf y əf А — xityj+zk 
similarly, Oy х2 +у? +22 and Oz ^ х2-у2-2 УЕ x? +y? +z? 
= 2 2 Og _ 2 Og. cz 2y ОБЕ 
3. gx, y,z) =e" -—In(x*+y*) > = атина оту ал4 5; = е? 





> Vg= (zi (zs) eek 
Og Og 


4. g(x,y,z)=xy+yz+xz > Эх =У+ 2, бу ЕХ- 2, and 38 = y+x = \уе=(у+7)1+ (+ 7)} + (х + у)К 


5. |Е| D proportional to the square of the distance from (x, y) to the origin — 4/(M(x, y)? + (NG, y))” 





= = Бу „К > 0; F points toward the origin => F is in the direction of n = 7S. ius j 
= Е = ап, for some constant a > 0. Then M(x, y) = ЕЯ and N(x, y) = гт 
= к х ку 
=> УМ у) + (NG, y)? =a > a= ag С” Е- пау спрут, for any constant k > 0 


6. Given x? + y? = a? +b’, let x = y a? + b? cos t and y = — y a? + b? sin t. Then 
r= (v а? + b? cos ) 1- (У a? + b? sin ) j traces the circle in a clockwise direction as t goes from 0 to 27 
= у= (-У a? + b? sin t) i- (У a? + b? cos 9 j is tangent to the circle in a clockwise direction. Thus, let 
F=v > F= yi — xj and F(0, 0) = 


7. Substitute the parametric representations for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector 
: 4 
field F , and calculate 1 Fors 


1 
(a) F=3ti+ 2j+4tkand® =i+j+k > F-"=% > f oat=2 


1 
(b) F = 30Pi+ 2tj + 4t4k and $ =i+ 27+ 40k => Е-% =72 +167 = Ј, (72 + 167) dt = [28 + 20] | 
-142-4 
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11. 
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(c) r) =tit+ tj andry =i+j-+tk; F; = 3ti + 2tj and 1 =і+ј > F- $n — 5t — Ја = 5; 


F, = 3i + 2j + 4tk and 2 =К > Б. 42 = 44 => [жа = 2 > 34+2=3 


Substitute the parametric representation for r(t) — x(t)i 4- y(t)j + z(t)k representing each path into the vector 
: а 
field F, and calculate f. И: 





; ahi ! 191 
(а) Е = (g1;)jand® =i+ j+k>F-"= 51,5 f gH dt= [tan ha 


(b) F = (x 
(с) талон 








=> 





7) jand € = i+ xj 48k 2 F- $ — >> fp dt=[In(?+1)],=In2 


т) Тапа 1 =1+] = Е, - а = 217; = ljand 2 = к 








2 


0 gi 
Substitute the parametric representation for r(t) — x(t)i 4- y(t)j 4- z(t)k representing each path into the vector 
field F, and calculate Ј, Е- Mi : 

() Ё-4/4-24-/Каа =і+ј+к о Е. = 200-20 = | (21-2) = | 
(b Е = (і – 20] + Капа € =i + wj -40К = Е- —4 – 32 = / (дё — зе) ас = [56-6], = – 
(с) rı = ti + tj and rə = i + j + tk; Fı = —2tj + Vtk and ri dt) —j+j > F,- gr. =-2t > T —2t dt = —1; 


= уп— 2 кади =к > Ки =1= Ја=1 = -1+1=0 


Substitute the parametric representation for r(t) — x(t)i 4- y(t)j 4- z(t)k representing each path into the vector 
- а 
field F, and calculate Ї E 


1 
(а) Ке рој + Ckand -14-1-К- Е-4-38- |384-1 





1 
(b) Е = (1 — (5j -- Капа ® =1+29+48К = Е-“=В+20 +48 = f (+207 +40) at 
1 
Ева 17 
= [5930] = 0 
1 
(с) rı = ti + tjand r 2 i4 j 4 tk; F; — Ciand 4 — i4 j > F- mot - Геш-1; 


F, =i+tj+tkand Œ =k > F,- = – Гаа 1-1-1-34 


Substitute the parametric representation for r(t) — x(t)i 4- y(t)j 4- z(t)k representing each path into the vector 
: а 
field F, and calculate Í. Е-%. 
1 
(a) F= (32 -3t)i -3tj c kand f =i+j+k > F-*#=3P+1 > / ве +1) а= [8 + =2 
(b) Е = (32 — 301 + 30Ј + Капа 4 = 1 + 20 +48К = Е- 4 = 60 +48 +30 – 31 
1 
= Í. (60-48-38-3)8-128-0-08-201,-3 
(c) r; 2 tic tj and r; 2 i j c tk; F; — (3€ —3t) i.c kand $1 2 i£ j 2 Fi - 8 — 38 — 3t 
1 
= (зе з) а= A = F-S&=15 faa 
э-1-1-1 


Substitute the parametric representation for r(t) — x(t)i 4- y(t)j + z(t)k representing each path into the vector 


field F, and calculate f. F- M : 


1 
(a) F=2ti+ 2j+2tkand* =i+j+k > F-“=6 = ма = [30] =3 
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(b) F= (t c t$) i (t* 4t) j - (t- 2) K and € — i 20 - 40k > F- € — 66 4 5t + 32 
1 
— J, (66 4 56 4 38) ai — [8 c6 815-3 
1 
=2= f[nza-i 


(c) г! — tic tj and r; 2 i - j + КЕ = +0) + 2 апа “1 =1+] = Е, - № 


1 
Fy = (14+ Di+ (+ Dj+ 2kand а =Кк = Е,- =2 5 f. 24-22 142-3 


3 3 
I3. x=ty=2+1L0<t<3sdx=dt> fi (x—y)dx= fo (t— (2t4+ 1) dt= fo (4-1) ar = [-18- 02 - -2 
2 2 
14. x=t,y =Ê, 1 <t<2>dy=2dt> f 4у-1 00) = f 2a - p =2 


15. Ciix=ty=0,0<t<3> dy =0;C:x=3,y=t40<t<3sdy=dts f, G2 4 y) dy 


E 2 2 2 2 d в 2. HT ER 4 21 — 1,313 — 
= Јо (х  уг) ах + Јо (кг фу) ах = Ј, (2 + 07): 0+ Ј, (3 +) = Ј (У + ја = [9 + $0], = 36 


16. С: х= у= 350 <1< 1 = 4х = dt; C2: x = 1 — t, y = 3,0 < t < 1 > dx = -—dt; C3: x = 0,y =3-t,0<t<3 
>dx=0> | /хтуж-/ үктуж- | /хтуж- | x + y dx 
= уз + /\ /а-9+3(-04+ | /0+8=9-0= 2 | ута 
= вер [84 - 9^]. - (23-8) =2 3-4 
17. r(t) 2 ti —-j+?k,0<t<1 = dx = dt, dy = 0, dz = 2t dt 
(a) fi @ty-2)dx= f @—1—)4=[н%——16]1 =—2 
(b) fiwty-nay= fr (-1-0)-0-0 
(с) f. &+y-z2 az= f ф—1—)2й = f° Qe — 2-28) ar = = [e-e l] =i 





18. r(t) = (cost)i + (sint)j — (cost)k, 0 < t < a= dx = —sintdt, dy = cos t dt, dz = sin t dt 
zfs ; ы се Өш cU i 317:2:2 
(а) Ј хадах = |, (cos t) (—cost)(—sint)at = f. cos“ t sin tdt = [- 4 (cost) |, == 
ж T = п 3 € T 2 2 =. 1 2 3 d T 
(b) [хаау= ] (cos t) (—cos t)(cos t)dt — — f. cos tdt =- f (1 — sin* t) cost dt = БЕ — sin] : 
(с) / ху» dz = 1: (cos t)(sint) (—cos t) (sin t)dt = — J" cos” t = 21 sin? 2t dt = ЕМ 1-04 


= 0 


19. г= 1+0) +1К,0<1< 1, апаЕ = хуі + уј – ук = Е = Pi 0) – ЁК апа € = i + 2tj + k 


1 
> Е-#=<2 > мож = | 20й=1 
0 


20. r = (cos thi+ (sint)\j+ ¢k,0 <t < 27, and F = 2yi + 3х] + (х + у)К 
= F = (2 sin thi + (3 cos t)j + (cost + sin ОК апа 4 = (— ѕіп t)i + (cos j+ ¿k > F- € 


27 
= 3 cost — 2sin* t+ 4 cost + 1 віпі => work =] (3 cos” t — 2 sin? t+ 4 cos t+ sin t) dt 


_ [3 3 d sin2t | 14 1 2т 
= [502 віп 21—04 992 + 1 sint— 3 cost], = п 
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21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 
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г = (sin t)i - (cos tj 4-tk, 0 €t «€ 2z, and F = zi + xj + yk => F = ti + (sin t)j + (cos t)k and 
2n 
$t — (cos )i — (sintj +k => F-9* —tcost— sin?t- cost + work -1, (t cos t — sin? t - cos t) dt 


= -T 


i . 42 
= [cost+tsint— $+ 93 + sin t] 5" 


г = (sin її + (соз О} + £k,0 <t < 2m, and F = 6zi+ y’j + 12xk = Е = ti-+ (cos’t)j + (12 sin )k and 


аг = (cos ti — (sin t)j + 1 К => Е.Ф = t cos t — sin t cos? t + 2 sin t 


27 Jj 2 . 2 
=> work = Ї (t cos t — sin t cos? t + 2 sin t) dt = [cos t + t sin t + $ cos? t — 2 cos t] o =0 


x =tandy =x? =ť > r=ti+tťj,—l<t<2,andF — xyi c (x - y)j > F = 1+ (t+ t)j and 
2 

d itaj > F-E =t + (202 +268) = 3+2 = / хуах+(х+у)ду= [ Е-®&= | (36 +2) 

— [3 2.312 — 16 3152 

= [1 +38] _, = (12+3) - (1-3 





_ 45 , 18 _ 69 
)-2-3-3 


Along (0, 0) to (1,0): r=ti,O<t< 1,andF=(x—y)it+(x+yj > F=ti+tjand® =i > F- =t; 


Along (1,0) to (0,1): r = (1 — i + tj,0 < t < 1, and F 2 (x —y)Ji - (x - y)j ^ F — (1 — 2ti 4 j and 
dr 


= і+ј > Е. = 26 


Along (0, 1) to (0,0): r= (1 09), 0 <1< 1, апаЕ = (х – у)і + (х +у)ј => F = (t— Di 4 (1 — 0j and 


1 1 1 1 
шј Е. 1-15 | (у) (къу) ду = Ја Ја Ла-ра= f t-d 


= [22-4] =2-1=1 
г= хі +уј = у +уј,2 2 у> –1, ааЕ = х2 – yj 2 yti - yj — 9 = 2уі -јапаЕ - 9 = 2у? –у 


Sj 


=f =] 
»frre-frih$e-[oy-)e-By-iÓh'-6G-9-(6-9-1-9--3 


г = (соз Di t (sint)j, 0 € t € 2, andF — yi - xj — F = (sin i — (cos t)j and ar = (— sin t)i + (cos t)j 


т/2 
а ine 2 T 
=> F-# = —sin?t—co®t=-1 > f. F.dr- f, (-14--2 


г-01-0)-141-2)-1-01--4(-20),051-1,аа4Е-ху-(у-3)- Е-1(1-3:-20)1- tj and 
1 

=1+2] > Е-®Ж =1+5+2 = мож = Е.а = | (1+5+20) & = [2686428] = 25 

г = (2 cos t)i + (2 sin t)j,0 < t < 27, and F = v f — 2(x - yi 4- 2(x + у)ј 

= F = 4(cos t + sin t)i + 4(cos t + sin t)j and ¥ — (—2 sint) + (2 соѕ j > F- € 


= —8 (sin t cos t + sin? t) + 8 (cos? t + cos t sin t) = 8 (cos? t — sin? t) = 8 cos 2t => мож = f. ҳу Ё- аг 


27 
= ваа = f 8cos2tdt= 4512” =0 


(a) r = (cos t)i + (sin t)j, 0 < t < 27, F; = xi + yj, and F = —yi + xj > аг — (—sin Di 4- (cos 0j, 


Е; = (cos t)i + (sin 0)ј, апа Е = (— ѕіп 0)і + (соѕ 0)ј => F,- 4 — 0 and F?- € — sit - co?t— 1 





2m 2m 
= Сіс = f, 0 dt — 0 and Circ; — /. dt = 27; n = (cos t)i + (sin j = F; -n = cos? t + sin? t = 1 and 
2т 2т 
F)-n=0 = Flux, = f, dt- 2r and Flux; — ] 0й=0 
(b) r = (cos t)i + (4 sin t)j, 0 <t < 2r > M = (— sin t)i 4- (4 cos 0j, F4, = (cos t)i + (4 sin t)j, and 
гл 
F, = (—4 sin йй + (0$ 0] = Е! - “ = 15 sintcostandF,-#=4 > Cir = f, 15 sin t cos t dt 


T 27 
= [15 sin? t] 5” =O and Cire, = J. да = 8n:n= (4, cost) i+ (45 sint) j => Fi-n 
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2т 27 
= 75 cos! + 4, sin tand F; -n — — J$ sin t cost = Flux; = f, (V, m |vjd- f. (+) №17 а 
27 
= 87 and Flux, = m (F5 - n) |v| d = | (- on sin t cos ) y 17 dt = [- 5 sin HIT =0 
30. r = (a cos t)i + (a sin )j, 0 € t € 27, Fı = 2xi — Зуј, апа Е = 2хі + (х – у)ј = аг = (—a sin t)i + (a cos t)j, 


F, = (2a cos t)i — (3a sin t)j , and F> = (2a cos t)i + (a cos t — a sin j = n |v| = (a cos t)i + (a sin t)j, 
F; - n |v| = 2a? co? t — 32? sin? t, and F - n |v| = 2a? cos? t + a? sin t cos t — a° sin? t 





28 : РАР; in 2t7 2 
=> Flux; = Ї (2а? cos” t — 3a” sin? t) dt = 2a? [4 + #921] qs 3a? [$ — $22] кү — —n2?, and 


2n р 
= 2 До лав а БЕК); — таг [1 sin 2t] 27 a?pni2427  ,2[t я 21127 4 2 
Flux; — f. (2a? cos? t — a? sint cos t — a? sin?t) dt — 22? [5 -- 972) ^  £ [si dy" —a? [5 — 952] 7 — ma 


31. F, = (acos t)i + (asin tj, 4 an — (—-asint)i J- (acost)) > F,- ац, =0 = Circ; = 0; M; = acost, 


№ = азір і, х = —asint dt, dy =acostdt > Шке] ЕП dx = f (a? cos?t + a? sin? t) dt 


T 
= Г a? dt = a?r; 


F) =i, @ =i > Fz- $ =t > Circo = f tdt = 0; M: = t, N = 0, dx = dt, dy =0 + Flux, 




















, ue 
= Ї М» ау — No dx = Г 40 dt — 0; therefore, Circ — Circ, + Circ; — 0 and Flux — Flux, 4- Flux; — a?z 


32. F, = (a? cos? t) i+ (a? sin? t)j, % = (~a sin t)i + (a cos t)j => Fi - 1 = —a? sint cos?t + a? cos t sin? t 
T 
=> Circ, = f" (~a? sin t cos? t + aè cos t sin? 04:--25, M; = a? cos? t, N; = a? sin? t, dy = a cos t dt, 


ах = —a sint dt > Flux, — f. Mi dy - № ах = 7 (a? cos? t +a? sinë t) dt = $a’; 
Ез = 01, =i В. 99 = 0 = Спо = f t dt= 2 ; M; =È, N = 0, dy = 0, dx = dt 


=> Flux: = Ї М» ду — No dx = 0; therefore, Circ — Circ; 4- Circ? — 0 and Flux = Flux; + Flux, = 1 a? 


33. Е, = (– a sin t)i + (а сов ој, 348: — (— a sin t)i + (а сов уј = Е! - їп — a? sin? t + a? cos? t — a? 


=> Cire, = foe? dt = a’; M; = —asint, N; = acost, dx = —a sin t dt, dy = a cos t dt 








= Flux = f. Mı dy — Nı dx = f’ (—a? sin t cos t + a? sin t cos t) dt = 0; Е = (ў, 1 =і Е. 12 = 0 





Cirey = 0; Mz = 0, No = t, dx = dt, dy = 0 — Flux; — f. Ms dy - No dx — J^ —t dt = 0; therefore, 
Circ — Circ, 4- Circ — a?sz and Flux — Flux, 4- Flux; — 0 





34. F; = (—a? sin? t) i + (a? cos? t) j, “ — (—a sin )i - (acost)j — Fi - 9 = a? sin? t + a? cos? t 
=> Circ; = INC sin? t + a? cos t) dt = $a?; M; — —a? sin? t, N; — a? cos? t, dy = a cos t dt, dx = —a sin t dt 
> Flux; = Јом. аум a= f- a? cos t sin? t + aë sin t cos? t) dt = 5 а3; Е› = t?j, аг =i > Е. d =0 

Circ» = 0; M; = 0, N; = t, dy = 0, dx = dt = Flux = f Ma dy - Nn dx — f“ —t? dt = — 3 a; therefore, 
Circ — Circ; 4- Circ? — 3 a? and Flux = Flux; + Flux, = 0 








35. (a) r= (cos t)i + (ѕіп 0), 0 << п, ааЕ = (х + у)і – (х? + у2)ј = аг — (—sin t)i + + (cos t)j and 
= (cos t + sin t)i — (cos? t + sin? t)j > F- аг — —sintcost — sin? t— cost => f. F -T ds 
2121 t— $4 84 sing? —2-2 


(b r-(1-20i,0 £t € Land F — (x - yi - G2 - y?)j — £ = -2i and F — (1 229i - (1 220? j > 
1 
F-®=41-2 > [ F-Tds= f (4t—2)dt = [22 — 215 =0 
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(© r, 2 (120i, 0 €t € Land F — (x - yi - (2 - y?)j > % =-i—jand F — (1 2 20i — (1 2t - 22)j 
= F- = (2%-1)4+(1-2t+ 20) = 2 > Flow, = ЇЕ ш- |22а- 1: = i+ (t— Dj, 


O<t<landF=(x+yi-(?+y?)j = @=-i+jandF =-i-(?+0-2t+1)j 


-04-(28-2:41)) > F- $ = 1- (2 -—2t+ 1) =2t-2? => Flow = | F- ш — [(ж—2)4@ 


= [2-28], =: => Flow- Flow; & Flo; 2 24 1-1 


36. From (1,0) to (0, D: r; = (1 —Hi+tj,0 <t <1, and F — (x 4- yi - (3 - y?)j > an =-i+j, 


1 
F =i-(1—2t+2t?)j,andn, |v,|=i+j — F-nj|vj| 22t - 20 => Flux = f. (2t — 2?) dt 


2 243111. 
-18-30|,5-33 
From (0, 1) to (—1,0): rg = -ti+ 1 —bdj,0<t<1,andF = (x+ y)i- (x?+y?)j = Ч = 1}, 


F = (1 — 20i — (1 — 2t + 2t’)j, and mg |vo| = —i+ j > Е-љ ју = 2t— 1) +( Гад. 20) = —2 + 4t 20 
> Flux, — f. (-2-4t- 22) dt = [- + 20 – 281, =-2; 
From (—1,0) to (1,0): r3 = (—1 + 2t)i,0 < t < 1, and F = (x + yji — (x? + y?)j — ds = 2i, 
F — (-14-20i — (1 — 4t - 42) j, and n; |v| — —2j > Е- вз [53| 2 2(1 — 4t + 4t?) 


1 
= Flux; = 2 f (1 —4t+ 4) dt = 2[t—22 + 403] ) = 2 = Flux = Flux, + Flux, + Flux; = 





Wile 
| 
WIN 
+ 
WIN 
| 
Wie 


37. (a) y-2x0xxx2-r()- d 2j,0xtx25 € — i2 o F- $ — (Q0^i 200001) -@+2) 
2 
= 42 +802 = 122 = Бои = Е. а = f 122 dt = [a6]; — 32 
(b) y-x,0xxx2or() =840j,0<t<25 9 1+2) > FH = (P44 2H) - +28) 


2 
=t' +41 = 58 = Ноу = | F-@dt= [se at = [6]: = 32 


(c) answers will vary, one possible path is y = 5 1x5, 0<x<2=>r(t)=ti+ 5 lej, 0<(<2-“ г=1-+ 302) 
. : . . 2 
= Е. = (Gey i+ 2(1) ($0 )i) - (+36) = 6 +36 = 16 = Flow = f. F- £ dt = T 16 а= [50], 
==2 


38. (a) Cuir() =(1-Hi+j,0<t<25 ®=isF-* = ((1i+((1—-t) +2(1)j): (-) = -1; 
Cx r(t) = -i+ (1—dj, cord uc А (— xr 
G: r(t) = (t- Di-j,0<t<25 *=isF-* = ((-1)i+ ((t—1)+2(-1)))-@ = 
Cai r(t) =i+(t-)Dj,0<t<25> =jsF-* = ((t— Dit ((1) +2(t- 1) -() 
= Ном = Е.а = fo Fay fF tat fo Feary fF Tat 








1 


J 


2 2 2 2 2 2 2 
=f pat f (at—1) at + (1) dt+ f (2t-1) dt = [|-]) + [2 — 0, + [l-t] + l- tlo 
--62-2-2-2-0 
(b) x? +y? = 4 > r(t) = (2cost)i + (2sint)j, 0 < t < 2r > © = (—2sint)i+ (2cost)j 
= Е.Ф = ((2sin t)i + (2cost + 2(2sint))j) - ((—2sin t)i + En t)j) = —4sin*t + 4cos7t 4- 8sintcost 


27 
= 4cos 2t + 4sin 2t => Flow = f F- а = [7 (4cos2t + 4sin 2t) dt = [2sin 2t — 2cos 24] = 0 
(c) answers will vary, one possible path is: 
Cir(t)=t,0<t<1> €=isF-% = ((0)i+ (t+ 2(1))j)-@ =0; 
Cr(t) 2 (1-0i--g, 0t 15 € ——-i jo F-£ — (ü- ((1—1t) -20j) (Ci j) 1; 
Cr() 2(1-0j, 0t 15 4 =-Ј>Е - 4 = ((1— 11 +(0+21 – 0) (јр) === 1 
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39. 


40. 


41. 


42. 


43. 


44. 


1 1 1 
—Fow- f F.ta- f F.tacc f F-&dt+ f Fac fr()ace fr (nac (2-10) а 


-0-11-12-4,-1-(-1)-0 


F=- -pit Tapp Jon x? + у? = 4; 


at (2,0), F = j; at (0,2), F = —i; at (—2,0), 

F = —j; at (0, ЕЕ И 
(У) в а (64), 

хо үүх ойр j 


F = xi + yj on x? + y? = 1; at (1,0), F = 
at (-1,0), F — —i;at (0, D, F — j; at (0, —1), 
2. F- lij; ў 


1 v3 ре 
р 22:29 ү 
1 3 452 
эл 11298. 
x 
. 3. 
poy, TE 


(а) С = Р(х, у)і + Q(x, y)j is to have a magnitude ya? + b? and to be tangent to x? + y? = a? + b? in a 
counterclockwise direction. Thus x? + y? = a? +b? > 2x +2yy' =0 > у = – ; is the slope of the tangent 


мін 


мін 
“Їл 
[5s 
NS 
я 
| 
мін 


line at any point on the circle — y' — — £ at (a; b). Letv — —bi c aj — |v| = va? + b?, with v in a 
counterclockwise direction and tangent to the circle. Then let P(x, y) 2 —y andQ(x, y) = x 
= б = —yi4 xj => for (a,b) on x? + y? = a? + b? we have G = —bi + aj and |G| = y a2 + b?. 


) G= (Very) F= (Va +b?) F. 


(a) From Exercise 41, part a, —yi + xj is a vector tangent to the circle and pointing in a counterclockwise 


i : . .. | MAN : ё š ы |. yi- xj 
direction = yi — xj is a vector tangent to the circle pointing in a clockwise direction = G = TEY 





is a unit vector tangent to the circle and pointing in a clockwise direction. 


(b) G= Е 


The slope of the line through (x, y) and the origin is 1 = у = хі + уј 15 a vector parallel to that line and 


pointing away from the origin — F — — Li 


e is the unit vector pointing toward the origin. 


(a) From Exercise 43, — Au | is a unit vector through (x, y) pointing toward the origin and we want 


|F| to have magnitude yx? +y? => Е = yx? + y? (- A3) — —xi — yj. 


(b) We want |F| — where C Æ 0 is a constant > F = TET л ( si) --С Е 5 4). 























T 
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46. 
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Yes. The work and area have the same numerical value because work = f. F-dr= f. yi- dr 
= = | | НОЛЕ [i+ $ à J £ j] dt [On the path, y equals f(t)] 


= (М f(t) dt = Area under the curve [because f(t) > 0] 


r — xi - yj 2 xi - f(x)j — = АЕ); Е = JST (xi + yj) has constant magnitude k and points away 




















from the origin > F- € = ә mo id == тр J=k 4 \/x? + [f(00)]?, by the chain rule 
b 
> f, F-Tas- f, F-£ax- fk $ 8 * [fG0F dx — k [V2 4 OP]! 


= к (4/62 + [f(b)? — v/a? + [f(a)]”) , as claimed. 


2 
Е = —401 + 80] + Скапа Ẹ =i + 2j => Е- 4 = 28 = Flow - f. 128 dt — [3t]5 — 48 


47. 
; x | 1 
48. Е = 126} + 92К апа % = 3} +4к = Е. =722 = Ном = [е dt = [24t?] , = 24 
49. F = (cost — sin t)i + (cos t)k and а = (— sin t)i + (cos k > F- а = —sintcost+ 1 
Зе suu ie. [i cos 2t t7 = (1+л) – (1+0) = 
50. F = (—2 sin t)i — (2 cos t)j + 2k and # = (2 sin 91 + (2 сов 0] + 2К = Е.Ф = —4 sin? t — 4 cos? t +4 = 0 
=> Flow=0 
51. Си: г = (cos t)i + (sin t)j +tk,0 <t< į = F = (2 cos t)i + 2tj + (2 sin )k and © = (— sin t)i + (cos 0ј + К 


52; 


53. 


54. 


= Е.Ф = –2 сов! 5 + 21008 1 + 2 11 = — 80 21 + 21 с08 [+ 2 sint 

= Flow — f (— sin 2t + 2t cos t + 2 sin t) dt = [5 cos 2t + 2t sin t - 2 cos t — 2 cos t] 5 ne --і--т; 
Со:к-)-201-1Ж,0«111- Е-70-10)-2КамМ2 --э1К- Е. = –л 

= Flow, — f. — dt — [т] = —m; 

Сз: г=11+(1- 0),0<1<1 = Е= 21+ 2(1 – Окап =і-ј = Е. = 1 

= Ному = / 2га = [6]: = 1 => Circulation = (-1+7)-7+1=0 

FG =x G ty ate =F at Fy at Fe ag where f(x,y,z) = 3 (° +y? +x?) > F- G= aE) 





b 
by the chain rule — Circulation = Ї F- £ dt = Ї 4 (f(r(t))) dt = f(r(b)) — f(r(a)). Since C is an entire ellipse, 
r(b) = r(a), thus the Circulation = 0. 


Let x = t be the parameter > y = x? = t? and z = x =t > r=ti+t?j+tk,0<t< 1 бот (0,0,0) 1 (1, 1, 1) 


1 
= 4 =i+ 2tj+k and F = xyi + yj — yzk = 61+ 0) – ЁК > F. =8+28-В=28 = Ноу = |, 28 dt 


1 
2 





(а) F= ху(ху?3) => Е- = 0&4 D. Чу + 08 4: — 9' , where f(x, y, z) — xy?z? => $ F- £ dt 
n: (r(t))) dt = f(r(b)) — f(r(a)) = 0 since C is an entire ellipse. 
2-0 а 
b) fF- «= [2 4 (ку223) а = [ху222] = (21-18 - а) = -2-1=-3 


алд) 
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55-60. Example CAS commands: 
Maple: 
with( LinearAlgebra );#55 
F := r -> < r[1]*r[2]^6 | 3*r[1]*@[1]*r[2]^5+2) >; 
r := t ->< 2*cos(t) | sin(t) >; 


a,b := 0,2*Р1; 

аг := map(diff,r(t),0); # (а) 
F(r(t)); й (0) 
91 := simplify( F(r(t)) . dr ) assuming t::real; # (с) 
q2 := Int( ql, t=a..b ); 

value( q2 ); 


Mathematica: (functions and bounds will vary): 
Exercises 55 and 56 use vectors in 2 dimensions 
Clear[x, y, t, f, r, v] 
f[x , y_]:= {x y®, 3x (x y> + 2)) 
{a, b}={0, 277}; 
x[t_]:= 2 Cos[t] 
y[t_]:= Sin[t] 
Цана 
v[t_]:= r'[t] 
integrand- f[x[t], y[t]] . v[t] //Simplify 
Integrate[integrand, {t, a, b}] 
N[%] 


If the integration takes too long or cannot be done, use NIntegrate to integrate numerically. This is suggested for exercises 


57 - 60 that use vectors in 3 dimensions. Be certain to leave spaces between variables to be multiplied. 
Clear[x, y, z, t, f, r, v] 
f[x_, y_, z_]:= {y + y z Cos[x у 2], x? + x z Cos[x y z],z+x y Cos[x y z]} 
{a, 51-10, 271: 
x[t_]:= 2 Cos[t] 
y[t_]:= 3 Sin[t] 


z[t_]:= 1 
r[t_]:={x[t], y[t], 219) 
v[t_]:= r'[t] 


integrand= f[x[t], y[t],z[t]] . v[t] //Simplify 
NiIntegrate[integrand, {t, a, b}] 


16.3 PATH INDEPENDENCE, POTENTIAL FUNCTIONS, AND CONSERVATIVE FIELDS 


ӘР ом ом ӘР ӘМ ом : 
1. ду = Х = фу, бё; СУ = Өх,' E C UV Conservative 

ӘР әм OM ӘР ӘМ : ам : 
22 ду ^ XC08Z — Sr, o, = УС0$ 7 = 5х, 9х = 917 = %у = Conservative 


3. - =-141= ом = Not Conservative 4. оч =1#—1= ом = Not Conservative 


5. 93—051 = М 5 Not Conservative 


дх ду 
б. 22 =0= 81, 8м = 0 = Е, A = e siny = M — Conservative 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 
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И =2х = fx, y,)=X+g,2) > 2 =H =3y > gy,2=F+h@) = fx, y,2=x? + F+h@ 








4 h’(z) = 4z h(z) 222 +C > f(x,y,z) =x? + 3 + 222 + С 


0 S y+z > fyz) = (y +z +g, z) > Я =х+ = хр = 8-2 gyz) = zy + hl) 
=> буг) = (у ах +2у +ћ0) > # =х+у+ бо) =хфу > We) =0 > hz) =C > fyz) 


=(у + х +ту +С 








дЕ 2 = 2 Of — 2 ôg 2 98 _ 
a HOT > fx, y, z) = xe ^ E g(y,z) — 5, — xe" + 5 = хе" = 5 =0 = К, у, 2) 


= хеу+2* -- h(z) => a = 2хеу+27 E h'(z) 2 2xeY 22 h'(z) = 0 h(z) = C f(x, y, z) = xe + С 








9t — y sinz => f(x, y,z) = xy sinz+ g(y,z) > & —xsinz4- $2 = хып? => 2 =0 = о(у,27) = Ко) 


дх 
=> f(x,y,z) =xysinz+h(z) => a = xy cos Z + 1'(2) = xy cos z h'(z) —-0 h(z) 2 C f(x,y,z) 








= xy sinz + C 


0-5 улс => Ку) = 5 (у? + 22) + р(х, у) = 5 = 5# =Inx + sec?(x+y) > g(x,y) 


= (x lnx — x) + tan (x +y) +h(y) > f(x,y,z) = 1 In(y? +z?) + (x In x — x) + tan x + y) + h(y) 


= 2 = ły + sec? (x + y) +h'(y) = sec? x +y) + різ — h(y)-0 => под = С = f(x,y,z) 


= 5 10 (у? +22) + (x Inx — x) + tan(x +y)+C 

















x = теу = f(x,y,z) = ап" (ху) + 8,2) = 5) v DP + S = Drs + JT PS 
=> = i > gY,» = sin"! (yz) +h) = f(x,y,z) = tan! (xy) + sin“! (yz) +h) 





> Ha ia tO iati > Woi > Мд=ш|д+С 


= f(x,y,z) = tan™! (xy) + sin“! (yz) + In |z| + C 


Let F(x,y, z) = 2xi + 2yj +2zk => 2 = 0 = 1, 24 =0 = ФЕ, 0 = 0 = 95 > Md +N dy +P dzis 

















Oz д> Ox? Ox 7 
exact; & = 2x = f(x,y,z) = x? + g(y,z) => 88 = 5 =2y > g(y,z) = y? +h(z) > f&,y,z) = x? + y? = h(z) 
(2,3,—6) 

ar h’(z) = 2z hz) =z? +C > f(x,y,z) = x? +y? +z +C > ай 2x dx + 2y dy + 2z dz 
= f(2,3, —6) — (0,0,0) = 2? + 3* + (—6)? = 49 
Let F(x, y, z) = yzi + xzj + xyk => Paxa Nh 0м у= 08, 09 =з = 5 = M dx +N dy +P dzis 
exact; 2t = yZ => f(x,y,z) = xyz+ g(y,z) => ді =xz+ 3 = xz = 5 =0 = о(у,2) = ка) -> Қх,у,2) 
= xyz+h(z) > a = ху + h'(z) = ху ћ(2) = 0 h(z) =C Кх, у, 7) = хуй + С 

(3,5,0) 

= | yz dx + xz dy + xy dz = f(3, 5,0) — f(1, 1,2) = 0 — 2 = —2 
Let F(x, y, z) = 2xyi + (x? — z2?) j — 2yzk => = 22 = ON , OM =0= a ОМ =2x= м 
= M dx +N dy + P dz is exact; & = 2xy = f(x,y,z) =x’y + g(y,z) > ЗЕ = х2 + 08 = х2 — 02 > Е = 22 


=> р(у,2) = —yZ ^ h(z) — f(x,y,z) = x?y — yz? +h(z) => % = –2уг + 102) = —2yz h’(z) = 0 h(z) =C 


(1,2,3) 








= Кху,2) = x?y — yz? + C > 2xy dx 4- (x? – 22) ау — 2yz dz = f(1, 2, 3) — 0,0,0) = 2 – 2(3)? = –16 


(0,0,0) 


Let F(x, y,z) = 2xi— y°j — (;45)k => 2 =0= 1, бм = 0 = 8, 0 


тул 
= M dx + N dy + P dz is exact; = 2x = Кх, у, 2) = x? + g(y,z) > Я = 5 = у? = aly,z) = — X + hC) 


Ф 
E 
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(0) = – 1 = ћа) = –Алап ! 2 +С = f(x,y,z) 


3 
=> f(x, y,z)=x-$+h(z) > 5: 
dz = £(3, 3, 1) — 0,0,0) 





(3,3,1) 
zc 2x dx — y? dy — i5 


3 
2 — 4 tan 
(0,0,0) 


=x} 
-(9-2-4.1)-(0-0-0)--л 
17. Let F(x, y,z) = (sin y cos x)i+ (cos y sinx)j+k => б =0=9, у =0=%®, oN = cos y cos x = ду 


ом 


=> M dx + N dy + P dz is exact; 2 5х = 8 у соѕх => КХ, у, 2) = siny sinx+ g(y,z) > » = cos y sin x + $ 
Е (о =1 h(z)=z+C 


98 —0 = e(y,z) = h(z) — f(x, y,z) =siny sinx + h(z) 5: 


=cosysinx => бу = 
(0,1,1) 
= f(x,y,z) - sinysinx-ez е Sin y cos x dx + cos y sin x dy + dz = f(0, 1, 1) — f(1,0,0) 
-(0--1)-(0--0)-1 
18. Let у,2) = (2 соз у)і + (2 – 2х пу) ј+ (1) к = 02 =0= 5%, М =0= 4, A --2sny- o 
= M dx + N dy + P dzis exact; % = 2 cos y => f(x,y,z) = 2x cosy + g(y,z) => gt — —2xsiny + 3 
3 = h'(z) = 1 


ln |y| +h(z) > f(x, y,z) = 2x cosy +In|y|+h(z) > % 


= 5 — 2х віп у = =: = 9(у,2)- 


= (2) = ln |z| +C => f(x, y,z) = 2x cos y + In |y| + In |z| + C 
(11/232) 
Jus, 2cosy dx - (1 — 2x siny) ду + 142 = #(1,5,2) – К0,2,1) 





0,2,1) 
= (2-0+In § + In2) —(0-cos2+In2+In 1) = In § 
19. Let F(x, у,2) = 3х1 (2 =) j-+ @zIny)k = ома 4 ом (у ӘР ӘМ (у M 
= M dx + N dy + P dz is exact; аг = 3х? = Кх, у, 2) = ХЗ + gy,z) > = === => g(y, z) = z? In y + h(z) 
a — 27 Iny+h'(z) = 2zIny h'(z) — 0 h(z = С f(x, y, Z) 


=> f(x,y,z) =x? +z lny +h(z) > # 
(1,2,3) 
ЕР тусы |, 3x? dx+ Ê dy + 2z1n y dz = (1,2,3) – 1,1,1) 
=(1+9ш2+С)—-(1+0+С)=9Ш2 


ОР — — ON OM _ OP ON _ 2x у = 9М 
= ТУ би дх у a ду 


20. Let F(x, y,z) = (2x In y — yz)i + a нан >p DT 
= M dx + N dy + P dz is exact; 2 5х =2хШу- у2 => f(x, y, z) = х? ny — xyz+ g(y,z) > == —х+ дЕ 
h(z) — ми Iny —xyz+h(z) > ді = —xy-h'(z) 2 —xy ^ h'(z) 20 


x2 
= — хе = 9 =0= 20,2) = 
Еу yz) dx + (£ - xz) dy — xy dz 


С = f(x,y,z) = x? In y — xyz +C > fens 








= ћа) = 
—f2,1,1) - £f0,2,1) 2 (411 -24- C) -(1n2-24 C) - - In2 
21. Le F&,y,2 — (1i (1- 8)3- Gk 5 P. _ 1 = М ЭМ р дР ӘМ _ 1 ом 
= M dx +N dy + P dz is exact; 8-1 => f(x,y,z) = * + g(y,z) > O 1х 
¥ + h(z) = f(x, y,z) = Pe ај => f =- 3 +h) -3 > Wz)=0 = h@=C 


д 
> 95 =; = В(у,®) = 
=> f(x,y,z) = E кс Г 


= 0 


Бах + (1—5) ау 5 = 0,2,2) 1,0) = (220) – (+10) 


2xi + 2уј + 22 2 __\2 2 2 Op x Op .y Op .z 
aitat (and let p =х фу +2 = 0 2а 005 00 1) 








22. Let F(x, y,z) = IFA 
ӘР 4у2 _ ON OM _ 4xz _ OP ON _ 4ху _ ом х . 
д ОЮК С ду ЦЫ tas 

Ob г zs 2y 
© х?+у?+° 





бї = үрт => Кх,у, 2) = № (х? + y? +z?) + g(y,z) => ay = бча + ё 
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23; 


24. 


25. 


26. 


27. 


28. 


29. 


30. 
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> 5 =0 = gy,z)=h(z) => f(x,y,z) = ln (x? + y? + z?) + h(z2) => a та + 2) 
= = h'(z) 20 h(z) =C f(x,y,z) = In (x? +y? +z?) +C 








(2.22) x dx z dz 
= 1225 torna лг 102,3,0)-:4-4,-1,-1)-54412-2123-414 


г= (+) + Юю) +0 +2) – 20) = (1+ 01+ (1+ 20) + (1 20,0 <1<1 = dx= dt, dy = 2 dt, dz = —2 dt 
(2,3,-1) 


1 1 
2 ydx--xdy--4dz— f Qt Dat- a DG d0-- 4-2) dc— f, at-5ac- pe - sq, — -3 


(1,1,1) 


4) 
r= t(3j+4k),0<t<1 => dx= 0, dy = 3 dt, dz = 4 dt > x? dx +yz dy + ($) dz 


(0,0,0) 
= f (122) Gar + (%) Gay = / sae а = [18] =1 

= J, (12t") GB dt) + [ > ) 440 = J, 54t^ dt — [180] = 18 
о =F A 0M = M dx +N dy + P dz is exact => F is conservative 
= path independence 


ӘР _ yz — ON OM... XZ. — OP ON _ xy — 0M 
ду (уљу +) | 027 бг (у)? 0х’ дӧх (V+) 9у 
=> M dx + N dy + P dz is exact => F is conservative = path independence 














a Ue оч, ом = еее = Fis conservative > there exists an f so that F = Vf; 
2 2 <= 2. 

=a > fy =ý +y) > =- atgo E > gys h > gys- iC 

> f&,y)=-1+C > F= v (£z) 

= cos Z = 2х. ом -0- ФЕ, uN = Я = we => F is conservative = there exists an f so that F = Vf; 

а = ех lny => f(x,y,z) = ех In y + g(y,z) => ЗЕ = 6 = +50 = = sinz => р(у,7) 

= y sin z + h(z) = f(x,y,z) = e* lIn y + y sin z + h(z) => 4 = ycosz+h'(z) = y cos z => h(z)=0 

= Қ) = С => fix, y,z2=eIny+ysinz+C > F= y (e*lny +y sinz) 

E =0= ON шы =0= oP ‚9ч == E => F is conservative = there exists an f so that F = v7 f; 


F =x +y = уе + xy + gy, z) > $ =x+ 2 = y? +х = =y => gy, z) = į y? +h) 
=> f(x,y,z) = x3 + xy + 4y? +h(z) аг h'(z) = 265 h(z) = ze — e” +C > f(x,y,z) 
= ХЗ + ху + $ УЗ + 22" фе +-С => Е = y (4x + ху туз + 17 – е) 


(а) мож = Гв. а= в-а = [1х3 + ху + Ly? + ze? — 7] 0) – (1 + 0+0+е—е) – (1 +0+0—1) 














(1,0,0) 
=1 
(b) work = А F - dr = |} x? + xy + $y? + ze sg ed 
2 1,0,1 
(с) мож = f. F -dr = [ix + ху + fy? + ze -Ф100-1 


в 
Note: Since F is conservative, i F - dr is independent of the path from (1, 0, 0) їо (1, 0, 1). 


OP _ yeyz yz ON OM — veyz — OP ОМ. ,,у - OM i i | 
ду = хе + хуге“ + COSY = 5, , 9, = Уе = эх» ах =7е = ду => F is conservative — there exists an f so 


that F — Jf, $ = e7 => f(x,y,z) = xe” + g(y,z) => ot = хге?® + ÎE = xze!” + z cos y = 85 = 7 сов у 


= g(y,z)=zsiny+h(z) => f(x,y,z) = хе“ + z sin y + 02) = ar = xye”” + sin y + h’(z) = xye”” + sin y 


h'(z) — 0 (>) = С fx, y, z) = xe” + z siny +C > F= ҳу (хе? + 7 чп у) 
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31. 


32. 


33. 


34. 


Зэ; 


36. 


37. 


В 
(а) wok — f. F- dr = [xe” + zsiny] (194) = (140) – (1+0) =0 


(1,7/2,0) 


B 
(b) work = f F- dr = [xe + z sin y] е 


= 0 
В 
(с) wok — f. F- dr = [хе®+75їп у] үлү =0 


Note: Since F is conservative, T F - dr is independent of the path from (1, 0, 1) to (1, 23 0) Р 


(a) F= y (xy?) = Е = 3х?у21 + 2х?уј; Іе Cı be the path from (—1, 1) to (0,0) + x =t—1 and 
y--t-10«t«1 2 F-3(t- 1PCt4 1i 2t— Di-t4- Dj = 3@ — 1)#— 2(@— 1) 
апат — (t Di t (-t4- Dj > dr = dti — dtj > J F-a = / Ва-15-20-1044 
= f s- 1)* dt = [t— 5], — 1; let Со be the path from (0,0) to (1,1) — х = гапду = (, 
0ct«1 2 F —3ti-2tj andr; — ti - tj — dro — dti 4 dtj = [в-а = (зи 2и) а 
= f Sta=1 => f F-dr= f F-dri+ f Fan -2 


(1,1) 
(b) Since f(x, y) — x?y? is a potential function for Е, сал jE dr = f(1,1)— f(—1,1) = 2 


др ом OM _ ӨР дм _ _ : _ дм : : : Е | 
ду 0 = Эз, Өт = 0 = an? Ox = 2x sin y = ду => F is conservative = there exists an f so that F = Vf; 


дг — 2x cos y = f(x,y,z) = x? cos y + g(y,z) => == siny + 32 = —x’siny > 5-0 => g(y,z) = h(z) 








=> f(x,y,z) = x? cos y + h(z) ge h'(z) - 0 h(z) =C f(x,y,z) = x? cosy +C => Е = 7 (x’ cosy) 








(a) Ї 2x cos y dx — x? sin y dy = [x? соз у] үө) = 0-1--1 
(b) f. 2x cos y dx — x? sin y dy = [x? cos у] ТҮ) =1—(—1)=2 
(с) Í. 2x cos y dx — x” sin y dy = [x? бозу] суы = =1—1=0 
(а) Ї 2x cos y dx — x? sin y dy = [x? сов у] 1 1-1-0 
_ ON Е ом _ ӘР 
(a) If the differential form is exact, then 2° os = +, => 2ay = cy for all y 2а = с, 55 = 5 2cx = 2cx for 
all x, and = = 9М => by = 2ay for all y > b=2aandc = 2a 


(b) F= vf = the differential form with a = 1 in part (a) is exact = b = 2 and c = 2 


(522) 522) 
F= yf 5 gxy,2- По Ег fio Y f- dr = f(x,y,z) — 0,0,0) = 22 = 21 — 0, 22 = 2 _ 0), апі 


д = of 


a —0 = Vg= Vf=F, as claimed 


The path will not matter; the work along any path will be the same because the field is conservative. 

The field is not conservative, for otherwise the work would be the same along C; and C». 

Let the coordinates of points A and B be (Xa, ya, Za) and (xg, yp, Zp), respectively. The force F = ai + bj + ck is 
conservative because all the partial derivatives of M, N, and P are zero. Therefore, the potential function is 

f(x, y, zZ) = ax + by + cz + C, and the work done by the force in moving a particle along any path from A to B is 


f(B) — f(A) = f (xB, ув, 78) — f(Xa, Ya, ZA) = (ахв + byg + czg + C) — (axa + bya + cza + С) 
— 
= а(хв — Xa) + Б(ув — ya) + ¢(Zp — Za) = F- BA 
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. y . 
gait (х2 + у? + zy J+ 


38. (a) Let -GmM =C > Е-С| 


X 7 k 
(x2 + y2 + 2?) (x2 +y? e zy? 








OP _ —3yzC __ дом ом _ —3xzC ..0P ON _ —3xyC — OM = 
= Oy (х2 +у2+2)52 Oz? Oz ~— (x24 y2472)9/? — Ox? OX ~~ (x2+y2472)9/2 _ Oy SES vf for 
. Of xC E С о — yC og 
some f; 2 dx — gai yh zy? => Кх, у, 2) = (@+y +2)? + gy, z) => ду юуг 422) T ду 
= ўе 22 Og _ Е Ot ___ 2 ___ шаб iur 
2 (х2 + у2 + 22)°? =? ду Ол» gy. 2) = (2) = Oz — aa ae +h'(z) = (x2 + y2 + 22)9/? 





= х) = С) => fx, y,z) = – p; ^C. Let C; 2 0 => Кх,у, 2) = 


С M : 1 
к I z İs a potential 
(x2 + y2 + 22)" 1/2 р 


Gm. 
(x2 + y2 +2?) 
function for F. 


(b) Ifs is the distance of (x, y, z) from the origin, then s = \/x? + y? + z?. The work done by the gravitational field 








: Р, i Р, 
F is work = fe F -dr = | E S = Әтм = бъм (2 = 1), as claimed. 
16.4 GREEN'S THEOREM IN THE PLANE 
1. M = -y = -a sin t, N = x = a cos t, dx = —a sin t dt, dy = a cos t dt => oM = 0, M = —1, oN — ], and 
ON |. p. 
әу = 0; 


27 27 
Equation (3): ф М ду – Мах = Ј [Са віп 0(а со 0) — (acos t)(—a sin] dt= | 04:-0, 
n (35 + B) ахау = Ј] очкау = 0, Flux 

2т 27 
Едиайоп (4): 4. M dx + Ndy = EA [(—a sin t)(—a sin t) — (a cos t)(a cos t)] dt = Ї a? dt = 2та?; 
1 (2: – ём) ахау -- f" Те Яа 24удх- | 4 a? — x? dx = 4 [3 a? — x2 + € sin! jJ 


—a 


= 2а? (5 + т) = 2a?r, Circulation 


2. M=y= asint, N = 0, dx = —a sin t dt, dy = a cos t dt > ™ — 0, ОМ - 1, оч =0, and SS = 0; 
х у x 


Equation (3): 4. M dy — N dx = Ја sin t cos t dt = a? [4 sin? 42 2-0 1) 0 ахау = 0, Flux 
Equation (4): $ M dx + Ndy = МЕС sin? t) dt = —a? [4 — ша = —ла2; LICR — 23 dx dy 


= Jf —ldxdy = T —r дгдд = | = g 40 - -та?, Сігсшайоп 
R 


3. M= 2x = 2acost, N = —3y = —3a sin t, dx = —a sin t dt, dy = a cos t dt > ом =2,™ = 0, oN = 0, and 
ON _ _2. 
pec c 


2n 
Equation 3): $, Mdy - Ndx — f, [Qa cos (a cos t) + Ga sin (a sin 0] dt 


= fee cos? t — За? sin2 t) dt = 2а2 [++ м E 3a? [5 = ena) 


ШЕЗІЗЕ //-\&да= f ff -raraa = f° — È d9 = —таз, Flux 


Equation (4): $ M dx - N dy — if [(2a cos t)(—a sin t) + (—3a sin (а cos t)] dt 


= па“ — Зла? = —ла?; 


2т 
ES f (—22? sin t cos t — 3a? sin t cos t) dt — —52? [3 sin 2 — 0; f f 0 dx dy — 0, Circulation 
R 


4. М = —x?y — —a? cot, N — xy? — a? costsin?t, dx — —a sint dt, dy — a cos t dt 
OM ом 2 ON ON Б 
= % = -2ху, %, = — —X ‚ ®у = у°, ап4 5, = 2ху; 


2т 


27 
Equation (3): 4. M dy —Ndx = Г (-а соз? { sin t + af cos t sin t) = Е cos! t 4- ы sinft| =0; 
0 
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| (9м + ах) dx dy = ЏИ] (—2xy + 2xy) dx dy = 0, Flux 
2n 2n 
Equation (4): 4. M dx +Ndy = Ї (at cos? t sin? t + at cos? t sin? t) dt = (2a* cos? t sin? t) dt 
2n 4т Am 
=f af sin? 2tdt = % | sin? udu = * [2 — nda) = TSI m) ахау = f f (y? +x?) ахау 
R 


27 pa 27 
= J, J, r’ -r drdô = f a 99 = m , Circulation 


0 








1 1 
5. М=х-у,М=у-х = 29 = 1, 2М = 1,88 = 1 Gal = Fux f f2daxdy= f, f,2dxdy =2; 


Cire = | [1-1 – ахау = 0 
R 











6. МЕХ +4, МЕХ+У? > 2М = 2х, 8 = 4, 91 = 1, 91 = 2у = Flux J J @х+ зу) ахау 


1 1 1 1 1 1 ~ 
= Jo Jo Ox+ 29) dedy = Jy + 2ху ду =}, 1 +29) dy = boe Yl = Cire = f f 0 -4 dxay 


- f, f, 3 àxay = -3 


7. М=у?—х?,М =х?+ у? = 9M — 2x, М = 2у, 8 = 2х, ON =2у > Flux — f f (-2x - 2y) dxdy 
R 





? ду 
= f fem + 2y) dy dx = f (28 + х2) ах = [- 1х3] 3 = —9; Сие = JJ (2x — 2y) dx dy 


= [Гох – гуудувк = Ј хе ах =9 





8. М=х+у, №= – (х2 +у?) = М =1, o sd N= 2x, 2 o = —2y > Fux = f f 0- 2y) dxdy 
1 X 
= f` f a- 2y) dydx = f'(x- x?) ax =1; сие = Л] 2x - D dxdy — | } -2x - D dy dx 
- f« —2x? —х) dx=-2 
9% M=xy +y, N=x-y > Y =y, F =x+2, a aS Fux = f f (y+ (=D) dydx 


= у—1)дуйх =}, (#х— \/х— 1х* +?) dx = -44 ; Cire = f f (1 — (œ + 2y)) dy dx 
R 
= [Га хоу) ауак= Ју качая) dx=— 2 





10. М=х+3у, М = 2х -у = 84 = 1, 84 = 3, 81 = 2, 20 = —] = Flux ЈЈа+ )) dydx =0 


сие = [ f 2—3) aya = ff с 1) dydx = —J J ү йх=—т /2 








11. М=х?у?,М = ху => M = 3х?у?, 84 = ху, 68 = 2хбу, 58 = pis Flux= J J ( (3х2у? + 5x4 ) dy dx 


= ГГ +159) дуах = | (3х5 – 2х6 + 3х7 — x’) кы (2х?у – 2х3у) дудх = 0 
R 
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12. 


13. 


14. 


15. 


16. 


17. M 


18. 


19. 


20. 
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= х - -1 9М _ _1 OM _ -2y ON _ ӨМ 1 = 1 1 
М=үүу,АМ=їап у = © T oy ay T сур? өх = 0; 5; = y > Flux = ту“ тау) 4х4у 


Г тву ЈР о ск е [Го (3) 


=f a =) «= (0) dx =0 


23 xs = x OM __ X cs OM _ 2х ON _ x М _ aX qu 
M=x+e*siny,N=x+e*cosy > G =1+е siny, 5, —e cos y, g = 1 +е cosy, 5, — —e' siny 


= Миа | ока = 2. 
л/4 


Cg x 1 + е“ сову – е“ сов у) ахау = J fadxay= JJ, а ardo = ("^ ( cos 28) 4-1 





сов \/соз 20 


г arao = f, (3 cos 20) dó — [1 sin20| "7*5 — 1; 





E -1y = 2 2 OM |. -y OM. . x ON _ _ 2x ON _ _2y 
M = tan х, М = № (х +y’) => x 77 х2--у2» ду 77 x2+y2? Ox  х?+у?, ду х2-уд 


= Fux = f f (ts e =) dxdy — f^ f. (529) rarae — [sin 0 dd = 2: 


сие = Ј (оба = за) ахау = ЈУ | (тезе) гагад — Ј"созбад = 0 








1 рх 
М = ху, М = у? = у, 9М x, 2N 0, o 2y Flux Г ® +2у) дуах = J, J. 3y dy dx 


=f (27 - 3%) ax i: сше —xdydx = f° ee ee 
ом =0 OM ON ON 


М = -зму, М=хсозу = = сржи Улан os y, gy =X siny 


= Flux — f f -xsiny dxdy — f” Г (—x sin y) dx dy = 21 (- $ sin y) dy--*; 
R 


Circ = f f (cosy - (- cos pl dxdy = f” ү 2 сову дхду = ЈУ" "5 cos y dy — [n sin y] 7? — T 
R 


Em -1 ӘМ 3, _1 дм 1 
М =е*+їап су > 9 =3y DE бул ТҮЙ 


= Flux = f f (3y- тї? + тї?) dxdy = f f3ydxay= ff” (t sin 6) r dr dó 
R R 


= Зху – 


Бе 
1+у?? 


2т 2т 

-1, a°(1 + cos 6)3(sin 06) 40 = [- “(1 +cos ex] = —4а3 — (—4а3) = 0 

2 x =e OM _ е^ ӨМ _ е Е ёх ех = 
М=у+е“шу,М=® => М 1+и, Ме ~ сие = ff[S - ЕЗІ ахау = f f (=D dxdy 

1 1 
=f |. -dydx- - f (8-33) - Gà « n]dx - f hx -2) ax - 9 
М = 2хуз, М = 4х2?у? = м = oxy’, X = 8ху? -> work = 4. 2ху? Ах -- Ах2у? dy = | [ (8xy? — 6ху?) dx dy 
R 

_ 1 рх! Е 12 209 
= [| 2xy! dydx — f 2х 4х = = 


М =4х—2у,М =2х-4у > М = -2, М =2 = чак = $, (4x — 2y) dx + (2x — 4y) dy 


= f [ 2 — (72) dxdy — 4 | | ахау = 4(Атеа обуће споје) = 4(т - 4) = 16л 
R R 
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21. М=у?,М =х? = ™ = 2y, N= 2x = ф у? ах х2 бу = f [(2x — 2y) dy dx 
R 


1 1-х 1 2 3 2 1 
= f f @x—2y)dydx = | (—3х2+4х — 1) 4х = [—х®+„2х®— ху =—-1+2—1=0 








22. M=3y,N=2x > M=3,N=2 f, 3y dx + Ixdy= ff (2-3) dxdy= JJ, (—1)dy dx 


--/ sinx dx = -2 


23. M=6y+x,N=y+2x > M=6,N=2 > fe (Gy +x) dx + (y + 2x) dy = f f2— 6) dy dx 


= —4(Area of the circle) = —167 


24. М = 2x+y?,N = 2xy+3y > 9M = 2y, N=2y > $. x+y) dx + (2xy + 3y) dy = f f (2y — 2y) dx dy = 0 
R 


25. M =x = acost, N = y = asint => Ях = —a sin t dt, dy = a cos t dt > Area = 1 $. x dy — y dx 


> 
я 


7 


2n 
1 : (a? cos? t -- a? sin? t) dt — 1 f a? dt — па? 


26. M=x=acost,N=y=bsint > dx=~—asintdt,dy =bcostdt > Area =} $ x dy —y dx 


> 
а 


2n 
, (ab cos? t+ ab sin? t) dt = 5 1 ab dt = mab 


27. M=x=cos?t,N=y=sin?t > dx = —3 cos’t sin t dt, dy = 3 sin? t cos t dt > Area = } $ x dy — y dx 


2n 27 27 4n 
, Q sin t cos? t) (cos? t sin? t) dt — 5 Ї (3 sin? t cos? t) dt = 3 Ї sin? 2t dt = 4 n sin? u du 
Ат 3 
sin 2u 3 т 








28. С: М= х= 6 М№М= у= 0 = х = dt, dy = 0; C2: M = x = (2r — t) — sin(2r — t) = 2r — t + sint, N = y 
= 1 —cos(2m — t) = 1 — cost > dx — (cost — 1) dt, dy — sint dt 


= Area = } $ x dy — y dx = } $, x dy — y dx + } $ x dy — y dx 
Ст 2n 2n 
= 34 (0)dt 4- ir [27 – 6+ 5ір 0) (ѕіп 0) — (1 — cost) (cost — 1)] dt= np (2 сов + tsint — 2 — 2z sint) dt 


=— [3sint — tcost — 2t — 27 cost]? = Зл 














29. (а) М = 100, М = (у) = 2 = 0,2 =0 = ф б) dx +20) dy = f f (88-94) dxdy - [f 0 dx dy = 0 








(0) М= ку, № = һх = 2 = К, 91 = һ f, ky ax tix dy = ff (3 – 90) акау 


= f f (h — k) dxdy = (h — k)(Area of the region) 
R 


30. M = xy?, N = x?y + 2x > 88 = 2ху, 58 = 2ху +2 > $. ху? ах + (°у + 2х) ау = J Ј (3: – %) ах ду 
R 


= | | (2ху + 2 – 2ху) ахау = 2 | f dx dy = 2 times the area of the square 
R R 


Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley. 


Section 16.4 Green's Theorem in the Plane 961 


31. The integral is O for any simple closed plane curve C. The reasoning: By the tangential form of Green's 


Theorem, with M = 4x?y and N = х*, фазу dx + xí dy = Jf [2 (xt) — 2. (4х3у)| ахау 
R 
= f f (4x3 — 4x3) ахау = 0. 
R ——— 


0 


32. The integral is 0 for any simple closed curve C. The reasoning: By the normal form of Green's theorem, with 
M = x? and N — —y?, 4. —y? dy + x3 dx = Jf lé (-у3)- 2. 2) dx dy = 0. 
R SO s. 
0 0 
33. LetM=xandN=0 > ®=1and%=0 5 $ мау —Nax= ff (3+ 3) dxdy > $. x dy 
= /] (1--0) Ахау -> Area of R = f f dxdy = $, x dy; similarly, M = y and N = 0 => ^N. — Land 
R R 
9х 0 » f Mena = [f (2 9) dydx = $, y dx = Јо рух = — $ ydx 


E J [ dxdy = Area of R 
R 


b 
34. f f(x) dx = Area of R = -% y dx, from Exercise 33 


Jf reada JJ xaa f f xa^ _ 
м = Туа = [Ta CUR > к= ийме (x + 0) dx dy 


ere (0+ x) dxdy =— ¢ ху 4х, апа Ах = || [ хаА = |] (2х+ 1х) dx dy 
R R с R R 


35. [её 6(х, у) =1 = x= 


= 3X” dy — 3 xy dx > 1 Éx? dy = - $. xy dx = } $. x? dy — xy dx = Ax 


36. If 6(x, y) = 1, then I, = JJ x? 6(x, y) dA = IJ x? dA = JJ (x? +0) dydx = } $, xè dy, 
Lr x? dA = JJ (0 + x?) dy dx = — 4. x?y dx, and JJ x? dA = 1 (2х2 + Ex?) dydx 


= $. 1 x3 dy — } x?y dx = } $ xê dy — x?y dx = 1 фох'ау=— ф хуах= 1 $ x dy- xy dax =1, 





— дї _ _ af aM _ @f Әм _ 023 əf ag or 8f a 
37. M=: NS ok UU өр оаа ае раар dx ray = ff ( 82 as) dx dy = 0 for such curves C 


3. М-іжу-іу,М-х -> M=] х фу, 5 =1 = Сш! = 9 – 84 =1- (1х2 +?) > 0 in the interior of the 
ellipse xL +y = 1 > work = ЈЕ-аг= ПК 1- ixi —y 2) dx dy will be maximized on the region 
R 


R = {(x, y)|curl F} > 0 or over the region enclosed by 1 = 1 x? +y? 


39. (а) Х1Ї- (255) i+ (2)! j> M= s ‚М= e ; since M, N are discontinuous at (0, 0), we 
compute f. WV/ f- n ds directly since Green's Theorem does not apply. Let x — acos t, y — asint — dx — —a sint dt, 
dy =acostdt,M = ? cos t, КМ = = ? sint, 0<1{< 2л, so f. xz f-nds— f, Mdy- Ndx 


= = fl 2 cos t) (a cos t) — (2 sin o (—a sin t) ]dt = |“ 2(cos? t 4- sin? t)dt = 47. Note that this holds for any 
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40. 


41. 


42. 
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a > 0, so 1 V f- n ds — 4 for any circle C centered at (0, 0) traversed counterclockwise and її Х71-148--44т 
if C is traversed clockwise. 


If K does not enclose the point (0, 0) we n ч Green's Theorem: е J f-nds = Ї M dy — N dx 


= NIC: + ax) dx dy = LIC. TEE 5 =) dx dy = J [ 0 dxdy = 0. If K does enclose the point 
R R 


IA с 


(b 


ши 








(0, 0) we proceed as follows: 
Choose a small enough so that the circle C centered at (0, 0) of radius a lies entirely within K. Green's Theorem 


applies to the region R that lies between K and C. Thus, as before, 0 — f | Е + а) ах ду 
R 


= [| и M dy — N dx + f. M dy — N dx where K is traversed counterclockwise and C is traversed clockwise. 


Hence by part (a) 0 — | J M dy -N dx — Ап => Ат = f, May —Nax = / xz f- n ds. We have shown: 


|. f-nds = 0 if (0,0) lies inside K 
юу ~ | 41 if (0,0) lies outside K 


Assume a particle has a closed trajectory in R and let C; be the path = C; encloses a simply connected region 


Ку = G is a simple closed curve. Then the flux over R; is $. F - n ds = 0, since the velocity vectors Е are 
tangent to Cj. Ви0- $. F-nds— $, Mdy -Nax — [f (28 93) axay — M, & N, - 0, which is a 
1 1 В; 


contradiction. Therefore, C; cannot be a closed trajectory. 


0) ғо(у) d 
Ji 2 акду = мазу), - Nei). > S. Soo E d) dy = S. INe) = NEY) dy 


= | машуууду- / Махуууду- меб, у) dy f; Nico. dy — f, Nay f, Nay 


= $. dy > $. мау = ГГ акау 


The curl of a conservative two-dimensional field is zero. The reasoning: A two-dimensional field F = Mi 4- Nj 
can be considered to be the restriction to the xy-plane of a three-dimensional field whose k component is zero, 


and whose i and j components are independent of z. For such a eed to го conservative, we must have 


ON = = = у ОУ the component test in Section 16.3 = curl F = оч = 56 = 0. 


Ox 


43-46. Example CAS commands: 


Maple: 
with( plots );#43 
= (x,y) -> 2*x-y; 
= (X,y) -> x+3*y; 
С := х^2 + A*y^2 24; 
implicitplot( C, x=-2..2, y=-2..2, scaling=constrained, title="#43(a) (Section 16.4)" ); 


curlF_k := D[1](N) - D[2](M): # (b) 
‘curlF_k' = curlF_k(x,y); 
top,bot :- solve( C, y ); # (с) 


left,right := -2, 2; 

91 := Int( Int( curlF. k(x,y), y-bot..top ), x-left..right ); 

value( q1 ); 
Mathematica: (functions and bounds will vary) 
The ImplicitPlot command will be useful for 43 and 44, but is not needed for 43 and 44. In 44, the equation of the line 
from (0, 4) to (2, 0) must be determined first. 
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Clear[x, y, f] 

<<Graphics ImplicitPlot 

f[x_, y_]:= {2x — y, x + 3y} 

curve= x* + 4y? ==4 

ImplicitPlot[curve, {x, —3, 3},{y, —2, 2}, AspectRatio — Automatic, AxesLabel — {x, y}]; 
ybounds= Solve[curve, y] 

{yl, y2}=y/.ybounds; 

integrand:=D[f[x,y][[2]], x] —^ D[f[x.y][E1]], y]//Simplify 

Integrate[integrand, {x, —2, 2}, {y, yl, y2}] 

N[%] 


Bounds for y are determined differently in 45 and 46. In 46, note equation of the line from (0, 4) to (2, 0). 
Clear[x, y, f] 
f[x_, y_]:= {x Exply], 4x” Logly]} 
ybound = 4 — 2x 
Plot[{0, ybound}, {x, 0,2. 1}, AspectRatio — Automatic, AxesLabel — {x, y}]; 
integrand:=D[f[x, y][[2]], x] — D[fLx, y][[1]], y]//Simplify 
Integrate[integrand, {x, 0,2}, {y, 0, ybound}] 
N[%] 


16.5 SURFACES AND AREA 


1. In cylindrical coordinates, let x = r cos 0, y = r sin 0, z = (vx + y = 12. Тћеп га, 0) = (г сов 0 + (т sin 0)j + °k, 
0<:<2,0<0<2?2л. 


2. Incylindrical coordinates, let x — rcos 0, y ^ rsin0,z —9 — x? — y? 2 9 — ?. Then 
га, 0) = (г сов 01 + (г 511 0)ј + (9 — т)Кк;2 70 = 9—17>0 P? <9 > -3«€rx3,0€ 0 X 2s. But 
—3 < r € 0 gives the same points as 0 € r € 3, solet O < r < 3. 


3. In cylindrical coordinates, let x = r cos 0, y = r sin 0, z = узу = 7 = 5. Then r(r, 0) = (т cos 0)i + (г sin 0)j + ( 
For0<z<3,0< 2 < 3 = 0 < r < 6; (0 get only the first octant, let 0 < 0 < 25 


)k. 


L 
2 


4. Incylindrical coordinates, let x = rcos 6, y = гїп 06,2 = 2,/x*+y? => х = 2r. Then 
г(т,0) = (т соѕ 0)і + (т ѕіп 0)ј + 2rk. For2 <<z<4,2<2r<4 > 1<r<2,andletO0 <0 < 2л. 


5. Incylindrical coordinates, let x = r cos 0, y = r sin 0; since x? + y? = ° > z? = 9 – (х? y?) = 9 – г 
= z= у9—12,27 > 0. Тћеп ка, 0) = (т соѕ 0)і + (r sin 0)j + / 9 — ?k. Let 0 € 0 < 27. For the domain 
ofr: z= fx? +y2andx?+y?+2=9 => ety? + (fety) =9 >» 2(х?+у?)=9 > 2x? =9 


213), z^, 
vede TUBE Um. 


6. In cylindrical coordinates, r(r, 0) = (r cos 6)i + (r sin 0)j -- / 4 — r? k (see Exercise 5 above with x? + у? +2? = 4, 
instead of x? + y? + z? = 9). For the first octant, let 0 € 0 € 2. Forthe domain of r: z — уух? + у? and 


Ху? = 4 = 2+ у + (у?) =4 > 252492) =4 > 22 =4 = г= 2. Thus, let /2<1<2 


(to get the portion of the sphere between the cone and the xy-plane). 
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7. In spherical coordinates, x = p sin ф соз Ө, у = р їп ф зт б, р = \/х2 + у2 + 72 > 0®=3 > р=\/3 
= z = V3 cos à for the sphere; z = У? = \/3созф cos ó i ф- 4:2 – У? — X2 5 V3 cos ó 
= cos 6 = —§ = Qe. Then r(¢, 0) = (V3 sin ф соз 9) i+ (V3 sin ф зїп Ө) } + (\/3 соз ф) К, 
$ «x X? and0 x 0 X 2r. 














8. In spherical coordinates, x — p sin 9 cos 0, y — psinó sin, p — Их? Руа = pg —8 — р= /8—2V2 
> x=2 2 sin Ф сов 0, у - 24/2 віп ф іп 0, and z = 2\/2 соз ф. Thus let 
00,0 = (2 2 іп ф соз) 1+ (2/2 фп Ө) }+ (2 2 соф) к;2= —2 => —2 = 24/2 cos ф 


cos @ vs ф 3 iz 22 2/2 2 2cosó — cosó —] — $ —0. Thus 0 « ó X 27 and 




















0 € 0 € 2n. 


9. Sincez — 4 — y?, wecan let r be a function of x and y => (х,у) = хі + yj - (4 – у?) К. Тһепх = 0 
> 0=4-y? => y= +2. Thus, let —2 < y x 2and0 «€ x < 2. 

10. Since y = x’, we can let r be a function of x and z => r(x,z) = xi+ x?j + zk. Then y = 2 
= x=2 5 x= +,/2. Thus, let —/2 <x < /2and0 <z <3. 





11. When x = 0, let y? + z? = 9 be the circular section in the yz-plane. Use polar coordinates in the yz-plane 
= у = 3 cos 0 and z = 3 sin 0. Thus let x = u and 0 = v = r(u,v) = ui + ( cos v)j + (3 sin v)k where 
0 <0< 3, апад < у < 27. 


12. When y = 0, let x? + z? = 4 be the circular section in the xz-plane. Use polar coordinates in the xz-plane 
=> x=2cos6@andz=2sin 6. Thus lety = uand@=v => r(u,v) = (2 cos v)i + uj + G sin v)k where 
—2 € u € 2, and 0 € v € m (since we want the portion above the xy-plane). 





13. (а) х+у+2= 1 = 2 = 1 – х – у. Іа суіпагіса! coordinates, let x = r cos 0 and y = r sin 0 
=> z = l — r cos f — r sin 0 => r(r, 0) = (т cos 0)i + (r sin 0)j + (1 —rcos0 —rsin 0)k,0 < 6 < 27 and 
0<r<3. 
In a fashion similar to cylindrical coordinates, but working in the yz-plane instead of the xy-plane, let 
y = u cos V, Z = u sin v where u = му +z and v is the angle formed by (x, y, z), (x, 0, 0), and (x, y, 0) 


with (x, 0,0) as vertex. Since x+y +z=1 = х= 1 -у-2 => x= l-—ucos v -— usin v, thenr isa 


(b 


wm 


function ofu and v => r(u, v) = (1 — u cos v — usin v)i+ (ucos v)j + (usin v)k,O <u <3 and0 < v < 27. 


14. (a) Ina fashion similar to cylindrical coordinates, but working in the xz-plane instead of the xy-plane, let 

x = u cos v, z = u sin v where u = y x? + Z? and v is the angle formed by (x, y, z), (y, 0,0), and (x, y, 0) 
with vertex (y,0,0). Since x — y + 2z = 2 = y = x + 2z — 2, then r(u, v) 

= (u cos v)i + (u cos v + 2u sin v — 2)j + (u sin v)k,0 < u < УЗ апа 0 < у < 2л. 

In a fashion similar to cylindrical coordinates, but working in the yz-plane instead of the xy-plane, let 

y = u cos V, Z = u sin v where u = му + 22 and v is the angle formed by (x, y, z), (x, 0,0), and (x, y, 0) 
with vertex (x,0,0). Since x — y + 2z = 2 = x = y — 2z + 2, then r(u, v) 

= (u cos v — 2u sin v + 2i + (u cos v)j + (u sin v)k,0 < u < \/2 and 0 < у < 2л. 


(b 


wm 


15. Letx 2 wcosvandz ^ wsin v. Then (x – 2)? +72 = 4 = х? – 4х +22 = 0) = w’cos?v—4wcosv+w? sin’? v 


= 0 = у? — 4у/ соз у = 0 => уу = 0огм — 4 с05у=0 = м = О огу = 4 с0зу. Моу у =0 => х = 0 апау = 0, 
which is a line not a cylinder. Therefore, let w — 4 cos v => x = (4cos v)(cos v) = 4 cos? v and z — 4 cos v sin v. 
Finally, let y = u. Then r(u, v) — (4 cos? v)i-d- uj 4- (4 cos v sin v)k, — 5 <v< 2 ап40 < а € 3. 
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16. Lety = w cos v and z = w sin v. Then y? + (z — 5} = 25 => у? +2? – 102 = 0 
=> w? cos? v + w? sin? v — 10w sin v = 0 > w? — 10w sin v = 0 > w(w — 10 sin v) = 0 > w=0or 
w = l0 sin v. Now w = 0 = у = Qand z = 0, which is a line not a cylinder. Therefore, let w = 10 sin v 


= y = 10 sin v cos v and z = 10 sin? v. Finally, let x = u. Then r(u, v) = ui + (10 sin v cos v)j + (10 sin? v)k, 
0 € u € lOand 0 € v € m. 


17. Letx ^ rcos 0 and y 2 rsin 0. Then r(r, 0) — (r cos 0)i + (r sin 0)j 4- (223 )K, 0 cr 1 ааа 0 € 0 € 2x 


=> r, = (cos 0)i + (sin 0)j — (54) Капа го = (—г ѕір 0)і + (r cos 0)j — (29) k 








i j k 
= рх го = | с080 sin 0 - ine 
—rsin@ rcosé - mt 
— (=n gese у блек) | (кё 4. reat) j + (reos? 6 +r sin? 0) = гі-ік 
Бел ТТТ лғы ара | а ње 
= кхм у= У > АЈ, Ј, У агае f [У] а. а= = 


18. Let x = r cos 0 and y =r sin 0 = z = -х = -гсо0$ 0, 0 <г< 2 апа0 < 6 < 27. Then 
r(r, 0) = (r cos 0i + (r sin 0)j — (r cos Ok > r; 
rg = (-r sin 0)i + (r cos 0)j —- (r sin Ak 

i j k 
=> г х г = | соѕ 0 sinf —соѕ 0 
—rsinÜ rcosÓ  rsinO 


= (cos 0)i -- (sin 0)j — (cos 0)k and 


= (r sin? 0 4- r cos? 0) i -- (r sin 0 cos 0 — r sin 0 cos 0)j + (r cos? 0 + r sin? 0) k = ri + rk 


=> |r, xr) = VP +P =r/2 > А Ји Ју агае = ЇГ | ав = /, 2\/240 = 4т\/2 


2 





19. Let x = r cos 0 and y = r sin 0 => z = 24/х? + у? = 21,1 € r € 3and 0 € 0 € 2s. Then 
r(r, 0) — (r cos 0i + (r sin Oj + 2rk => r, = (cos 91+ (sin 0)j + 2k and rọ = (—r sin 0i + (r cos 0)j 
i j k 
=> г х ге = | соѕ 0 sinô 2| — (—2rcos 0)i — (2r sin 6)j + (r cos? 0 + r sin? 0) k 
—rsinÜ rcos0 0 





= (—2г соз 0)i — Qrsin 0)j +rk => |r, x rọ| = VAr cos? 0 + 4r? sin? 0 + r? = М 512 = г\/5 


=> A- [7 |, тузааб= ЈУ [575] ад = [P45 a0 = 83 


20. Гегх = г создапау = гчп0 = >= УЗУ —=1,3<г<4ап40<@0<2л. Then 


r(r, 0) — (r cos 0)i 4 (r sin 0)j + (5) К = г, = (cos 0)i 4 (sin 0)j 4- (4) k and rg = (-r sin 0)i + (r cos 0)j 
ij 

= гүхгө= | соѕ 0 sin 6 

—rsinÜ rcos0 0 


он Ж” 


= (— t rcos 0) i — (4r sin 0)j + (rcos? 6 +r sin? 0) k 
3 3 





— (- ircos0)i — (rsin0) j - rk — ЕГИПЕТТІ ГЕНІ 


9 
2 4 2 : 4 2 
2. 7 f": | [^[g2y1o _ (До _ 7т\/10 


21. ех = гсоѕ апау =гѕіпб => ге = хе + у2г = 1,162 < Аапа0о x 0 x 2z. Then 
r(z, 0) = (cos 0)i + (sin 0)j + zk => r, = k and rọ = (— ѕір 0)і + (соѕ 0)ј 
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i j k 
=> rọ xr, = |— sin 0 d 0 | = (cos O)i 4- (sin 0) j = [re x r;| 2 y cos? 0 + sin? 0 = 1 
0 1 


> A= Раа [У 380 = бл 


22. Letx = u cos v and z = u sin v > u? = x? + z? = 10, —1 <y < 1,0 < v < 2r. Then 
r(y, v) = (u cos v)i + yj + (u sin v)k = (v 10 cos v)i+yj+ (vo sin v) k 
i j k 
= r = (v10 sin v) i+ (V10 cos v) k andr, =j => гу Хх гу = | -уУ10зту 0 v10 cosv 
0 1 0 


= (-v/10 cos v} i — (V10 sin v) k = |r, x у = уто => А= ЈУ | млбовив = |" [Ув] av 
= [210 ау = атут0 


23. z=2- x? — y  andz = 4/2 +у? > 2=2-7 > 02 ф2-2=0 > z=-—2o0rz= l. Since z= yx? +y? > 0, 
we get z = | where the cone intersects the paraboloid. When x = 0 and y = 0, z = 2 = the vertex of the 
paraboloid is (0,0,2). Therefore, z ranges from 1 to 2 on the “cap" = r ranges from 1 (when x? + y? = 1) to 0 
(when x = 0 and y = 0 at the vertex). Let x = r cos 0, y = r sin 0, and z = 2 — г. Then 
г(г, 0) = (т соз Ө)ї + (т ѕіп 0)ј + (2 – г) К,0 <г<1,0<0 < 2т = г, = (соѕ 0)і + (ѕіп 0)ј – 2: апа 
і j k 

rg = (—r sin ™)i+ (rcos #—)j => r, X rg =| cosé sinô  —2r 

—rsinü rcosü 0 


= (2r? cos 0) i 4- (2 sin 0) j -- rk — |r, x r9| = V/4r! cos? 0 4- 4r! sin 0 - 2 — r/4 + 1 


» А- ун anat — f [s a ev] ae— f (S71) ae - 2 (55-1) 








24. Letx =rcos 0, y = r sin 0 and z = x? + y? = r°. Then r(r, 0) = (т соѕ 0)і + (т ѕір 0)) +r°k, 1 <r< 2, 
0<80<2r => г, = (со 0)1 + (sin 0)j + 2rk and rọ = (—r sin 0)i —- (r cos 0)j 
i j k 
=> г хг = | cosÜ 8 00 2r|-—(-2r?cos0)i — (2r? sin 0)j+rk => |r; x ro| 
—rsinÜ rcos0 0 


т т 2 
= y 4rt cos? 0 + 4rt sin? 0 + r? = ry 4r? +1 > A= ? 2 4r? + 1 drd@ = у = (477 + 1 40 
У А 2 4 сїүү2 2 2 a 2 : L 2 rn 
= [7 (A ===) де = 5 є (17\/17 -545) 





25. Letx = psindcos 6, y = psind sind, andz = pcos¢ => p= „/x? +y? +z? = (/2 оп ће sphere. Next, 
хе + уз + 22 = 2 апа 7 = уха фу“ = 22 +22 =2 => 22 = 1 => 2 = 1ашсе2 > 0) > $= §. For the lower 
portion of the sphere cut by the cone, we get ¢ = m. Then 


r(¢,0) = (2 sin 6 cos) i+ (/2 sino sin 8) j + (У2созф) к, 1 <@<7,0<0<27 
= гр = ( V2 cos à cos 0) i ( V2 cos ó sin 0) j — (V2 sin ó) k and ry = (= \/2.зїп фп Ө) 1+ (\/2 зїп ф соз Ө) j 


i j k 
= To X rọ = СЕТ 42 сов ф біп 0 — V2 sin ó 
\/2 sin ¢ sin 0 1/2 sin à cos 0 0 


— (2 sin? à cos 0) i 4- (2 sin? à sin 0) j -- (2 sin ¢ cos ¢)k 
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= [г X ra| = V/4 sin* ó cos? 0 + 4 sint ф sin? 0 -- 4 іп? ф cos? 6 = V/A sin?  — 2 [sin 9| 2 2 sin ó 


> A- [7 f, 2simóaoa6 — | (24 v2) dô = (4+2/2)л 


26. Letx = psin Фф cos Ө, у = р 511 ф sind, andz = рсозф = р= \/х? + у? + 72 = 2 оп Ше sphere. Next, 
z=-1 > -1=2cos¢ — cosó -i Ф a.z уз УЗ 2 совф => совф = УЗ = ф= 5. Then 
г(Ф,0) = (2 sin à cos 0)i + (2 sin ¢ sin ™)j + (2 cos Mk, F< ġ < 4,0 € 0 € 2m 
= rg = (2 cos ¢ cos 0)i -- (2 cos 9 sin 0)j — (2 sin ОЖ ала 
гө = (—2 sin $ sin 0)i + (2 sin à cos 0) j 
i j k 
5 гр х ге = | 2с08 ф сов0 2сов8 Ф віп0 -2 біп ф 
—2 sin Фф sin 0 2 sin Ф сов 0 0 
— (4 sin? à cos 0) i 4- (4 sin? à sin 0) j + (4 sin ¢ cos ¢)k 
=> [ro x ro| = V/16 sin! Q cos? 0 -- 16 sin* à sin? @ + 16 sin? ¢ cos?  — Ү/ 16 sin? ¢ = 4 |sin | = 4 sing 


E A= fv [ip 4sing agae= | (24243) do = (4443) л 











27. The parametrization г(г, 9) = (r cos 0)i + (r sin 0)j + rk 4 Lx 
at Po = ( V2, 2,2) > @=®,г=2, | 
г, = (соѕ 0)1 + (віп 0)) -- k — X2 i 4- Y2 j + Капа o 
rg — (—r sin )i 4- (r cos 0j 2 — 2i - 2j Сб) C mcus 
i j k 
- в хи = | \/22 V2/2 1 * ? 


-ү2 у2 0 


--4/21- /2j + 2k — the tangent plane is 
0- (-V2i- V2) + 2k) . [(x- v2) i+ (y- v2) i+ @- 24 => J2x + V2y -22=0,orxt+y— V/2z — 0. 


The parametrization г(г,0) => х = г сов 6, у = r sin 0 and z =r = x? +y? =r? =z? > the surface is z = \/x? + y?. 


28. The parametrization r(¢, 0) 2 
= (4 sin $ cos 0)i 4- (4 sin 9 sin 0)j + (4 соз ФЖ 


at Py = (V2. 2,23) = р= 4аіх = 203 
=4с05ф = $= Z; also x = y2 and y = /2 


= 0 = 7. Thenrg 
= (4 cos ¢ cos #)i+ (4 cos $ sin 0)j — (4 sin ф)К 
= \/61 + \/6j — 2k and 
rg = (—4 sin ¢ sin 0)i + (4 sin ¢ cos 0)j 
i j k 
= —/2i+ V2jatPy > ry x о = | Уб 6 —2 
-/2 V2 0 
= 2/21 + 21/21 + 4\/3К => the tangent plane is 


(2/21 + 2/2) + 4V/3k) (х v2) i+ (у= м2)і+ (z - 23) к =0 = 2x4 V2y 4 2 /3z = 16, 


огх+у-+ /6z = 82. The parametrization — x — 4sin 0 сов 0,у - 4 ѕіп ф sin 0, z = 4 сов ф 
— the surface is x? + y? + z? = 16, z > 0. 
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29. The parametrization r(0,z) = (3 sin 20)i + (6 sin? 0) j + zk 
at Pp = (38,3 ‚0) = 0 = 5 апах = 0. Then 
rg = (6 соѕ 20)і + (12 ѕіп 0 соѕ Ө)ј 
= —3i+ 3/3} and r; = k at Po 





i j k 
— rxr-|-3 33 0|-3J/3i- 3j 
0 0 1 


— the tangent plane is 
(5/3131) - [(x- 53) ie (y - )i- e - ok] «0 
= \/3x +y = 9. The parametrization = x = 3 sin 20 


and y = 6sin?@ = x? +y? = 9 sin? 20 + (6 sin? 0)? 
= 9 (4 sin? 0 cos? 0) + 36 sint 0 = 6 (6 sin? 0) = 6y > x? +y? — 6y +9=9 > x? +(y -3P =9 


30. The parametrization r(x, y) = xi + yj — x°k at 
Po = (1,2,—1) => rx =i -— 2xk = i — 2k and ry = j at Po 


i j k 
> r ХІу-|1 0 —2|=2i+k = the tangent plane 
01 0 


is Qi К) - [x — Di + (y — 2j + (z + 1)k] = 0 


=> 2x +z = 1. The parametrization = x = x, y = y and 


7 = —x° = the surface is z = —x? 





31. (a) An arbitrary point on the circle C is (x, z) = (R + r cos u, r sin u) => (x,y,z) is on the torus with 
x = (R + r cos u) cos v, y = (R + r cos u) sin v, and z = r sin u, O < u < 27, 0 < v € 2m 
(b) r, — (—rsin u cos v)i — (r sin u sin v)j + (r cos u)k and r, = (—(R + r cos u) sin v)i + ((R + r cos u) cos v)j 


i j k 
> в хи, = —r sin u cos v —r sin u sin v rcosu 
—(R-Frcosu)sinv (R-Frcosu)cos v 0 


=> |ru X r|? = (R + r cos u)? (r? cos? v cos? u + r? sin? v cos?u 4? sin?u) — |r, x r,| 2 r(R 4 r cos u) 


Qn р2т 2n 
> А= 1 f (rR + r° cos u) du dv = 1 2лтВ ау = 4r?rR 


= —(R + r cos u)(r cos v cos u)i — (R + r cos u)(r sin v cos u)j + (—r sin u)(R + r cos u)k 


32. (a) The point (x, y, Z) is on the surface for fixed x = f(u) when y = g(u) sin (5 - у) and z = g(u) cos (5 — v) 
=> x — f(u), y ^ g(u) cos v, and z = g(u) sin v — r(u, v) — f(u)i 4- (g(u) cos v)j + (g(u) sin v)k, 0 € v € 2m, 


a<u<b 
(b) Letu = y and x = u? > f(u) = u? and (а) =и = r(u,v) = 01 + (и сов у)ј + (0и ѕіп у)К, 0 < у < 27,0 <и 


; у | 2 : 
33. (a) Let w? + 4 = 1 where w = cos ¢ and ^ — sin ó = x + 5 =cos? = * = cos ó cos 0 and + = соѕ ф ѕіп 0 
= х = ас0ов0 совзф,у =ђ чп 0 сов Ф, апа 7 = с чп ф 


= гк(6,ф) = (а сов 0 сов Ф + (6 їп 0 сов ф)ј + (с зп ФК 
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(b) ке — (—a sin 0 cos ¢)i + (b cos 6 cos ¢)j and rg = (—acos 0 sin $)i — (b sin 0 ѕір ф)ј + (с cos o)k 
i j k 
= Tọ X r4 = | —a sin Ө соѕ ф b cos 0 cos ó 0 
-а сов 6 віпФф —b sin б віпФ ссо$фФ 
= (bc cos 0 cos? ф) i 4- (ac sin 0 cos? o) j + (аЬ їп ф соз Ф)К 


— [ro x r4|^ — b?c? cos? 0 cos* à -- a?c? sin? 0 cos* $ -- a?b? sin? ф сов? à, and the result follows. 


2п рт 27 рт 
А = Ї |. [ro x r;| dó do — Ї Ї [ а2Ь? їп? ф соз? ф + b?c? cos? 0 cos* 6 + a2c? sin? 6 cos! ¢]'” de dé 


34. (a) r(0,u) — (cosh u cos 0)i + (cosh u sin 0)j -- (sinh u)k 
(b) r(0,u) — (a cosh u cos 0)i + (b cosh u sin 0)j -- (c sinh u)k 


35. r(0,u) — (5 coshu cos 0)i -- (5 cosh u sin 0)j 4- (5 sinh u)k — re — (—5 coshu sin 0)i 4- (5 cosh u cos 0)j and 
ry = (5 sinh u cos 0)i 4- (5 sinh u sin 0)j + (5 cosh u)k 
i j k 
= го Х ка = | —5 созћизт 0 5 cosh u cos 0 0 
5sinhucosÓÜ 5зтћичпб 5со5ћџ 
— (25 cosh? u cos 0) i 4- (25 cosh? u sin 0) j — (25 cosh u sinh u)k. At the point (xo, yo, 0), where x2 + уг = 25 
we have 5 sinh u = 0 => и = 0 and xo — 25 cos 0, yg = 25 sin @ = the tangent plane is 
S(xoi -- yoj) - [(x — xo)Ji - (y — yo)j - zk] 2 0 9 xox — x? *- yoy — ya = 0 => хох 4 yoy ^ 25 


2 Я 2 2 
36. Let & — w? — 1 where ? — coshu and w = ѕіпу = м = 5 + 5 = 


* — wcos Ü and 2 — w sin 0 
= х = а ѕіпһ о соѕ 0, у — bsinhusin 0, and z — ccoshu 


= r(@,u) = (asinh ucos 0)i + (b sinh u sin 0)j + (c cosh u)k, 0 < 6 < 27, oo « u « oo 





37. p=k, Vf=2xi+ 2yj-k => | Vf] = VO + (Оу)? + (71? — /Ax? 4 Ay? x 1and | z f- p = 1; 


2 – 2. = ГГ ад = адут 
®=2 = х? + у? = 2; физ $ = | кв ЧА = J 4x? + 4y? + I dx dy 


R 

2т ру? эл Va 

= /] 4r? cos? 6 + 4r? sin? + Ггагад = f Ї Ма + 1 гагад = | |, агаар” 40 
К 0 


2n 
— [Г зздө—13 
= [248 = 31 


38. р=К, УЕ = 2хі + 2уј – К => | Vfl = 4/4х2 + 4у? + 1 апа |у ғ-р| = 1;2 < х? +у? < 6 


= 5= Вал = уфе ady = | Г Уатта = ff VaR HT dra 


R 


ai 3/2] V6 2" 49 49 
=f [Ge + =] 9 49 = Зл 





39. p=k, Vf=i+2j+ 2k = | ҳу | = Запа | ҳу ғ-р| = 2; х = y? and x = 2 — y? intersect at (1, 1) and (1, — 1) 


= 5= Г ал = ГГ акау = Л, Вахау = /8-3у)4у-4 


40. p- k, f-2x -2k = |у | = V4 +4 = 2/2 + Тапа |у Ё-р|=2 = 5 = / / 175, дА 
R 


2 Vi px у v3 
= р 0 ахау = 0 Јуле - f vta jen] =a 
R 
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4l. p—-k, vf-2xi - 2j -2k > |y f| = VO + (2)? + C2} = 42 +8 = 2/2 + 2 and | v f p| 22 
m s= Jf с dA = 1) ширээ ахау = | V2 +2 dydx = [3x х2 +2 ах = [02 +2], 
= 64/6 – 24/2 

42. p=k, Y f= 2zi + 2у] + 2 > | 7 1] = 4x? + 4y? +42 = 
>= үх? +у? > ое у куни ЧА = Л] чи ал = v2 [f 1 dA 


= е еу ЗА = У2 Ј, Ј, за = У2 Ј, (–1+ 2) ав => (2- v3) 
ТУЙ 4A = м/с? + 1 dx dy 


р=к,у!г=а-Кк= |у = ус + 1ад| у -р=1 > S= ff SE 
R 


- [^ f, Мега = [7 а = туе + 


рак, у !=>2%-+2 = | 1] = 4/ (2х)? + (22)? = 2 апа | ҳу Ё: шэг 
1/2 i 


12 61/2 
=> S= 2 SA dA = JJ z dA = JJ 7-5 dy dx = 2/ ah TES vis dp = J М1 х2 dx 


Ірі 





V8 2 24/2 and | v f - p| 2 2z; x? + у? + 22 = 2 апа 





43. 


44. 


mote ee 


АТА уа 
= [sin ЇХ| 11256 2 





45. p=i, Vf=i+ 2yj+2zk = | J f| = 12 + (2y) + (2z) = 1 + 4у2 + 422 апа | Wf- pl =1;1<y +72 «4 


=> s=f 1 ад = Г улау а aya || 1 + 412 сов? 0 + 412 sin? 6 r dr dO 
R R 
= Јан агае = ГЬ (1 жау ав = ЈУ 5 (117 –5у5) ад = 1 = (1717 – 545) 


46. р=ј, J f= 2xi+j+2zk > | J f| = \/4х? + 422 + 1 апа | J f- p| = 1; у = O and x? +y +z? = 2 > х? +22 = 2; 


№ ад = || 4) razaldxd- f. f) aja lrdrdó- |" Ва = Вл 
R 


thus, $ = |. ГЕРІ 


p=k, vt-(Qx- Dis Visj-ko vto JQx- 3 (Vis) «cy - fece ox) 


=2х+2, 011 <х < 2 ава | у Ё-р| =1 = S= ff X dA = f [(2х+2х 1) dxdy 
R R 


1 1 
- f, [ex 2-1) ахау = |2 +2шх]? = | в+22) 49 =3+22 


48. p=k, Wf=3/xi+3/yj-3k > | Vfl = 9х +9у+9 =3\/х-+у- Гапа | v7 f- p| 23 
Wil aA = ff xy 1dxáy- f, f х+у+1а4хду= ЈУ [2 (к+у + 199] dy 
R 


= [20 +2) – 20у + 08] ау = [£0 +99? - у-у] = & [305° — (258 — (005° -- 1] 


usa 
£,(x, y) = 2x, f,(x, y) = у = ,/12 +12 +1 = y4 + 4у2 +1 = Агеа = | | \/4x? + 4y? +1 dxdy 
R 


= ff Var +i racao = z (113 - 1) 








47. 


49. 
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50. f,(y,z) = —2y, f,(y,z) = —2z => Vg-gel- \/4у2 + 472 +1 = Area = | | \/4y? + 422 + 1 dy dz 
R 
27 1 
= Ј, Ј, узе + Теагад = 5 (5/5 – 1) 





51. ву) = пара У,у) = ёа = ү ++1 = у ша + ра +1 = М2 = Area = | f /2 dx dy 


ху 


= М2(Атеа between the ellipse and the circle) = М2(6т = п) = 5т\/2 


52. ОуегВЁу:ж>=2—4х—2у = К(х,уу=—#,у(х,уу)у=—2 = ‚/2+2+1=\/$+ 


= Агеа = f f + ФА = 1 (Area of the shadow triangle in the xy-plane) — (2 ) (3) = 
ху 
Over Rz: y=1-3 ix— iz => ВС, 7) = = 5,6,2) = – 5 => /f27+f2+ = /4+:+1=2 


=> Атеа = || f 2 dA = 2 (Area of the shadow triangle in the xz-plane) = (2) (3) = 5 


Оџег Ву;: х = 3 –Зу— 82 = 1/у,)--3,1,у,0--2->4/2-2-1-4/9-%-1-2 


=> Area = | | 2 dA = 1 (Area of the shadow triangle in the yz-plane) = (5) (1) = 2 : 


yz 


53. y 2 2? — fuz) 50, £Guz) —z? > /2+R+1=V/z+ly=*% mi? z=4 
4 1 4 — 
= Area — J, f, /г + Тахаа = Ј, уз + Та: = 8 (5V/5- 1) 








54. у=4-2 > f(x,2) =0,f,x,2)=-1 > J+ 41= 2 = Area= ff бад = | |" /ахаг 
Rxz 
= 002 |, (4 – 25) да = 1% 


55. r(x, y) 2 xi yj t f(x y) Kk 2 г,(х,у) =1+ (х,у) K ry(x. y —j 4 fj(x, y)k 
ij k 
—rxry—|1 0 5(х,у)| --5(х,уЛ-415 (Хх,у)--К 
01 f(x,y) 
с 2 2 2 2 2 
= [rx X ry] = y (Ry)? H СБУ + = ү/к(х,у)? + (х,у)? +1 


= до = "m y) -- fy(x. y) + 14А 





56. S is obtained by rotating y = f(x), a < x < b about the x-axis where f(x) > 0 
(a) Let (x, y, z) be a point on S. Consider the cross section when x — x*, the cross section is a circle with radius r = f(x*). 
The set of parametric equations for this circle are given by y(0) = rcos0 — f(x*) cos0 and z(0) = rsin0 
= f(x*) sin 0 where 0 € 0 x 2m. Since x can take on any value between a and b we have x(x, 0) = x, y(x, 0) 
= f(x) cos 0, z(x, 0) — f(x) sin0 where a € x € b and 0 < 0 < 27. Thus r(x, 0) = xi + f(x) cos 0 j + f(x) sin 0 k 
(b) г, (х, 9) = ++ f'(x) cos М --Ғ(х) вілбК ала гә(х,0) --Қх) віп0і-- Қх) сов0К 
і К 
= г хте = |1 f'(x кеф Ї'(х) sin @ | = f(x) -f'(x)i — f(x) cos0j — f(x) sin 0 k 
0 —f(x)sin@ (х) соѕ0 


= |r, x rol = үс f(x) - f"(x))? + (f(x) cos 0)* + (—f(x) sin 9)” = f(x) 4/1 + (£/(x))? 


л = Jr fiot roo авах = (ка) LEPP) "ах = Јл) 1 + (f'(x))? dx 
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16.6 SURFACE INTEGRALS 


Ya. 


i k 
1. Let the parametrization be r(x,z) = xi+ x*j + zk > г, = і + 2х] апа к, =К — r,xr,—|1 2x 0 
0 0 1 


ala 3/2]? 
=2xi+j > In xr) = 42 +1 > Ј/бњу га = Ј, Јх 4x2 + Tdxdz= J, [4 (4x +1) „4 
17 = 1 
= E 17-1) dz = Wo 


2. Let the parametrization be r(x, y) = xi+ yj + 1/4 —yk,-2<y<2 > r, =iandr, =j- — 5k 


k 
. 2 2 
: = itk > nxn] = y +1= 4- y? 
ея 


= Јову ае = f f, у4а-у (сар =) dydx = 24 


> rX = 





1 jJ 
1 0 
0-1 


3. Let the parametrization be г(ф, 0) = (5іп ф соѕ 0)і + (зш ф ѕір 0)ј + (соѕ ф)К (spherical coordinates with p = 1 
on the sphere), 0 € ó < 7,0 € 0 X 2n => ry = (cos $ cos 0)i + (соѕ ф sin 0)] — (їп Ф)К апа 


i j k 
rg — (— sin 9 sin 0)i - (sin $ cos0)j — го хо =| cos$cosÜ сов Ф віп0 -віп ф 
— sin ġ sin 6іп Ф сов 0 0 





= (sin? ф сов 0)і--(віп? Ф віп0)1--(віп ф соз Ф)К => |r; x ro| — «sin! ó cos? 6 + sin! ¢ sin? 6 + sin? ¢ соз? ф 
= sin ф; х - біп ф сов 0 -> С(х,у,2) - сов? 0 віп? ф > JJS% y, z) do = Lf (cos? 6 sin? ф) (sin 9) dé dé 
= ГГ (соз? Ө) (1 — cos? ф) (sin #) d¢ dé; Г с 21 - [7 ЈУ (сов 0) (v? — 1) dud 


A u = 4 4 іп 20] 27 _ 4r 
= Ї 224 де = + |" соѕ? 0 40 = $ [$ + 8922]. = 


4. Let the parametrization be r(¢, 0) = (a sin 9 cos 0)i —- (a sin $ sin 0)j + (a cos ¢)k (spherical coordinates with p = a, 
a 7 0, on the sphere), 0 € ó € 5 (since z > 0),0< 0 < 2л = г, = (а сов ф сов 01 + (acos ¢ sin )j — (a sin $)k and 


i j k 
rọ = (—asin Ф їп 9)1 - (а їп ф соз 0)] => г„ х гө = | асов фсов0 асо5фзт0 —asing 
—asingsin@ asin ¢ġ cos 0 0 


= (a? sin? ó cos 0) i -- (a? sin? ¢ sin 0) j + (a? sin Фф сов ФК 


= |r X ra| = Vat sin? ó cos? 0 + a sin? ¢ sin? 0 + a! sin? ¢ cos? ¢ = а? ѕіп ф; 2 = a cos ф 


-> С(х,у,2)- а? сов? ф => J J Sos ydo = f^ AJ (a? cos? ф) (а? sin 9) dọ d9 = 2« at 





5. Let the parametrization be r(x, y) = xi+ yj + (4—x—y)k > rx, =i—kandr, =j—k 


ij k 
э г,хгу=[1 0 —1|=ї+}+К > [гхгу|=\/3 = Ј/ ву два = Ј Ју а –х– у УЗ дух 
01-1 


= РУз -жю-#], dx = [| /3(1- х) ак = /3[1х—&] =з 
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6. Let the parametrization be r(r, 0) = (r соз 0)1 + (r sin 0)j -- rk, O Er € 1 (sinceO € z € 1) andO € 0 € 2x 


10. 


i j k 
=> r, = (cos 0)i + (sin 0)j + k and rọ = (—r sin 0)i + (r cos Oj => r, x ке = | соз0 sinô 1 
—rsinÜ rcos0 0 





— (—rcos 0i — (rsin 0)j - rk => |r, x r| = МС cos 0)? 4- (—rsin 89 4- ? = гу2; 2 = r and x = r cos 0 
2n 1 2n 1 
=> F(x,y,z)=r-—rcosé > [ f Fo. y. do -. f, | (г – гсов 0) (г/2) ага0 = \/2 [f Га – сов 6) 1? ага 
5 


_ гту2 
rg 
Let the parametrization be r(r, 0) = (r cos 0)i + ( sin 0)j + (1 — r?°)k, 0 < r < 1 (since 0 < z € 1) andO0 € 0 € 2z 
i j k 
=> r, = (cos 0)i + (sin 0)j — 2rk and rọ = (—r sin 0)i + (r cos 0)j => г; х го = | соѕ 0 sinÜ  —2r 
—rsinÜ rcosÜ 0 





= (27? cos 0)i - (2? sin 0) j +rk => |r, x re] = yee cos 0)? + (2r? sin Ө) + r? = ry/1 + 4r?; z = 1 – г? апа 
х =гсоѕ0 = H(x,y,z) = (1? cos? 6) У 1 + 4r? => ІП Н(х,у,2) 4с 
5 


- 124 (т? соз? 0) (vi +42) С n) didi. [Ыз 3 (1+ 42) соз? 9 агад = Их 





Let the parametrization be г(ф, 6) = (2 ѕір ф соѕ 0)і + (2 зш Фзш 0)} + (2 соѕ Ф)К (ѕрһегіса1 соогіпаѓеѕ with 
р = 2 оп ће ѕрћеге), 0 < ф < 7; х? + у? + 22 = 4 апа я = yx +y? > 22 +22 = 4 => 22 =2 => 1 = \/2 (since 
z>0) > 2cosd= м2 = cos ġ = um => ф=1,0 < 0 < 2л; гь = (2 соз ф сов 0) + (2 cos ф sin 0)j — (2 sin УК 
i j k 
апа тө = (—2 sin $ sin 0)i 4- (2sin Фф сов 6) => г, х ке = | 2со8 Фф сов0 2 сов ф віп0 -2 іп ф 
—2 sin Фф sin 0 2 sin Ф сов 0 0 
= (4 sin? à cos 0) i 4- (4 зїп? ф вїп 0) } + (4 sin ¢ cos ¢)k 
-> | х гө| = \/16 вїпї ф соз? Ө + 16 sint ¢ sin? 0 + 16 sin? ọ cos? ọ = 4 sin ф; у = 2 sin ó sin 0 апа 


2т рт/4 
7. = 2 совзф = Н(х,у,2) - 4 сов б біп 0 віп0 = T H(x, y, 2) de — f | (4 cos $ sin ф зш 9)(4 зш 9) 4Ф ад 
$ 





2л рт/4 
=f f 16 sin? ¢ cos ¢ sin 0 dọ d0 = 0 


The bottom face S of the cube is in the xy-plane — z = 0 => G(x,y,0) =x + y and f(x,y,z =z =0 => p=k 
апа у= К = |у | = Land| yz f- p| 2 1 > do=dxdy = | Јбдо = | | (х + у) ахду 

S R 
= А (x + y) dx dy = INC + ау) dy — a?. Because of symmetry, we also get a? over the face of the cube 


in the xz-plane and a? over the face of the cube in the yz-plane. Next, on the top of the cube, G(x, y, z) 
- С(х,у,а)-х-у-аа f(x,y,z) =z =a => p—kand vf-k — |vwf|-—land|szf-p| 2 1 = do = dx dy 


f faac — [foe cada f, J (х +у +а)ахду = f f &+y)dxdy+ f f adxdy = 2a. 


Because of symmetry, the integral is also 2a? over each of the other two faces. Therefore, 


/ [к + у +2) до = 3 (43 + 223) = даз. 


сиђе 


On the face S in the xz-plane, we havey = 0 = Кху 9 =х у = 0 and G(x, y,z) = G&,0,z) =z => р=ја у! =] 
1 2 1 
= |у = Тапа | zf-p| 2 1 => 40 = 4х4 => | | бао = | | (у 2do —. f, f, záxaz- | 2242 =1. 
5 5 


On the face in the xy-plane, we have z= 0 => f(x,y,z) = z = 0 and G(x, y, z) = Оку, 0) = у => p=kandvf=k 
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11. 


12. 


13. 


14. 


1 2 
5 [vrl - Land |szf-p| 21 5 de — dxdy > / [ба = f fydo= f f учхау =1. 
S S 
On the triangular face in the plane x = 2 we have f(x, y,z) = x = 2 and G(x, y,z) = G2, y,z) =y+z => p=iand 
1 1- 
vf-i- |у |= 1а |уғ-р|=1 = до = Фду > | Ј бдо= | | (у+ до = f f (ужо аду 
5 5 
1 
-1,:0-у)4у-4. 
On the triangular face in the yz-plane, we have x = 0 => f(x,y,z) = x = O and G(x, y, z) = G(0,y,z) =y+z 
=> p=iand f-i — |xzf| — 1and|szf-p| 21 — do —dzdy > ff Gdo = f f(y +z) do 
S S 


1 1-у 
= [| (y +z) dzdy = }. 
Finally, on the sloped face, we have y+ z=1 => f(x,y,z) =y+z=1andG(x,y,z)=y+z=1 => p= kand 
vf=jtk = |vfl|=V2and|7f-pl=1 > do=V2dxdy ^ ff[Gae- f f (y 2doc 
S S 


= f, Va xay 2 22. Therefore, f О(х,у,2) 4с =1+1+1+1 +242 = + 24/2 


wedge 
On the faces in the coordinate planes, G(x, y,z) = 0 = the integral over these faces is 0. 
On the face x = a, we have f(x, y,z) = x = aand G(x, y,z) = G(a,y,z) =ayz > p=iand Vf=i > |wf|-1 
c pb 2 2 
and | 7 #-р=1 = do=dydz > [fGdo= f fayzdo = f, f, ayz dy dz = s , 
5 $ 
On the face y = b, we have f(x,y,z) = y = b and G(x, y, z) = G(x, b,z) = bxz => р=јаа у!=ј] > |ућ =] 
and | 7 f-p| =1 > do=dxdz + ff Gdo= f f bxzdo = f“ f'bxzdxdaz = #®%©. 
5 $ 
On the face z = c, we have f(x, y, z) = z = c and G(x, y,z) = G(x, y,c) =cxy => р = Капі Vf=k > |vfl|=1 
b pa 
апа | ҳу Ё-р = 1 = de — dydx — Д] бао = | | схудо = f, | сху ахау = ®. Therefore, 
$ 5 


JJ G(x, y, z) do = Seabtact be) | 


On the face x = a, we have f(x, y,z) = x = aand G(x, y,z) = G(a,y,z) =ayz ^ p-—iand vf-—i- |wf|-1 
b с 
апа | ҳу Ё-р = 1 = do=dzdy > || вао- | f ayzae — f. Jf ayz dzdy — 0. Because of the symmetry 
S S ; 


of G on all the other faces, all the integrals are 0, and f f G(x, y, Z) de = 0. 
S 
Кх, у, 2) = 2х +2у+1=2 = \Е= 21+ 2] + Капа ССх, у, 2) =х-+у+ (2 — 2х —2у) =2-х-у => p=k, 
| ҳу | = Запа | ҳу #-р| = 1 = de 23dydzz 40 9 2x 42y 225 ys 1-x5 ff Gde- f [ Q-x- y) dc 
S S 
1 1-х 1 1 2 
=з /,), @-x-ydydx=3 f (0-хї-х)-10-ху  х-3 (8—2х+5) ах =2 


f(x, y,z) =y?+4z=16> Vf=2yj+4k = lw fl = дуг + 16 = 2,/y?+4andp=k => |vf-p| =4 
_ wy? 44 of? f° Vy2+4 р р хуа) 
= do = 23714 ахду а (кууг + 4) (754) ахау = f f, 059 ахау 


4 
0 





1 3 
= +=: [5+4 = (+16) = 56 
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16. 


17. 


18. 


19. 


20. 


21. 
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f(x, y,z)=x+y?-z=0>5 Vf=i+2yj-k=>|vfl|=/4y+ = /2,/2y2 + 1landp=k=>|Vf-p|=1 
1 — — 1 
= дс = УУ aay > [Gado = f f & +y- x) VZV Y 1dxay — V2 f, Гу 2? X1 dxay 
S 
1 
-42| dy? + 1ду = 5Уб+у? 
Е(х, у, 2) =х?+у—>х=0= vf-2xirj-k-|wvf|- \/4х? + = \/2\/2х° + 1апйр=К = |хуї-р|=1 


= до = УЫШ ax dy = [J Gao = ffx V2V22 41 dxdy = V2 f. f x 23 X 1dxay 
1 
= 36—52 | dy = 208-03 


Қх, у, 2) =2х+у+®=2= у= 21+ ]+К = |у | = V6andp-k- |xzf:p| 212 до = У® дуйх 
1 2—2х 1 2—2х 
> //ве=]| f х у(2 — 2х — у)/бауах = убј, | _ (2x y — 2x°y — x y?) dy dx 
S 
1 
= V6 f, (2х — 2x2 + 2x? — 2x*) ax — YS 








f(x,y,z)=x+y=1> vf-icjo|wvf|-2 М2 апар=} = | Е-р|=1 
=> до = X azàx o ff Gde — f ((х-(1-х)-2)/24г4х-4/2| f, Qx - 2 - 1) azdx 
S 


= УЗ ex- Da --* 


Let the parametrization be r(x, y) = xi + yj + (4—y”)k,0<x<1,-2<y<2;z=0 => 0=4- у? 





ij К 
> y= tZr,-iandr,—j-—-2yk — r,xr,—]1 0 0 |=2yj+k = F-ndo 
0 —2у 


Ty XTy 


1 
=F- хт nxry dydx — xy — 3z) dy dx = [2xy — 3(4— y*)] dydx = E -n do 





1 2 1 2 1 
= [| (оху + 3у2 – 12) дуах = ff [хуг + уз – 12уј ах = f, -32 dx = -32 


Let the parametrization be r(x, y) = xi+ x*j + zk, -1<x<1,0<z<2 > r, =i+2xjandr, =k 





ij k 
> кхе =|1 2x 0 = 2xi-j > F-ndo=F- 7 |r, x r,| dzdx = —x? хах 
0 0 1 


= IS F-ndc — f. f — azàx - - à 


Let the parametrization be г(ф, 6) = (а sin $ cos 0)i -- (a sin $ sin 0)j + (a cos ¢)k (spherical coordinates with 
p = a, a > 0, on the sphere), 0 € o < 5 (for the first octant) , 0 < 0 < 5 (for the first octant) 


=> г» = (а со ó cos 0)i 4- (a cos 9 sin 0)j — (a sin o)k and rg — (—a sin 9 sin 0)i 4- (a sin Ф соз 0) 





i j k 
=> rọ XT = | а сов ф совд  асовфзтб -—asinó 
–а зп фзп 0 азшфсо$ 9 0 
= (а? sin? $ cos 0) i 4- (a? sin? à sin 0) j + (a? sind cos ¢)k > F-ndo =F- кы [ro x ro| dé dó 


т/2 гт/2 
= a° cos’ ¢ sin Фф 40 аф віпсе Е - 2К- (а сов ФЖ -> ШТЭЭ! Ї a® cos? ¢ sin ф 440 - 7 
5 
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22. Let the parametrization be г(ф, 6) — (a sin ó cos 0)i 4- (a sin $ sin 0)j 4- (a cos ó)k (spherical coordinates with 
р =а, а > 0, оп Ше зрВеге), 0 < Фф<л,0<0<2л 
=> гь = (а соз ф соз 0)i + (a cos 9 sin 0)j — (a sin ф)К апа гө = (—а зїп 9 sin 0)i + (a sin 9 cos 0)j 


i j k 
=> го х гу = | асов фсов0 асов Ф віп0 -а біп ф 
-а віп Ф sin 0 a sin Ф сов 0 0 
= (a? sin? Фф сов 0)і-- (а? sin? ¢ sin 0)j + (a? sing cos d)k > F-ndo =F- © г, х к] 90а 
ф 





[ro xro| 


— (a? sin? Ф сов? ф + а? sin? $ sin? 0 4- a? sin $ cos? ф) d0 do = a? sin 9 d0 dó since F — xi + yj + zk 
27 рт 
= (asin ¢ cos 6)i+ (asin ¢ sin 6) + (a сов ФЖ -> |] rene = Г р a? sin ọ dọ d0 = 4ra’ 


23. Let the parametrization be r(x, y) = xi + yj + (2a—x—y)k,0<x<a,0<y<a > r, =i—kKandr, ~j—k 


КЕ 
= их =|1 0 —1|=i+j+k > F-ndo =F- pp |" x ry| dydx 
01-1 


= [2xy + 2y(2a — x — y) + 2x(2a — x — y)] dy dx since F = 2xyi + 2yzj + 2xzk 
= 2xyi + 2y(2a—x —y)j+2x2a—x-y)k => f [F-ndo 
$ 





= fi f; Ixy +2yQa -x — y) +2xQa -x — y)] dydx = f, f, (4ay — 2y? + 4ax — 2x? — 2xy) dy dx 
= f? ($a + За2х — 2ax?) dx = ($+ 3 — 2) at = Bt 


24. Let the parametrization be к(0, 2) = (сов 01 + (sin Oj +zk,0 < z < a, 0 < 8 < 2r (where r = yx? + y? = 1 on 


i j k 
the cylinder) > rg = (— sin #™)i+ (cos 0)j and r, = k = rọ x r, =|—sin соѕ0 0 | = (соѕ 0)і - (sin Aj 
0 0 1 





=> F-ndo=F- 2 lr, x r;| dzd0 — (cos? 0 + зїп? 0) 4746 = 4246, since F — (cos 0)i + (sin 0)j + zk 


7 ох 


at [ [F-nac — f 1 аав = 2а 
5 


25. Let the parametrization be r(r, #) = (rcos #)i+ (r sin 0)j +rk,O <r < 1 (sinceO <z< 1)and0<0< 27 


i j k 
=> r, — (cos 0)i + (5т 9)} + К апа гу = (—г зш 0 + (г соз 0)ј = го х г, = | -гзш0 гсов0 0 
сов 0 840 1 





— (r cos 0)i + (r sin 6)j — rk > F -n do = F - 22 |р x r,| d0 dr = (r° sin 0 cos? 0 + r°) dé dr since 


! тохт] 


2т 1 2n 
F — (f? sin 0 cos 0) i — rk = f [F-nac - f, ШІ (8 50 0 сов 0 +12) габ = f (1 їп Ө соз? Ө-+ 1) 40 
5 


= [=h c00 7-8 


26. Let the parametrization be r(r, 0) = (r cos #)i+ (r sin 0)j + 2rk, O < r < 1 (since 0 < z € 2) and 0 € 0 € 2x 


i j k 
=> r, = (cos 0)i + (sin 0)j + 2k and rọ = (—r sin 0)i + (r cos 0)j => rọ x r, = | -rsin гсоѕ0 0 
cos 0 sinô 2 


= (2г соѕ 0)і + (2r sin 0)j — rk > F -n do = F - 210 |ro x r,| d8 dr 


| [7ETS 


— (25? sin? 0 cos 0 -- 4r? cos 0 sin @ + r) dé dr since 
27 fl 
F = (r’ sin? 0) i+ (2r? cos 0) j —k > [ЈЕ пао = f J (215 sin? 0 cos 0 -- 4? cos 0 sin 9 + г) drdó 
S 





2n T 
=f (3 sin? 0 cos 0 + cos 0 sin 0 + 5) do = [1 sin? 0 - 1 зи? 0+0] = п 
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27. Let the parametrization be r(r, #) = (rcos 0)i 4- (rsin O)j +rk, 1 <r <2 (since 1 <z<2)and0<0< 27 





i j k 
= г, = (cos 0)i + (sin 0)j + k and rọ = (—r sin 0)i + (r соѕ 0)ј = го х г, = | -гзш0 гсоз0 0 
cos 0 sinô 1 

— (r cos 0)i + (r sin 0)j — rk > F-ndo=F- 2 (ry x r,| dO dr = (—1? cos? @ — 1? sin? 6 — r3) dô dr 


[гөхтү| 


2т 
= (—г? — 13) dO dr since ЕЁ = (—г соз @)ї — (r sin 0)j 4- ?k = ee ndo = f, TX —12 — 13) 40 = – 2" 


28. Let the parametrization be r(r, 9) = (r cos 6)i + (г ѕіп 0)ј + ГК, 0 < r < 1 (since 0 < z < 1)and 0 < 0 < 27 





і ј k 
=> r, = (cos 0)i + (sin 0)j + 2rk and rọ = (—т їп 9)1 + (Г соз 0)} = го х г. = | -гзш0 гсоз0 0 
cos 0 80 2r 

= (21? соѕ 0)і + (21? ѕіп 0)ј -rk => F -n do =F - 2y [ro x r;| d8 dr = (81° соѕ? 0 4- 8г? іп? 0 - 2) 404 


27 pl 
= (8r? — 2r) d dr since F = (4r cos 0) -- (4r sin )j + 2k > f fF -ndo = f f (8 — 2r) drab = 27 
S 


29. g(x,y, z =z, p=k > хуе=К = |хур|=1апй|хув-р|=1 = ишке] зн a) da 
- | | зауах-ав 

30. э(х,у, 2) =ур=-] = Veg=ji>/vgl=land|vg-pl=1 = Mf J Reade, | Llp ae 
- ff 2azax - f 20 - 2 dx = 102+ 1) = 30 

31. ху —2xi -2yj -2zk — |y g| 2 4x? -- 4y? + 472 = За; п = 2952120: = MBE > Е-п= 2; 
|у в: К| = 22 = de — 2 dA — Flux JJ ($) @ 4А = f f[zan — f = бї + у) ахау 
= [ Ј ма rardo = 22 


32. Wg = 2xit+ 2yj +2zk = | V gl = 4x? + 4y? + 42? = 2а; п = = и 5 Е.п= 2 + 
= 0; | ҳу в-К| = 22 = do = # dA = Вих = f /F-ndo - f f 0do=0 
$ $ 








33. From Exercise 31, п = “К and do = ê dA > Fasl- prca ъъ Flux = | | (2) (2) dA 
R 


-ffidA- x 


34. From Exercise 31, n — МУК and do = 3 dA > Е-п= g? + 27 + = = ; (£xxs£) — az 
= Flux = f f (za) (2) жее dx dy = a*(Area of R) = } mat 
R 


35. From Exercise 31, n — + and do = 2 dA > F- п= + +2 а => Flux 


a 


= SJ fale) dA = 22 ЧА = DS Jaci 4А = ie = = гагад 


„еу ө-т 
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36. From Exercise 31, n = 





S. © 


ЖУК and do = ê dA > F-n = > 
a 7 Vx + уг + 22 


, . za. 
=> Ех = Г акау = fS rome dxdy - Ї Ji rdrdé — o 





37. g(x,y, z y? -z-4 9 vg-2yjek || = \/4у2 +1 > n= AAT 
F-n— Ap p-k | У 5-р| =1 = 40 = \/4у2 + 14А => Flux 


- 1] (33236) VaF +71 aa = [[ Gxy - 30 dAz-Oandz—4-y! — y 4 
" их = [fy - 56 Pan f e - 28 pt - [D — 12y + y?]Ž, dx 
R 


= f -32 dx = —32 


38. р(х, у,2) = х2 +у2-2= 0 => Vg=2xit+2yj-k = | Veal = /у4х2 + 4)2 + 1 = „/4(х + )2) +1 


2xi+2yj—k 8х2--8у2-2 
ыер сигеу с 2. | 76-р|-1 -» йо = /A4(x? + у?) +14А 


> нах = f/f( т +) VAC (x? + y2)+1dA = ІП 8х? + 8у2 — 2) dA; z = 1 and x? +y? =z 


> x+y =l > Fux - f^ / (в? —2) rdrdó — 2x 



































39. р(х,у,) =у-е=0 = ув = –еї+ј = |у | = уе +1 = п= ај => Кеп= а р=ћ 


5 [ув р = е = до = У ДА => Fux - Л 8-0) (Уе) ад = [е -а6--26 ад 


Ме +1 
= Г/-4аА = |4 уе = 4 
R 











40. g% y,z)=y-mx=0 > хур=—141+] > |хур|= 5 4+1= 4 sincel <x<e 
Mun ie Е-п = ®—;р=}] = |хув-р|=1 = йо= УШ = А 


"C (ug) мы) М1+х? 
х 


= Fux = f f( 5) (МЕ) 4А = ЈУ Ј гучкаг = Ј олха = f/2mx ax 


—2|lxinx-x]|i22(e—e)-2(00—1)22 








41. On the facez =a: g(x,y,z)=z > Vg=k => |vgl=lbn=k Е-п = 2х7 = 2ax since z = a; 
do = dxdy => Flux = | | гах ахау = ЈУ ЈУ гах ахау = а. 
R 








On the face z = 0: g(x, y,z)=z > Vg=k => |vgl=bn=-k F - n = —2xz = O since z = 0; 
до = дхду => Flux = Jf f 0 dx dy — 0. 
R 











On the face x = a: g(x,y,z =х => уг=+— || = ;п=а F - n = 2xy = 2ay since x = a; 
do =dydz => Flux = f f 2ay dydz = at. 

On the face x = 0: g(x,y,z =x > wvg-i- |vgl^Ln--i F - n = —2xy = 0 since x = 0 
=> Flux = 0. 

On the face y =a: g(x,y,z =y > Jg=j > |хуое|=1;п=]} F - n = 2yz = 2az since y = а; 
do — dzdx — Flux = f f 2az dzdx = af. 

On the face y = 0: з(х,у, 2) =у = Vg=j> |vgl=bn=-j F - n = —2yz = 0 since y = 0 
— Flux = 0. Therefore, Total Flux = За“. 
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Across the cap: g(x,y, z) = X? +y? +z? =25 > J g=2xi+2yj+2zk => |J g| = \/4х? + 4y2 +42? = 10 


Z; p=k = |Vg-p|=2zsincez>0 = do = £ dA 


42. 
xi +yj + zk > F-n= xz у 
5 T2385 








> = We = 
5 
= Fux, — f f F: "до = ff (r9 + 4) (8) dA = ffe xy! 1) dxdy —. f f ( 0 rarae 
=f а 
1>n=-k>F-n=-1;p=k=>|/vg-pl=1 
—1l6z. Therefore, 


Across the bottom: g(x,y,z)=z=3> Vg=k=|Vzl 
=> да = ЗА = Во» = | 1 Е-пдо = А f- 1 dA = —1(Area of the circular region) = 


bottom 


Flux — Flux, + FlUXpottom = 1287 
2a; p = k > | Y f - p| = 2z since z > 0 > do = 21А 


V f = 2xi+ 2yj+2zk > | Y f| = 4x2 + 4y? + 42? = 2a; p= 
бт; М мы = ] 1642 =6 ] [2 (3) ) 4А = аб f f dA 

















43. 
= 2? dA; M = f f 8 do = (surface area of sphere) = 
S 
е bra? т Mx бтаЗ 2 а Е v a idi 
= аб || f rarae - л -2- м = ( 4 ) (522) =3. Because of symmetry, X = y = 5 => ће centroid is 
(5,5,8). 

44. Ху Ї-2у)-22Ж -» | Vfl = 4/ 4у? + 42? = 4/4 (у? +22) = 6;р= Кк = мэс eee e 
= 3 ДАМ = шог сақа му = Гаде = Г.Л = 3) ахау = 54; 
My, = уве = ГД 3) dxdy = |. pigs ax dy = 0; My, = J J xdo = Js ia dxdy — т. 

2 т 
mestoe x- (03) 3,y=0,andz= # = 6 
45. Because of symmetry, x = у = 0; М = f f бдо=- |] do = (Area of S)5 = 30/26; V f = 2xi+ 2yj — 2zk 
5 
- НЕ (а, 





> |Y f| = V/A +4y? +422 =2/P +y+2sp=k > |yf-p|=2z + do 
= WEES aa = VEER dA > My = 8 f S z (OFP) aa = f f V2 XT EY dA 
R R 
Many g 
2т г? 
-8 f, Var arae - 555 > LUE) ey = (00,8). Мае erry ene 


= Jf ety) (AXE) baa = 52 f forty) dA - 62 f^ f drab = i e 


46. Кх,у,2) = 4х? + 4у? — 22 = 0 > Vf= 8xi+ 8yj —2zk => |y f| = 64x? + 64y? 4- Az? 


= 2\/16х? + 16у? + 22 = 2/42 + 2 =2\/Szsincez>0;p=k > | Vf-p| =2z2 > йо = 2У?^ 4А = \/54А 


+ b= J Jie +y) bao = 5\5 f fee +y?) акау = 6у5 [7 агае = 35" 


Vio 


в — 
М 2 





47. (а) Let the diameter lie on the z-axis and let f(x, y, z) = x? + y? + z? = a?, z > 0 be the upper hemisphere 
2a,a>0;p=k = | Vf-p| = 22 ѕіпсех 2 0 


= \/ 4х? + 4у? + 47? = 


=> үу Ё= 2хі + 2уј + 22к > | ху 1] 
(8) вав Га зу 4А = ав Т е 2 гага 


> do = % (А > L= ff 6 (х2 + у?) 
$ 


y^p 40 = аб [3 Ža d0 = 4# at => the moment of inertia is 8 a‘6 for 


2 


27 
=аб |, |-? ү 2 -12-02(42-1 


the whole sphere 


Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley 


980 Chapter 16 Integration in Vector Fields 


(b) IL = Icm. + mh”, where m is the mass of the body and h is the distance between the parallel lines; now, 


k.m. = ёт a*6 (from part a) and = 114 do = ЈА] (2) аА = аб Гот ау ах 
ша ааа А тагад = аб ЈУ - V 22 – 15] ад = аб а4д = 2та?6 авав =а 


= ђе RUNE ба? = 207 4246 





48. Letz— P x? + y? be the cone from z = 0 toz = h,h > 0. Because of symmetry, x = 0 and y = 0; 
z=? x+y > f(x,y,z) = ДХ -у)-2-0->» ytft-2* ep 25]. og 





> |yf|= ла о (x? + у2) + ај = BS) (x? + у2) (5 +1) 
= 24/22 (BH) = (2%) nb +a? since z > 0;p=k => |уї-р| =22 => до = 05 дд 
= УК“ алум = J fo = f S VEZE aa = VEEE (ra?) = rav 


б [айе ( ме) dA = ex А ух? + у? деду = ме ЈУ 1 r? dr dó 


3 2 = м, 
= Жанн a = 2 — the centroid is (0,0, 2) 





16.7 STOKES' THEOREM 


i j k 
1. НЕ = y xF-|$ 2 ĝ|=0i+0j+(2-0)k=2kandn=k > ulF-n=2 => do — dxdy 
x 2x 22 


= 4. F -dr = JJ 2 dA = 2(Area of the ellipse) = 47 


i j k 
2. с! Е = ху хЕ=|]|#  &|=0i+0j+6-2k=kadn=k > culF-n=1 > do = dxdy 
2y 3x -zZ 


= фе.аг= |] dx dy = Area of circle = 97 
R 


i j k 
3. ed F- v xF-|2 2 2 = -xi — 2xj + (z — Dkandn — 175 — curl F-n 
y xz x? 


= Сх-2х+#-1 > йс = УЗ дА > фешејј J (3x +z- 1) 3 dA 


- ff, ак+а–х-у– пдувк= ЈУ ЈУ" (-ах – ујдуах = | – [аха –х) + 11 – х)] ах 
EI (4 + 3x — 2x’) dx = —3 





i j k 
д д д : . ігі 
4. cuc] F— үу ХЕ = Эх ду 5: = (2y — 2z)i + (2z — 2x)j + (2х — 2y)k and n = m 


y? +z х2 + 72 x? + y? 
> сшіЕ-п---(2у-22422-2х42х-2у)-0 +f. F-dr= ff Odo =0 


Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley. 


Section 16.7 Stoke's Theorem 981 


ЭЎ % = 2уі + (27 — 2x)j + (2x — 2y)k andn =k 
y? +z? х? + у? х? y? 
1 1 1 
= curl F-n=2x—2y = до = дхду > фЕ-аг= | f ох – 2у) ахду = |х – 2хуј!, ду 


i j k 
5. сШЕ- 7 хЕ-| 2 9 9 


1 
= | -4уйу=0 
i j k 
6 crlF=yxF=|% 2 € = 0i + 0j — 3x?y?k and n = а = topo 
xl? ] z 


— curl F - n — — 3 x?y!z; do = * dA (Section 16.6, Example 6, with a — 4) > $. F -dr = f f (— 3 x?y?z) (4) dA 
R 


2т г? 27 2 2n Ат 
-3 f 1 (г? cos? 6) (12 5112 0) гдгад = -3 f В : (cos 0 sin 0)? dd = —32 | i sin? 20 dd = —4 Ї sin? u du 


= —4[}— 98] = 


7. x 23costandy —2sint = Е = (2 sin t)i + (9 cos? t) j + (9 cos? t + 16 sin t) sin ev 652195 99K at the 
base of the shell; r = (3 cos t)i + (2 sin j => dr = (—3 sin t)i + (2 cos j > F- аг = —6 sin? t + 18 cos? t 


2m T 
es x F-nde- f (—6 sin? t + 18 cosè t) dt = [—3t + 3 sin 2t + 6(sin t) (cos? tt + 2)] 5" — —6 
5 


і і к 
8. culF= y xF=| 5 5 и |= 20): х,у, =42+y+z > yf=8xi+j+2zk 


—z4 3l. tanly x+} 
= п= У! апдр=ј — |xzf-p| 21 > do = МИ дА = | y f| dA; y xF-n= 1 (–2]- D 122, 
[у “Пер —] р 1221 > у К^] сді 
> 57 xF-nde 2 2dA — f[ xy хЕ-пдо= | | -2dA 5 —2(Area of R) = —2(1- 1-2) ^ —47, where R 
S R 


is the elliptic region in the xz-plane enclosed by 4x? + z? = 4. 


9. Fluxof 7 xF=ff WV x F -n do = $ F - dr, so let C be parametrized by r = (a cos t)i + (a sin 0j. 
S 


0<{<2т => 4 = (–азп 01 + (a cos t)j = F- € = ay sin t + ax cos t = а? sin? t + a? cos? t = a? 


2 
— Fhxof v x F- $, F-dr- f, aà at - 2лаг 


И 7 
: ә ә ə го 2xi+2yj+2zk _ s s 
10. 57 х(у)-|%ж у 5 —k;n wal Pei pre = Mt yjtzk 
у 0 0 


=> y x (yi) -n = —z; dø = ! dA (Section 16.6, Example 6, witha = 1) > f f 7 x (yi)-ndo 
5 





= Jf (-2) (1 dA) == ІЙ! dA — —7, where R is the disk x? -- y? « 1 in the xy-plane. 
R R 


11. Let S; and S% be oriented surfaces that span C and that induce the same positive direction on C. Then 


[Jv x F-mdoi 2 d F- ár- f f У x F-m до 
$1 $2 
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12. ЛУ ХЕ-пдо = ГУ Жазады ГУ х Е. пс, апа since S, and S» are joined by the simple 
1 2 


closed curve C, each of the above integrals will be equal to a circulation integral on C. But for one surface 
the circulation will be counterclockwise, and for the other surface the circulation will be clockwise. Since the 


integrands are the same, the sum will be 0 => T у ХЕ-пдо =0. 
5 





i j k 
13. V xF- 5 | = 5142) + 3К; г, = (cos 6)i + (sin 0)j — 2rk and rj — (—r sin 6)i + (r cos 6)j 
22 Зх Sy 
i j k 
= үр. хг = | соѕ 0 sinô  —2r | — (2? cos 0) i - (2r? sin 0) j +rk;n = 22 and do = |r, x ro| дгад 


: к. хто] 
—rsinÓÜ гсо50 О 


> 57 хХЕ-пдо = (5 х Е)- (т, х гө) drdó = (10r? cos 6 + 4r? sin + 3r) drdd > f fy x F-ndo 
$ 


27 p2 27 
=f J (lor? cos 6 + 4r? sin 0 + 3r) arao = f [213 cos @ + $13 sind + 212]? 40 


2n 
= Г (80 cos 6+ 2 sin 6 +6) dd = 62m) = 12m 


| о E 
14. 7 xF=| 2 2 $. |—i-2j-2k;r, x ro — (2r cos 0) i - (2r? sin 0) j + rk and 
у-7 7-Хх X+Z 


V x F- ndo — (7 x F)- (r, x гу) dr dô (see Exercise 13 above) > f f y xF -ndo 
5 





21 [3 Qn 

=f J[, (728 cos 6 — 4? sin 0 — 2r) drab = [f [73r cos 0 — 1 ? sin — 1]? d6 
2n 

— f; (718 cos 6 — 36 sin @ — 9) 40 = —9(2л) = —18т 


ij k i j k 
15. g xF— 2 5 2 = —2y%i+ Oj — x’k;r, x rg =| cos @ sind 1 
х?у уза 3z —rsinü rcos0 0 


— (—r cos 0)i — (rsin 0)j { Капа ху x F- ndo —(N7 x F)- (r, x rg) drd0 (see Exercise 13 above) 
27: | 
=> |] хЕ-пдо= [ff (21? cosó - 2) dra0 — f Ї (2r* sin? 0 cos 0 — r° cos? 0) dr d0 
S R 


-f'a sin? 0 cos 0 — 1 cos? 0) dé = E sint 6 — 4 (2 + $2)] 7 = — 


п 

4 0 4 
i 1 k i j k 
16. ҳу ХЕ = 2 a 2. =i+j+k;r,xrg=| cosé 8ш0 -1 
х-у у-2 1-3 —rsinÜ rcos0 0 


— (r cos 0)i -- (rsin 0)j 4- rkand v7 x F-ndo — (sz x F)- (r, x ro) dr d0 (see Exercise 13 above) 
2m 5 2m 215 
= Лу xF-ndo= ff (@cos@+rsind +1) drdo = f [(cos 9+ sin 8+ 1) $] 40 = (2) Ол) = 25т 


i j k i 1 К 
17. ұу ХЕ = х 2. 2 sasas maa= rint МЗ cos à sin — /3 іп ф 


3y 5-2x 2-2 —/3sindsind 2/3 біп Ф сов 0 0 
= (3 sin? ¢ cos 0)i+ (3 біп? ф зш 0) } - (3 sin cos Q)k; v7 x F-ndo — (v7 x F)- (r; x ro) dó dó (see Exercise 


13 above) — Iv x F-nde — f f -15 cos sin død = f7 [$ cos? g] 7° а0 = | – 1540 = –15л 
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i j К i j k 
18. v xF— g 9 2 = —2zi — j — 2yk ; rọ xX rọ = | 2cos ġ cos0 2cosġsinð —2sinó 


д 
7 


WS 


2 —2 sin Ф віп0 2 іп б сов 0 0 


у х 
= (4 sin’ ¢ cos 0)1 + (4 ѕіп? ф ѕіп 0)ј + (4 ѕіп ф соз Q)k; v7 x F- ndo — (v7 x F)- (r; x ro) dó dó (see Exercise 


13 above) > Ј] 7 xF-ndo = | [(—8z sin’ ¢ cos 6 — 4 sin? à sin 0 — 8y sin ¢ cos 0) db dd 
$ Е 
27 рт/2, 
=f Ї (—16 sin? ¢ cos ¢ cos 6 — 4 sin ¢ sin 0 — 16 sin? ¢ віп 0 сов 0) афа0 
= [| Эрэн 4(3 - 3320) (sin 0) — 16 ($ — 3228) (sin 0 сов 9)] ae 40 
= ГС 1 cos 9 —  sin0 — 4 sin Ó cos 6) 40 = [- 18 sin 0 - s cos 0 — 2л sin? 8] >" =0 


19. (a) F = 2xi+2yj+2zk > culF=0 > $r.a-ffv xF-nde- f [04 —0 
S S 
(b) Let f(x, y,z) 2 xiy!zd > xv ХЕ = y x ví-0-coduF-0- $ F.dr- ff v xF-ndo = f f 0dc 
S S 


=0 
(c) F= y x Ri+yj+zk)=0 > y xF=0 >$ F-a= ff y xF-ndo= ff 0do=0 
S S 


( F2 vt 5 vy xF- vx vt-0o $ F.dr- ff x xF.nac- ff0dc-0 
S S 


20. Е= у= – 1 (х2 + уг + 22) Ri- 1(х2 + у? + 22) "yy – 1 (х2 + у? + 22) 22022) 


=x e y! e 2) PEL y Ge y! xz) P оо eye zy D 
dr _ 


(a) r = (a cos t)i + (a віп 01,0 <(<2т -> $$ — (-asin t)i 4 (a cos t)j 








Е. аг = —x(x?+y?+ 2) 8а sin t) — y (x? + y? + 2) a cos t) 


= (– #2081) (—a sin t) — (8324) (a cos ) = 0 > $F- аг = 0 
b) $F- ee JEN, xF- naea ұй УЕ-пао = | 0-пао = |] 040 =0 
5 5 





i j k 
21. Lt F 2 2yi c 3zj - xk > 7 хЕ-|2 2 21|--3і-і-2қа- ЖЕ 
2y 3z -х 


= ~ ХЕ-п=–2 = $ 2уах + 32 ау - ха = фЕ-аг= | | ху xF-ndo= f f —2 do 
$ $ 


--2 JSJ do, where Jf do is the area of the region enclosed by C on the plane S: 2x + 2y+z=2 
$ $ 


i j k 
22. уухК=|Ж 0 
X y 7 
23. Suppose F = Mi + Nj + Pk exists such that Y x F = (#-B)i+ (ём – е) у (М - мк 


= 4 ӘР ON) _ д Ә?Р ON _ ~ Ч 9 (0M ЭР} _ д 


д?М P = 3 (ƏN | 0M 
= ðyðz  ðyðx — 1 and Oz нд ду ) 


Ә?Р ФР oN O?N 3M OM). = : : : 
( 9хду 88) + ( Э29х ы) + ( дудг 23 = 3 or 0 = 3 (assuming the second mixed partials are 


equal). This result is a contradiction, so there is no field F such that curl F = xi + yj + zk. 





f 92 2 . . 
2 (2) => LA. = Soy = 1. Summing the calculated equations 
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24. Yes: Е ху x F = 0, then the circulation of F around the boundary C of any oriented surface S in the domain of 


F is zero. The reason is this: By Stokes's theorem, circulation = $ F- dr= Jf у ХЕ-пдо = ІП 0-п4с- 0. 
5 5 


25; Т= > г®=(х?+у?) > F= R E 
> $, y(r) -nds = $F -nds = ф M dy — мах = // (+ 23) dx dy 


SJEN (x? +y?) + 8x? +4 (x? + y?) + 8у2] аА = СИ ЛАКО) dA 


= isi +164. 








ӘР ӘМ ам ӘР ON y-x ом. y- у2-х2 _ у?—х? = 
26. Z =0, N =0, M =0, 2 =0, N = FE, MW eS cl = | Soe, — а | = 9. 








However, x? + y? = 1 > r = (cos t)i + (sin 0)ј = а — (—sin t)i + (cos t)j 


27 
= F=(-—sint)i+(cost)j > F- =sin’t+cos*t=1 2$£ra-$ 1 dt = 27 which is not zero. 


16.8 THE DIVERGENCE THEOREM AND A UNIFIED THEORY 








1. F= > divF= ий = 0 2. F=xi+yj > divF=1+1=2 
— _ GMai+yj+zk) (к? + у? + 22)9? — э? (х2 + у? +2)? 
(«уау зу ұй еу гу” (2 ty? + 22)9? — 325(х? + у + ру? 
GM | (х2 + у? + zy SM (х2 + у? +22)5 


— -GM 3 (x2-+y2+z2)?—3 Py e) а -0 


(2+ y2+ 2)7 





4. z—- a? — rl? in cylindrical coordinates — z =a? —(x?+y”) > v=(a?—x?-y’*)k = divv=0 


5. $g-2--L£c-»--L£G-2-02v- Е 225 Вах = f f, ~2 dx dy dz = —2 (23) — —16 


6. 2. (х2) = 2х, 2. (у?) = 2у, 2, (22) = 22 => үу -Е = 2х + 2у + 22 
1 1 1 1 1 
(а) Fux - f. f. f, (2х 4-2у 422) дхдуйг- |, | à -2xty 2] dyaz — [, Ј, а + 2у + 22) дуда 
1 1 
=f [ya 422 - y]; dz — Ј, (2 + 22) 42 = [22 + 25] =3 
1 1 1 1 1 1 1 1 
(b) Бихе | Ј Ј сх=гу+2оахдуа= |] [к + 2ху +2], ауа = | | (у + 42) ду 
-Ї| [2y? + 4yz] | az= f, 8z dz = [4z?]}; =0 
(c) In cylindrical coordinates, Flux — f | | (2x + 2y + 2z) dx dy dz 
=f f 7779, ГИЙГ r cos 0 + 413 віп 0 + 22] dé dz 
=f fc 18 cos 6 + 1 sin 6 + 4z) деда = | [6 sin 6 — !6 cos 0 4- 420] 7" dz = f. 8nz dz — [4nz?]; — 4v 


7. 2 (у) = 0, = (ху) = х, 2 (—2) =-1 = y -F=x-1l;z=x? +y? > z= r° in cylindrical coordinates 


e Fux - f ff (x Ddzdydx — f^ f. f. (oso — Dazrdraó — [7 [У (8 сове – 12) гагад 


ИЕ cos 8 — 2|: a8 — f (2 coso —4) де = [= sin 0 — 40] +" -8т 
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15. 
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2 (х2) = 2x, 2 (xz) =0, 2 G2) =3 > V -F=2x+3 > И ОЗ 
- [7 f; f| Qo sin $ cos 6 +3) (p? sin ф) драфав = |“ Ын E К uud 
= [е 7 в ап ф соѕ0 +8) sino dad = [У [8 (2 – 5722) сов 0 — 8 cos ¢] 7 d0 = f (4m cos 0 + 16) d9 = 327 
О о (—2ху) = —2х, # (3х2) =3х => Flux = К 3x dx dy dz 
= Г |, Gp sin 6 cos 8) (р? sino) dodd ad = [7 [7 12 те ф совбафад = f7 3r cos 0 a0 = 37 

2 (6x? + 2xy) = 12x + 2y, 2 y (2y + x? z)=2,2 > (4х?уз) =0 > y -F=12x+2y+2 
> mec f [fame [fr BI (12r cos 0 + 2r sin 0 + 2) r dr dô dz 


= fof" (82 cos 6 + 15 сте + 4) 9042 = | (32+2т+ $) dz = 112 + 67 





2 (2xz) = 22, 2 (-xy) = -x, 2 (7?) = -2z > у Е = х = Вих = f ff -xav 
D 


-ff к -хагдудх-Г | ^7 (ay — ах) дуак = ЈУ [5 х (16 – 4x2) — 4x16 — 42] dx 


2 
- [9 -ixedas-e T -- 


a (К®) = 3х?, 2 (у?) = 3у?, 053 noy Кенан 39432 > шш] 3(х2 +у? +22) ау 
27 T 
=3 f° J" f° (P sing) apagado =3 [7 f7 E singagao=3 [7E ao – 122 


Let p= x+y? +2. Then £ - 5, - 2, R= 2 > 2од-( хар-5-р,20оу-( у-о 
Ур, 2 (о = (№) а+р=Е +р = үу -Е = SiYi зр = Ap, since p = уух? + у? + 2? 


> Flux — f f f 4pav — fe [v f ap (p? sind) арафав = |" ["ззтфафав = [68 = 12s 
D 


LEX 41:59 dp x др. у Op в 8(x| 21. (x)90 1. XX Simi 
Let p = yx? +y +2. Then 2 =%,%=3,%—2 > B(x) = 1 (5) 2-1 2 Similarly, 


д (у) —1_у о (2)—1_— 2 2-3 Syst? _ 2 
$0); 22. oe 2) p) а 
2 


8. (5х3 + 12xy?) = 15x? + 12у?, 9. (у? + е? sin z) = 3y? + e¥ sin z, 2 (523 + eY cos z) = 152” — eY sinz 
27 рт V2 | 
=> ху -Е = 15х? + 15у? + 152? = 15p? => Flux = SLs 15624У-1 1, ЇГ (152) (p? sin 4) 4р4 40 


= fr fi (12v2-3) sind dodo = fe (24/2 - 6) dé (48/2 - 12) « 








1 
2 (In (x? + y?)] = = 5 (- 2 tan ! Y) = ( 2) E = шаал : 2. (zyx? +y?) = ха + уг 
> y -F= -pty +y => НИ | [== — гу + /х# + у?) dz dy dx 
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27 v2 2 2т v2 
=f 1 Jo (2:559 — 25 + 7) агага = f. E (6 cos 9 — è + 3r?) dr d0 
22 MI 6 ( у2-4) cos 0 — 31n /2- 2/2 - 1] ад = 2л (– 3112 +2/2–1) 
17. (а) G=Mi+Nj+Pk > yv xG=curlG= (22 — 2) 1 (м 2) e (88 ам) к 5 у-у хб 
oP ON д (дм ӘР 9 [ON ом 
= div(curl G) = 3, ЯС 23 talz alta Е 23 
= ФР DN E OM oss ON .. OM. — 0 if all first and second partial derivatives are continuous 


— Охду Oxdz T дуд» дудх + OzOx 9:ду 
By the Divergence Theorem, the outward flux of Y x G across a closed surface is zero because 





(b) 
outward flux of Y x G = ІП (у хб)-пдо 
5 
= 1 f f V-V7xGdv [Divergence Theorem with F = Y х С] 
D 
=JJJ @av=o0 [by part (a)] 
D 


18. (a) Let Е, = Mii + Мы) + Pik and F5 = Мя + Кој + Pək > аЕ, + БЕ» 
= (аМ + ЪМ»)ї + (аМ + ЬМ)) + (аР; +ЪР›)К = ХУ - (aF) + bF2) 
= (а № p p 292) 4- (428--28) + (аб +652) 


= а (® + 95 + 6) кь (26 +20 + 05) ауу «Fo e by - Fa) 























(b) Define F; and F; as in parta > ҳу х (aF; + bF2) 
2 IC +b a) (a am +b Me) ] i+ [(a 29 + b 94) (a 2. +6 2) } 
+ (аа +b 2%) (а 20 +b) к=а (28 28114 (Db. SR у (2 ama) k] 
ЛЕ: деуі. (2 22)4 (38 амь | к ау ХЕ +67 ХЕ, 
i j k 
(с) Е x F2 = и ч - = (NP. — Py No)i — (Mi P2 — PiM2)j + (MiN2 — NiMo)k => y - (Fi x Fo) 


= Вел (МР – Р.№)і – (МР5 – Р.М») т (М; № — N1M5)k] 
= 2 (МР — PiNo) — & (M; P» — PM») + & (MiNo — NiMp) = (Po SE + Ni 2 — No Ft — P, фа) 


(м, 32 ӨР, | Р, ®\ өм, рд м М» æ) + (м; 2% Әм | № 4 мм өм, М» 2x) 








Oz 


=M; (а – 88) ел, (35. – ап) +, (35 - 35) «M (29 - =) +м, (2% — Me) 


+P (9p - е) =® y xF -F y xF 


19. (а) о eRe ғ) + (eR +NB) + (eH + PH) 
= (ME 4+N% +P) +e(M+ N+ 2%) -e7 -F+ ve-F 
(b) suus uncut id ome oc о Ор 
Шы О ы ж оу се ке (NIE MESE 


(р 22 -м2) 1+ (#22 —&)1+ (м-р) 1+ (#2 — 52Р) ]+ (м = —М2)к 


+(g®-e™)k=8¥ xF+ VgxF 
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20. Let Fi = Ми + Мы) + РК апа F, = Moi + Кој + Pok. 
(a) Fy x Fo = (NiP2 — Pi No)i + (P1M2 — MiP2)j + (MiN2 —NiMa)k > у х (Е x Fə) 
= [2 (ми – iM) - & ФМ) — М.Р) 1+ [2 (Р: – РІМ) – 2 (MIN; - NIM3)]j 





+ [# ФМ, — МР) — 2 (NiP2 — PiN2)] К 

and consider the i-component only: 5 (Mi Nz — Ni M2) — 2 (РМ — MjP5) 

= № b» +М, oe M» A Ni on M» m Pi 2м + Ро M, +М, 2 

Р (№ Oh +P, ом.) (№ OMe +P, a) + (2% + 2) М, Є J 23 М» 


= OM OM OM ЭМ: OM: aM: ом: ON: ӘР; 
нэ (м, o +N2 ду + Pe м) (M; Ox +Ni oT + Py м) г ( Эх” Яс oy + x) Mi 




















– (20 + 20 + 2) Ma. Now, icomp of (F> - Y )F: = (M 2 +N: & +P, 2) Mı 








= (м, юм + № n + P2 эм) ; likewise, i-comp of (F; - ду ЈЕ; = (Mi Mo + № oe +P; 23 ; 





і-сотр оЁ (ҳу · ЊЕ = Ёл + 25 + 2) M; and i-ccomp of ( sz - Fj)F; — e + 20 + a) M». 
Similar results hold for the j and k components of v7 x (F; x F5). In summary, since the corresponding 
components are equal, we have the result 

У x (Fi x Fo) = (2 - Е: — (1: У 2+ (У ЕЕ, — (У · КОВ 

Here again we consider only the i-component of each expression. Thus, the i-comp of v7 (F; - F2) 

= & (MiMp + NiNo + P1P2) — (Mi G2 -- Mo D +. Ny + а + Pi GA + Pa Ш) 


i-comp of (F, - 7 )Fo = (м, OMe + Ny OMe +P, ame) | 


(b 


wm 








i-comp of (F5 - V7 )Fi = (м, OM + М өм, + Ро am) , 


i-comp of F, x (y x F) - N (2 - 4L) — p, (24e — 2) , and 


: N 0M M ӘР 
i-comp of F; x (X7 x Fi) = № e = әм) Е eae 
Since corresponding components are equal, we see that 


V (Fi - Fo) = (Fi - V )Fo + (Fo - V )Е + Fi х (ху x F2) + Fə х (ҳу х Е! ), as claimed. 


21. The integral's value never exceeds the surface area of S. Since |F| < 1, we have |F - n| = |F| |n| < (1)(1) = 1 and 


IJ [ 7 -Fdo =f Jf F-ndo [Divergence Theorem] 
| < Ї |F - n| do [A property of integrals] 
er (1) do [JF - n| x 1] 
E of S. 


22. Yes, the outward flux through the top is 5. The reason is this: Since Y -F = ҳу · (хі – 2уј + (2+ 3)Е = 1-2 +1 
= 0, the outward flux across the closed cubelike surface is 0 by the Divergence Theorem. The flux across the top is 
therefore the negative of the flux across the sides and base. Routine calculations show that the sum of these latter fluxes is 
—5. (The flux across the sides that lie in the xz-plane and the yz-plane are 0, while the flux across the xy-plane is —3.) 
Therefore the flux across the top is 5. 


BO. Wak (у)=1,#@=1 5 SEIS Flux = f f f 3av 23 f f [ dV = 3(Volume of the solid) 
D D 
(b) If F is orthogonal to n at every point of S, then F - n = 0 everywhere => Flux = f f F - n do = Q. But the flux is 
S 


3 (Volume of the solid) Z 0, so F is not orthogonal to n at every point. 
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a b 1 a b 
24. vy -F=—2x—4y— 624125 Flux= f° [Of (-2х — ду – 62 + 12) dzdydx = f" f (-2х – 4у + 9) дуах 
= J, (-2xb — 2b? 4 9b) dx — —a?b — 2ab” + 9ab = ab(—a — 2b + 9) = f(a, b); $ = —2ab — 2b? + 9b and 
2L — —a? — dab + 9a so that 2 = 0 and Æ = 0 => b(—2a — 2b + 9) = 0 and a(—a — 4b +9) = 0 > b=O0or 


06 — 
—2а – 22 + 9 = 0, апаа = 0 or —a – 4 +9 = 0. Now b = О ога = 0 = Flux = 0; —2a — 2b+ 9 = 0 and 


—a—4b+9=0 = 3a-9=0 5 а= 3 = b = $ so that f (3, 3) = 23 is the maximum flux. 
25. || F-nde - f f f y -Fav- fff 3av 5 1 ff F-nace- f f f av 2 VolumeofD 
S D D S D 


26. F=C > y -F=0 > Fux= |f F-ndo= fff vy -Fav- fff oav-o 
S D D 


27. (a) From the Divergence Theorem, | | yf-ndo= [ff z- vtfav= fff vtav=fffoav=0 
S D D D 
(b) From the Divergence Theorem, f f f Jf- ndo = f f f 57 -f7 fdV. Now, 
S D 


tyt- (rie (r)se (Dk 5 v tro [25 - G9] | + (31) + [15 + (29) 


— fz?t - | z ff —0-- | sz fp sincef is harmonic > Jf fyzf-nde- fff | 7 |? dV, as claimed. 
$ D 


28. From the Divergence Theorem, TJS vi-ndo= fff z: vtav- fff (8-42-42) dV. Now, 
S D D 


ИН /x2 2 2—1 2 2 2 af x af —_ y Of — 2 

Кх, у, 2) = ш ух” t y^ *z = 5 n(x +у +7”) => Ox _ хафуг+22> ду х? +у2+22° д2 х? +у2 +22 
д _ -д+у?+ё QN _ учи gf чу Oro, Ә% | Ә% 
d Ox? ~~ (x24 y2-4 22)? ? Oy? (x2 + y24 22)? ° 02 ~~ (x24 y24 22)?’ => дх? + ду? + д22 


cu ар а С... туе > JJ Vi-ndo= 1 иу к | ” e араай 














Gi ey ey 


ECT 1 т? т т/2 та 
-1, Ї ача фафав = Ј, [—а соз d] 5^ dà — f. а дд = 72 


29. If ive-nds= fff vtveav- fff у (++ к) ау 


= д? дЕ д д? дЕ д д? at 9 
тан (123 «à ntf + 9 &+г + Уау 





х дх у2 у ду 


52 2 2 < < 
= ТЈ] (па + 53 +5) + (2+ # + #4) ау = ГГ (чузв у-у в) ау 
D D 





30. By Exercise 29, INI fv 5 -пдо = ІШ (£7 °g+ Jf- Wg) dV and by interchanging the roles of f and g, 
S D 
TT gwvf-ndo-— ІШ (g NZ?f -- хув- Wf) dV. Subtracting the second equation from the first yields: 
S D 


р був Ома] (Т ху ?в— в ху ?Ї) 4У зїпсе vf- vg vg- vf. 


к- 


31. (a) The integral f | f p(t, x, y, z) dV represents the mass of the fluid at any time t. The equation says that 
D 


the instantaneous rate of change of mass is flux of the fluid through the surface S enclosing the region D: 
the mass decreases if the flux is outward (so the fluid flows out of D), and increases if the flow is inward 


(interpreting n as the outward pointing unit normal to the surface). 
д 214 = E др _ 
(b) p а4У-2/1/ шы] ругва 1 ҳу -руау => =- y -pv 
Since the law is to hold for all regions D, VW -ру + Әр = 0, as claimed 
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32. (а) WT points in the direction of maximum change of the temperature, so if the solid is heating up at the 


point the temperature is greater in a region surrounding the point = Y T points away from the point 
= — WT points toward the point = - VY T points in the direction the heat flows. 
(b) Assuming the Law of Conservation of Mass (Exercise 31) with —k v7 T — pv and cpT — p, we have 


3 fff corav 2 — ff —kxz T-nde. — the continuity equation, Y - (Ck Y T) + 2 (cpT) = 0 
D S 


= србт=-У -(-КУТ =КУТТ > эт = Е VT - K g ’T, as claimed 


CHAPTER 16 PRACTICE EXERCISES 


- 


Path 1: r=ti+tj+tk > x=ty=tz=t0<t<1 > f(g(t),h®,k()) = 3 — 3° апа ® =1,% =], 


dz 


2 
&-12 \/(8)+(2) +(¥) a= За 5 f. toynas- f; у/3(3 — з) @ = 2\/3 


Path 2: r;) =ti+ tj,0<t<1 > x=ty=tz=0 = f(g(t),h(@), Kk) = 2t — 32 +3 and & dy — 


> dt 2 
2 bm 
g =0 > y$) + (F) + (E a= 3a o J tyad fj v20 -3* e aco as 
[e] 
r =i+j+tk > x=1y=1,2=t > fe@),hO,k@®) = 2 апа ® = 0, 9 —0, 9$ —1 
2 1 
* 4G (8) «ace o f rtmnos- 020-1 


> .у.04- | ху, 2) 48+ ] foy. = 3/2 +1 








Path 1: rı = ti x=t,y=0,z=0 f(g(t), h(t), k(t) = t? and & = 1, ¥ = 0, # = 0 


=. (sy 5) (&)' ac- à — ffe y2as- fea iti 


rm =i+t] > x=Ly=tz=0  f(gth(t), kt) =1+tand ® =0 








dy _1 92 — 
a а 0 


= (ae (2) «($a-a = Плюоуда- Газоа- 3; 


r=it+j+tk > x=ly=1,z=t > f(g(t), h(t), k(t) =2—tand ® =0, 9 = 0, = 1 


X 2 2 7 2 ; 
= \/(%®) +(®) + (#)? dt=dt > ІІ ю.у04-|,0-оа-3 
= па у в = Је Ку, 2) 65 + Ј Ку, 2) 45 + Јо Књу,2) 6 = 19 


Path2: ru — tic tj > x=ty=tz=0 = f(g(0,h(), k() =? +tand ® =1,% =1,%=0 


X 2 2 z 2 А : 

» ү(87-(8)-(0) ё-у24- ] fyz ds = f, V2(@ +1) dt = $ v2; 

r3 = i + j + tk (see above) => J, fx, y, 2) ds = 3 

=> f fix,y,z)ds= J. fy D ds+ f, fyz) ds = $ V2 + 3 = $522 

Path 3: r5 =tk > x=0,y=0,z=t,0<t<1 => f(g, h(t), k) = — ава ® = 0, 5 = 0, % =1 
X 2 2 7, 2 1 

= (4) + (2) + (%) dt = dt > Гу, 8 = f, -tdt =- 4; 

re =tj+k > x=0,y=t,z=1,0<t<1 > f(g(t), Һ(0), К(0)) = Е – 1 апа ® = 0, 9 = 1, & = 0 

2 2 2 1 
» JG (8) «(aca o | Ю.уоФ-|4-)а--і; 


гг=й+}+К > x=ty=1,z=10<t<1 = f(g(0h(),k(0)— t and & — 1, € — 0, & 
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= (8) - (&) « (aca ffe y nass fea t 


= Кх, у, 2) = Јоу) а fo Их, у, 2) 43 + Кур =-Е-Ь+Ь=- 


Path 3 


WIN 


3. г= (асо$ 0)] + (азшОК = х=0, у=асо$ 2 = азшЕ > f(g(t), h(t), k(t) = v a? sin? t = a |sin t| and 
2 
m Ud $ — —asint, € —acost => ЧЭ y «($) 4- (8)! at - adt 
2n T 2n 
> Гоу, в = |” а? |ѕіп (| «= ЈУ а? sin tdt 4- f —a? sin t dt — 4a? 


4. r=(cost+tsint)ji+(sint—tcost)j > x=cost+tsint, y = sin t — t cos t, z = 0 
f(g, h(t), k) = М (сов t + t sin t)? + (sin t — t cos t)? = мл + t? and ах = — sin t + sin t + t cos t 





2 
2 2 
=tcost ¥ =cost—cost+tsint=tsint ¥ = 0 > (45) + (8) + (8) dt 


e 


3 
£ cos? t + t sin? t dt = |t| dt = t dt since 0 < t < V3 > f. fx, y,z) ds = f tyl+ťdt= +4 


5. жа сыз а 80 = 02, 9 = (ку) 9? = б 


ду 
= Мах + N dy + P dz is exact; 2 x = ялт = Кх, у, 2) = 2,/x+y+z+ (9,2) = = Tm 


=i > #=0 = g,2) =h@ = fix, y,2) =2/x+yt+zt+h2) > # = зу +В) 


x+y+z 
(4,-3,0) 
= 1 / ғ... dx + dy + dz 
а Һ(х) = 0 h(z) 2C Кх, у, 2) =2,/х+у+>+С => = 
—1(4,—3,0) — £—1,1,) 22/1- 2/120 



































6 = - у= 9, 31 =0= Fe у =0=5у > Mdx +N dy + P dzis exact; $ =1 => f(x,y,z) 


=х+,®) > 5-2 86,0) = —2у/ул +!) => (х,у, л) -x- 2/2 ho) 
җый ы = -3 > 0) 0 > h =C > К, у, =х—2\/у#+С 


[a x- Zay- V2 dz (10,3,3) – 1,1,1) = (10—23) — (1-2-1) =4+1=5 


1 














7. oM. = —y cos Z Æ y cos Z = oe > F is not conservative; r = (2 cos t)i+ (2 sint)j —k,0 <t < 27 
2n 
> dr = (—2 sin t)i - (2cos)j — f, F-dr— f; [-(-2sin )(sin(— 1))(-2 sin t) + (2 cos t) (sin(— 1))(-2 cos t)] dt 


27 
= 4 sin(1) f, (sin? t + cos? t)dt = 87 sin(1) 


8. 92 = 0 = 9N 0M — 9 — 2P. ON — 32 = 9М _„ Fis conservative > f F-dr=0 


ду д»? д» х? дх ду 
9. LetM — 8x sin y and N — —8y cos x => ON — 8x cos y and 7% — 8ysinx — J 8x sin y dx — 8y cos x dy 


72, (2772 л/2. 
= J J By sin x — 8х сов у) dydx = J, f (8y sin x — 8x cos y) dydx = f (n? sin x — 8x) dx = —7? + 7? =0 


10. Let M — y? andN — x? — $M = 2y and Ẹ = 2х ^ Jy! dx «x: ay 2. [ f ох – 2у) ахау 
R 


2т г? 2m 
-1, J, Qreos 0 - 2rsin 6) dro — |, 16 (cos 0 — зїп 0) 40 = 0 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
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Letz=1—x-y => f,(x,y) = —Landf,(x,y) =—-1 => \/f2+f+1= V3 = Surface Area = | УЗахау 
К 


= УЗ(Агва of the circular region in the xy-plane) = тү/3 


v f= -3i+ 2yj+ 2zk,p=i => | Vfl = V9+4+ 4y? + 42? and | 7 f- p| 23 
2 > Qn уз Ja ale: 2т 
=> Surface Area = | уза ren дуб = f f vere" p dp dg — i f (1 v21- 2) ae = е (7721 -9) 


Vv f = 2xi + 2yj + 2zk,p=k = | у 1] = „у4х2 + 412 + 472 = 2,/х2 + )2 + 72 = 2 апа | у 1 рј = |2z| = 2z since 
т г1//? 
2 2 = 1 дд 1 2 1 
2>0- Surface Arca = f f &4А= // кале] -т=ул4Чу=/, ег 


= [7 [ИЯ ae = f^ (1- 35) a6 - 2s (1- 5) 


(a) хуї=2хї+2у}+2К,р=К > |% f| = Ax? o Ay? - AZ? - 24/x? + у? - z? — A and | v7 f - p| ^ 2z since 
2 сов0 


л/2 
z>0 > Surface Area = f f да = J f 2а4-21Г 1 Joa tdrdd = 470-8 








(b) r=2cos@ => dr = —2 sin 0 d9; ds? = r? d0? + dr? (Arc length in polar coordinates) 
=> ds? = (2 cos 0)? d0? + dr? = 4 cos? 6 dé? + 4 sin? 0 d0? = 4 d6? — ds = 2 dé; the height of the 


712. 


cylinder is z = V 4 — r? = y 4 — 4 соз? @ — 2|sin 0| = 2 51п 01Ё0 < 0 < 5 — Surface Area = _,ph ds 


=2 | @sin 02 dd) =8 


fe yz-irici-cio vf=(4)i+ (544k = |vfl=/5+e+5andp=k > |yf-p|=ż 


pai 
since c > 0 = а р tue UJ dA — jab / 5 + Б + 5, 
R © R 


since the area of the triangular region R is i ab. To check this result, let v = ai + ck and w = —ai + bj; the area can be 


found by computing 3|v x w|. 


(а) VWf=2yj-k,p=k => |vfl| = 4y? - land|szf-p| 2 1 > do = Ay? + 1 dxdy 
1 3 
=> о (2: 212257) y(? - n dxdy — f. f, (? — y) ахау 


y? 


т Е 


(b) Lf g(x, y, z) do = E ауа шаки 


=f] 


Vv f=2yj+2zk,p=k > | Vfl = 4/4у? + 422 = 24/у? + 2? = 10 апа | J f - p| = 2z since z > 0 
> do = ze andy = 3 dxdy = J [s y,2de — Ј (x*y) (y? + 2?) (2) dx dy 


=Sf (xy) 25) (Eq орон 23 Кел 





Define the coordinate system so that the origin is at the center of the earth, the z-axis is the earth's axis (north is the 

positive z direction), and the xz-plane contains the earth's prime meridian. Let S denote the surface which is Wyoming so 

2 21/2 
=r) 


then S is part of the surface z = (R? — x . Let R,, be the projection of S onto the xy-plane. The surface area of 
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19. 


20. 


21. 


22. 


23. 


24. 


25: 


26. 


27. 





e e Dis ere Gr e D а Нар +14А= |] А dA 
Ку Ку R, 


ху 


R sin 49° 
21 n -e ? t drd (where 0; and 6% are the radian equivalent to 104°3’ and 111°3’, respectively) 
Rsin 49° 0 
= E» R (R2 – 2)? = [,, R(R? — R? sin? 4577 — R (R? — R? sin? 495)? qo 
R sin 45° 


— (05 — 04)R?(cos 45? — cos 49°) = s R?(cos 45° — cos 49°) = “Б T (3959)*(cos 45° — cos 49°) ~ 97,751 sq. mi. 





A possible parametrization is r(¢, 0) = (6 sin ¢ cos #)i + (6 sin ¢ sin #)j + (6 cos ¢)k (spherical coordinates); 
now p = 6 and z = –3 = –3 = 6 cos ọ = cos 6 = — 5 = ф= = andz — 3/3 = 3/3 — 6cos ó 


соз ф 3 ф= т< ф < 27, а[500<0 < 2т 








A possible parametrization is r(r, 9) = (т соѕ 0)і + (r sin 0)j — (5) k (cylindrical coordinates); 


пом т = yx? +y? > 2--Заа-24:40 - -2<-5<0 -> 4>і?>0 -> 0<г<2біпсег > 0; 
also 0 € 0 € 2x 


A possible parametrization is r(r, 9) = (т соѕ 0)і + (т sin 0)j + (1 + 1)k (cylindrical coordinates); 
по\ г = yx? +y? > z=Il+rand1<z<3 s 1<1l+r<3 5 0<r<2;als00<0< 27 


A possible parametrization is r(x, y) = xi + yj + (3 -х- Y) kforO<x<2and0<y<2 
Let x = u cos v and z = u sin v, where u = y x? + z? and v is the angle in the xz-plane with the x-axis 


=> r(u,v) = (u cos v)i + 2u?j + (u sin v)k is a possible parametrization; 0 < y <2 > 2u? <2 > u? <1 
=> О <и < 1 since u > 0; also, for just the upper half of the paraboloid, O < у < т 


A possible parametrization is (v 10 sin @ cos 0) i+ (v 10 sin @ sin 0) j+ (v 10 cos фК,0< o € » апа 0 < 9 < 5 


i j k 
г, =1+],г,=1—]-+К > гухгу=|1 1 0 =i-j—-2k > |nxn|= V6 
1 -1 1 


=> Surface Area = | | |ru хэ 4444-1 | V6 dudv = /6 
Ко 


у-ва =]. [(u 4- v)(u — v) - v?] V6 dudv = /6 f^ [^ (? — 2v?) duav 
РУВД ne] v= V6 f ( (4 - 2v?) )av- y6 [|iv- 2v] =- 4 =- 2 


і j k 
г; — (cos 0)i 4- (sin 0)j, rọ = (—r sin 0)i + (r cos Oj +k > хи =| cose sinô 0 
—г5і00 гсоѕӣ 1 

— (sin 0)i — (cos 0)j -- rk — |r, x rọ| 2 уз 0 + сов2 0 + 12 = /1-4- ? — Surface Area = ІШ lr, x re| drdé 


Ке 


= е Јутатаав = ЈУ | Ге +2 (2+ г) аө = | (1у2411:(14:42)| 9 
н) 
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28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 
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М ФУ Тао = |" | Упор 01 ЛВ ага = |" | (1+1) ага9 
- | + 5] = [4 


98 — 0 = ӘМ M Q= 98 —(=— 92M _y Conservative 


Оооо 


п 





ду Oz? Oz Ox? Ox oy 
ОР _ —3zy _ ON OM _ —3xz _ OP ОМ _—_ —3xy __ OM : 
ду © (?+у?+;2у°?__ Oz? Oz ~~ (x24 y2472)-9/2 ~ Ox? OX ~~ (x24 y2472)/? ду = Conservative 


др = 0% уе = e — Not Conservative 


ӘР x OM -у -2 


22 — ON = _ OP ON _ _ OM : 
Oy (х+у2)2 027 ðz (xc-yzy Ox"? Ox  (х+ух)? ду = Conservative 





Fe = 2 > fle, y,2) = 2x + 9,2) > H =H = +z => gy2) =y? +zy +h) 


= Кх, у, 2) = 2х + у? - zy - h(z) = 5 = У+Ы(2) у+1 ћ(2) = 1 h(z =z+C 
=> Кх, у, 2) = 2х + у? + 2у+2+С 

















дї 


Эх = ZCOSXZ => Í(X,y,Z) = sin xz + g(y, z) => 6 lE Ie => g(y,z) = e” + h(z) 

=> f(x,y,z) = sin xz + € + h(z) => a = x cos XZ + h'(z) = x cos xz > h'(z)=0 = Ы) = С 

=> f(x,y,z) = sin xz +e” +C 

Over Path 1: r = ti+tj+tk,0<t<1 > x=t,y=t, z= tanddr = (i+j+k)dt > F = 2i +j+ tk 


1 
— F.dr- (32 41) dt > Work = f (BÈ + 1) dt = 2; 
Over Path 2: rı = ti+tj,0<t<1 > x=t,y=t,z = 0 and dr; = (i +j)dt > F; = 2t? i +j + tk 
1 
= Е, - ам = (2 + 1) dt > Work, = f (2? +1)dt=};m =i+j+tk,0<t<1 > x=l,y=1,z= tand 





1 
drz =k dt > F; =2i+j+k => F -dr = dt > Work, = f at= 1 = Work = Work; + Work, = 3 +1 = $ 


Over Path 1: r=ti+ tj +tk,O<t<1 > x=t,y=t,z=tanddr=(i+j+k)dt > F=2?i+?j+k 
= Е-дг= (32 +" 1) ф > Work =f. (32 +1) dt = 2; 

Over Path 2: Since f is conservative, 4. F - dr = 0 around any simple closed curve C. Thus consider 

J... Fear = |: F-dr + J. F - dr, where C, is the path from (0, 0, 0) to (1, 1,0) to (1, 1, 1) and C» is the path 

from (1, 1, 1) to (0,0,0). Now, from Path 1 above, Í. F-dr = -2 > 0= dis F-dr= J. F -dr + (—2) 


= J. F-dr =2 


(a) r=(e'cost)i+ (e'sint)j + x =e'cost,y =e' sint from (1,0) to (e°”,0) > 0<t<2n 


(e' cos t) i - (e' sin t) j 


— # — (e! cos t — e' sint) i-- (et sin t + e' cos t) j and F = Hi; = y 


dt (x2 + y2)3? (e? cos? t + e sin? t 


— (cost)s sint) ; dr _ f cos?t sin t cos t sin? t sintcost | — a-t 
- (35) (38))j 5 F-£-( et Tm + et cue 


et 











27 
=> Work = Ї e'dt=1—e2" 


д 
+ gly,Z) => B mute 





Е = = TAS 


(2+y2) 49 -” f(x, y,Z) = — (x? nt у? 


(х2 +у?) 
= пера => вд =С = ул = +) 


= f (e? ,0) — f(1,0) = 1 — e7” 


is a potential function for F => f. F -dr 
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38. 


39. 


40. 


41. 


42. 


43. 


44. 


(а) F= sz (X?ze) — Fisconservative — $ F - dr = 0 for any closed path C 


(1,0,27) 2 
(b) f. F -dr = ЦЭР J (x?ze’) - dr = (x?ze¥)| (1,020) — (Х 269) | (100) = 27 – 0 = 27 


i Jj k 
224140, -.49... + Әм акс 5 _ _ 2+6—3К _ 2:16; 3 
У ХЕ=| 5х 5 8; | = —2yk; unit normal to the plane isn = ——=—— = 51+ 5) – 5 К 
; с az М4+36+9 17 7 7 
y y 27 
— V xF-n-$yp-kandf(x,y,z) —2x- 6y-3z > |Y f-p|=3 => do = 22 dA — 14А 


> ¢ F-dr=ffSydo=ff (Sy) (Jaa) = ffryaa= fr Л эн 
R R R 





i j k 
vxF- 2 2. 2 = yi ; the circle lies in the plane f(x, y,z) = y + z = 0 with unit normal 


x+y x+y 4y-z 
п= + К = y xF- n=0 > фЕ-йг= ДУХЕ. nda = ff Odo =0 


(а г= у2и + \/24+ (4-В) К, 0 <Е<т = х= Му = 2 2=4-@ = x= V2, & — y2, = -2 
= (4448 dt > М = / б&х,у,)4 = з С 

-4ү2-2 
©) M= f. бољу, о) да = | 4448 dt = [1+ +1 (+ Г+8) |, = Узы (1+ v2) 





3/2 2 43/2 d d “ 1/2 
r=tit+ 2tj+28°k,0<t<2 > x=ty=2t,2= 217/ d 7 ®—_[/ 


d= ytF5dt > M= f. бх, уул = [\ 3 /5-t 


2 2. 2 
-1, 2... ЗЕ + 5) dt = 38; М, = / yô ds = f 6+5) &= 














2 Е My, 2 2 М, 144 2 
M, f, ba [roof sac EVI S oto opo eo АЙ 
— 4 
2222 
r-üa (302)5 (5) к,0<0<2 = х=ђу = 22 3/2050 5 1,9 үры = 


(6) (8) а утва = уота = ft + 1| dt = (t+ 1) dt on the domain given. 

ThenM- f. éds- f. (15) -04- аг 2:М,-,х6ав- | (1) ee Dato f tdt=2; 

Me = f, yéas = f (EeP) (H) tt Dats f, Ben a- B: Ms - f zô ds 

Ls (i) ernas h ia ох м = Бум = ФВ, Аы 
-3:5-1 7 t=; = f +sds f (2+5) а= 9; 

=f. 0? +x) 5ds= f (+80) a= 

















ж-- 
М 


а. 


= 


Z = 0 because the arch is in the xy-plane, and x — 0 because the mass is distributed symmetrically with respect 


2 
to the y-axis; r(t) = (a cos t)i + (a sin t)j, 0 <t<r => ds= (505 + (8) + (%)? dt 


(—a sin t)? + (a cos t)? dt = adt, since a > 0; М = Ї ô ds = f. (2a — y) ds = fJ Qa-asinyadt 
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— 2a?g — 235; M,, — f. yó dt — f. yQa — y) ds = I (a sin t)(2a — asin t) dt = Гоа sin t — a? sin? t) dt 


Ч 22 и 4a? — Ұл E ле 22 _ 
= [22 сов а2 (5 — 522) | ) = 427 — 51 => y= Set = BS = YD) = (0, 5,0) 





45. r(t) = (e! cost)i - (e'sint)j тек, 0 < t < In2 = x = e cost, y = e sin t, z = e€ > & = (e'cost—e'sint), 


2 
9 = (е' sin t + et cos t), € ERES = (5) + (8) + (2)? dt 





In2 
= (e cos t — e' sin t)? + (e! sin t+ e' cos t)? + (et)? dt = 3e% dt = V3e d; M - | 64%= | V3 e dt 


зу 
= Уз м» = ] 64 е (v3e)()a- ЈУ узета кз 7 Ме (7) 3; 


In2 In2 
Г f. (x? + y?) ô ds = Ї (e? cog? t + e”! sin? t) (Узе) dt = Ї узе“ ф = 1⁄3 











46. r(t) = (2 sin t)i + (2 cos t)j + 3tk,0 < t < 2r = x = 2 sint, y = 2 cos t, z = 3t => a= Dest ? 


& 23 5 (2) (а) (8) а= 49ш- үлЛза;м- || А 
My = J., zô ds = p 0 (5/13) dt = 667? /13; My, = f. xô ds = Jc @ то (5/13) «=0 


Ma = | уба= [7 (2. cos t) (5/3) dt 0 > x=y=Oandz= M» SEVE = 3r (0,0,37) is the 


‚а = —2 sin t, 














center of mass 


47. Because of symmetry x 2 y — 0. Letf(x,y,z) 2 x2 - y? -z2 2 25 > wv f — 2xi 4 2yj - 2zk 
=> | J f| = 4у/ 4х? + 4у? + 42? = 10 апар = К = | yzf-p| 22z sincez 2 0 = М = 1 5о,ууд) 4о 





= = ) аА = JJ 5 dA = 5(Area of the circular region) = 807; Myy = JJ 76 до = ІІ 5z dA 
zu че БИ (5,25-12) гага0- |” 400 19 — 30 л — 7 = (е) = = 


> (3,7,2) = (00,8) 1 — Лоу) во = [502 +У) dxdy — f^ fe sé arae — [32040 — 6407 


48. On the face z = 1: g(x,y,z) =z=landp=k > vg=k => |vg|=l1and|Vg-p| =1 > dø = dA 
7/4 зес 0 
=> 1= |] (2+y2) 4А =2 | Ї 13 дгад = 3; Оп ће Гасе 7 = 0: g(x,y,z)=z=0 > ұу = капір = к 
R 
lvel=1 > |уг-р=1 = йс = аА = 1=ff (x? + у?) dA = 2; On the face y = 0: g(x,y,z) =y =0 
R 
1 1 
= у г=јадр=ј = |уг=1 = |vg-p| 212 de 2 dA 5 I- f fà 0) aA — f, f, xt axaz 1; 
R 
On the face y = 1: g(x,y,z)=y=1 > Vg=jandp=j = |vgl=1>/veg-pl=1 > do=dA 
1 1 
=т= Јо) ал = |, Ј (x? + 1) dxdz = 4; Оп ће ѓасех = 1: р(х, у,2) 2x 21 — vg-iandp-i 
R 


1 1 
|/г =1 = |уг:р = 1 = йс = ПА = r= Sfat) aa = J, J, O +y?) дуда = 5: Оп те face 
x=0: g(x,y,z)=x=0 > Vg=iandp=i=> |уг=1]1 = |уг-рј=1 = до = ДА 
1 1 
sI=ff@+yyaa= f, f y ya - i > 1,=24241444441=-4 
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19, М = злу хам елуу onion пун = 1 = тихе [f (8869) ixi 
1 1 
p @у+1+х—1)4уах = f f, Qy+x)dydx=2;C кы (2: – ём) ах ду 


=) (y -29dydx - f. f. (y — 2x) dydx = – 1 











50. M— y - Gà andN — x y? o 9М = —12х, М — 1, д = 1, IN — 2y > Flux fJ (38 38) dx dy 
R 
1 1 1 
= (—12x + 2y) dxdy = Ј, Ј, 12x + 2y) dxdy = fi (4y? + 2y — 6) dy = п; 


o= [у (2: – ём) жау- // (1-1) dxdy =0 








2 cos y Е : OM _ siny ON _ siny : cos y 
51. М=— = > апак = пхзапу = фи чу апа з = = = $. Inx sin y dy — ® dx 


zd (à - м) фон (91 – =x) dx dy = 0 








52. (а) LeM=xandN=y > M =1,M =0, $98 0, 98 = 1 > Flux 1! (38 + 45) ахау 
= ff а + Ddxdy 22 f f dxdy — 2(Area of the region) 
R R 


(b) Let C be a closed curve to which Green's Theorem applies and let n be the unit normal vector to C. Let 
F = xi + yj and assume F is orthogonal to n at every point of C. Then the flux density of F at every point 


of C is 0 since F - n = O at every point of C > 24 “Р N= = 0 at every point of C 


=> Flux = JJ (34 + 23 dx dy = 1! 0 dx dy = 0. But part (a) above states that the flux is 


2(Area of the region) = the area of the region would be 0 = contradiction. Therefore, F cannot be 
orthogonal to n at every point of C. 


53. 2 (2ху)- 2у, 2. 0у2) - 22, 2 (2xz) = 2x => y -F=2y+2z+2x > ше (2x + 2y + 2z) dV 
1 1 1 
xp p occae n ep Ы 
54. 2 (xz) =z, 8. (у) = 2, 8. (1) =0 = у -Е= 22 = шше] 2z r dr dô dz 


B "andar dards =f” f'r16 – 12) ага = 64 40 = 128т 


55. 2( 2х) = 25550 Зу) = 3, 2.(0)=1 = ху. Е = —4; x? +y? +z? = 2 and x? +y? =z => 2 = 1 


5 ут ә вак е лауа єр" "аатагав = –4 ЈУ "ГС у2 f — P) drab 
D 
= -4 | (- 4+3 v2) a= 3r (7-82) 





56. 2 (x+y) = 626 х-2)- 0, 2 (4yz) = 4y > У -Е=6- у; и = \/х? +y? =r 
7 1 
= Fux= fff (6 +4у)4у = ЈУ“ [] (6-- 4r sin) dzrdrdó — f^ _[ (62 + 42 зп 0) агад 
р 


т/2 
= Ј с +апбад = +1 
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57. F=yi+zj+xk > ұу -F=0 > ких= |Ј ЈЕ -пао= Ј | | ~ -кау=0 
5 р 


58. F 2 3xzli-c yj - Zk > ХУ -Е= 322 +1- 322 =1 = Еих= | Ј Еепао= | | | х7-Еау 
5 р 


MI 1 
EIE 16 “Пішу - fe (1s) dx — [х-&] =} 
59. Е = хуйі + х2уј +ук = ҳу -F=y +x? +0 > Еих= Ј ЈЕ-пдо= | | | ҳу Кам 
$ р 


=fffw@tyav= fff 2azrarag= [7f 2 arao = "2 ао = т 
D 





60. (а) Е = (32+ 1)К = y -F=3 = Flux across the hemisphere = | / F-nde - f f f. xz Еау = fff 3av 
S D D 
= 3 (}) (£ ra) = 2ra? 
(b) Кх, у, 2) = х? +у? +22 – а2 = 0 = gf=2xi+2yj+2zk > |J f| = \/4х? + 4у? + 422 = \/4а2 = 2a since 
а>0 = в = 2120128 — tyit > р. п- (3241) (=); р=К => Vi-p= Vi-k=2z 


=> |xzf-p| 22zsincez 2 0 > do = VL — 22 dA — 2 dA — f/f F-ndo — f f Gz-- D (2) (3) dA 
S Ruy 








УР] 2 
ex (32+ Ddxdy - f f (34/22 — x? — y? 4 1) ахау = Је Је (зла —&  r) rarae 
Ку Ку 


27 р 
= f (% + a^) 10 = ma? + 27a°, which is the flux across the hemisphere. Across the base we find 


F = [3(0) + 1]k = kK since z = 0 in the xy-plane = n = —k (outward normal) => F -n = —1 = Flux across the 
base = f f F -n do = f f —1dxdy = —7a?. Therefore, the total flux across the closed surface 18 
$ Ку 


(1a? -- 21a?) — па: = 2лаз. 
CHAPTER 16 ADDITIONAL AND ADVANCED EXERCISES 


1. dx = (—2 sin t + 2 sin 2t) dt and dy = (2 cos t — 2 cos 2t) dt; Area — 16 x dy —y dx 


2n 
= 5 Ї [(2 соз t — cos 2t)(2 cos t — 2 cos 2t) — (2 sint — sin 2t)(—2 sin t + 2 sin 2t)] dt 


27 27 
= 1 [6 — cos tcos 2 +6 sin t sin 2t)] = 1], (6 — 6 соз) @ = бл 


2: dx — (-2 sin t — 2 sin 2t) dt and dy = (2 cos t — 2 сов 20 46; Агеа = 1 $. x dy — y dx 


2n 
= if [(2 cos t + cos 2t)(2 cos t — 2 cos 2t) — (2 sin t — sin 2t)(—2 sin t — 2 sin 2t)] dt 


2т 27 T 
= } f” [2 — Xcos t cos 2t — sin t sin 20] dt = } f (2 — 2 cos 3t) dt = 4 [22 2 віп 3]: = 2л 


3. dx = cos 2t dt and dy = cos t dt; Area = } $. xdy-ydx- [7 (4 sin 2t cos t — sin t cos 2t) dt 
— 1 f/ [sint cos? t — (sin t) (2 cos? t — 1)] dt =} f" (- sintcos?t-- sint) dt — 1[3 cost- cosi]; 2 - 121-2 


4. dx — (—2a sin t — 2a cos 2t) dt and dy — (b cos t) dt; Area = i $ 


Ç 


x dy — y dx 


2n 
Ї [(2ab cos? t — ab cos t sin 2t) — (—2ab sin? t — 2ab sin t cos 2t)] dt 


[Ir 
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27 ” 
=% | [2ab — 2ab cos? t sin t + 2ab(sin t) (2 cos” t — 1)] dt = 5 J, (2ab + 2ab cos” t sin t — 2ab sin t) dt 
= 5 [2abt - 2 ab cos? t + 2ab cos t] xi = 2mab 


5. (а) Ех, у, 7) = zi + xj + yk is 0 only at the point (0, 0,0), and curl F(x, y,z) =i+ j+k is never 0. 
(b) F(x, y,z) = zi+ yk is 0 only on the line x = t, y = 0, z = 0 and curl F(x, y, z) = i + j is never 0. 
(c) F(x, y,z) = ziis 0 only when z = 0 (the xy-plane) and curl F(x, y, z) = j is never 0. 


























6. F=yz7i+ xz?j + 2xyzk and n = ae = 4+2 so F is parallel ton when yz? = &, x2? = 9, 
and 2xyz = & ж к 2ху үлээх у= хана 7? = + в = 2x? 2= + Ух. Also, 
х2 Ьу? +22 = К? = х? + х? + 2х? = В? 4x? = R? x= +8. Thus the points are: (5,8,9), 








(5 R уж) ( R R Y), ( R R 2) Ё R =] (5 Е уж) 
2›2› 2 j^ 2» 23 2372 2 )»12» 2» 23 JeA2» 32» z j> 
R R V2R R R МОВ. 
For Tj 2 ? 9797) 2 


7. Set up the coordinate system so that (a,b,c) = (0,R,0) => 6(x,y,z) = yx? + (y — R? + 2z? 
= \/х? + у? + 22 — 2Ку + ЕЁ? = 2R? — 2Ry ; let f(x, y, z) = x? + y? + z? — R? and p = i 


=> gf=2xi+2yj+2zk > |f| =2yx? +y? +z? =2R > do = (УТ dzdy = 28 dzdy 


> Mass= J б(х, у, 2) d - \/2R? — 2Ry (È) dzdy = RM aang dz dy 
yz 

















в руу УВ? 
ТУ \/2R?2 — 2Ry 
=4R 121 Je y a ddy = ar fE 2R? — 2Ry sin! (==) d 
0 
= = 2 |" \/2R? — 2Ry dy = = 2nR( (=) (282 E ory)” - I 
-R 
i j k 


8. r(r,O)  (rcosO)i--(rsinO)j -0k,0 crc 1,0c0x2r — rxrg—| сов80 sinô 0 
—rsinÜ rcos0 1 


= (sin Ji — (cos )j + тк = |r; x ro| = У1 +12;6 = 2,/х2 + уг = 2\/r? cos? 6 + r? sin? 0 — 2r 


= Mass= / вос ао = Ју Јута drag = f^ parar] af (2/2 - 1) ae 
- &(2y2- 1) 


b a 
9. M =x? +4xy and N = —6y > ® = 2x + 4y and 98 — —6 — Flux = f | (х +4у – 6) ахду 








= Ге + 4ay — 6a) dy = a*b + 2ab” — 6ab. We want to minimize f(a, b) = a?b 4- 2ab? — 6ab = ab(a + 2b — 6). 
Thus, f,(a, b) = 2ab + 2b? — 6b = 0 and f,(a, b) = a? + 4ab — 6a = 0 => b(2a + 2b — 6) = 0 => b = O0 or b = —a + 3. 
Nowb=0 > а? – ба = 0 = а= Ооа= 6 = (0,0) and (6,0) are critical points. On the other hand, b = —a + 3 
=> а? + 4a(—a + 3) — ба = 0 > —3a? + ба = 0 = a — O or a — 2 = (0,3) and (2, 1) are also critical points. The flux at 
(0,0) = 0, the flux at (6, 0) — 0, the flux at (0,3) = 0 апа ће flux at (2, 1) = —4. Therefore, the flux is minimized at (2, 1) 
with value —4. 


10. A plane through the origin has equation ax + by + cz = 0. Consider first the case when c Z 0. Assume the plane is given 


by z = ax + by and let f(x, y, zZ) = x? + y? +z? =4. Let C denote the circle of intersection of the plane with the sphere. 
By Stokes's Theorem, $ F-dr= f f үу xF -n dø, where n is a unit normal to the plane. Let 
5 
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12. 
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i j k 
r(x, y) = xi + yj + (ax + by)k be a parametrization of the surface. Then rx x ry =|1 O aj] = —ai—bj+k 
O 1 b 
i j К 
— do = |r, x ry| dxdy = ya? +b? + 1 dxdy. Also, у хЕ=|2 2 2] =i+j+kandn= Мк 
x y И ôx ду 0% уа 2-1 
Х 


= ЛУ кке У о | n dx dy. Now 





x? + y? + (ax + by)? =4 => (==) x? + (“ы ы) у? + (2 Р) xy = 1 = the region R,, is the interior of the ellipse 





Ax? + Bxy + Cy? = 1 in the xy-plane, where A = a B ‚В= ab , and C = m . The area of the ellipse is 





2n 2 4т 2 НЬ eae - __ (а+Ь—1)?, 
“Ларсл РЕ = $F -dr = h(a, b) = a т" Thus we optimize H(a, b) = Ыг: 


OH _ 2(a+b—1)(b?+1+a-ab) _ ОН __ 2а+ђ—1) (а +1+6—ађ) _ 2 @ ү: р 
a даңы  - = 0 and дЫ = Wb =0 => а+Ь—1=0,огЬ 1 +а-аь = 0 


and a? + 1 +b-— ab = 0 => а+Ъ- 1 = 0, ога? — 5? + (6 -а) =0 = а+Ъ- 1 = 0, ог (а – Б)(а+ь– 1) = 0 
=> a+b—1=0ora=b. The critical values a+ b — 1 = 0 give a saddle. If a = b, then 0 = b? + 1 + a — ab 











=>a’+1l+a—a?=0 = a=-1 = b-—-1. Thus, the point (a, b) = (—1, —1) gives a local extremum for фе -dr 
=> = -х-у = x+y+z= O0is the desired plane, ifc Z 0. 
Note: Since h(—1, —1) is negative, the circulation about n is clockwise, so —n is the correct pointing normal for 


the counterclockwise circulation. Thus f f w xF-(-n)do actually gives the maximum circulation. 
S 


If c — 0, one can see that the corresponding problem is equivalent to the calculation above when b — 0, which does not 
lead to a local extreme. 


(a) Partition the string into small pieces. Let A;s be the length of the i? piece. Let (xi, у) be a point in the 
i* piece. The work done by gravity in moving the i? piece to the x-axis is approximately 
W; = (gxiyiAis)y; where x;y;A;s is approximately the mass of the i^ piece. The total work done by 


gravity in moving the string to the x-axis is © W; = Xgxyy2A;s => Work = f. gxy? ds 
1 1 


772. — 772. 
(b) Work = үй gxy? ds — f g(2 cos t) (4 sin? t) V4 sin? t + 4 cos? t dt = 16g || cos t sin? t dt 


= [se #9] = 


ЈЕ х(ху) 48 J. y(xy) ds 
xy ds 


(c) X= and y — ; the mass of the string is Ї ху ds and the weight of the string is 


xy ds 


С © 


g f. xy ds. Therefore, the work done in moving the point mass at (x, y) to the x-axis is 


W - (s f xy ds) $ — e f. xy’ ds = £ g. 


(a) Partition the sheet into small pieces. Let Ajo be the area of the i? piece and select a point (xi, y;, z;) in 
the i* piece. The mass of the i^ piece is approximately xiy;A;o. The work done by gravity in moving the 


i" piece to the xy-plane is approximately (gx,y;A\o)z, = ху. Ао = Work = f f gxyz do. 
S 


(b 


хи 


J [ exyzdo =e ff xy(1 — x — y) ГЕСТ X CD? dA — v3 f^ f^ (xy -xty - xy?) dy dx 
S 


= уза ЈУ [1 хуг – 1х5у2 – 1 ху 3) ax = 3g f I x— ix rix -i1x!dx 


1 
6x 3 
= V3g (hx? — bx + ixt— 4x5] = \/Зв (у; — 1) = E 
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13. 


14. 


15. 


16. 


17. 


18. 


(c) The center of mass of the sheet is the point (x, y, Z) where z — Мы with M,, = | | xyz do and 
$ 


М = | T xy do. The work done by gravity in moving the point mass at (X, y, Z) to the xy-plane is 
S 


gMz — gM (8) =>М, = J f гху до = VAR 
S 


(a) Partition the sphere x? + y? + (z — 2)? = 1 into small pieces. Let A,o be the surface area of the і piece and let 
р У. Р Р 
(Xi, Yi, Zi) be a point on the i® piece. The force due to pressure on the i" piece is approximately (4 — 5)Д,0. Тће 


total force on S is approximately X w(4 — zj))A;c. This gives the actual force to be f | (4 — z) do. 
1 
5 


(b 


wm 


The upward buoyant force is a result of the k-component of the force on the ball due to liquid pressure. 
The force on the ball at (x, y, z) is w(4 — z)(—n) = w(z — 4)n, where n is the outer unit normal at (x, y, z). 
Hence the k-component of this force is w(z — 4)n - k = w(z — 4)k- n. The (magnitude of the) buoyant force 


on the ball is obtained by adding up all these k-components to obtain | f w(z — 4)k - n dø. 
S 
(c) The Divergence Theorem says nr w(z — 4)k - n do = JIJ div(w(z — 4)k) dV = LE w dV, where D 


іѕ х? + у? + (2-2)? <1 = JJ we- ak: T 1 4У = $ nw, the weight of the fluid if it 


were to occupy the region D. 


The surface S is z = \/x? + y? from z = | to z — 2. Partition S into small pieces and let A;c be the area of the 
i* piece. Let (x;, y;, Z;) be a point on the i* piece. Then the magnitude of the force on the i^ piece due to 
liquid pressure is approximately F; = w(2 — z,)Aio = the total force on S is approximately 


УБ = Ум(2 -—z)A^; - the actual force is Jupes ЦЭН — Ух +?) \/1+ + + дА 


шүү 


= [| V2w(2- Ve +y?) dA = ЇГ. залаа Маи [а – 11912 46 = | 22” ай = Wve 
Ку 


= 


Assume that S is a surface to which Stokes's Theorem applies. Then 4. E-dr= | | (ҳу x E)-ndo 


= = / (= -ndo = — £ 24, | B-ndco. Thus the voltage around a loop equals the negative of the rate of 


гэ of magnetic flux im the loop. 


According to Gauss's Law, f | F -ndo = 47GnM for any surface enclosing the origin. Butif F = у x H 
5 


then the integral over such a closed surface would have to be 0 by the Divergence Theorem since div F = 0. 


$. У Бг = Ї/ J x (€V g) -ndo (Stokes's Theorem) 
S 
= [Чу хуч үх уугад (Section 16.8, Ехегсїве 195) 
5 
= f [6 - xz fx vegl-ndo (Section 16.7, Equation 8) 
S 


= (Vix ҳу 5) -п йс 


gz хЕ = g х Е > үу х (Е –- Е) = 0 > F — F; is conservative => Е – Е = ҳу Ё аІо, ҳу - Е = ху · Е 
> үу - (Е-Е) = 0 = v 2f = 0 (so f is harmonic). Finally, on the surface S, Wf-n= (Fo —F,)-n 
— F;-n-—F,;-n-0. Now, v7 -(fszf) 2 sz f- NzZf-- f N7?f so the Divergence Theorem gives 
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f f f irt av f f f. £xz?tav 2 ff f. Nz -£xzbav o f [f£xzf-ndo =0, and since vf = 0 we have 
D D р $ 


ГГТУ ЕР аучо=о = fff |Fx - Fi av 20 2 F;-Fi20 > F, = F), as claimed. 
D D 





19. False; let F — yi - xj Z0 — ху Е = 2 (у) + 2. (х) = 0 апа v xF- = 0i 4- 0j + 0k = 0 


х ә = 
< јо 
о эл 


20. |ru X r|? = |в [ry]? sin? 8 = |r. P? [ey]? (1 — cos? 6) = |ru]? [ry]? — |n. ? [r.[? cos? 0 — |r.? |r. |? — (а - ку)? 


> |ru X r|? = EG — F? > do = |ru x r,| du dv = VEG — F? du dv 


21. r=xi+yj+zk > Y -r=1+1+1=3 > [ff v-rav=3 fff av=3Vv > у= //[/ v-rav 
D D D 


= i | f r-ndo, by the Divergence Theorem 
5 
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SSM, not ISM (odd-numbered problems only) 


CHAPTER 17 SECOND-ORDER DIFFERENTIAL EQUATIONS 


17.1 SECOND-ORDER LINEAR EQUATIONS 


1. 


11. 


13. 


15. 


17. 


19. 


21. 


23. 


25. 


27; 


29. 


31. 


33. 





y'-y-12y202r-r-12-202(r-4)(r-3 20-9 г=4огг=—3 > у = сје“ + се 3 





у" + 3у' – 4у = 0 = +37—4=0 > (г[+ 4) (г– 1) =х 0>г=–Аогг =] => у= сет + сзех 








у”-4у-0->г-4-д0->(г-2)г--2) -0->г-2огг--2->у-се-- сзе > 





2у”-у-Зу-0--220-г-3-0-(2:-314:41)-0-г-Зогг--1-у сјез“ + сре“х 





8у” — 10у' — Зу = 0 = 812 — 10r — 3 = 0 > (4r + 1)(2r — 3) =0 >r = —} orr = $ > y = сіе 4 се?" 








y’+9y =0374+9=05r=043i у = е0х(сусоѕ Зх 4- соѕіп Зх) => у = сусоѕ Зх + соѕіп Зх 








у" + 25у = 0 => 12 +25 = 0 =» г= 0+ 51 = у = e?*(cycos 5x + cysin 5x) > y = cycos 5x + со 5х 





+ = 2_ 
у" – 2у' + 5у = 0 => 12 -2r+5=05r= HODEN ODO o Ue = 1+ 21 = у = e*(cıcos 2x + czsin 2x) 








у” +2у' +4у=0=?+2г+4=0=г= 25423019 2 14 VBisy= e^ (eicos 3x + c;sin Ух) 























у" + 4у' + 9у = 0 => 12 +4r+9=05r= ОМ үү =—2+ \/51 y = e7% (cicos 5x + csin Ух) 


y” = 0 > r = 0 > r = 0, repeated twice > y = c1e®* + c2x e°* => у = с + сох 


iy + 49 +4у = 0 = rÊ +4+4= 0 = (1+2)? = 0 = г = –2, гереаіей місе = y = ce? + сохе-2* 














ту + 6% + 9у = 0 5 12 + 61+9 = 0 = (1+ 3)? = 0 => г = —3, repeated twice 9 y — cie ?* c coxe 


acd 49 +у= 0 = 42 +4г+1 = 0 = (2+ 1)? =0=г= —}, repeated twice > y = сүе725 4 сох тах 











94 + 6% +у=0 = 92 + 6+1=0 = (Зг + 1)? =0=г= — 1, repeated twice > y= c;e^3* сәхет 


у" - бу’ + 5у = 0, у(0) = 0, у'(0) =3 > Р+6+5=0= (г+ 5) (г+ 1) =0=г= —5 огг= –1 
= у=сје =“ + се“ > у! = –5сје 77 – се 5; у(0) = 0 > с] + 02 = 0, апду (0) = 3 = —5с1 — © = 3 
>c =- апас = $ > y= -$ —5х 4 675 





у” + 12у = 0, у(0) = 0, у'(0) =1=12 +12 =0=г=0-2 3i => y =cycos2\/3x + csin2/3x 
=> yl = —2y/3 csin 2/3 x + 2/3 c2cos 24/3 x; y(0) = 0 = cı = 0, and y'(0) = 1 > 2V3 c2 = 1 
= са = апіс = г > y — j'5sin2 3x 
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35. 


37. 


39. 


41. 


43. 


45. 


47. 


49. 


51. 


53. 


55. 


57. 


59. 


61. 


y” + 8y = 0, y(0) = —1,y(0 222 Ê +8 = 0 >r = 0+2V2i > y = cicos 2/2 x + созт 2/2 х 
> у --2 2 с1зш 2/2 х + 24/2 сосоѕ 24/2 х; у(0) = —1 => с = —1, апду (0) = 2 => 2/26; —2 
= cı = —1апйс; = 95 5 у = —с0 2/2 х + Jasin 2 2х 





у” — 4у' + 4y =0, y(0) = 1, y'(0) =O SP —4r+4=05 (r— 2)? =0 => г = 2 repeated twice 
> y = cie 4 cox e?* => у’ = 2с1е?х + сое? + 2cox e**; у(0) =1 = с! = 1, ава у’(0) = 0 = 2с + с =0 
= с; = l and c = —2 > y = e” — 2x e% 


44 + 128 + ду = 0, у(0) = 2, 9(0) = 1 > 4r? + 12r +9 = 0 — (2r + 3}? = 0 = r = —3 repeated twice 
3 


E 23 4 au. а 23 EM d 
>y=ce *+oxe% > & = —scie * + ce 2 — sexe 2; y(0) = 2 > cı = 2, and 2 (0) =1 


=> ёс +0 = 1= с = 2апіс = 4 = у 2 2e7?* + Ахе >" 





у" – 2у' – Зу = 0 = 12 – 21-3 = 0 = (г– 3)(1+ 1) = 0 =т= 3ог= –1 = у = cie? + се 





Ду! + Ду! фу = 0 => 42 + 47 +1=0 => (27 +1) = 0 >г= —1 repeated twice > y = cie ?* E exe? 








4y" + 20y =0 > 4? +20=0>r=0+5i > y = e (сов 5x + czsin 5x) — y — eicos 5x + csin y5 x 


25y" + 10y +y = 0 > 25r? + 10r +1 =0 > (5+1) =0>r= — 1 repeated twice — y — cje 5* + сохе-5* 


—4+ 2_ 
ду" + 4у + 5у = 0 = 42 +4165 = 0 =т= 4Ey 4-400) — lii у= e^?" (cicos x -- csin x) 











16у” — 24у' + ду = 0 = 1672 — 247 +9 = 0 > (Аг – 3): = О > г = 3 repeated twice > y = срез“ + сохеїх 


ду" + 24у' + 1бу = 0 = 9r? + 24r + 16 =0 => (3r+ 4)? =0Sr= —$ repeated twice — у = cie 5* + ox e 5* 





6y" — Sy’ — 4y = 0 > 6P — 5r -4 =0 > (3r -4)(2 +1) =0 > r= forr =-—} > y = ce?” + cze7?* 





y! +2y' +y = 0, y(0) = 1, y'(0) = 1 > Ê +2r +1 = 0 > (r+ 1) = 0 > r — —1, repeated twice 
= у = сіе + сахех => у’ = —cje™* — сохе * + сое х; y(0) = 1 > cı = 1, and y'(0) = 1 > с + 02 = 1 
= с! = 1 апас = 2 > y = e™* + 2xe™* 


Зу” + y'—14y = 0, y(0) = 2, y'(0) = -1 = 3° +r - 14 = 0 > (3r 7(r-2) 209 r— - orr-2 
= у = сце: + ое = у = —1суе—3^ + 2сое?х; у(0) = 2 => с) + с = 2, апду (0) = —1 = —fe, + 20 = —1 


_ 15 201 — 15.—(7/3 1142 
= с! = 1; ado = 44 — y — ве (7/3)x {+ 1 е2х 


Let rı and rz be real roots with rı Æ r2. If e"* and e?* are linearly independent, then e"* is not a constant multiple of e?* 
епх 
ерх 


(and vice versa). Assume that e"* is a constant multiple of e’*, then for some nonzero constant c, e'* — ce^* — =с 
= güiX-mX — cL e(n-m)* — c. Since ту 5 12, c is not a constant, which is a contridiction. Thus e"* and e?* are linearly 


independent. 
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63. Гет = а +18 апа г = a — i 8 be complex roots. If e^*cos x and е" хѕіп б х are linearly independent, then e^*cos 8 x 
is not a constant multiple of e^*sin 8 x (and vice versa). Assume that e^*cos B x is a constant multiple of e^*sin 8 х, then 
for some nonzero constant c, e?*cos З х = ce**sin Ü x — e?*cos Вх — се’хзш Вх = 0 = е^*(соз Вх — сзтдх) = 0 
=> e°* = Q orcos Üx — csin@x = 0. Since e** 4 0 > c — cot x, thus c is not a constant, which is a contridiction. 
Thus e°*cos 3x and e**sin 2 х are linearly independent. 


65. (а) у' +4у =0,у(0) = 0, ул) 2319 +4=0=г=0+21 = у — e'*(cicos2x — cosin2x) 
= у = сүсоз 2х + csin 2x; y(0) = 0 c; = 0, and y(7) = 1 с = 1 = no solution 
(b) y” +4y = 0, y(0) = 0, y(r) 209 ° +4 =0 >r=02i > y = e®*(cıcos 2x + csin 2x) 
= у = cıcos 2x + czsin 2x; у(0) = 0 = cı = 0, and y(r) = 0 = cı = 0 = cı = 0, cz can be any real number 
=> у = asin 2x 











17.2 NONHOMOGENEOUS LINEAR EQUATIONS 











1. у" —3Зу' – 10ду = —3 = г —3r—-10=05 (r—S5)(r+2) =O Sr=S5orr=—2 Sy, =cye* + me; yp =A 
= yj = 0 > y¥ = 0 > 0 — 3(0) - 10A = -3 > A = ġ > y = ce” + ce™™ + 








3. y'—-y' 2sinx =» 1 –-г= 0 = (т -– 1) = 0 =т= 0огг= 1 = у, = сео + сех = су + сех; 
Ур = А ѕіпх + В соѕх = ур = Асоѕх — В ѕіпх = ур = —Asinx — B cosx 
= —Asinx — Bcosx — (Acosx – В ѕіпх) = ѕіпх = (А + В)ѕіпх + (А – В)соѕх = ѕіп х 


=> -А +В = 1, -А -В=0 = А —3,B 1 у c; t coe* — 1 ѕіпх + 1cosx 











5, у'+у = сов3х => 172 +>"1=0 >г=0 =1= у; = eP*(cicosx 4 cosinx) = сусоѕх + cosin x; 
Yp = A sin 3x + B cos 3x => ур = ЗА соѕ Зх — ЗВ ѕіп Зх — y,’ = —9A sin 3x — 9B cos 3x 
= —9A sin 3x — 9B cos 3x + (A sin 3x + B cos 3x) = cos 3x => —8A sin x — 8B cos x = cos 3x 


= —8А = 0, -8B = 1 > A =0,B -i y cıcos x + czsin x — 1 cos3x 











7. y’ —y’ —2y = 20cosx >? —r—-2=05 (r—-2)(r+ 1) =OSr=2orr=-1l => y. =cye* + me; 


, 





yp = Asinx + Bcosx = y, = Acosx — Bsinx = y,’ = —Asinx — Bcosx 
= —Asinx – Bcosx — (Acosx — Bsinx) — 2(Asinx + Bcosx) = 20cos x 
=> (—3A + B)sinx + (—A — 3B)cos x = 20cosx => —3A + B = 0, —A — 3B = 20 > A = —2, B = —6 


X 


> у = спе2х + сое-* — 2sinx — 6cosx 





9. y'-y-e -x2Dg-1-20-2(r-l)r-1)205r-lorr--1o y. —cie oe 
ур = Ахе* + Bx? + Cx + D = у; = Ае“ + Ахе“ + 2Вх + С = у; — 2Ae*  Axe* -- 2B 
=> (2Аех + Ахех + 2B) — (Axe* + Bx? + Cx + D) = e% + x? = 2Ae* — Bx? — Cx + (2B —D) = ех + х? 
= ЗА = 1, —В=1,—С= 02 Вв—РрР=0>А LB —1, C = 0, D = —2 


= у = спех + сое + ixe — x? —2 














11. у" — y' — 6y = ех – 7соѕх => 12 —r— 6 = 0 > (г – 3)(:+ 2) = 0 =т= 3 ог = –2 = у, = сіе? + се >; 


^ 





ур = Ае * + Bsinx + Ccosx = yj = —Ae™ + Bcosx — Csinx = у, = Ае * – В ѕіпх — Ссозх 
= Ае * — Bsinx — Ccosx — (—Ae™ + Bcos x — Csinx) — 6(Ae™ + B sinx + Ccosx) = e* — 7cosx 
=> —4Ae™* + (—7B + C)sinx + (—B — 7C)cos x = e * — 7cosx > —4A = 1, -7B + C = 0, —-B—7C = —7 


all 2” 49 3х -2Х 2 Їс-х Lgj 49 
А DB æC 50 y = сје“ + се 46 * + 55510 х + 50605 Х 
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13. $3 159 — 15x? > r? + 5r = 0 > r(r + 5) 0 = г= Оогг = —5 = у; = сјеб“ + сое ° = с; + сое; 
Ур = Ах? + Вх? + Сх = у; = ЗАх" + 2Вх + С = у; = бАх + 28 = бАх + 28 + 5(ЗАх? + 2Вх + С) = 15х? 
= 15Ax? + (6A + 10B)x + (2B + 5C) = 15х? = 15А = 15, 6А + 10В = 0,28 + 5C = 0 > A = 1,В = –{,С = 6 


— —5х 3 3.2 6 
= у = с! + coe TX —3X TX 








15. у -3% = eÙ — 12x > ° — 3r = 0 > r(r — 3) = 0 >r = Oorr = 3 => у, = сјед“ + се“ = cy + 26), 
ур = Ax e% + Bx? + Cx > ур = Ae* + 3Axe** + 2Bx +C > у; = бАе“ + ЗАхе“ + 28 
= 6Ае?* + 9Axe?* + 2В — 3(Ae?* + ЗАхе“ + 2Вх + С) = езх — 12x 2 3Ae?* — 6Bx 4- (2B — 3C) 2 e?* — 12x 


-> ЗА- 1,-6В -12,28-3С-0->А-1,В-2,С-і >у=с + се? + 1хе?* + 2х? + fx 














17. у" +у = х, =» 12 +г= 0 = (г+1) = 0 =т= 0огг= –1 = y, = cye™* + Ce = с + се = у = 1, уз = ег 


























0 сх [ 0 
r |х e| хех Ж 0 х x x 1,2 
=> У = | | = == = x and v; = ! a === = —хе У] хах = 5х“ апі 
0 —ех 0 —e- 








у; = fea = —хе*-+„е* > у, = 1х2(1) + (-хех + ее * = 1х2 -х+1=> у=с! + с2е* + 1х2 —х 





19. y” +y = sinx > ° + 1 = 0 > r= 0 i> ye = ccosx + cesinx => у = соѕх, уз = ѕіпх 
cosx 0 
—sinx sinx 


0 sin x 








sinx cosx —. віпхсовх Q: 
= Saye == sin X COS X 








— —sin?x 
cosx sinx 


>v = — —sin?x and v; — 


cosx sinx 


—sinx cosx —sinx cosx 














= ү = J six dx E fet tex = isin2x — jx, and v; — J sinx cos x dx — jsin?x 


= (14 241 loin? i = 14 2-1 leinx — isi 2 
= yp = ($sin 2x — 4x) (cosx) + (4sin?x) (sinx) = 4sin x cos?x — 4x cosx + sinx — 4sin x cos?x 
= —ixcosx 4 sin x = у = с1с08Х + созпх — 5X COS X 
= 2 : = - 
21. y! +2y +y =e™ >r +2r+1=0 > (г+ 1) = 0 > r= l, repeated twice > y, = cje™* + cox e™* 
=>y,=e*,y2=xe* 
0 жест e 0 
, e* e*-xe* —xe7* , -ет ез eX 1.2 
= ур = үс Ra = == = –хапа у; = теу тах = ix = l> vs- xdx — —5x 











—e-X e-X— xe-x 














—e-X e-X — xe-X 


апа уз = f ldx = x = yp = (— 4x?) (e™*) - (x)(xe*) 2 Ie * 2 y = сег + cx e™ + ix?e™ 








23. у –у=е >r -1=0>(r-1)(r+1)=0>r=1orr= -1 > у = сје + сех = у = ех, у = е 


























0 е7 28240) 
>v = E = H = l and v? = © ©1 08 тех > у = | 1ах = 1х апа уз = —1 | е*ах = —1е2х 
17 Je e| -2 2 2~ Te ex] == 2 1— 9.9 99-2 2— 72 =" E 
ех -етх ех -етх 
1 1 z 1 1 i 1 
= у» = (1х)ех + (—je™)e “= хе — де => y=cye*+ce "+ 5xe 











25. у +4у + 5у = 10 = 12 +47+5 = 0 =г= СЕ = —2 +i > у = е 2(сісоѕх + csin x) 
































0 e-?*sinx 
— в-2х — ~a-2k / 10 _e7**cos x—2e7**sin x — -10e sinx . 2X6; 
— yi-—e ^cosx, y? — e ^sinx — v, — ROSE RUNE = E — —]0e^sinx 
—e-?sinx—2e-?*cosx  e~2Xcos x—2e72Xsin x 
e-?*cosx 0 
-2хс4 —2K age E 

Jo —е-“*з1пх—2е- “сох 10 __ 10е-2совх _ 2х 

and v, = S COSE sink = sx = 10e*cos x 
—e-sinx—2e-?*cosx  e~2Xcos x—2e72*sin x 

=> ур = — [ 10e*sin x dx = 2e?*cos x — 4e?*sin x and v; — f 10e?*cos x dx — 2e?*sin x 4- 4e?*cosx 


=> yp = (2e?cos x — 4e?*sin x) (e ?*cos x) -- (2e?*sinx + 4e?*cos x) (e ?*sinx) 2 2 2 y — e? (cicosx 4 cosinx) + 2 
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27. ФУ + y = secx, — 5<x< 5 1 +1=0=г=0=1 Ye = cıcos X + csin x = yı = COS X, Y2 = SİN X 
0 sin x cosx 0 
весх совх —sj с -віпх sec X . 
> у = eet _ сзахвех _ _ (апхапдуј = |_--- 4 = 1 = sinx > vy = Jf -tan x dx 
COSX  Sinx 1 cosx sinx 1 














—sinx cosx —sinx cosx 





B – f 84x = = In|cos x| and v2 = fi dx = х = yp = (In|cos x|)(cos x) + (x)(sinx) = cos x In|cos x| + x sinx 


= у = с1с05х + cpsinx + cos x In|cos x| + x sinx 


29, у" – 5у = хе?, ур = Ахге + Вхе? => у, = SAx’e™ + 2Axe™ + SBxe™ + Be™ 
= Ур = 25Axe* + 20Ax e* + 2Ae™% + 25Bx e* + 10Be™* 
= (25Ax?e? + 20Axe™* + 2Ae™ + 25Bxe™* + 10B e*) — S(SAx?e?* --2Ax e?* + 5Вхе* + В езх) = хех 
= 10Ах е> + (2А + 58) е“ = хе“ > 10A = 1, 2A + 5B = 0 > A = }, B = -4 > yp = Gx’e™ — Axe™; 
р — 55 =0= г(г- 5) =0=г=0огг = 5 = ус = сле + cee" = с + сое?" 


= 5x 12452-55 
=> у = с! + coe + хе хе 














31. y” +y = 2соѕх + ѕіпх, ур = Ахзшх + Вх совх => y = Axcosx + Asinx — Bxsinx + Bcosx 
=> Yp = —Ax sinx + 2A cosx — Bx cosx — 2B sin x 


= (—Ax sinx + 2A cosx — Bx cos x — 2B sin x) + (Ax sin x + Bx cos x) = cos x + sin x 


=> —2B sinx + 2A cosx = 2cos x + sin x —2B=1,2A=2>A=1,B -i Ур xsinx — x cos x; 


г+1=0=г=0-+1= Ye = C1COS X + csin X = y = с1с0$х + созшх + хзшх — 5X COS X 


























33. 3- S e pe -г=05-1=0 0 1 вх + сое" = : 
кат е pU Set Hao Е П) r orr Ye + сех = с, + сое 
0 ех 
, ee e —е2*—1 : е Hee ct х рех =) 
(а) у = 1, у =е = үу = Fa OF ee eX and vy = a Sl te ~ 
la ех | ех 








=> >" = Гее —е*)ах = —-e* +e * and v; — Ja ет) ах =х- 1е 
= ур = (—е* +е-*) (1) + (х – 2е72%) (ех) = —е* + хе + Је => у = ср + сечхе + 167 
(b) yp = Axe* + Be* > y, = Axe + Ае* — Ве = y, = Axe* + 2Ae* + Be™ 
=> (Axe® + 2Ac* + Be *) – (Ахе* + Ае* —Ве-*) =e* +e * > Ae* + 2Be* =eX +e %* 
А = 1,28 =1=А = 1,В = 1 = у= с + ое + хех + 4e™ 

















35. S3 — 49 —5y ce 4 à —-4r-5-02 (г— 5)(г + 1) 0 = г= 5 огг = —1 = у, = се + сре > 





























ах2 
0 ёх ex 0 
225 LAS ,- 1644 -e7| — -1-4e* (124 22-5 ‚ _ |5е* е*+4|] _ ебрдех _12 2 
(а) у =е*, у =е* 5 ү = Ты = еж - 6 95467 and vy = Pee = eee 766) 7036 
безі —ех 5ех —e* 
= үү = КЕС еро 28277) ах- — же Акм Ee and v = fie — 2e") dx — – Бех — е^ 
ne 1 д-4х A —5x 5x 2x 2 дх -хү _ Їдх 4 = 5х —х lax 4 
5 ур = (247 - ie )(e") - (-5e* - $e)(e) 2 73e – 5 ә у = се? + соет" – зе" – $ 


(b) yp = Ae* +В = y, — Ае“ => у; = Ае“ = Ае“ – ДАе“ + — 5(Ае“ +В) =“ +4 = 8А ех – 5В = ех + 4 


= —8А = 1, —5B = 4 > A = —}, B = -4 > у= се“ + 06 5 — le — t 











37. у" + у = соїх,0 <х<п= 12 +1=0=г=0 +=1 = ух = с1созх + созтх = у = соѕх, уз = ѕіпх 

















0 sin x cosx 0 
, cotx cosx —sinxcotx i cosx —sinx cotx cos x cotx cosx cos2x 
= У! = : - — —SInx = = cosx and v; = = — =cosxk: = ——— 
cosx sinx 1 sinx cosx sinx 1 sin x sin x 














—sinx cosx —sinx cosx 


= ү = — | совхах = sin x and v; — Гах = = [Дек віл? х qx = x= f(a шат x) )ах = J (csex — sin x )dx 
sinx sin x sin x X sinx 
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39. 


41. 


43. 


45. 


47. 


49. 


51. 


= Шш|сзсх + соїх| — зшх = ур — (sinx)(cosx) + (In|cse x + cot x| — sin x)(sinx) = —(sinx) In|csc x + cot x| 
=> y =c cos x + csin x — (sin x) In|csc x + cot x| 





y” — 8y' = езх > r? — 8r = 0 > r(r— 8) = 0 >r = Oorr = 8 => у; = сје0х + сре = су + сре; 
ур = Ахе“ = у; = Ае“х + 8Ахе“ = y} = 16Ae®™ + 64Ax e* => (16Ae** -- 64Axe*) — 8(Ae** + 8Axe*) = e®* 


8Ае8Х = ез 8A = 1 A i у= с + соеёх + ix ебх 




















у" = у = х? = 12 -г=0 = гг - 1) =05>г=0огг = 1 = у, = сје0х + сре“ = с + сре; 

Ур = Ах“ + Вх? + Сх? + Ох = уу = 4Ах? + 3Вх? + 2Cx + D = y/! = 12Ax? + 6Bx + 2C 

= (12Ax? + 6Bx + 2C) — (4Ax? + 3Bx? + 2Cx + D) = x? 

=> —4Ax3 + (12A — 3B)x? + (6B — 2C)x + (2C — D) = x3 > —4A = 1, 12A — 3B = 0, 6B —2C =0,2C -D=0 
A=-},B=-1,C=-3,D=-6=> y=c) + ce* — 4x4 — x3 — 3x? — 6x 

















y'+2y =X -F sr+2r=O0Sr(r+2) =0Sr=O0orr=—-2> y, = cye™* + pe = с1 + сое 2х; 
Yp = Ax® + Bx? + Cx + De* = у; = ЗАх: + 2Вх + С + Рех = у; = бАх + 28 + Рех 

=> (6Ax + 2B + De*) + 2(3Ax? + 2Bx + C + De*) = х? – ех = 6Ах? + (6А + 4В)х + (28 + 2С) + Зрех = х? - e* 
-6бА-1,6А-48-0,28-2С-0,30--1-А-18--10-10--1 


3 
ша —2х 18:21 Lax 
— y = с! + сое + 6x qx gX — 3€ 








dy 




















qo + У = Secxtanx, = <х< 2 = 1 +1 =0=г=0+1= у, = с1208Х + csinx => y; —cosx, y — SiN X 
0 sinx cos X 0 
secxtanx cosx ERES Р —sinx secxtanx vx 2 
=> vi = = = = = tan?x and ҮЙ = - — cosxsecxtanx __ tanx 
cosx sinx cosx sinx 


—sinx cosx 














—sinx cosx 


= у: = Jf -tan?x dx = fa — sec?x)dx — x — tanx and v; — Јапхах = хах = —In|cos x | 


= у; = (x — tanx)(cos x) + (—In|cos x |)(sinx) = xcos x — sinx — (sin x)In|cos x | 


= у = с1с05х + csin X + x cos x — (sin x)In|cos x | 








y -3y=@>r-3=051r=35> у с1ё?*; у, = Ае* => ур = Ае* => Ае* — ЗАе* = е* > —2Ае* =е* 
—2А=1=»А=— 

















y — 3y = 5e” > r — 3 = 0 > r = 3 > ye = C16; Yp = Ахе?* = y, = ЗАхе? + Ае?” 
= (ЗАхе“ + Дез) – ЗАхе?х = 5е“ > Де = 5e” > A = 5 => у = сје“ + 5хе“ 





ФУ у = sec?x, -2 <x < F, у(0) = у (0) =1=> 2 +1=0 > г=0 1 у, = сүсозх + сдзїпх 


= у! = совх, y2 = sinx 





























0 sin x cosx 0 
ecd 1 Legi 2-4 бес? Rests 
Sv = Se s ien L sec x tan x and v} = ER = Oe — sec x 
COS X sin x COS X sın X 
—sinx cosx —sinx cosx 
= ү] = Jf -secx tan x dx = —sec xand v7 = \[зесхах = In|sec x + tan x| 
— yp — (—sec x)(cos x) 4- (In|sec x + tan x|)(sinx) = —1 + (sin x)In|sec x + tan x| 
= у = с1с05х + csin x — 1 + (sin x)ln|secx + tanx|; y(0) = 1 > 1 =c — 1 > cı = 2; 
y = —c;sinx + c9cos x + (cos x)In|sec x + tan x| + (sinx)secx, y/(0) =1> 1=c) 


=> y = 2cosx + sinx — 1 + (sinx)In|sec x + tan x| 
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55; 


57. 


59. 
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y” +y = Xx, Yp = 5 – х, у(0) = 0, у'(0) = 0; ур = ур= х= 1 ур= 1 =» у" +у = 1+х-1=х 
=> х=х = ур = гы the differential equation. y” + y = 0 > f +r =0 > r(r+1)=0>r=0orr= -l1 








=> ус = спе? + соет = су + сое * > у=с! + с2е * - х —х=у' =—се *+х—1; 
У(0)-0--0-:-С2,у(0)-0-»--с2-1-0-с:-1,с2--1-у ее а 















































Ту" + у' + у = 4e*(cos x — sinx), yp = 2e*cos x, y(0) = 0, y/(0) = 1; yp = 2e*cos x = Yp = 2e*cos x — 2e*sin x 
= ур = —4e'sinx => Ту" + у’ фу = 1(—4е*зїпх) + (2e*cos x — 2e*sin x) + 2e*cos x = 4e*cos x — 4e*sin x 
= 4e*cos x — 4e*sin x = 4e*(cos x — sinx) => y; satisfies the differential equation. ly" +y+y=0 = 1 2+т+1=0 
=1+4/12—4(1)(1) . i . х . 
= г = 20) = —1+1= у, = е *(с1созх + созшх) => y = e™*(cıcos x + созшх) + 2е*созх 
2 
=> y’ = —e *(c\cos x + cosinx) + e *(—c;sin x + сосоѕх) + 2е*созх — 2ех5іп х; y(0) = 0 > c; +2 = 0 > cı = —2; 
у'(0) = 1= —cı +c2 +2 = 1 > c2 = —3 > у =e *(—2cosx — 3sinx) + 2e*cosx = 2(e* — e *)cos x — Зе *sinx 
у” — 2у' + у = 2е*^, у, = х°е*, у(0) = 1,у'(0) = 0; у, = х?е* = yh = x°e* +2xe* => yy = xe” +4xe* +2e* 
= у" – 2у' {у = (хех + 4хех + 2е*) — 2(х?ех + 2хе*) + х?ех = х?ех = х?ех = х?ех = y, satisfies the differential 
equation. y” — 2y! +y = 0 > 2 — 2r + 1 = 0 > (r — 1)? = 0 = г = 1, repeated twice > yo = cye* + cp xe* 
= у = ciet + со хех + х2ех => у! = сех + со хех + сех + х2ех + 2хех; у(0) = 1 = са = 1; у (0) = 0 = а +оо = 0 
= с = —1 => у= ех – хех + х?ех 
х?у" + 2ху – 2у = х?, ур = х7?, уз = х 
0 х x? 0 
E] 2 giu -2 
> MI = 23 x) 3c» = BE and Уг = x = Е 3c = 5 
-25-3 1 -25-3 1 
= 14) -2 1 22129 
= у; = ГЕ dx = – | х' апду; = J dx 2 ix 2 yy 2 (- 5x) (x ?) 4 (1x) (x) 2 Ix 


17.3 APPLICATIONS 








шр = 16=т= 6; к = 1,6 =15 1567419 +1у=05 189+ Ч +у=0,9(0) = 2, у'(0) =2 








20=к.1-К= 40; м = 251 = т = 25; 5 = 0 = 2547 +0. % зоогт 


эше 25 = 40x > x = = & ft — spring is now stretched 82 = 5 = л ft below equilibrium => y(0) = 2; initial velocity 
іѕ уо 2 = 0 А = у 10) = 32. Thus we have 5 у + 40y = 0, y(0) = 4, y'(0) = № 


2 
E(t) = 20cost; R% = 4%; Lq = 10g; Ldi — 273 => 294 + 49 + 10q = 20cost, q(0) = 2, q'(0) = 3 


mg = 16 = m = 18; К = l; resistance = velocity > ô = 1 => itm + ly = 0, у(0) = 2, у'(0) = 2 








= Ш +г+1= 05 +2r+2=0>r= AM 6c 1 +i y= e™(cicost + csint), 


> y' = e™t(—cısint + czcost) — e™t(cicost + csin t); y(0) = 2 > cı = 2; y (0) =2 > c -0 =2 >02 = 4 
=> y(t) =e '(2cost + 4 sint). At t = п, у = e7 (2 cos m + 4sin r) = —2e77 ~ —0.0864 => 0.0864 ft above 
equilibrium. 











20 =k; } >k = 40; м = 25lb > m= 2:6 =0 Sa tod 4 + Абду — 0. If w = 25 Ib, сор 


25 = 40x > x= 5 ft — spring is now stretched өэ - 5 = 4 ft helow equilibrium = y(0) = л g> initial velocity is 
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vo B= d dt o y (0) = 3. Thus we have B& + 40y = 0, у(0) = 2, (0) = В = 82440 =052+ 28 =0 


>r=0+ i >y= e" (eene (4t ) + сузїп( 4б) ) = = сісов( 28 ) sensin( 161), ¥0) = д => с = A 
y = Л сізіп (6 t) + 1 cocos (4&0), y'(0) = Пе = Ус — 43 => сә = ууз 


=> y(t) = Fyeos( 16 ) + “aye sin( 16 ) (in feet) or y(t) = 1соз( 46) + oV 


























біп (264 ) (іп inches) 











;10=к. Е к= 60; 6 = -0. = 5/2 => 59 +529 + 60у = 0, у(0) = 1, у(0) = 0 


У32 
—16/244/ (16/2) —4(1)(192) 
= 51 +5/27+60=0 = 12 + 16у27 + 192 = 0 > г= E - -8/2 + 81 


= у = e-8V? (cicos 8t + czsin 8t) => y = ЕД ( (-8v2 cy + 8с; cos 8t + ЄЗ - 8/2 с›) sin 8) : 
o= y Е cos 8t + ып) 


бїс 


11. mg = 10 m 














у(0) = 1 = а = 1, (0) = 0 = –ву2 с +80 = 0 = с 


ы- 





4 


Solve y(t) = 0 > e7 Se cos 8t + ¥?sin 8t) = 0 = 1005 8+ Узи = 0 = tan 8t = 20 => t 0.3157 sec 


13. First weight: w = 10 1b > m= 5; 10 =k- (3) 3k =12%;6 =05 £9 +0. % + 12у = 0, у(0) = 1, у(0) = –! 
wy 24120 52 +192 = 0-5 r= 04 NÉS y — (cos eain fS 





- 


= С1СО$ 


хий + csin E = у = 8V15 бїр SUI E У c. cos в у(0) = 1 = с: = У(0)-- 























> BD -4 сі т, C2 шав у 1с08 BB. — V sin BB The amplitude is C — (24: + 2 
— М159 

72 
Second weight: x = c3coswt + cysinwt, x(0) = SAN ЊЕ = 2 => х! = —wossinwt-- wc4coswt; x(0) — ae 
= сз = a х' (0) = 2 > wc4 = 2 > сз = У, c4 = = VIS cos ut + 2sinwt. Since amplitude of second 
spring = 2C > 2( 4°) == (758) + (2) w 93 ЯС МЕ / әт p > тв = (05)32 
= 8.8333 lbs 





15. mg = 16 > м = 1; 16=к.4= к= 4;5=0= 19 +0. 9 +4у = 0, у(0) = 5,у (0) =0= 12 +4= 0 


2 +8=0 =т= 0+ 24/21 анау елаз) = спсоѕ 24/214 соѕіп24/21 
> y = —2\/2с1вїп2\/2{ + 2\/2сәсоз 2/21; у(0) = 5 = а = 5, у/(0) = 0 = 2/26; 20 с = 5,0 = 0 
= y(t) = 5cos2/2t. The amplitude 6 С = „/52 + 02 = 5 
у = с3с0$ 2/2 Е + сазт 2/26 у(0) = 5,у'(0) = у = у = —2/2 cssin2:/2t 4- 24/2 c4cos 2/2 t; у(0)=5 > с = 5 
y(0) 2 vo — 2/2 c4 Vo => сз = 5,04 3/8 y(t) = 5 cos 24/21 + = sin 24/2 t, and the new amplitude is 2 - 5 




















5 10= 4/52 + + (55) = vo = 10 /6 c 24.4949 4. 


In 10 














: . 3 1 1 1 In10 6 
17. 6 decreases by 90% in 10 sec > 10% remains => е-!®%® = io wm b= - png) = - п > Љ+=< 2 б= ст 
. 2 2 __ 100л2+(1 10): 10072+(In 10 
period = 2sec +2 = „Ж 34 = fy oak aa? tht a? + (iO)? = Ой S, ks cano? 
2 
k= шини ш = т“ + (£m) 9 + Cat m)y = — 0. When y — 1 and y' — —2, then 








2 2 
тї? +: (222m) ( 2) + es th 10) m) (1) -0> dy 2 2810 шини ду —1.5596 Ë 


sec 
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19. L=1,R=1,C=3, E(t) =05 $9941.44 Sq =0, g(0) =2,q'(0) =4 > IP +148 =0 
Sr+5r+6=05 (r+3)(r+2) =0Sr=—30rr=—2 => а(0) = се +" + се 7% a а! = —Зеје У — 202 7 
а(0) = 2 > с + 02 = 2; 4 (0) = 4 => — Зе – 20) = 4 => с) = –8, с = 10 д = –8е 3 + 1022 
limq — lim(-8e^* + 10272) = 0 


t—oo too 











21. mg = 16 => m = 16; 16=К- 4 > к=46 4.5; f(t) = 4+ e7” 19 4,59 4L Ay 2 4 e, y(0) 22, y (0) — 4 
~ ИЗА +4=0= 7 + 9+8=0= (7+ 8 (7+ 1) =0>г=—вог=—1 => у = сте “+ се 
Yp = A+Be = у, = –2Ве“" = у; = АВе " ^ 1(4Be ?) 4- 4.5(-2Be ?)) - 4(A 4- Be?) = 4 e? 
= ДА —3Be? 24 e7 4 4A—4, 38-1 A- LB—-i-y(t) = се + сое 1 – 1e 
лл, ша сс ы бед 


3 
= – ва — с2 = 10 => =-2, 2 =2= (0 = —2е + 2е7 +1 – 1е72 








23. т= 2 = mg = 2(9.8) = 19.6; 19.6 =k- 1.96 > k = 10; 6 = 4; f(t) = 20cost > 2® + +4% + 10y = 20cost, 


y(0) = 2, y'(0) = 3 = 2r? + 4r + 10 = 0 => г = == 800) = -1 E 2i = ye = e™(cicos 2t + csin 2t) 
Yp = Asint + Bcost = y, = Acost — Bsint > y, = —Asint — Bcost 
=> 2(—Asint — Bcost) + 4(Acost — Bsin t) + 10(Asin t + Bcost) = 20cost 

— (8A — 4B)sint + (4A + 8B)cost = 20cost => 8А — 4B = 0, 4A + 8B = 20 > A = 1,B = 2 

= y(t) = e™(cıcos 2t + czsin 2t) + sint + 2cost => у = e™t((—c; + 2c2)cos 2t + (—2c; — c2)sin 2t) + cost — 2sin t; 
y(0) =2 > cı +2 =2, y'(0) = 3 > —cı + 2c2 + 1 = 3 > cı = 0, —c1 + 2c2 = 2 > cı = 0, © = 1 

= y(t) — e^'sin2t 4- sint -- 2cost; y(1) — —2 — 2 m above equilibrium 











25. L=10,R=10,C = x, E(t) = 100> 1044 + 109 + 500g = 100, q(0) = 10, q/(0) = 0 > 10r? + 10r + 500 = 0 
= 12 + 17 +> 50 = 0 > г = у pm = 5 + vi; dc = e? '(ссов TD c2sin у) 
qp = A > qp = 0 = q, = 0 = 10(0) + 10(0) + 500A = 100 = 500A = 100 > A 1 
=> q(t) - e t (eicos VIAE cosin VES ) +: = а! = <} | (-} cy + Ус, cos сп (- Ус cy — Se.) sin XP 
q(0) 210264121026 2220-0222 0 = 3 оо = 59199 
> q(t) = e7 2 (eos E. ОЛОН vt) ti 























995 У 


17.4 EULER EQUATIONS 


1. х2у” + 2ху – 2у = 0 = 12 + (2- 1)1-2=0=5 2 +1–2=0=(г— 1 (г+2) = 0>г=]1огг= –2 


= у = сле" + сре 2 = спе!" ++ сзе x 5 у= сх + 9 


3. х2у" – бу = 0 = 12 + (0— Пг—6—0=—7 —т—6=—0 = (г- 3)(7+2) = 0 = г=3ог= –2 
= у = спе?“ + сзе2* = спе?" + сзе 29% = у = сх? + 8 


5. х?у" – 5ху + 8у = 0 = г + (5 – 1)г+8 = 0512 – 6+8=0 = (т 4)(1- 2) = 0 = г=40г= 2 
= у = спе + сое?* = стей + сре2их => у = сухі + со х2 





7. Зх2у" + 4ху = 0 = 3 + (4 – 3)г = 0 = 32 +г = 0 = г(3г+ 1) = 0 = г = богг 
= c, eO nx + сое 119 => у= с + Ж 


1 
1 у cie? + coe 3” 
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9. xy” —xyt+y=053r4(-1-1)r+1=05Pr-2r+1=05 (r— 1)? =0 > 1= 1, repeated twice 


Inx 


= у= се? + соле? = спе!"х + со ахе"х = у= сх + сохах 





уу +5y=0 > CS Dis беле a ee 400) _ ү шш 1+2 





2 
=> y = e7(ccos 2z + cysin 2z) = e™*(cycos(2 Inx) + c»sin(2Inx)) — y — x (cicos(21n x) 4- cosin(2 In x)) 





-2--4/(2)2-4(1)(10) : 
20) = —] E31 


— y — e “(сусоз 37 + c;sin3z) — e "*(eicos(3Inx) 4 cosin(31nx)) — y — 1 (cicos(31nx) — c;sin(3 In x)) 





13. xày" + Зху' + 10у = 0 = 1 + (3 – 1)г+10=0 = P? -2r-10202 r— 


ЕУ 2_ 
15. 4x?y" + 8xy + 5y = 0 > Ê + (8 —4)r +5 = 0 > 4r? i d 








+1 


= y — e Y" (cicos z -- c;sinz) — e^? *(cicos(In x) 4- c;sin(Inx)) 2 y — a (c;cos(In x) 4- c;sin(In x)) 


17. ху” += зху cy 20 2 + (3— 1г+1 =0 > 2 + 21 +1 =0 = (г+1) =0 = г = l, repeated twice 


= у = сце + соле = спе!" + со охе" > y= 2+ апа 


19. x*y"+xy = 0 => 12 + (1— 1)г= 0 = г = 0 = г = 0, гереаіей місе => у = спе? + сое = се?! + со ах е0!" 
= у= с фс шх 


21. 9x? PLR S| S= +1 =0 > 92 +6+1 = 0 = (31+ 1)? = 0 > r = –1, repeated twice 


=> у= сег 32 + суре 38 = сје“ их + со шхе- 9х = у = Xt 


23. 16x2y” + 56xy! + 25y = 0 = 1672 + (56 — 16)г + 25 = 0 > 16r? + 40r +. 25 0 9 (4r 5? 209 r— - 8, 
52 
42 


со ах 


: == -32 = —3Inx —3Inx c 
repeated twice > y = cie *^ c eoze ** —cje 3"* Ee?Inxe à7* Sy = Sh 4 9; 





25. х?у" + зху – Зу = 0, у(1) = 1,у'(1) = –1 = 12 + (3 – 1):-3 = 0 = 12 + 21-3 = 0 = (r- 1)(r-3) 20 
=г= 1огг= —3 = у = се? + сег? = се + oe?hx S y cox 58 > у = – 


у(1) =1= а +оо = 1;у/(1) = –1 =» с 30 = -1 с = 1, о = 1 у= х + яа 





3с2. 
xt , 








27. x y' xy y 20 y(1) 2, y(1) 219 à -(-1-1r4-120 £r -2r-120— (r- 1? 20— r— 1, 


Inx Inx 


repeated twice => y = ce” + coze?^ = cye™ 4 со ахе"х = у = сух + сохах — y'—ci 4 сошх + со; 
у) = 1= а = цу (1) = 1= а +оо = 15 а= 1, о = 0 = у= х 











зора + Жә 2 
38, xd yl ахул угай эг ИЙ 122 a= Pee eta Pa a ee CU DO) 





= 1 +i > y = e'(cicosz + са 2) ^ e"*(cicos(In x) 4- c;sin(Inx)) > y = x (eicos(Inx) 4 cosin(In x)) 
= у' = (cy  c;)eos(Inx) + (со — ci)sin(Inx); (1) 2 12 c; 2-E;y(1) 212604046 =1= а = 1,0 =2 


=> y — x (—cos(In x) + 2 sin(Inx)) 
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17.5 POWER-SERIES SOLUTIONS 





























1. y' -2y' 202 Yn(n- Dax*? -2Y noax*! 202 Y n(n- Dex*? - Y2nax*! -0 
n-2 п=1 п=2 п=1 
power of x coefficient equation 
х! 2(1)c2 +2(1)cı = 0 = су = —с1 
х! 3(2)c3 + 2(2)co = 0 = са = – 20, = Zei 
x? 4(3)c4 + 2(3)c3 = 0 => c4 = —4c3 = —4c] 
х3 5(4)с5 + 2(4)c4 = 0 = с5 = —?с4 = £c 
x4 6(5)с6 + 2(5)с5 =0 == – 165 = -Жсі 
ха (п + 2)(п + Тјера + 2(п + Пен =0 => са = — руби 
ore оа = (Се) = (СЭС Се) = Aer n > 2, Thus 
У = со + сух = сух? + ехо - сух“ + Ёсүх? = 2сіхб а 60 + с (х – х2 + 2ҳ3 - ix! + zx сы zx? + 25 
2 3 4 5 6 
oycot?g-9-309-99 7-3 95 -39 93 лкы ыы 
c c 2х)? 2x)3 2х)* 2х} ху с OS -2ху 
у = (co + ¥) - $(1 = 2x) + & 20) LER E +® ton) = (c+ $)- 9D! 7 
= (co + а) — пе = а + ђе“ 22, уућеге а = со + = апдђ= –= 
3. у" +4у = 0 = У)п(п – 1)с х2 + 4У)с х = 0 = У; п(п — 1) сих"? + Y 4ex? 20 
п=2 п=0 п=2 п=0 
power of x coefficient equation 
x? 2(1)co + 4co = 0 => Co = —2¢p 
x! 3(2)сз + 4с = 0 = сз = Fc 
x 4(3)c4 4- 4c = 0 = а = —1с; = o 
хз 5(4)c5 + 4c3 = 0 => C5 = 103 = Есі 
x 6(5)с6 --4сд- 0 = сб = – Е са = — со 
x^ (n+ 2)(n+ Leny2 +4en =O = оо = -— JEH En 
у = со + с1х — 2сох? - ex? + 2cox* + сүх? - &сохб арр 
= со – 2с0х? + 3сох! = 2 сохб +... фах — 2сух? + с ш 
2x) , (2x)* — (2x)6 є ох) | (2х) о ор)" Qn, cy em (HI) 2п+1 
= со (1 — Oy + e. - СЕЕ + se] + = (2х- Ca) + 20 + uc) = ЭС) (2х)" + 22° бинту 25) = 
= cocos 2x + Fsin2x = acos 2x + bsin 2x, where a = cy and b = 2% 
5. ху" — 2ху!' + 2у = 0 = х? (п – Тјер х “= — з x". DX x"=0 
— Yn(n- 1)сь х" – У)20 сх" + У)2сх" = 0 
п=2 п=1 п=0 
power of x coefficient equation 
x? 2со = 0 = со = 0 
x! —2(1)е + 201 = 0 -0-0 
х? 2(1)c2—2(2)c2 + 2c. = 0 => 0=0 
p 3(2)4-2(3) 4-203 20 е3 = 0 
хо 4(3)c4—2(4)c4 4- 2c4 = 0 = са = 0 
ха n(n — 1)es — 2ne, + 20, = 0 > Cy =0,п>3 


у= сх + сәх? 
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7. (1-x)y'-y 20 (1-x)Yin(n- De x? - 30ox^ 20 





Е А n=2 7 
=> Yin(n- I)e, x'? 4 Yn(n- l)e, x'*! — Dex” =0 
n=2 n=2 120 
power of x coefficient equation 
x° 2(1)c2 — co = 0 => с) = 160 
x! 3(2)es + 2(1)e2 — 20 => сз = – 102 + сү - ісі - 100 
x 4(3)с4 + 3(2)сз — c2 = => c4 = —1e 4 ie = — 561 + 100 
x 5(4)с5 + 4(3)с4 — сз = 0 — c5 — —$c4 + Hos = дс — oo 
хі 6(5)с6 + 5(4)с5 — с4 =0 = с = – 305 + 304 = – да + 200 
x" (n+ 2)(n+ Leny2 + n(n + ы — cn =0 = сә = аус ЕН emere 


у = со + сих + сох? + (er ES &со)х? T: (= met 3c0)x* T (12691 B де + (=z ac T 73900) X Е 


2 1522. 4-3 1,5 1,3 _ 1 5 6 
= со(1+ 1х2 – gx + ixt =X + 3x ее - bx + x — Ax +...) 


9. (х2 – 1)у” + 2ху – 2у = 0 = (x? - 1)Yn(n- 1)e x! ? -2xY ne, x'1 -29)?e x^ —0 


п=2 п=1 п=0 
> n(n — 1)cn x? — n(n — 1)cn x”? + X 2ncnx" — У2с„х® = 0 
n=2 n=2 n=1 n=0 
power of x coefficient equation 
x? —2(1)сә — 2с = 0 = с) = —со 
х! —3(2)сз + 2(1)су — 2c) = 0 = сз=0 
x2 2(1)с2 — 4(3)с4 + 2(2)с> – 20 = 0 => сл = 102 = – 100 
x? 3(2)es — 5(4)es + 2(3)c3 — 2c3 2 0 = с - іс 20 
х! 4(3)c4 — 6(5)cs * 20 Jeg — 2c4 = 0 => сє = 3сд - – 100 
ха n(n — 1)c, — (n - 2)(n e + 216, — 2 =0 => со = arp а 
у = со + сах — сох? — icox* — їсох5 Shes = со(1 – х? – 1“ — 4х6 —.. 5 + сіх 
11. (х2 – 1)у” – бу = 0 = (х2 – 1) У)п(п – 1) х2 – бу)с х" = 0 
п=2 п=0 
— Yin(n- 1)e, x* - Y^n(n- 1)e х“ “2 — У бе х" = 0 
п=2 n=2 n=0 
power of x coefficient equation 
x? —2(1 Ус» — бсо = 0 = с) = —3со 
! —3(2 )сз — 6c; =0 => Сз = —©{ 
x? 2(1)c2 — 4(3)c4 – бо = 0 = са = – 102 = со 
х3 3(2)сз — 5(4)с5 — без = 0 -> с =0 
х! 4(3)c4 = 6(5)c6 = бед = 0 => Сб = -ic = —1с0 
х? n(n — Icy — (n+ 2)(n+ Leny2 – ба = 0 => Crp = -aC 
у = со + сіх — 3cox? — c1x? + cox4 — icox$ _... = со (1 — 3х2 + х4 — 1х6 + А) +(x — x3) 
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13. (x? – 1)у” + 4ху + 2у = 0 = (à - 1) Yn(n- D)e x'? - 4xY ne, x^! + 2505p x" =0 





п=2 n=1 n=0 
— Yn(n- lD)e, x" - Y7n(n- 1)e x" ? - 3 4noe, x! - 3 2ex* 20 
n-2 n-2 n=1 n=0 
power of x coefficient equation 
x? —2(1)c2 + 2co = 0 = с» = ср 
х! —3(2)сз + 4(1)с + 2с = 0 = сз = с 
x? 2(1)с> — 4(3)c4 -- 4(2)e5 + 20 = 0 = оц = 0 = с 
хз 3(2)сз — 5(4)с5 + 4(3)сз + 2сз =0 => сз = сз = С| 
x4 4(3)c4 — 6(5)cs + aes + 204 = 0 = сє = сл = Со 
х" n(n — 1) сь – (п + 2) (а + dug +4nq,+2cq,=0 = his Cg 
у = со + сіх + сох2 + сзх? + сух“ + сух? + сох – ... = со(1+ х2 + х4 + х6 +...) + е1(х + 3 XP su) 


15. у" – 2ху' + Зу = 0 = У)п(п – 1)сь х2 – 2х Упс ха! + ЗУ) х" = 0 








п=2 п=1 п=0 
оо оо оо 
=> n(n — 1)ср хе “2 — У 2псрх“ + У Зерх = 0 
п=2 п=1 п=0 
power of x coefficient equation 
х? 2(1)c2 + 3co = 0 => с = — 2Co 
x! 3(2)c3 — 2(1)cy + 3c) = 0 = сз = -ic 
х? 4(3)c4 — 2(2)er + 30: = 0 = c4 = $o = — tco 
x? 5(4)es — 2(3)c3 + 3c3 = 0 = = 53 = – Да 
хі 6(5)ce — 2(4)c4 + 3c4 = 0 => Сб = Ho! = —җС0 
х" (n+ 2)(n+ Denys —2ne, +3q,=0 = о = GIG 
у = со + сіх 3 сох? сүх” COX" щих? is cox? 
= co(1 — 2х2 — ixt — х6 –...) + с (х — 13 — xe...) 


17. у" – ху' + Зу = 0 = У п(п – 1)с х2 – ху) пс х"! + Зу) х" = 0 
п=2 n=1 n=0 





oo оо оо 
=> У п(п – 1)са х2 – У)псьх" + У Зе, х" = 0 
п=2 п=1 п=0 
power of x coefficient equation 
x? 2(1)сә + 3с = 0 = с) = —3 со 
х! 3(2)es — (1)e; + 3c; = 0 = сз = 101 
х? 4(3)c4 — (2)c2 + 3c2 = 0 = са = EI == со 
х? 5(4)cs — (3)c3 + 3c3 = 0 = с5 =0 
xí 6(5)с — (4)c4 + 3c4 = 0 = св = 3584 = 51760 
x" (п + 2)(п + сп – псе, + За = 0. => са = руе 
у = со + с1х — 3сох? Е сүх” + 1сохќ + 15806 unb со(1 == 3x? + ix! + Хе + 2) + с: (х – ix) 
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